SHOKUROV’S LOCAL INDEX CONJECTURE FOR THREEFOLDS

ABSTRACT. We prove Shokurov’s local index conjecture in dimension three.
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1. INTRODUCTION

We work over the field of complex numbers C.

Shokurov conjectured that the local Cartier index of a singularity X > x is bounded if dim X
and mld(X > z) are fixed. The conjecture was first recorded in a paper of Kawakita [Kawl5,
Question 5.2] indicating that Shokurov proposed the conjecture in 2005.

Conjecture 1.1 (Shokurov). Let d be a positive integer and a a positive real number. Then
there exists a positive integer r depending only on d and a satisfying the following.

Assume that X > x is a germ of dimension d and mld(X > x) = a. Assume that either a =0
or X D x is klt. Then rKx is Cartier near x.

Note that [Kawl5, Question 5.2] did not require that a = 0 or X > =z is klt, but a recent
counterexample [NS26b, Theorem 1.2] disproved it. Thus either we need to assume that X > x
is klt, or we need to assume that mld(X > x) = 0. The mld(X > x) = 0 case is a special case of
[Liu26, Theorem 1.1] in all dimensions, so the only non-trivial part is the case when X > x is klt.
Conjecture 1.1 was proven in the following cases:

(1) When d =3, a > 1, and X > x is terminal [Kaw93, HLL25].
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(2) When d = 3 and a = 0 [Ish00, Fuj01].
(3) When X > z is toric [Amb09, Amb16]
(4) When d = 3 and a = 1 [Kawl5].
(5) When d < 2 [CH21].
(6) When X > z is a quotient singularity [NS25b].
(7) When a = 0 [Liu26].
The goal of this paper is to prove Conjecture 1.1 in dimension 3. We have the following theorem.

Theorem 1.2. Let a be a positive real number. Then there exists a positive integer r = Rg(a)
depending only on a, such that for any kit threefold germ X > x with mld(X > z) = a, rKx is
Cartier near x.

Conjecture 1.1 is also expected to hold for pairs with finite rational coefficients [CH21,
Conjecture 6.3]. In this paper we also prove this conjecture in dimension 3 in full generality.

Theorem 1.3. Let a be a positie real number and let I' C [0,1] N Q be a finite set. Then there
exists a positive integer r = R3(a,I") depending only on a and T, such that for any threefold germ
(X 3 2,B) withmld(X > x,B) =a and B € I', r(Kx + B) is Cartier near x.

Structure of the paper. Section 2 fixes notation. Section 3 constructs the cyclic covers and proves
the field-transfer results. Sections 4—6 establish the section, Cartier contact, and computing-
divisor orbit bounds. Sections 7-9 construct terminal pair models and bound the groups
fixing computing centres. Sections 10-14 bound the stabilizers for contractions to points and
curves when the minimal log discrepancy is at most one. Sections 15 and 16 treat minimal log
discrepancies greater than one. Section 17 combines these bounds to prove Theorem 17.1 for klt
pairs and Corollary 17.2.

2. NOTATION AND CONVENTIONS

We adopt the standard notation and terminology for the minimal model program from
[Sho92, KM98, BCHM10] and use them freely.

Set-up 2.1. All assertions about a germ are understood after restriction to a Zariski
neighbourhood of its distinguished closed point. A pair (X, B) consists of a normal variety and
an effective rational Weil divisor such that Kx + B is Q-Cartier. Separate Q-Cartierness of Kx
and B is not part of this convention.

Definition 2.2. A prime divisor over X is a prime divisor E on a normal birational model
f:Y — X, with its primitive valuation ordg : k(X)* — Z. Its log discrepancy is

AX7B(E) =1 +0rdE(Ky — f*(KX + B))

We write Ax(E) = Ax(F) for the log discrepancy with zero boundary. For a closed point z,
we set

mld(X 2 z,B) = Centre)lgl(lg):{x} Ax p(E).
For a closed subset Zy C X, the notation mldy, (X, B) takes the infimum over all primitive prime
divisors whose centres are contained in Zy. A computing divisor attains the specified infimum. A
pair is klt, respectively lc, if all log discrepancies are positive, respectively nonnegative, on the
neighbourhood in question. A terminal pair has log discrepancy greater than one for every divisor
exceptional over that neighbourhood. The condition mld(X > x, B) > € only tests divisors whose
centre is exactly {x}.

Definition 2.3. For a rational Weil divisor L that is Q-Cartier near z, the local Cartier index
ind; (L) is the least positive integer r such that rL is an integral Cartier divisor near x. For a
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set I', we write B € T if every coeflicient of the prime components of B belongs to I'. For a finite
set ' Cc QN [0,1], let
dr = lem{den(b) : b € T'},

where denominators are in lowest terms and the empty least common multiple is one.

Definition 2.4. If a finite group G acts on a function field and F' is a primitive divisorial valuation,
its decomposition group is H = Stabg(F). Its inertia group I (F') is the kernel of H — Aut(k(F)).
For a uniformizer ¢ty and o € Ig(F), the conormal character is Ap(0) = o*tp/tp. It is a
character I(F) — k*. A rationally scaled valuation v = ¢ ordp, ¢ > 0, has Ax p(v) = cAx, g(F).
Restriction to a subfield is always renormalized explicitly when a primitive divisor is required.

Definition 2.5. For a rank-one reflexive sheaf £, write £l = (£%7)** with the usual reflexive
dual interpretation for negative j. An action on a log-canonical sheaf is its natural action on
rational differential tensors with the indicated boundary poles. It is not modified by a choice of

an auxiliary character. If mB is integral, this sheaf is (w[;(n} ® Ox(mB))**.

Definition 2.6. An lc N-complement of a pair (X, B) on a germ is an effective rational divisor
C > B for which (X, C) is Ic and N(Kx +C) is integral Cartier and locally linearly trivial. When
positivity is required only for divisors centred at x, it will be stated explicitly; positive-dimensional
lc centres through = are not thereby excluded.

Definition 2.7. An lc place of an lc pair is a primitive divisorial valuation of log discrepancy
zero. A quasi-monomial valuation is a valuation that is monomial with nonnegative real weights
on a simple normal crossings stratum of a log-smooth birational model; its discrepancy is the
corresponding weighted sum of the discrepancies of the stratum’s boundary divisors. The centre
of a valuation is always taken on the model named in the assertion. An e-lc pair has every log
discrepancy at least € on the specified neighbourhood, whereas a closed-centred gap is restricted
to centre exactly the named point.

Definition 2.8. A projective contraction f : Y — Z means a projective morphism with
f«Oy = Ogz. Tt is of Fano type over Z if there is an effective rational divisor A for which (Y, A)
is klt and —(Ky + A) is ample over Z. For a finite group acting on a variety, equivariant Q-
factoriality means that every invariant integral Weil divisor is Q-Cartier; ordinary Q-factoriality
will be specified when it is needed.

Definition 2.9. All actions on functions are pullback actions. Fix a compatible identification
of the roots of unity in k£ with Q/Z; over C use exp(2mit) <» t mod Z. A character phase is the
resulting class of its value; signed and positive rational representatives will always be distinguished.
The positive representative of a trivial eigenvalue is one when a closed-centred quotient weight
requires a coordinate to be positive. The notation k, denotes the one-dimensional representation
of character Y.

Definition 2.10. An effective real ideal is a formal product a = [J; a;j of nonzero coherent
ideals with c¢; > 0. Its order is v(a) = 3°;cjv(a;), and Ax pa(v) = Axp(v) —v(a). The
corresponding minimal log discrepancy uses the same centre convention as Definition 2.2. A
non-lc one-dimensional minimum is assigned —oo. For a valuation v centred at a closed point of
an n-dimensional germ, put a;(v) = {f : v(f) >t} and

|
vol(v) = lim sup n!length(Ox . /a;(v))

t—o0 tm ’

volx 5(v) = Ax 5(v)" vol(v)

when the discrepancy is finite. The associated graded ring is gr, Ox , = @, ax(v)/asx(v).

Definition 2.11. A real Weil b-divisor over X assigns to every normal proper birational model
a real Weil divisor, compatibly with pushforward. It is b-Cartier if, on some model, it is Cartier
and its traces on all higher models are pullbacks; rational b-Cartier has the corresponding
denominator-clearing meaning. It is b-nef if it descends to a nef real Cartier divisor on some
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model. Relative nefness is always named explicitly. A generalized subpair consists of a normal X,
a real Weil divisor B, and nef b-divisor data M, with Kx + B + Mx real Cartier. On a model
f:Y — X where M descends, define By by

Ky+By+MY:f*(Kx+B+Mx).

The generalized log discrepancy of a prime F on Y is 1 — coeff(By). Generalized lc and
generalized e-lc mean that these numbers are, respectively, nonnegative and at least € on every
higher model. A generalized pair has B > 0; a subpair allows negative coefficients.

Definition 2.12. A log-smooth pair has smooth underlying variety and simple normal crossings
boundary support. An lc pair is dlt if it has a log resolution on which every exceptional prime
has positive log discrepancy; it is plt if every prime exceptional over the pair has positive log
discrepancy. These terms include the requirement that boundary coefficients be at most one.
Quasi-étale means finite and étale at every codimension-one point. A collection of projective
varieties is bounded if it occurs among the fibres of a projective family over a scheme of finite
type; it is bounded up to isomorphism in codimension one if every member is isomorphic in
codimension one to a member of a bounded collection. A small birational map is an isomorphism
in codimension one.

3. ORIGINAL COVERS AND CHANGE OF FIELD

We use the discrepancy and natural-action conventions of Section 2. We first compare
primitive valuations and logarithmic characters under a finite quotient. We then construct
the cover associated to an integral multiple of the total log divisor and consider change of the
algebraically closed ground field.

Theorem 3.1 (Functorial resolution and principalization). Ouver a field of characteristic zero, a
reduced variety admits a resolution by blowups in smooth centres which is an isomorphism over
its smooth locus. A nonzero coherent ideal on a smooth variety, together with a simple normal
crossing divisor, admits a sequence of blowups in smooth centres meeting that divisor normally,
after which the transformed ideal is invertible and its support together with the transformed
boundary is simple normal crossing. These constructions can be chosen to commute with smooth
morphisms and extensions of the ground field [Kol05, Theorems 35-36].

We use this result to principalize the ideal of a closed subset while retaining simple normal
crossings with the boundary.

The following relative results will preserve Q-factoriality when we change fields. A real pair
has the same discrepancy convention as a rational pair, with a real boundary and a real Cartier
total log divisor.

Theorem 3.2 (Relative basepoint-free theorem). Let w: X — Z be a proper surjective morphism
of integral quasi-excellent Noetherian algebraic spaces of equal characteristic zero over a scheme
S, with X normal and Z admitting a dualizing complex. Let (X,A) be a kit R-pair, and let
H € Pic(X) be m-nef. If aH — (Kx + A) is w-big and w-nef for some integer a > 0, then mH is
mw-generated for all sufficiently large integers m [LM22, Theorem 11.1(ii)].

For a negative extremal contraction, this applies in particular to line bundles numerically
trivial on the contracted ray.

Theorem 3.3 (Q-factoriality after good contractions). Let 7 : X — Z be projective and surjective
between integral quasi-excellent Noetherian algebraic spaces over a scheme, with X normal and
Q-factorial. Let R C NE(X/Z) be an extremal ray and f : X — Y its contraction. If either
dim X > dimY, or f is birational with exceptional locus a prime divisor, and if f is good (a
rational line bundle numerically trivial on R descends up to a positive multiple), then Y is
Q-factorial [LM22, Lemma 19.2, cases (i)—(ii) of Lemma 19.1].

We will use the birational divisorial case, retaining the actual exceptional prime under extension.
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Theorem 3.4 (Q-factoriality after flips). Let m: X — Z be as in Theorem 3.3. Assume that Z
admits a dualizing complex. Let A > 0 be a rational Weil divisor such that (X, A) is klt, and let
f:X =Y be a good small contraction of an extremal ray on which Kx + A is negative. If X+
is its flip, then X is Q-factorial whenever X is [LM22, Lemma 20.3(i)].

This treats the small steps of the same finite sequence.

Lemma 3.5 (Good scaling divisor criterion). Let m : X — Z be projective and surjective
between integral quasi-excellent Noetherian algebraic spaces of equal characteristic zero, with X
normal and Z admitting a dualizing complex. Let A > 0 be a rational Weil divisor such that
(X,A) is kit and Kx + A is Q-Cartier. A Q-invertible sheaf A is a good scaling divisor if it is
m-big, Kx + A + A is m-nef, and étale locally on Z it has an effective rational representative
whose addition to A preserves klt. In particular, every w-ample Q-invertible sheaf A for which
Kx 4+ A+ A is w-nef is good [LM22, Definition 21.2 and Lemma 21.3].

Theorem 3.6 (Relative MMP with scaling). Let m: X — Z be projective and surjective between
integral Noetherian algebraic spaces of equal characteristic zero, with X normal and Z quasi-
excellent with a dualizing complex. Suppose X is Q-factorial, A is a rational divisor such that
(X, A) is klt, and A is a good scaling divisor. Then the relative MMP with scaling of A exists. If
in addition A > 0 is a rational Weil divisor, Kx + A is Q-Cartier and w-pseudoeffective, and
cKx 4+ A is w-big for some rational ¢ < 1, every such process terminates with a minimal model
[LM22, Theorem 21.7; Corollary 21.9(i), using Theorem 21.8].

The relative bigness hypothesis will be used over a birational base.
For a prime F, the classical discrepancy in the next statement is a(F, X, A) = Ax A(F) — 1.

Theorem 3.7 (Q-factorial extraction). Let X be an integral normal excellent Noetherian scheme
of equal characteristic zero with a dualizing complex and canonical divisor Kx. Let A > 0 be
an R-Weil divisor such that Kx + A is R-Cartier and (X,A) is kit, and let g : Y — X be a
projective log resolution. For any subset £ of the g-exceptional prime divisors with classical
discrepancy a(E, X, A) <0 for every E € &, there is a projective birational morphism h : Z — X,
with Z Q-factorial, whose h-exceptional primes are exactly the birational transforms of €. For
E =, h is small; the proof constructs it by a finite sequence of divisorial contractions and flips
[LM22, Theorem 22.1 and proof, pp. 87-88|.

The empty extraction set gives the finite sequence needed for field transfer; it does not impose
a projectivity assumption over the ground field.

Lemma 3.8. Let m > 1 be an integer. Let a finite group J act faithfully on a normal variety U
in characteristic zero, preserving an effective rational divisor By. Suppose the finite quotient
m:U — Q =U/J exists as a variety. Suppose mBy is integral and m(Ky + By) has a natural
eigen-generator of character xy. Let F' be a primitive divisorial valuation of k(U) with centre on
U, let I =1;(F), and write Fg for its primitive restriction to the quotient Q = U/J. Define Bg
by Ky + By = n*(Kqg + Bg). Then, with e = |1,
Ordp |k(Q) = eordFQ, AU,BU (F) = 6AQ7BQ (FQ), XU|I = )\ZLAU’BU(F).

The conormal character \r is faithful on I. If Agp,(Fg) = p/q > 0 in lowest terms and
0 = |I Nker xy|, then

7

ged(q,m)”
At a codimension-one prime with upstairs boundary coefficient b and ramification index u, the
quotient boundary coefficient is 1 — (1 —b) /u.

The kernel of the natural character measures exactly the additional inertia beyond the
denominator of the downstairs discrepancy.
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Proof. We first identify the ramification and the crepant quotient boundary, then compute the
character on the divisorial local ring.

Step 1. In this step, we identify the primitive restriction, ramification index, and crepant
quotient boundary. The extension k(U)/k(Q) is finite Galois with group J. Restriction of ordp
has discrete value group of finite index in Z and residue field of transcendence degree dim U — 1.
It therefore defines a primitive divisorial valuation Fg, and ordr |;(q) = er ordg, for a positive
integer er. Normalize a model displaying Fg in k(U). Its generic divisorial local rings give this
finite extension of discrete valuation rings. Put Jp = Stab;(F') and fr = [k(F') : k(Fg)]. The
group Jr acts on the completed local extension, its residue action has kernel I and image of
order fr, and
|Jr| = erfr, |J| = erfrl[J : JF].

Indeed the completed normalization is the product of the factors indexed by the extensions of
Fg; each factor has rank er fr, as follows by taking its length modulo a downstairs uniformizer.
The group permutes these factors transitively, and the residue extension is Galois. Consequently
erp = |I| =e.

Let ¢t be a uniformizer at F'. The map o — a*it/t is independent of ¢ on I, since inertia fixes
the residue of every unit. It is faithful. In fact, an element in its kernel acts identically on every
graded piece of the valuation filtration. If D, = ¢* — 1, then D, raises valuation by at least one.
For a finite-order element o of order N, the identity

N /N\
0—(1+DU)N—1—NDJ+Z< ,)D{,
=2 \J
forces D, = 0: on any element with nonzero image under D,, the first term has strictly smaller
valuation than the others. Here N is a unit because the residue characteristic is zero. The values
of this faithful character are roots of unity and hence lie in k*. In particular, [ is cyclic.
Choose compatible canonical divisors by pulling back a rational top form on (. At a
codimension-one point of ramification index u, the differential order increases by u — 1. Thus, if
the boundary coefficient upstairs is b, the coefficient downstairs must satisfy

ucoeff(Bg) =b+u — 1.

This constructs the stated rational boundary. It also shows that its total log divisor is Q-Cartier.
To see this without separate Q-Cartier assumptions on the summands, work over the semilocal
ring of a finite fibre of w. A Cartier multiple of Ky + By is principal there. The norm of its
rational equation has divisor equal to deg() times the corresponding multiple of K¢g + Bg. This
is a Cartier multiple on a neighbourhood of the downstairs point.

At the two divisorial local rings, the same differential calculation gives

ordp(m*n) = eordp, (n) + (e — 1)

for a rational top form 7 on ). One may compute this with a separating residue transcendence
basis and a uniformizer: the residue extension is separable, and differentiating a downstairs
parameter of order e contributes exactly e — 1. Subtracting the coefficient of the pulled-back
total log divisor gives Ay, g, (F) = eAq B, (Fq)-

Step 2. In this step, we compute the natural character and the resulting inertia formula. Let
7 be the given eigen-generator. On a model regular at the generic point of F', its order as a
rational m-canonical tensor is

= m(AUyBU(F) — 1) €.

Choose lifts y1,...,ydaimv—1 of a separating residue transcendence basis. A local canonical
generator is dt Adyy A -+ Adygimu—1- On its leading term inertia acts by Ap: it fixes the residue
differentials, while the conormal differential contributes Arp. The leading coefficient of a valuation
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unit is fixed. Writing 7 as ¢¢ times a unit times the m-th tensor power of this generator therefore
gives
A F
wulr = g = apteee ),

Finally put d = ged(q, m), ¢ = dqgo, and m = dmg. The integer mAy g, (F) = mep/q implies

qo | e. Write e = vqg. Since ged(qo, mop) = 1, faithfulness of Ap gives
§ = ged(e,mAy g, (F)) = ged(vqo, vmep) = v.

Hence e = dq/ ged(g, m), as claimed. O

Theorem 3.9. Let (X > x,B) be a kit germ of dimension n > 1 over an algebraically closed
field of characteristic zero, and let m > 1 satisfy mB integral. Set r = ind;(Kx + B) and
s =r/ged(r,m). There is a connected cyclic cover p: (V 5 0) — (X 3 z) of degree s, etale in
codimension one, with a single underlying point over x. If By is the finite Weil pullback, then

Ky + By = p"(Kx + B), m(Ky + By) ~ 0

with the second divisor integral Cartier. Its natural m-log-canonical line has a faithful character
x of G = Gal(V/X). If E is a primitive divisor centred at x with Ax p(E) = p/q in lowest terms
and F is any primitive extension to k(V'), then

q p
=Ig(F)|=———, A P=——— = F):k(E : Stabg (F)].
e =a(F) = g Avs ()= s (Gl = cls(F) : n(E)|G : Stabo (F)
The conormal character is faithful and
mA F
X|IG(F) — )\F V,Bv( )‘

The closed-point mld is positive, rational and attained.

The integer m clears the boundary before the cyclic cover is taken. The degree and the natural
character are those of this original cover.

Proof. We construct the cyclic algebra and prove that its closed fibre has one underlying point.
Its natural tensor then permits the use of Lemma 3.8 for every primitive lift.

Step 1. In this step, we construct the connected integral cyclic cover and determine its degree.
Put L = Kx +B, D = mL, A = Ox,, and K = k(X). The integers j for which jL is
integral Cartier at z form the subgroup rZ. Thus the index of the integral Weil divisor D is
s =r/ged(r,m). Choose a rational top form 71 defining Kx and a rational function g € K* with
div(g) = sD on Spec A. After shrinking X about z, this identity holds on X. Let 2° = g, put
K' = K(z), and normalize X in K’. This normalization is finite.

The extension K'/K is Galois because K contains all s-th roots of unity. Its group is a
subgroup of jug, acting by z + (z. If its order is j, then j | s and 2/ € K. The identity
(29)3/7 = g gives div(z/) = jD on Spec A. Minimality of the index s forces j = s. Hence the
normalization is integral, the cover is connected, and its Galois group is G = .

At a height-one prime of A, let tp be a parameter and let dp € Z be the coefficient of D.
Write g = tSPdP up with up a unit. The algebra

Ap[w]/(w® —up),  w=z/t§,

is finite etale: w and sw®~! are units. It is normal and has fraction field K, so it is the integral

closure of Ap. Thus p is etale in codimension one.

Step 2. In this step, we prove that the closed fibre has one underlying point. Let C be the
integral closure of A in K’. Then C® = A. Since C is finite over A, its reduced closed fibre is
a product T = kb for an integer b > 1. Taking invariants is exact, by averaging over G, and
therefore T¢ = k. The action on the b points is transitive.

Suppose b > 1, and let J C G stabilize one of them. Choose a nontrivial character of G/J,
viewed as the character ¢ — (% of G, with 0 < i < s. On the transitive set G/J, it has an
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eigenfunction that is nonzero at every point. Lift this function through C' — T and project onto
its character eigenspace. The resulting element ay € C' is a unit, since it is nonzero at every
maximal ideal of C. In K’ the same eigenspace is Kz*, so ag = vz’ for some v € K*. Now
aj = vig' € A*, whence

div(v) +¢D =0 on SpecA.
This contradicts the index s. Hence b = 1, and C is local with residue field k. The algebraic
cover consequently has a single underlying point o above x.

Step 3. In this step, we identify the faithful natural log character and compare the primitive
valuations. Codimension-one etaleness shows that the finite Weil pullback By has the coefficients
of B, and that Ky = div(p*n) is compatible with Kx. The equation z® = g then gives equalities
of Weil divisors
m(Ky + By) = p*D = div(z).

In particular, the total log divisor upstairs is Q-Cartier. The rational tensor

_ (pm)®

N z
has order —m By at every codimension-one prime. Multiplication by 7 identifies the reflexive
log-canonical sheaf with Oy in codimension one and hence everywhere. Under ofz = (z, it
transforms as O'ZT = (7. Its natural character y is therefore faithful. The point o is fixed by
G, so multiplying this generator by a unit does not change its character on the fibre at o.

Every extension of a valuation centred at x has centre at o: its valuation ring contains the

integral closure C', and its centre lies over x. Apply Lemma 3.8 to V' — X. Its character kernel
is trivial, so 6 = 1. The asserted inertia order, discrepancy and conormal identity follow. The
decomposition of the finite extension of divisorial local rings in that lemma also gives

|G| = Ha(E)|[<(F) : (E)][G : Staba(F)].

In particular no residue-degree factor is discarded. Applying the discrepancy comparison to every
prime upstairs also proves that (V, By) is klt.

Step 4. In this step, we prove positivity, rationality, and attainment of the closed-point minimum.
Choose g, € K* with div(g,) = rL near z. For a primitive prime E’ centred at x, on a model
displaying it we have

ord s (g5)

1
€ —Zso.
T r

AX,B(E,) =1+ OrdE/(’r/) —

Here the order of n is its differential order, an integer, and positivity is the klt hypothesis. There
is at least one such prime. For n = 1, it is the closed point of the normal curve. For n > 2, a
prime component of the exceptional divisor of the normalized blowup of the maximal ideal of z
has centre . The nonempty set of discrepancies is therefore a subset of 7~1Z~q and has a least
element. This proves positivity, rationality and attainment. [l

An integer clearing a rational boundary means a positive integer whose product with that
boundary is integral.

Definition 3.10. Fix a klt threefold germ (X > x, B) with a = mld(X > z, B) = p/q > 0, and
an integer m clearing B and divisible by q. Original cover data consist of the cover, group and
natural character of Theorem 3.9, a primitive lift F' of a computing divisor, and H = Stabg(F).
In these data, Ig(F) =1, Ay, (F) = a, the action of H on x(F) is faithful, and

ind,(Kx + B) < m[G : H]|H]|.

Indeed ¢ | m makes the inertia order in Theorem 3.9 equal to one. The residue action then
has trivial kernel by Definition 2.4, and

r = ged(r,m)|G| < m[G : H]|H|.
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Thus the remaining group factors are the orbit size and the full stabilizer of the prescribed
original lift.

Lemma 3.11. Let (U, B) be an effective rational kit pair over an algebraically closed field of
characteristic zero, and let Zg C U be nonempty and closed. The infimum of log discrepancies
of primitive primes whose centres are contained in Zy is unchanged by algebraically closed field
extension. FEvery integral Cartier multiple of Ky + B, and its exact local index at a marked
closed point, are preserved. If a finite group J acts faithfully, preserves the pair and Zy, and has
quotient w : U — Q, with finite crepant boundary Bg, then

. Ay,p(F)
mldﬂ(zo)(@7 BQ) n centrelyn(ff‘;‘)CZo |IJ(F)| '
This equality, including its infimum over all primes, is preserved under the extension.

A prescribed finite algebraic equivariant diagram with its marked divisors, finite covers, coherent
ideals, natural linearizations, normalizations and Stein factorizations admits a common realization
over an algebraically closed field of finite transcendence degree over QQ, embedded in the original
field and in C. For an existing marked crepant terminal-model diagram, the terminal pair
properties, equivariant Q-factoriality, relative ampleness, full fibre schemes and the displayed
all-prime comparisons can be retained on that realization.

The quotient comparison controls every prime after extension, including primes that are not
scalar extensions of individual primes over the original field.

Proof. We use Theorem 3.1 to compare all divisorial discrepancies, then preserve the log-canonical
sheaves and descend the marked diagram. A finite sequence from Theorem 3.7, together with
Theorems 3.2, 3.3 and 3.4, will preserve equivariant Q-factoriality.

Step 1. In this step, we compute the infimum on a finite resolution and preserve it under field
extension. Apply Theorem 3.1 first to resolve U. On the resulting smooth variety, principalize
the pullback of the ideal of Sing(U) U Supp B, starting with the empty simple normal crossing
divisor. Then principalize the pullback of Zz,, compatibly with the resulting simple normal
crossing support. This gives a projective log resolution f : W — U on which 7y, is invertible.
Write

Kw +Y (1 -a;)D; = [*(Ky + B), IZOOW:Ovv(—ZmDi)-

The D; include the exceptional and boundary divisors and the support of the principalized ideal;
their union has simple normal crossings. We allow zero coefficients in either sum. All a; > 0,
and at least one n; is positive.

Let P be any primitive prime with centre in Zy, and let Zp be its centre on W. Properness
gives this centre, and it lies in the support of the principalized ideal. At its generic point, choose
regular parameters z1, ..., 2., with ¢ = codimy Zp, so that the boundary components through
Zpare D;; = (z; =0), 1 < j <t. Put wj = ordp(z;) € Z>o. Complete these parameters by lifts
Y1, .-+, YdimU—c Of a separating residue transcendence basis.

On a model regular at P, write z; = u"7v; with v a uniformizer and v; units. In the pullback
of

7A.../\icAdyl/\"'/\dydimU—w
21 Zc

at most one factor du/u occurs in a nonzero term; all remaining factors are regular at the
divisorial local ring. Its pole order is therefore at most one. It follows that Ay (P) > 3, wj, and
hence

t c
(3.1) AU,B(P) > Zaijwj + Z w;j.
j=1 j=t+1
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Some component through Zp has positive n;. Positivity of all terms gives the lower bound below,
and every D; with n; > 0 is itself an allowed primitive prime. Thus

(3.2) mldy, (U, B) = mi>1(1]ozi.

For an algebraically closed extension k’/k, the displayed components remain integral, and
smoothness, simple normal crossings and both divisor identities persist. Formula (3.2), applied
over k', proves preservation of the entire infimum. The same inequality proves the klt criterion
a; > 0 and the lc criterion «; > 0, so these properties are preserved as well.

Step 2. In this step, we preserve Cartier multiples, exact indices, and natural linearizations.
For a positive integer d, integrality of d(Ky + B) is equivalent to integrality of dB, and its
rational coefficients do not change under the extension. When it is integral, on the smooth locus
J ¢ Usm < U its log-canonical sheaf is the line

A"V Qp )8 ® Oy, (dB).

Its extension by j, is the reflexive sheaf Oy (d(Ky + B)). This extension commutes with scalar
extension. On an affine open of U, a finite affine cover of its intersection with the smooth locus
computes sections by a kernel of the two restriction maps. Flat tensor product preserves this
kernel; the canonical differentials also commute with base change. Geometric normality identifies
the resulting sheaf with the same reflexive log-canonical sheaf on Uy .

Invertibility of a finitely presented module at a marked point ascends and descends through
the faithfully flat local map at that point. This proves preservation of each Cartier multiple
separately and hence of the exact index. It applies to any specified integral Weil divisor. Natural
linearizations commute with the differential and sheaf maps just used. In particular an equality
o*1 = x(o)7 for a generator remains the same equality after extension, with the same order of

x(o).

Step 3. In this step, we establish and preserve the all-prime discrepancy comparison on the
actual quotient. The invariant algebra commutes with field extension because its projection is
|J|71 Y ,cs 0. Thus the quotient after extension is still the actual quotient by J. Lemma 3.8
applies locally over each finite fibre: first choose an integral Cartier multiple of the total log
divisor and a generator over its semilocal preimage. The tensor product of all its J-translates is
an invariant natural generator of a further multiple, on a J-stable neighbourhood. The lemma
therefore gives the crepant quotient boundary and the finite discrepancy comparison for every
prime. Its boundary coefficients lie in [0, 1), and every prime downstairs has an extension upstairs.
The quotient pair is consequently effective and klt.

The equality 7 '7(Zy) = Zy holds set-theoretically because Zy is J-stable and the fibres of
a finite quotient are group orbits. Extension and restriction of divisorial valuations therefore
preserve the required centre conditions. The discrepancy formula of Lemma 3.8 gives the displayed
infimum in the statement. Apply (3.2) to (Q, Bg) and 7(Zp) to obtain its preservation under
extension. This argument tests all primes through the quotient minimum.

Step 4. In this step, we preserve terminality using finitely many resolution inequalities. There
is also a finite resolution criterion for terminality of an effective klt pair. On a log resolution,
every already exceptional prime must have a; > 1. A further prime whose centre lies in such a
component then has discrepancy greater than one by the preceding differential inequality. Off the
exceptional locus, a prime exceptional over the original variety has centre of codimension ¢ > 2.
If no strict boundary component contains its centre, its discrepancy is at least c. If exactly one
does, it is at least c—1+a; > 1. If at least two do, the inequalities co; +a;; > 1 for the intersecting
strict boundary components suffice. These inequalities are necessary by blowing up their generic
codimension-two intersections outside the exceptional locus. Thus terminality is equivalent to
these finitely many inequalities, together with «; > 1 for the exceptional components. Their
coeflicients and the nonemptiness of their relevant intersections are unchanged by algebraically
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closed extension. This proves the asserted preservation of terminal pair properties, given log
resolution.

Step 5. In this step, we realize the entire marked diagram over a common algebraically closed
field. Choose finite presentations for every scheme, morphism, coherent ideal, divisor, sheaf
and specified identity. Include the group automorphisms, the multiplication maps of each cover
algebra, the marked points, the supporting ample line bundles and the logarithmic linearizations.
Display prescribed divisorial valuations on models and include these models and their primes.
Include the finitely many log resolutions needed above. All coefficients belong to a field Ko C k
finitely generated over Q, enlarged to contain the finitely many character values. Let kg be its
algebraic closure inside k. It is algebraically closed of finite transcendence degree over QQ, and it
embeds into C by choosing an embedding of a transcendence basis and extending it over the
algebraic extension. The diagram has realizations over kg, k and C.

Integrality and normality descend faithfully flatly and are geometric over an algebraically
closed field of characteristic zero. The marked prime divisors therefore remain prime, with
primitive divisorial local rings. Their discrepancies are unchanged. Equality of two marked prime
ideals is detected faithfully flatly, which preserves their stabilizers. Within a stabilizer, triviality
on the residue function field is tested on finitely many field generators, so inertia is preserved.
The orders of natural characters are unchanged as well. The exact-index argument above retains
the degree of the original cover in Theorem 3.9. The original finite algebra and its multiplication
maps are retained, so its closed fibre is the base change of the entire original fibre scheme.

Every ideal marking is retained as its coherent ideal. Pullbacks, restrictions and the kernels
and cokernels of the specified maps commute with flat scalar extension. In particular this retains
the scheme-theoretic fibres, including their multiplicities. A finite normal birational morphism
remains finite, normal and birational, so a specified normalization remains the normalization. If
its conductor is marked, that ideal also commutes with extension: locally it is the kernel of the
action on the finitely presented quotient of the normalization algebra by the original algebra.

For a proper morphism p : S — T, a finite affine cover of p~!(7T"), for each affine T' C T,
computes p.Og by a kernel. Flatness identifies its scalar extension with the corresponding
pushforward after extension. Consequently Specy(p.Og) gives the same Stein factorization.
Projectivity and ampleness of each specified line bundle ascend and descend faithfully flatly. The
canonical and logarithmic sheaf identities retain crepancy. The preceding finite criteria retain
terminality and the all-prime comparisons.

Step 6. In this step, we preserve equivariant Q-factoriality through a finite MMP on the quotient.
For an invariant effective klt pair on a normal variety Y, put Qy = Y/J, assuming this finite
quotient is part of the diagram. Then J-Q-factoriality of Y is equivalent to Q-factoriality of
Qy. Indeed, a downstairs Weil divisor pulls back to an invariant Weil divisor, and the norm
argument in Lemma 3.8 descends a Cartier multiple. Conversely, an invariant Weil divisor has
constant coefficient along each orbit of primes. Dividing those coefficients by the ramification
indices expresses it as the rational pullback of a Weil divisor on Qy.

The quotient is kIt by the finite comparison already proved. Descent of its Q-factoriality follows
by testing each downstairs Weil divisor with faithful flatness. We prove ascent over an affine
open of Jy. Every variety and contraction used below is of finite type over a characteristic-zero
field, hence is Noetherian and excellent; its base admits a dualizing complex. Models projective
over this affine open are quasi-projective. These are the scheme and base hypotheses of the
relative theorems stated above.

First, the relative numerical divisor space of a projective morphism between quasi-projective
varieties is preserved by an algebraically closed extension. To prove surjectivity, spread a line
bundle over the larger field to the product with an integral finite-type parameter scheme over
the smaller field. After shrinking, it is a line bundle on that product. Choose a point of the
parameter scheme over the smaller algebraically closed field. For each proper curve over the
larger field, pull the family back to the product with that curve. Degree is constant on the
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connected parameter scheme, so the chosen specialization has the same degree on every such
curve. Thus it has the same numerical class as the original line bundle. For injectivity, spread a
proper curve in a fibre to a flat projective family of curves, including its map to the target point
in the spreading data. Its specialization over the smaller algebraically closed field is an effective
fibre cycle of the same degree against any fixed line bundle. Numerical triviality is therefore
preserved. These arguments also preserve relative Picard ranks.

Write (Qy, A) for the effective rational klt quotient pair and suppose that Qy is Q-factorial.
Theorem 3.1 supplies a projective log resolution g : Wy — Qy. Apply Theorem 3.7 with the empty
extraction set; its discrepancy requirement on selected primes is then vacuous. Its finite sequence
consists of divisorial contractions and flips and ends in a projective small Q-factorialization
QY = Qy.

We record why the relative MMP hypotheses hold in this construction. Write

KWO + Ag = g*(KQY + A) + Iy, Ag >0, To>0,

where Ag and I'y are the positive and negative parts of the crepant boundary. They have disjoint
support, I'g is exceptional, and every coefficient of Ag is less than one. Let Fy be the reduced
sum of the g-exceptional primes outside Supp 'y, and take a rational € > 0 small enough that
B¢ = Ag + eFj still has all coefficients less than one. This is an effective rational simple normal
crossing boundary on the smooth, hence Q-factorial, variety Wy. It is klt by the differential
inequality already proved. Moreover,

KW() —+ @0 = g*(KQY + A) —i—FQ —I—EFO

is g-pseudoeffective. Since g is birational, its generic fibre is a point, so ©g is g-big; the bigness
condition in Theorem 3.6 holds with ¢ = 0. The construction in Theorem 3.7 chooses a relatively
ample scaling divisor whose sum with the adjoint is nef. By Lemma 3.5, it is good and has local
effective rational representatives keeping the augmented pair klt. We retain this divisor and
these representatives. Thus all the existence and termination hypotheses of Theorem 3.6 hold,
giving the finite sequence used here.

The final map QT — Qy is an isomorphism. Indeed, push forward a relatively ample Cartier
divisor on Q™. Its pushforward is Q-Cartier on Qy, and its pullback equals the original divisor
since there are no exceptional primes. It is therefore numerically trivial on every contracted curve.
Relative ampleness excludes a positive-dimensional fibre, so the map is finite and birational to a
normal variety and hence an isomorphism.

After scalar extension, the same finite sequence starts with a smooth variety. The effective
rational boundaries at every stage remain klt by the resolution criterion. Their total log divisors
remain Q-Cartier by the sheaf argument above. Each contraction retains relative Picard rank
one, its connected-fibre identity f.(O = O, and the relative ampleness of the negative log divisor.
The exceptional prime of a divisorial step remains prime. A small step and its flip remain small
and birational, and the positive log divisor on the flip remains relatively ample. Thus the same
two maps still form a flip.

We verify goodness before applying either Q-factoriality theorem. Write f’: W/ — T” for one
of the extended negative contractions and ©’ for its boundary. Relative Picard rank one makes
its contracted cone a single extremal ray. Let M be a rational line bundle numerically trivial on
this ray, and clear a denominator to obtain a line bundle £. Tt is f'-nef, and £ — (Ky~ + ©') has
the numerical class of Ky + ©'), which is f’-ample. In particular it is f’-big and f’-nef. All
the hypotheses of Theorem 3.2 hold for f’, £, and the integer a = 1. Hence a positive power of
L is f’-generated.

Locally on T”, the generated sections give a morphism to projective space over T’. This
morphism contracts every curve in a fibre of f’, because £ has degree zero on each such curve.
It has zero-dimensional image on every fibre: otherwise a curve in that image is dominated
by a curve in the projective source fibre and has positive degree against O(1), a contradiction.
Taking the Stein factorization of this morphism gives a normal scheme finite and birational over
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T’, and therefore equal to T'. The pushforward of the generated power of L is therefore a line
bundle, and its evaluation pullback is that power. These assertions are local on T”, so they give
descent on all of T”. This proves goodness for every rational line bundle numerically trivial on
the contracted ray, including new line bundles after extension.

Induct on the finite sequence. Its initial smooth variety is QQ-factorial. At a divisorial
step, Theorem 3.3 applies to the good contraction with its prime exceptional locus. At a flip,
Theorem 3.4 applies to the good small extremal contraction of the effective rational klt pair,
with negative adjoint and the actual flip just retained. Each next variety is therefore Q-factorial.
The final variety is the scalar extension of (Qy, so this proves ascent, including for Weil divisors
that first appear over the larger field.

The quotient equivalence now gives preservation of equivariant Q-factoriality. The auxiliary
finite MMP sequences may be included among the finite diagram data when choosing Ky. The
prescribed crepant models and maps themselves are retained through their graphs, boundary
identities and ample line bundles; they are not replaced by newly chosen models. Together with
the previous comparisons this proves all assertions, with the equivariant Q-factorial assertion
supplied by the finite MMP argument. O

Lemma 3.12 (Field transfer for the discrepancy of a computing divisor). Let (U > x, B) be an
effective rational kit germ of positive dimension over an algebraically closed field of characteristic
zero, and suppose Ky is Q-Cartier near x. Among primitive divisors centred at x that compute
mld(U > z, B), the least value of Ay(FE) is unchanged by algebraically closed field extension.
A divisor attaining this least value remains a computing divisor with the same pair and bare
discrepancies after the extension, and the corresponding assertion holds on descent between the
original field and an algebraically closed subfield of finite transcendence degree over Q.

For a fixed klt pair, one resolution will display every divisor computing its closed-point
minimum. This allows a second discrepancy to be minimized on the same finite list.

Proof. We identify the computing divisors on a fixed resolution and then transfer their
discrepancies between fields.

Step 1. In this step, we identify all computing divisors and their least bare discrepancy on the
fixed resolution. By Theorem 3.1, take a projective log resolution f : W — U of the pair and the
maximal ideal m,. Include all exceptional primes, strict boundary components and components
of the principalized ideal in a simple normal crossing divisor »; D;. Write

Kw+> (1 —a)D; = f*(Ky + B),
Kw + Z(l — Bi)D; = f*Ky,

The second equality is available because Ky is Q-Cartier. Put J, = {i : n; > 0}. This is a
nonempty finite set, and «; > 0 for all i. By (3.2),
a:=mld(U > z, B) = min o;.
1€Jy
Let F be any primitive computing divisor and consider its centre on W. If this centre has
codimension one, its local ring is a discrete valuation ring and F is exactly the corresponding D,
for some i € J,. Otherwise the centre has codimension at least two and lies in some D; with
i € J;. Inequality (3.1) then contains the term «; ordg(D;) > a and at least one other strictly
positive term: either another boundary term or a positive order of a parameter transverse to
that component. This would give Ay g(E) > a. Thus the full set of primitive computing divisors
is the finite set
{Dz‘ 1€ Jy, ap = CL},
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and the least bare discrepancy in question is

A

a;=a
Step 2. In this step, we preserve the computing divisors and both discrepancies under extension
and descent. Under algebraically closed field extension, each D; remains prime, the simple
normal crossing and ideal identities persist, and both lists of discrepancy coefficients remain
unchanged by Lemma 3.11. The same differential inequality excludes every additional prime
from the computing list. Hence the two finite minima, as well as every minimizing divisor and
both its discrepancies, are preserved.

For descent, retain f, its marked divisors, the principalized ideal and both canonical pullback
identities in the finite diagram of Lemma 3.11. Its realization over an algebraically closed subfield
of finite transcendence degree has the same two lists of coefficients. The same finite-minimum
argument applies there and after either scalar extension. Il

4. POINTED SECTIONS AND CONSTRAINED VALUATIONS

We retain the valuation and character conventions of Section 2. Our aim is to find a section
whose order is smaller than its character degree. We use constrained volume minimization, then
compare integral section counts while retaining the original invariant field.

The optimization and pinning method follows [Ope26b, Appendices E-H], in the complement
framework of [Ope26a]. We use the versions dated 25 September 2026. We prove below the
additional assertions needed for a gap only on the original closed-centred Ic places.

4.1. Preliminary results.

Theorem 4.1 (Izumi estimate). Let X 5 x be a Q-Gorenstein kit germ with mazimal ideal my,
and put ord,(f) = max{j : f € ml} for nonzero f € Ox . There is ¢ = ¢(X,z) > 0 such that
every real valuation v centred at x, with finite log discrepancy, and every such f satisfy

v(mg)ord, (f) < v(f) < cAx (v) orde(f)
[Lil8, Theorem 3.1].

Lemma 4.2 (Monomial retraction). Let X be a smooth variety and = : Y — X a proper
birational morphism, with Y smooth and D a reduced simple normal crossing divisor such that m
is an isomorphism off D. Let ry p be the monomial retraction of real valuations of C(X) centred
on X. Then

Ax (ry,p(v)) < Ax(v),
with equality precisely when v is monomial on (Y, D). A wvaluation in this category is Abhyankar
if and only if it is quasi-monomial [JM12, Proposition 3.7, Lemma 5.3 and Corollary 5.4].

Theorem 4.3 (Summation for multiplier ideals). Let X be a normal Q-Gorenstein variety,

ai,...,a., b nonzero coherent ideals, and o, 8 > 0. Then
JX, (a1 +-+a)’) = Y J(X, a0 adb?).
Ai>0
Zi Ai=«a

Only finitely many distinct ideals occur on the right [JMO08, Theorem 1 and Corollary 2].

Theorem 4.4 (Stable degeneration). Let (X 3 xz,A) be a kit germ with X = Spec R over an
algebraically closed field of characteristic zero, where A is an effective Q-divisor and Kx + A is
Q-Cartier. Then the following hold.

(i) The normalized volume on real valuations centred at x has a unique minimizer up to positive
scaling. A minimizer v is quasi-monomial and gr, R is finitely generated. The induced pair
(Xo = Specgr, R, Ag) is klt, and (Xo, Do; &) is a K-semistable log Fano cone for the Reeb
vector &, supplied by the valuation grading.
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(ii) If v is a quasi-monomial valuation centred at x, gr, R is finitely generated, the induced
pair (Xo = Specgr, R, Aog) is klt, and (Xo, Ao; &) is a K-semistable log Fano cone for that
induced Reeb vector, then v minimizes normalized volume.

[XZ25, Theorems 1.1-1.2].

Theorem 4.5 (Inversion of adjunction for log canonicity). Let X be a normal variety over an
algebraically closed field of characteristic zero. Let S be a reduced divisor and B > 0 an R-divisor
with no component in common with S, and assume that Kx + S+ B is R-Cartier. Letv : S¥ — S
be the normalization, and define the full different Bgv by divisorial adjunction. Then (X, S + B)
is lc near S if and only if (S¥, Bgv) is lc [Kaw07, Theorem].

Theorem 4.6 (Existence of minimal models and Mori fibre spaces). Let w: X — U be projective
between normal quasi-projective varieties and let (X, A) be a kit pair with effective real boundary.
Then the following hold.

(i) If A is w-big and Kx + A is w-pseudo-effective, or if Kx + A is mw-big, then Kx + A has a
log terminal model over U. In the latter case it has a log canonical model.

(7i) If X is Q-factorial and Kx + A is not w-pseudo-effective, there exists a (Kx + A)-MMP
over U terminating in a Mori fibre space.

[BCHM10, Theorem 1.2 and Corollary 1.3.3].

Theorem 4.7 (Divisor MMP on a log Fano model). Let X — U be projective, with U normal
affine. Suppose that X is Q-factorial, (X,A) is dit with A >0, and (Kx + A) is ample over U.
Then X is a Mori dream space over U. FEvery divisor MMP over U terminates in a nef model or
a contraction on which the negative of its transform is relatively ample [BCHM10, Corollary 1.3.2
and following discussion].

Theorem 4.8 (Prescribed extraction for a klt pair). Let (X, A) be a quasi-projective kit pair, let
f:W — X be a log resolution, and let £ be a subset of its exceptional prime divisors satisfying
Ax A(E) < 1. There is a projective birational morphism Y — X with Y Q-factorial whose
exceptional prime divisors are exactly the transforms of the members of £. In particular the
empty choice gives a small Q-factorialization [BCHM10, Corollary 1.4.3].

Lemma 4.9 (Negativity). Let 7 : Y — X be projective birational between normal quasi-projective
varieties. Suppose L = M+G+E, where L is R-Cartier, M is m-nef and R-Cartier, G > 0, E is
m-exceptional, and G, E have no common components. Then E > 0 [BCHM10, Lemma 3.6.2(2)].

Theorem 4.10 (Semiample and ample models). Let X — U be projective between normal
quasi-projective varieties and let (X, A) be kit with effective real A big over U. If Kx + A is nef
over U, it is semiample over U. If ¢ : X --»Y is a weak log canonical model over U, then it is
a semiample model, the ample model X --+ Z exists, and the map factors through a contraction
Y — Z [BCHM10, Corollary 3.9.2 and Lemma 3.9.3].

Theorem 4.11 (Boundedness of weak log Fano varieties). Fiz an integer d > 1 and € > 0. The
projective varieties X of dimension d admitting an effective boundary B such that (X, B) is e-lc
and H(Kx + B) is nef and big form a bounded family [Birl6, Theorem 1.1].

Theorem 4.12 (Bounded monotone lc complements). Fiz an integer d > 1 and a finite set
R cCQno,1], and set ®(R) ={1—r/j:r € R, j € Zso}. There is an integer n =n(d,R) > 0
with the following property. Let f : X — Z be a projective contraction of normal quasi-projective
varieties over an algebraically closed field of characteristic zero, with dim X = d. Suppose that
(X, B) is lc, its coefficients lie in ®(R), X is of Fano type over Z, and H(Kx + B) is nef over Z.
Near each point of Z there is BT > B such that (X, B") is lc, n(Kx + B™) is integral Cartier
and linearly trivial, and
nB* > n|B| + |(n+1){B}).
For Z a point the same conclusion holds globally [Bir19, Theorems 1.7-1.8].
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Theorem 4.13 (Rational connectedness of log Fano varieties). Let (X, A) be a projective klt pair,
with A > 0. If {Kx+A) is nef and big, then X is rationally connected [HMO07, Corollaries 1.3(1)
and 1.5(2)].

Lemma 4.14 (Images of Fano-type varieties). Let X be a projective variety of Fano type in
characteristic zero. If X —'Y is a contraction, then Y is of Fano type. A flip of a projective
Fano-type variety is again of Fano type [PS09, Lemma 2.8(i)—(ii)].

Theorem 4.15 (Weak toroidalization). Let f : X — B be a dominant morphism of varieties
over a field of characteristic zero, and let Z C X be closed. There are projective birational
modifications X' — X, B' — B, and a morphism f' : X' — B’ over f, such that X', B’ are
smooth quasi-projective, admit strict toroidal embeddings with simple normal crossing boundaries,
and ' is toroidal. The inverse image of Z is a divisor contained in the source boundary, and the
source modification is an open embedding off that boundary [ADK13, Theorem 1.1].

Theorem 4.16 (Chart criterion for log smoothness). A morphism f: (X, M) — (Y, N) of fine
log schemes is log smooth if and only if, étale locally and after choosing a chart Q@ — N, it has a
chart Q — P by fine monoids such that the kernel and torsion part of the cokernel of Q8 — P8P
are finite of orders invertible on X, and the induced morphism

X —Y X Spec Z[Q] Spec Z[P]
is smooth. The chart can be chosen with injective group map [Kat96, Theorem 4.1 and Remark 4.2].

Theorem 4.17 (Generalized canonical bundle formula). Let p : X — X' be a projective birational
morphism of normal projective varieties, let M be a Q-Cartier divisor on X nef over a point,
and put M’ = p, M. Let (X', B"+ M') be a generalized subpair with rational B' and Q-Cartier
Ky +B' +M'. Let f: X' — Z' be a contraction to a normal projective variety. Assume that
Kxi 4+ B + M' ~q ¢ 0, that B’ is effective over the generic point of Z', and that the generalized
pair is generalized lc over that generic point. Then the moduli b-divisor constructed from the
generalized log canonical threshold discriminants is Q-b-Cartier and b-nef [Fil20, Theorem 1.4].

Theorem 4.18 (Bounded generalized Calabi-Yau models). Fiz an integer d > 1 and € > 0. Let
X range over projective rationally connected varieties admitting a generalized e-lc pair (X, B+ M)
of dimension d, with B > 0 and b-divisor data M descending to a real Cartier divisor nef over a
point on a projective birational model, for which Kx + B + Mx ~r 0. These X form a bounded
family up to isomorphism in codimension one [Bir23b, Theorem 1.7].

Theorem 4.19 (Effective birationality for integral divisors). Fiz an integer d > 1 and € > 0.
There is an integer m = m(d,€) > 0 such that, if X is a projective e-lc d-fold and N is a nef
and big integral Weil divisor with N — Kx pseudo-effective, both |m'N + L| and |Kx +m/N + L|
define birational maps for every integer m’ > m and every integral pseudo-effective divisor L
[Bir23a, Theorem 1.1].

Theorem 4.20 (Seifert bundle construction). Let X be a normal variety in characteristic zero,
L a rank-one reflexive sheaf, D; distinct prime divisors, and 0 < s; < 1 rational numbers. Set

JEL i
with the natural multiplication. Then Specy A — X, with its grading action, is a Seifert G,,-
bundle if there is an integer M > 0 with all M s; integral and E[M](Zi M s;D;) locally free. Every
Seifert G,,-bundle arises uniquely in this way. Gluing the spectra of the two half-graded algebras
gives its proper compactification with zero and infinity sections [Kol04, Theorem 7 and Section 14].

Theorem 4.21 (Monomial multiplier ideals). Let a be a nonzero monomial ideal in Clz1, ..., zy),
let P be its Newton polyhedron, and let ¢ > 0 be rational. The multiplier ideal J (A", a®) is
generated by the monomials " with v+ (1,...,1) € Int(¢P) [How01, Main Theorem].
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Theorem 4.22 (Relative vanishing for integral Weil divisors). Let (X, A) be an analytic lc
pair and w : X — Y a projective morphism. Let L be a Q-Cartier integral Weil divisor. If
L — (Kx + A) is nef and big over Y, and its restriction to each lc centre C is big over w(C),
then Rim,Ox(L) =0 for every ¢ > 0 [Fuj22, Theorem 5.8].

Theorem 4.23 (Smooth relative Kawamata—Viehweg vanishing). Let 7 : X — S be a proper
surjective morphism of characteristic-zero varieties with X smooth. Let D be a Q-divisor which is
nef and big over S, and suppose that the support of its fractional part is simple normal crossing.
Then

Rm,Ox(Kx +[D])=0  (i>0)
[Fuj09¢, Theorem 0.1].

Lemma 4.24 (Smooth loci and coefficient fields). For a reduced scheme locally of finite type
over a perfect field, the regular locus equals the smooth locus and is dense. Let A be a complete
Noetherian regular local k-algebra of dimension d, with residue field k separable over k. Then
A is isomorphic as a k-algebra to k[[t1,...,tq]] [Sta26, Lemma 33.25.8 and Lemma 15.39.4,
Tags 04QM and 0C35].

4.2. Invariant sections and the original quotient.

Definition 4.25. Let R be a local integral C-algebra with an action of a finite cyclic group G,
let x : G — C* be a character, and let 0 # h € R satisfy o*h = x(o)h for every o € G. For an
integer 7 > 0, set

R;={s€ R:0*s=x(c)s for every o € G}.

A nonzero Y € Frac(R)% has cost at most j if h7Y € R. For a real valuation w nonnegative on
R, the initial form in,(f) of a nonzero f € R is its class in the degree-w(f) summand of gr,, R.

The degree j records the character on the whole group. It also records the power of i that
clears the denominator.

Lemma 4.26. Let R be a local integral C-algebra with an action of a finite cyclic group G. Let
X : G — C* be a character, let 0 # h € R have character x, and use the spaces R; and costs of
Definition 4.25. Let v be a real valuation nonnegative on R with v(h) = 1. Then the following
hold.

(i) For every integer j > 0, the map s — s/’ is a bijection from R; \ {0} to the nonzero
tnvariant rational functions of cost at most j. For all integers j, k > 0, products of functions
of costs at most j and k have cost at most j + k.

(7t) For every integer j > 1, the condition v(s) > j for every nonzero s € R; is equivalent to
v(Y) > 0 for every invariant rational function of cost at most j.

(iii) Suppose w is a G-invariant real valuation nonnegative on R, and write h = in,(h). Let

j >0 be an integer and let 5 € gr,, R be nonzero and homogeneous. If E/Ej is G-invariant,
there is an s € Rj with in,(s) =3. Thus this fraction is the initial form of an invariant
rational function of cost at most j.

This permits each homogeneous ratio to be lifted with its original integer cost and its full
character.

Proof. For s € R; \ {0}, numerator and denominator in s/h’/ have the same character, so their
quotient is invariant. Conversely, if YV is invariant and h?Y is regular, then h’Y has character x”.
These constructions are inverse. The product assertion follows from

WYY 7 = (WY)(h*Z).
The equality v(s/h?) = v(s) — j proves (ii).
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For (iii), invariance of w makes its filtration G-stable. Since h has character Y, invariance
of the given fraction implies that 5 has character x7. Choose a lift so € R of 5 in its filtration
degree and put

s = | G\ Z x(o) o sg.
oceG
This is the projection to R;. The same projection fixes 5 in the associated graded ring.

Consequently s # 0 and in,(s) =3. Multiplicativity of initial forms now gives the assertion for
s/h7. O

The discrepancy hypothesis will be used only after primitive normalization on the original
quotient. The next lemma isolates that calculation.

Lemma 4.27. Let S 3 o be a Gorenstein kit algebraic germ, and let a finite cyclic group G act
faithfully on S, fixing o. Suppose that 7 : (S 3 0) = (X 3 x) = (S/G 3 7(0)) is quasi-etale and
X >z is Q-Gorenstein kit. Let w be a divisor-free local canonical generator of character x, and

let 0 # h € Og, have character x, with (S,divs h) lc. Set
1 Gl
‘G| leX(h )
Fiz e > 0, and assume that every primitive prime E' over X centred exactly at x with Ax p, (E') =
0 satisfies Ax(E') > €. Let F be a primitive prime over S centred exactly at o, let ¢ > 0, and
suppose w = cordp satisfies Ag(w) = w(h) = 1. Let E be the primitive restriction of F' to C(X),
put e = |Ig(F)|, and set v = ce. Then

wlexy =vordg,  Ax(E)=E(Dx) = = Axpy(E)=0, ~<

Dx =

[u—
m\r—l

The bound concerns the value group of a valuation on C(X), with its primitive generator
unchanged.

Proof. The quasi-etale hypothesis identifies the quotient boundary of the bare germ with zero.
Lemma 3.8, applied with m = 1 and the generator w, gives

ordp |¢(x) = eordg, As(F) = eAx(E).
Thus w|cx)y = yordg and 1 = Ag(w) = yAx(F). The invariant function hlCGl also gives

w(hlGl
1=w(h) = () =vE(Dx).
G|
It follows that Ax p, (F) = 0. Every function in my , pulls back into mg,, so its value under w
is positive. Hence E is centred exactly at x. The assumed gap applies to this primitive prime

and gives 1/v > e. O

4.3. Optimization on a common lc locus.

Definition 4.28. Let S 3 o be a Q-Gorenstein klt germ, let 0 # h € R = Og,, and suppose
(S,div h) is lc. For nonzero F; € R and positive integers m;, the common lc slice is

Q={q:As(q) =q(h) =1, q(F;/n™) = 0 for all j}.
Here g ranges over nontrivial quasi-monomial valuations nonnegative on R; centres whose closures

contain o are included. A test is exact if its value is zero everywhere on Q. An allowed height is
a function

b(q) = bog(h Zbaqga bo >0, 0#ga€R,

which is strictly positive on the entlre slice. Its coefficients may be real; a rational height has
rational coefficients.

Including the faces with larger centres is essential for the positivity requirement on a height.
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Lemma 4.29. Let S 3 0, h, Q, and b be as in Definition 4.28, with n = dim S > 1, rational
b, and a closed-centred point in Q. Then b(q)vol(q)"™ has a unique minimizing ray on the
closed-centred part of Q. This ray is the ordinary normalized-volume minimizing ray of an
effective rational kit pair on S. Its associated graded ring is finitely generated and normal, and
its underlying cone is klt. The initial equation of h defines an lc pair on that cone. The induced
height is positive on the entire common central slice, and the grading minimizes its height-volume
functional there. FEvery automorphism preserving the slice and the height fixes the representative
normalized by q(h) = 1.

The rational klt boundary in this lemma depends on the germ and the finite tests. No uniform
perturbation parameter is asserted.

Proof. We encode the inequalities by an lc boundary, control the error of retraction to its lc
locus, and then choose one positive penalty parameter.

Step 1. In this step, we bound the errors in orders and volumes under monomial retraction.
Use Theorem 3.1 to resolve the equations and the maximal ideal. On a fixed smooth model P
with reduced simple normal crossing divisor D, let rp(v) denote monomial retraction. For a
polynomial g of degree at most k in fixed affine generators,

) 0<w(g) —rp(v)(9) < C(k+1)App(v).

We give the uniformity argument, including weights approaching faces. Choose normal coordinates
z and tangential coordinates y. Multiplication by the affine generators in a fixed basis of the
finite extension C(P)/C(z,y) gives a polynomial relation »>7_, pjg’ = 0, with e fixed and
degp; < C(k +1). For independent positive coordinate weights, two least terms in this relation
tie, so the leading exponent of g has total degree at most C'(k + 1). Perturbing normal weights
and then giving the tangential coordinates small positive weights gives this bound on every vertex
of the least normal face, hence on that face.

Choose a term z%y® on this face. Products of z;d,, — j, for the finitely many integers
0 < j < C(k+1) other than «;, followed by 85 , isolate 2z times a unit modulo the ideal of
larger normal weight. This ideal is finitely generated; faithful flatness of completion makes the
same assertion in the local ring. Each logarithmic differential operator lowers value by at most
App(v). Indeed, wedging its contraction of dlog z A dy with dlog f shows that the pulled-back
logarithmic form has order at least —1 at a prime; rational monomial approximation gives the
same inequality for quasi-monomial valuations. There are O(k + 1) operators. The isolated
function has value rp(v)(g), proving (*).

Let ¥ be a fixed effective lc rational sum of principal divisors, write Kp + Bp = f*(Kg + V),
and retract to the coefficient-one components of Bp. Put e(v) = Agwy(v) and denote this
retraction by r(v). The log-smooth discrepancy formula, including the finitely many positive
component discrepancies, gives

App=1(v) < Ce(v),  |As(v) = As(r(v))] < Ce(v).

The same error bound holds for every fixed resolved equation and for the maximal ideal. If
bare discrepancies are bounded and both maximal-ideal values are bounded below, (*) and
Theorem 4.1 give, on every f € R,

ok r(v v e(v))r(v vol(v)'/™ M
(**) ) <o) < (4 CelDr@), vol(o) = TEN L

For completeness, if k = ord,(f), represent f modulo m)EFl by a polynomial of degree [Lk].
One fixed large L, chosen using the two lower maximal-ideal bounds and Izumi, makes the error
have larger value for both valuations. Apply (*) to that polynomial and use r(v)(f) > ck. The
volume inequality follows from inclusion of valuation ideals.
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Step 2. In this step, we encode the common lc slice by an effective lc boundary and construct its
klt perturbations. By Lemma 4.2, with the relative canonical correction retained, the normalized
lc locus of (S,divh) is the finite coefficient-one monomial skeleton on a log resolution. Its
normalized cones are compact simplices, since their bare discrepancies are positive. The tests cut
closed polyhedra. Thus @Q is compact, including its noncentred faces, and 0 < < b < B on it.

Choose small positive rational 6; with °6; < 1, and set b; = (R, F;). The discrepancy of
the real ideal with orders (1 — 3 6;)q(h) + >-(05/m;)q(b;) is

As(a) = a(h) +3_0;(a(h) — min{q(h), g(F;) /m;}).

It is nonnegative and vanishes exactly on the rays of Q. On a common principalization take
general P; = h™ + a;F};. Their free residual divisors meet the resolved boundary transversely
and contain none of its strata. Their coefficients §;/m; < 1 introduce no new lc places. Hence

U= (1 - Zej)dwh—k Z(Gj/mj)dlij

is effective lc with precisely those zero-discrepancy rays. On these rays ¢(P;) = mjq(h). Resolve
also all go. For every sufficiently small positive rational A,

Uy =0 —Aodivh+ A badivgs

is effective and klt. Effectivity uses the reserved coefficient of h; former zero discrepancies become
Ab > 0, and the finitely many other resolved discrepancies stay positive.

Step 3. In this step, we choose a single penalty for which the ordinary minimizer lies exactly
on the common slice. Normalize a centred competitor by Ag(v) = 1. On this fixed germ Izumi
implies

vol(v) > ¢1, vol(v) > ca/v(my).
For the second inequality choose a generator z of minimal value and filter R/a;(v) by powers of

z. For j <t/(2v(z)), its successive quotient has length at least length R/ (mgt/ @0 ,z), which is
bounded below by a positive constant times t"~!. Sum these quotients. The generator comes
from one fixed finite list, so the constants are uniform in v.

Fix a centred point of Q, with objective M. By Theorem 4.4, an ordinary minimizer v for Wy
exists and is quasi-monomial. Tt satisfies (e(v) 4+ Ab(v)) vol(v)'/™ < AM. Tzumi bounds |b(v)|, so
e(v) = O(N). Retraction gives Ag(r(v)) =1+ O(e(v)) and b(v) = b(r(v)) + O(e(v)). Positivity
on the full lc slice then bounds both heights below. The sublevel inequality bounds volume above,
hence bounds v(m,) below. The resolved ideal comparison does the same for r(v). Thus r(v) is
centred and (**) applies.

The objective at v minus that at r(v) is at least

e(v)(1 — AC" — XCb(r(v))) /n
1+ Cev) vol(r(v))¥/™.

Choose A below a fixed threshold for this finite data. This is positive if e(v) > 0, contrary
to minimality. Hence the ordinary minimizer lies exactly on Q. Conversely every constrained
minimizer is an ordinary minimizer for this same A. Uniqueness in Theorem 4.4 proves uniqueness
here, and gives invariance under the stated automorphisms.

Step 4. In this step, we establish positivity and constrained minimality on the central slice. The
same theorem gives finite generation and the central klt pair. Each principal equation specializes
to its principal initial equation: multiplicativity gives in,((f)) = (in, f). Thus the central
boundary is rational Cartier and removing it leaves a Q-Gorenstein klt cone. Let the encoding
coefficients and valid penalties tend to zero. Uniqueness keeps the constrained valuation and its
graded ring fixed. The central coefficient of div(in, k) tends to one, proving lc of that pair by
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testing each prime. On a central common valuation gg, the initial pencil equations have value at
least m;qo(ho). Consequently

0< ASO,‘PA,O (QO) < )\bcentral(q0)~

Equality holds at the grading. Central ordinary minimality now gives positivity and constrained
minimality on the whole central slice, as asserted. O

Lemma 4.30. Let Q be a nonempty common lc slice on an n-dimensional kit germ, as in
Definition 4.28. Assume that Q contains a closed-centred valuation.

(i) Given q; € Q and p; > 0 with > p; = 1, there is u € Q such that u(f) > Y. piq;(f) for every
nonzero regular f. If some q; with p; > 0 is centred, so is u. Opposite finite-cost ratios
interpolate exactly, and every allowed height satisfies b(u) <Y p;ib(q;).

(ii) If centred w,u and nonnegative v satisfy u > tw + (1 — t)v on reqular functions, with
0 <t<1, then, for w(f) >0,

tw(f)
tw(f) + (1 = t)v(f)
If v is centred, t =1/2, and v(f) > (1 +n)w(f) >0, with 0 < n <1, then
vol(w) + vol(v) — 2vol(u) > ¢(n,n) vol(w)

vol(u) <t™"

vol(w).

for some c(n,n) > 0.

(7ii) On the rays normalized by b = 1, two valuations whose volumes approach the minimum agree
multiplicatively on all regular functions, with an error depending only on dimension and
relative volume error. A real allowed height has a unique centred minimizing ray, continuous
in its coefficients for this uniform multiplicative topology. If w is its minimizer, every q € Q
satisfies

b(q)

< n——=—- .
a(f) < nb(w)w(f)
The last estimate includes noncentred ¢q. It supplies the balance bound on every central slice
used below.

Proof. We construct interpolants, compare their volumes, and use these comparisons to control
the minimizing rays.

Step 1. In this step, we interpolate finite function values and pass to all regular functions. For a
finite list of functions g;, put s; = > p;qi(g;) and choose positive rational targets 5;- < s;. Include
h with target one and every test numerator F; with target m;. Choose N with all N/ 89- integral.

Theorem 4.3 applied to Z(gj-v/sj) says that a unit multiplier ideal would give a klt product
with exponents ¢; > 0, 3° sjt; = 1. But then 37t;¢;(g;) < 1 for every i with p; > 0; averaging
contradicts ) t;s; > 1. A prime witnessing non-klt, divided by its positive bare discrepancy,
therefore meets all lower targets. Lc of h forces its h-value to be exactly one. Compactness of the
slice first lets the rational targets increase to the desired values, then gives the finite-intersection
property over every regular function. Positivity on generators of the maximal ideal preserves a
closed centre. For opposite ratios the two lower inequalities add to zero, so each is equality. This
proves (i), also homogeneously on the cone of rays.

Step 2. In this step, we prove the volume comparisons in (ii). If the graded weights of a centred
valuation are aj, with multiplicities, integration of its colength function gives

lim L™" Z e~ /L = vol(v).
k

L—oo

Polynomial colength bounds control the tails. A homogeneous basis of gr,, R/(in,, f), multiplied by
all powers of in,, f, is a basis of gr,, R: reduction modulo that nonzerodivisor proves independence
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and spanning. Lift it to a;f7 in R. Its values under u are at least tw(a;) + j(tw(f) + (1 —t)v(f)).
The two geometric series in the exponential sums give the first inequality in (ii).

For the strict inequality choose a basis adapted to both finite valuation flags, truncated at
TL. If its two weights are W;, V;, the deficit in twice the interpolated exponential sum is at
least 37, (e~ Wi/(L) — ¢=Vi/(2L))2 " Multiply a complement to a,r/4(w) by L/l For large
L, every nonzero element of the resulting space has w-value below (1 + n/4)L and v-value at
least (1 + 27n/3)L. Its dimension is asymptotic to vol(w)(nL/4)"/n!. Thus it supplies this many
separated entries in the two adapted flags. Divide the deficit by L™, let L — oo, then T — oo.
For example one may take

n/4)" _ 2
e(n, ) = D Q/H') (e~ HI//2 _ g=(er21/3)/2)2

Step 3. In this step, we control normalized near-minimizers and derive the final variational
inequality. Let V}, > 0 be the infimum of volume on b = 1; positivity follows from Izumi and the
positive lower bound of b on the compact slice. An interpolant of two normalized competitors
has height at most one and volume at least Vj. The strict inequality rules out a factor 1 + 7
difference in the value of any function when both volumes are below (1 + )V} and 26 < ¢(n, 7).
This is one bound for every function. Approximate a real height by rational heights. Their
minimizers are uniformly multiplicatively Cauchy by this estimate. A fixed late member bounds
their maximal-ideal values below, so a limit in the compact slice is still centred. Inclusions of
valuation ideals give convergence of volumes. This proves existence, uniqueness, and the stated
continuity; finite generation is used only for rational heights.
Finally interpolate (1 — t)w + tq and apply the first inequality in (ii). Minimality gives

w(/f)
(1= t)w(f) +tq(f)

Its right derivative at zero is nonnegative, giving ¢(f)/w(f) < nb(q)/b(w). Units have both
values zero. d

1< [1+(b(g)/b(w) = 1)]"(1 =)' ™"

4.4. Equivariant degeneration and exact signs.

Lemma 4.31. Let S > o be a Gorenstein klt germ with a faithful cyclic action G, fixing o,
and quasi-etale quotient. Let a canonical generator w and a regular lc equation h have the
same full character x. Let w be an invariant closed-centred quasi-monomial valuation with
Ag(w) = w(h) =1 and finitely generated normal kit graded ring Ry. Then the following hold.

(i) The cone Sy = Spec Ry is Gorenstein. Its canonical generator has character x and fine weight
w(h). The whole action stays faithful and quasi-etale, and (So,div hg) is lc. The canonical-
weight assertion also holds for an invariant closed-centred quasi-monomial valuation with
normal finitely generated klt graded ring without the equality Ag(w) = w(h): its canonical
weight is Ag(w). Any additional commuting torus character of the generator is retained.

(it) Suppose a common slice Q is defined by invariant ratios Fj/h™i of w-value zero, and let
Qq be its initial slice. For every invariant finite-cost ratio g = U/h® with w(g) = 0,

9(9)<0(qe Q) <= qo(ingg) <0 (g € Qo).

There is no restriction on b. Exact defining tests remain exact on the cone, and all nonzero
pure weights belong to its normalized common slice.

(iii) Taking invariants commutes with the filtration: gr(R®) = RS. The lattice generated by
invariant homogeneous weights is exvactly w(C(S)¢*). If it is vZ, then wlgsya /v is an
actual primitive divisor centred at x.

In particular, neither the group nor the invariant lattice is replaced in passing to the cone.
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Proof. We construct the degeneration on the original local ring, compute its canonical form, and
use lc perturbations to transfer signs.

Step 1. In this step, we construct the degeneration and identify its canonical weight and
character. Choose eigenfunctions z; whose initials generate Ry, including any prescribed finite
list of equations, and put «; = w(x;) > 0. Subduction raises the remainder value to infinity.
Izumi makes this convergence maximal-ideal adic. Consequently

R=C[[X1,....X]]]/I, Ry=C[Xy,...,X]]/in, 1.

The actual valuation ideals are the images of the monomial threshold ideals: those ideals are
finitely generated, so the completed assertion descends by faithful flatness. Finitely many initial
relations show that nearby rational regradings of the fine lattice have the same initial ideal.
Indeed the old initial ideal is contained in the new one, and both quotients have dimension dim S,
by comparison with maximal-ideal powers. The old quotient is a domain, so the inclusion is
equality. The regradings are monomial on the fixed chart of w, and retain the selected initials.

Scale a rational regrading to integral weights a; and form the extended Rees algebra
Alt,z1t™ ..., 2t~ %] on a small affine representative. Its central fibre E is normal Cartier and
its general fibre is S. The total space is normal: it is normal off F, satisfies So along F, and is
regular at its generic point. Its central valuation is the Gauss extension with ¢-value one. The
logarithmic-form calculation gives

div(w A dt/t) = (Ag(v) — 1)E.

The residue of t=4s(®)y A dt/t generates the canonical sheaf of E. It has exactly character x.
Nearby rational regradings identify its fine weight with Ag(w), hence with the weight of hg.
There are no nonconstant units in a positive graded domain with degree-zero part C, so these
generators differ only by scalars. This calculation also preserves any additional commuting torus
character, and does not require an lc equality when computing the canonical weight.

Step 2. In this step, we preserve the faithful quasi-etale action and establish log canonicity of the
initial boundary. If a nonidentity element acquired a fixed divisor or became trivial on the central
fibre, its fixed locus at a general smooth point would be smooth over the parameter: averaging a
tangent lift of J; gives an invariant lift. The same fixed locus would occur in nearby nonzero
fibres, contradicting the original faithful quasi-etale action. For an effective principal boundary
A with Ag(w) = w(A), homogenize its equations. The only relative canonical coefficient over
the zero parameter is Ag(v) — v(A) = 0. Hence the Rees pair with its central fibre is crepant to
the lc product pair. Adjunction gives the lc initial boundary. At codimension-one points of the
normal central fibre the total space is smooth over the parameter, so its different is precisely
that boundary.

Step 3. In this step, we transfer signs on the common slices and retain the original invariant
value group. Encode Q by the boundary ¥ used in Lemma 4.29, choosing the pencils general on
both the original and central resolutions. If ¢(g) < 0 everywhere on Q, then ¥+ d(divU —bdiv h)
is effective lc for sufficiently small rational § > 0. On the zero-discrepancy components this is
exactly the assumed sign; every other resolved discrepancy stays nonnegative. Specialization, just
proved, gives the central lc boundary. Its discrepancy on gy € Qg is at most —dgp(iny, g), proving
the forward sign. Conversely, start from the central sign and construct that lc perturbation there.
Theorem 4.5 on the normal Rees space makes its total pair lc near the central vertex. This
neighbourhood meets the section through the original point over a nonzero parameter, giving the
original lc perturbation and the reverse sign. The argument is for each arbitrary b; it imposes
no degree cutoff. The defining lower inequalities then transfer exactness. Pure weights have lc
discrepancy zero by the canonical weight calculation and vanish on every weight-zero test.
Finally the Reynolds operator makes invariants exact in every filtration degree. Every invariant
symbol lifts with exactly its value, and differences give the full value group on Frac(RY) = C(S)¢.
A finite field extension preserves rational rank and residue transcendence degree. Thus the
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restriction is Abhyankar; in rational rank one it is a multiple of a primitive divisor. Its maximal-
ideal values are positive, so its centre is the original closed point. O

Lemma 4.32. Consider a sequence of the data in Lemma 4.31, in dimension at most d, with
exact tests. Suppose that on the common central slices a fized C' satisfies qo(s) < Cwo(s) for
all homogeneous reqular s. After a subsequence the valuations can be replaced, on their original
fields, by invariant valuations w' satisfying all the same conditions, uniformly multiplicatively
approaching w on reqular functions, for which

qo(s) < (1 +mi)m, n; — 0,

simultaneously for every positive integer m, every regular symbol of fine weight mwt(hy) and
full character x™, and every common qy. The central balance estimate persists with a fized new
constant.

This refinement changes neither the common actual slice nor any of its exact equations.

Proof. We refine the valuations by compression and bound the number of refinements by rational
rank.

Step 1. We first describe compression of two gradings. On the first cone take a closed-centred
valuation v in its common normalized lc slice, invariant under G and the fine torus, with normal
finitely generated klt graded ring. Lift simultaneous homogeneous generators, with first and
second weights «;, 5; > 0, to the original ring. For small positive ¢,
ing4sp 1 = inging I.

To verify this, lift finitely many generators of the right side to relations. Positivity leaves only
finitely many terms that could compete with their leading faces, so it gives one inclusion for
all small §. The dimension/domain argument in Lemma 4.31 gives equality. The prime initial
ideal defines an actual valuation on the original ring. Outside a countable set of parameters,
(a,b) — a + db is injective on the joint lattice. Its rational rank plus residue transcendence
degree is then dim S; Lemma 4.2 identifies it as quasi-monomial on a smooth model. Canonical
transport, retaining the old torus, gives joint canonical weight (1,1). Applying the canonical-
weight calculation to the actual compressed valuation, without assuming its lc equality, therefore
proves that its discrepancy and h-value are both 1+ 4. For any ¢ > 0, decrease ¢ until

(1-Qa; <o +66; < (1+ ey

for every generator. These inequalities hold for every monomial. The descriptions of the actual
threshold ideals, obtained by subduction and faithful-flat intersection, give the same inequalities
for the values of every regular function. They control cancellations because they compare
entire ideals, rather than one chosen expression of a function. Normalization by 1 + ¢ therefore
approaches w multiplicatively on all functions at once. Every retained zero-weight equation stays
exact. A nonzero second value on an old weight-zero rational function gives a nonzero kernel in
the joint-to-old lattice map, and hence a strict increase of rational rank.

Step 2. In this step, we use persistent defects to increase rational rank and force the defects to
tend to zero. Suppose now that the claimed defects do not tend to zero. Choose a fixed rational
¢ > 0and s,m,qo with go(s)/m —1 > 2c. On the central common slice set g(q) = q(s)/m — q(ho)
and M = max g. The heights

b = q(ho) + ulealho) — g(q)),  0<p<(M—¢),
are positive allowed heights. Interpolate a valuation maximizing g, possibly noncentred, with a
fixed centred point of weight t. As p approaches its upper endpoint within ¢, the height is O(t)
and Lemma 4.30 with f = hg bounds volume by O(¢!~"). The minimum objective tends to zero.
A fixed-germ volume lower bound forces the optimizer eventually to have g > ¢. Continuity in p
therefore supplies a rational parameter with 0 < g(v) < ¢, unless u = 0 already works. At this
parameter b, (v) > 1, whereas b, < 2+ 1/c on both actual and central slices.
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Its rational optimizer is invariant under the full group and old torus, and is nonzero on the
neutral ratio s/hg’. Compression increases rational rank and can be chosen arbitrarily close on
every function. On a joint homogeneous symbol of degree (a,b), old balance gives b < Ca. The
second central balance is at most d(2+1/c)b, while the compressed grading is (a+0b)/(1+9). For
0 < 1 this retains a uniform balance constant. Iterate along subsequences with fixed dimensions
and ranks. There can be at most d rank increases. Therefore the supremum of all defects tends
to zero, with its quantifier over all degrees intact. Choose the finitely many compression errors
to tend to zero; their product gives the required comparison. O

Lemma 4.33. In the setting of Lemma 4.31, assume the tests are exact. Let finite-cost invariant
ratios Yj+, Y, Za have opposite pair values and zero Z,-values throughout Q. Write their initials
as Aj,Bj,Cy. Suppose a neutral subfield K. contains every A;jBj, Cy, every common central
valuation is trivial on K, and the monomials associated with a basis of the integral kernel of
Zt wt(A;) are algebraic over K. Then every polynomial in the positive ratios and the
Za, whose least initial sum is nonzero, has its predicted value wherever its terms tie on Q.
Algebraic independence of their initials is preserved at every later valuation in Q, and the same
noncancellation holds on its common cone when that cone exists.

The kernel condition is finite and the conclusion holds for all polynomial degrees at once.

Proof. Every kernel monomial is algebraic over K, by expressing its exponent in the chosen
integral basis. For a polynomial P, multiply by the negative partners of one least term, obtaining
an actual finite-cost ratio g with w(g) = 0. Its nonzero initial is a sum of kernel monomials times
products A;B; and C,; hence it is algebraic over K,. A valuation trivial on a field is trivial on
its algebraic elements: positive or negative value would give a unique least term in an equation
with nonzero constant and leading coefficients. Reverse sign transfer therefore gives ¢(g) < 0
everywhere on Q. At a tie its terms have value zero, so the reverse inequality holds too. This
proves the assertion for P. A putative relation among later initials can be separated into tied
homogeneous groups; the assertion just proved rules out each nonzero group. Finally transfer
the same upper bound for the same actual g to the later cone and use its tied-term lower bound.
No reciprocal was assumed to have finite cost, and no new degree-dependent cutoff is used. [

4.5. Angular divisors and projective comparison. For a positive fine-graded cone as in
Lemma 4.31, put R = Rg . Let M be the lattice generated by the weights occurring in R, let
C C Mg be their cone, and let & = CV. The effective torus has character lattice M. Its invariant
field is denoted by K. Choose homogeneous rational functions 2™, multiplicatively in m € M, so
that Frac R = K (2M). Let u € Mg be the weight of hg, and write

W = £z 9 =wo/hg =0y Adlogz A+ Adlogzy, = d]‘é{h.

The form @ is invariant under both groups. For a primitive prime P of K, define
a(P) =1+ ordp(by),
Ap ={y: P(f)+ (y,m) >0 for every fz™ € R},
Ly(P) = min (y,p),  D(P)=~(P)+ Lu(P).
yEAP

For a rational Cartier b-divisor A on this field, write
S(A)={0}u{fe K*:divf+ A>0}.

The inequality here is tested on every prime on every model.

Proposition 4.34. For the cone data just defined, the following hold.

(i) One has v € int C. Every interior rational ray p has a normal projective quotient V,, with
field K, and L, is the Cartier b-pullback of its ample ray divisor. The function a is an
integral lc discrepancy, represented on each V), by an effective boundary with trivial adjoint.
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The divisor D is effective, b-nef and big, and a + D is the discrepancy of an effective
generalized kit Calabi-Yau pair. Each'V, is of Fano type.

(ii) Rational Gauss valuations (P,y), y € Ap, have lc-pair discrepancy a(P); pure weights in
o have discrepancy zero. They exhaust the divisorial lc tests, up to scaling, and lift to the
original finite cover. At an actual prime P of V,,, a minimizing y and an integer e > 0
satisfy

ey € Hom(M,Z),  a(P)+ (P,y)(ho) = 1/e.
Thus outside a =0 one has a(P) =e =1 and (P,y)(ho) = D(P) = 0.

(iii) For &€ = fzF, m > 0 integral, and k + mu € intC, set J,, = div f +m~y + Lyjmu. For every
integer ¢ > 0 and g € K,

g€ S(gJm) <= g&hi™ € Ry.
In particular S(mD) ={g € K : ghi’ € Ro}.

The integral discrepancy a, rather than an index bound for D, will supply the discrete
information in the proof.

Proof. We construct the ray quotients, compute their divisorial orders, and then identify the
section spaces.

Step 1. In this step, we construct the Gauss valuations and projective ray quotients in the
actual lattice. The homogeneous fraction group splits over the free lattice M, giving K (z™).
Finitely many homogeneous algebra generators define Ap. Adding a large positive cocharacter
makes their inequalities hold, so this polyhedron is nonempty. The coefficient-adjusted monomial
minimum defines a Gauss valuation. For rational y it is discrete and has residue transcendence
degree dim S — 1, so it is divisorial up to scaling. Write locally 6y = t*(")dlogt Ady; A---. Adjust
a finite-index lattice of torus monomials by powers of ¢ to obtain units. The leading logarithmic
wedge has order —1 at a primitive divisor. Thus the lc discrepancy of (P,y) is a(P), and that of
a pure weight is zero. Lc makes a nonnegative; it is integral by its definition from a rational
form. Klt of the bare cone gives (y,u) > 0 on every nonzero pure ray, proving that u is interior.

The ray algebra is generated by the integral points in a rational polyhedral cone of monomials
in the fixed generators. It is normal by the normality of the ambient graded algebra. Its Proj is
therefore normal projective. Every neutral rational function can be written as a ratio on that
ray: shift a common weight to a large multiple of the interior ray by an occurring monomial.
Thus its field is K. Linear programming gives

L,(P)= - NiP(f),
u(P) Ajzo,%a;\{jmj:u zj: 5P (f5)

where f;2"i are the generators. Clearing the denominators of the finitely many vertices gives
the free tautological system on a Veronese ray algebra. The formula computes its maximal pole
order on every higher model, which is exactly Cartier b-pullback. This proves the assertion for
L,, and for D; regularity of hg gives effectivity of D.

Step 2. In this step, we identify the quotient discrepancies and the divisorial lc tests. At a prime
of the ray quotient localize an affine ray chart over its generic DVR. A height-one component of
the pulled-back uniformizer is torus invariant and dominates this prime. Its primitive order is
e(P,y) with e integral. The ray section is invertible there, so y minimizes the ray height. This
prime lies on the cone itself and has bare discrepancy one, proving the displayed identity. It
follows that the boundary — Ky, (6p) is effective lc, and subtracting D from that boundary, with
nef b-part D, gives effective generalized klt data. Strict positivity on higher primes follows from
klt of the cone at a minimizing Gauss extension. Replace a semiample determination of D by
a general divided member; this gives an ordinary effective klt Calabi—Yau boundary. Bigness
permits a small ample summand in a second effective representative. Mix sufficiently little of
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that representative into the first and subtract its ample summand. The remaining boundary is
klt with ample negative adjoint, proving Fano type.

For an arbitrary divisorial lc test, nontrivial restriction to K is an integral multiple of a prime:
the residue transcendence inequality forces equality for that restriction. The same logarithmic
wedge gives discrepancy at least ea(P), with strict inequality if adjusted torus-unit residues
are dependent. Zero discrepancy therefore forces independence and no cancellation among tied
monomials. This is precisely the Gauss rule. A trivial restriction similarly gives a nonzero pure
weight. Finite discrepancy comparison is Lemma 3.8; the positive grading makes the vertex the
unique point over the quotient vertex, so the centres have the required closures.

Step 3. In this step, we characterize sections by the Gauss-order inequalities. Finally J,, is the
minimum Gauss order of £h". If the displayed inequalities hold, an invariant power of g¢Zhd™
is nonnegative at every Gauss prime and every pure weight. A pole of a homogeneous rational
function would have a torus-invariant prime component, whose order is Gauss. Normality rules
out this pole, and normality upstairs then puts the original semi-invariant in Ry. The converse is
evaluation of a regular function. This proves (iii). O

Definition 4.35. For the cone of Proposition 4.34, let M be its actual invariant weight lattice,
o the dual cone, and u € Mg the weight of hg. The width of k € Mg is

1]l = width(k) = max [{y, k).
<y7u>:1

The grading valuation is normalized by w(hg) = 1. Along a sequence of cones, a width bound
O(L) means |k|| < CL with C independent of the cone.

Since wu is interior to the full-dimensional pointed weight cone, the slice in this definition is
compact and spans the dual vector space. The width is therefore a norm. The normalized grading
is a point of that slice, so an invariant homogeneous ratio of weight £ has absolute grading value
at most | k||

In particular, Lemma 4.32 implies the following angular bound on every floor prime P, meaning
a(P) = 0, for which the angular tests are nonnegative:

(4.1) P(T) < (1+mn;)D(P) for every effective I' ~qg D.

Indeed, write I' = D + div ¢/m. Its regular symbol is h{'¢, of full character x. Normalize a
height-minimizing Gauss lift by its positive ho-value D(P) and apply that lemma.

All projective comparisons below take place on projective total spaces and projective bases
over C. Their rational Cartier b-parts are nef over a point on projective determinations. By
relative generalized Calabi—Yau data over f: X — Z we mean effective trace B, such a b-part
M, and Kx + B+ Mx ~q f*L. We use their discrepancies homogeneously on multiples of prime
orders. Sequential assertions below are required on every subsequence.

Lemma 4.36. Fixd>1 and § > 0. Let X - W — Z be projective morphisms of projective
varieties, with X — W a Kx-negative Mori fibre space in dimension at most d. Assume X
is Q-factorial, ordinarily d-lc, and of Fano type over Z. All generalized Calabi—Yau data in
this lemma are over Z, have effective trace, and have rational Cartier b-parts nef over a point.
Suppose these data include a kit member. A chosen horizontal lc place of a generically lc member,
or a chosen place computing a vertical discriminant of a generically klt member, admits, after a
bounded field extension, a monomial chart of the following form:

x>0, ex>0, Munx=rcex.

The matrices belong to a fized finite list; the integral contact vectors may be unbounded. The
original uniformizer has order pe., with bounded positive integer p. Integral matches restrict to
positive integral multiples of primitive original-field orders. On each fixed e, -slice, all effective
generalized Calabi—Yau discrepancies have a uniform angular Lipschitz constant. Horizontal
charts are orthants with the same homogeneous assertion.
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The generic fibre has rational logarithmic coordinates of bounded pole degree, and its chart
valuations are Gauss on their field. A function of pole degree m > 1 has angular Lipschitz
constant O(m). The same assertions hold on a bounded normal model isomorphic in codimension
one to the generic fibre. If a b-order has effective trace of degree O(§) and is b-linearly equivalent
to a difference of nef b-parts of trace degrees O(§), its horizontal constant is O(§), also for & — 0.

The contact vector and the nef indices do not enter these constants.

Proof. We retain the chosen place in a bounded ordinary complement, toroidalize the resulting
bounded marked families, and control orders by generic-fibre degrees.

Step 1. In this step, we retain the chosen places in bounded ordinary complements. Over a
generic base DVR subtract the discriminant discrepancy times its fibre. The resulting generalized
subpair is lc and the chosen minimizing components have coefficient one. On a common resolution
perturb slightly towards klt data with an ample b-part, provided by a log Fano boundary. Replace
that ample part by divided general members, keeping a big ordinary boundary and positive
coeflicients at the finitely many chosen components. Increase every other exceptional horizontal
coefficient and every unwanted vertical coefficient to a number below one. The result is an
effective big klt boundary A with K + A ~gw E, where E is effective and supported exactly
on the unwanted components. A section of a divisible multiple of E is constant on the normal
projective generic fibre; its order at a retained component forces it to be a regular DVR function.
Its fixed part is therefore that multiple of E. Theorems 4.6 and 4.10 contract precisely this fixed
part. The retained big klt boundary makes the resulting model of Fano type, and the selected
places survive. The horizontal case uses Theorem 4.8 after the same small ordinary perturbation.

On a nef determination, Lemma 4.9 gives h* My — Mz > 0. Thus ordinary discrepancies of the
effective boundary dominate generalized discrepancies. In particular the ordinary pair consisting
of the selected coefficient-one divisor is lc. Run its negative adjoint MMP using Theorem 4.7,
and apply Theorem 4.12 with seed coefficients zero and one. Crepant pullback of the complement
dominates this divisor by MMP negativity and retains it as an lc place. The complement index
is bounded only by dimension. Several vertical minimizers can be kept together. On a common
resolution their coefficient-one locus is connected: if H = B=! and Ey = [~B<!], Theorem 4.23
gives R'h,O(Ey — H) = 0, hence a surjection from Oy to h,Og(Ey) through h.Op. Its reduced
image is the connected special fibre. Adjacent coefficient-one strata consequently give continuous
monomial interpolation of all normalized Cartier orders between minimizing places.

Step 2. In this step, we construct a finite list of monomial charts while retaining the original
uniformizer orders. Theorem 4.11 bounds the ordinary generic Fano fibres. For a bounded very
ample polarization A, a general smooth curve gives —KpAf~t < (f — 1)Af +2. A bounded
complement index therefore bounds the degree of its reduced support. The embedded marked
pairs lie in finitely many finite-type families. A bounded extension suffices to define the embedding;:
Theorem 4.13 makes the Picard group of a smooth resolution a torsion-free lattice of bounded
rank; its finite Galois image injects modulo three. The invariant polarization then defines a
projective-space form of bounded dimension, split by a maximal subfield of its central simple
algebra, of bounded degree. Apply Theorem 4.15 to these fixed marked families, and stratify the
complements by noetherian induction. A trait lifts to their proper modifications even when its
special point is on the boundary. There are finitely many exponent matrices. Units are retained
in their full character lattices: for equations y; = u;x, split the kernel of the exponent map and
use its unit characters as chart coordinates. After tame unit roots, the group map is injective and
the remaining map is smooth. Theorem 4.16 gives the claimed log-smooth charts. Saturated base
change to the trait yields exactly M @ = repes. Saturation occurs in the same groupification,
so integral matches remain integral. Restricting through a finite or etale field extension never
divides their orders. The bounded initial extension contributes only p. The selected lc place is
monomial because its crepant boundary is bounded above by the reduced toroidal boundary and
it has zero discrepancy for both.
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Step 3. In this step, we bound angular order variation by generic-fibre degrees. On the finite
chart list choose rational functions z; whose logarithmic differentials form a relative basis. Their
pole degrees and integral slopes are bounded. At a vertical monomial prime the adjusted units
ZJCj* t;U(Zj ) '
g of pole degree m, the image of (21,..., 2y, g) satisfies 23:0 ¢j(z)g’ = 0, with ¢ bounded and
degc; = O(m). Intersecting general coordinate level divisors proves these degree bounds. The
Gauss value of each coefficient has slopes O(m). Two least terms tie, so the value of g lies among
(v(ci) —v(cj))/(j — 1). Continuity on the finitely many pieces proves the same Lipschitz bound
on the whole slice.

To treat a nef b-part at two prescribed valuations, replace it on a common determination by
the difference of general divided members of M + nA and nA, avoiding both centres. Choose 7
after the determination so its pushed degree is arbitrarily small. The resulting ordinary boundary
has positive and negative horizontal degrees bounded by —KpA/~! 4 o(1). A clearing pluriform
divided by the chosen logarithmic volume has pole degree proportional to that clearing integer.
The preceding order estimate divided by that integer gives a uniform discrepancy bound; vertical
coefficients contribute constants on the slice. The same replacement on bounded models in
codimension one proves that variant. For the last assertion choose both ample errors o(¢). The
representing rational function has pole degree, divided by its denominator, O(§). If its integral
pole degree is below one it is constant on the normal projective fibre. Hence no additive constant
remains as & — 0. (I

have independent residue differentials; this gives the Gauss rule. For a rational function

Lemma 4.37. Consider sequences of the projective relative generalized Calabi—Yau data described
above, with total dimensions bounded and total spaces of Fano type over their bases. For a
generically klt member the discriminant discrepancy is
B(P) = min A(T)/er.
T|c(zy=er ordp
The minimum is attained and the moduli b-part is rational Cartier and nef over a point. The
following assertions hold.

(i) Let A; be finite rational piecewise-affine continuous families, concave at each valuation, with
Ap Klt and parameter ranges tending to infinity. If Ay is nonincreasing and Ay(T;)/Ao(T;) —
1 whenever Ay(T;) — 0, for every fized t > 0, the same condition holds for discriminants.
On signed ranges the same conclusion holds if the ratio assumption is made whenever
Ao(T;) < 6, for a fized 6 > 0; the discriminant cutoff may be smaller. The families are
eventually generically kit on each fized parameter interval.

(ii) Let A; be the discrepancies of klt effective generalized Calabi—Yau data over projective
contractions f; : X; — Z; as above. Let H; be rational Q-Cartier divisors on Z;, and fix
an integer m > 0. Suppose that for every sequence of primitive orders T; with A;(T;) —
0, the phases of ordr,(mf;H;) have real lifts in [—o(Ai(T;)), O(Ai(T;))]. Then, for one
fized multiple m’ of m, the phases of ordp,(m’H;) have the same property relative to the
discriminant discrepancies B;(P;) — 0.

(iii) Suppose a > 0 takes values in a fized rational grid on primitive primes, D > 0, and a + tD
is effective and kit for 0 < t < tg, with affine total base class. On a uniform smaller
interval its discriminant is ' +tD’, the successive lexicographic minima, and a’ has bounded
denominator on every model. If also a + AJ + sC' is effective on 0 < XA < Ag, 0 < s < A,
with affine base classes, J in a fixed rational grid, C' > 0, and on a =0

D<C<KD, —-nC<J<KC, 1 —0,

then its discriminant is ezxactly a’ + \J' + sC’ on a uniform smaller sector. Both a’,J" have
bounded denominator. Fventually no horizontal prime has a = 0,J < 0. These endpoint
data have effective traces and rational Cartier nef b-parts.

All primitive orders in this statement belong to the indicated original function fields.
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Proof. We give the lattice and minimization arguments, since they are what make the conclusions
uniform in contact orders and indices.

Step 1. In this step, we reduce the projective comparisons to monomial charts along a finite
Mori induction. Extract the finitely many primes of a chosen klt member with discrepancy
below a small fixed d, < 1. For (ii) this member is A; itself; it is kit on the whole total space,
including over the boundary of the base. Finiteness follows on a nef determination from the
log-smooth formula: below one, a prime must be monomial in the resolved support, and positivity
bounds its integral weights. The construction of an ordinary klt boundary in Lemma 4.36
permits Theorem 4.8 to retain exactly these primes. The nef trace-pullback error is effective by
Lemma 4.9; hence ordinary discrepancies on the extracted model are at least d,. Run a K-MMP
over the base. If the map is not birational, it gives a Mori fibre space; all relative Calabi—Yau
data remain crepant. Their traces stay effective whenever their values at the extracted primes
are at most one. Monotonicity or the signed ratio assumption, after trimming the growing range,
ensures this in (i). In (iii) choose d, below the grid spacing: extracted primes have a = 0, and
the stated inequalities ensure effectivity of all the data. Mori bases stay of Fano type by the
same relative log Fano construction. Each step lowers dimension.

On a generic DVR a common resolution gives finitely many vertical components computing the
minimum: their ratios A(T)/er are averaged by monomial weights, while horizontal discrepancies
are positive. This proves attainment. Theorem 4.17 applies on the projective models, with their
effective generic traces and absolutely nef determining divisors. It supplies the moduli data.
Effectivity downstairs follows by testing a prime on the total space covering a base prime, whose
ratio is at most one. Minima compose through the successive fields.

Step 2. In this step, we construct integral approximations in the original chart lattices. For
a fixed chart matrix write Mz; = r;, x; > 0, and choose xg; with lxo; integral, using a fixed
maximal minor. The integer [ is bounded. Put U; = z; — xo; in H = ker M, with lattice
A= HNZ". Two elementary approximation forms will be used:

(***) oy — 0: M?’Li = EZ‘?“Z', |7”L1 — Ez$z| = O(Eiai), Eiozi — 0;
’}/>02 M?’Li:Eim’, |7”L1—E1$Z| §’y, 1§E1§J(’7)

Both have n; > 0 integral. The second is pigeonhole approximation of [U; in H/A: subdivide a
fundamental torus into Q¥ cubes and subtract two of 0,1U;, ..., Q*IU;. The finite matrix list
makes J() uniform in r;. For the first, diagonalize the characters whose distance of ¢(IU;)
to Z, divided by lq;, is bounded. Their signed limits define a vector u,. Sampling integers j
with jla; in a fixed positive interval, the points jl(U; — a;u.) converge in distribution to Haar
measure on the annihilator of those characters. For the other characters the geometric-series
bound is O(«;/ dist(£(IU;),Z)) — 0. Let the sampling intervals shrink slowly to zero and target
neighbourhoods of radius o(jla;). Set E; = jl and add the approximating lattice point to
E;zq ;. This proves the first assertion. Errors below one force nonnegative integral coordinates.
Horizontally the same Fourier argument, sampling real scalars, gives n; = s;u; + O(s;), s; — 0,
si|ui| — oo, whenever u; > 0 and |u;| — oo.

Step 3. In this step, we transfer the long-interval discrepancy and signed-phase estimates to
discriminants. A first bounded horizontal lc threshold for A;, normalized by Ag, gives vectors u;
on which concavity forces A (u;) < 1—L/C. Uniform angular Lipschitz constants force |u;| — oo.
The horizontal approximation then gives integral orders with Ay — 0 and negative Ay, for a fixed
large L, contradicting the ratio assumption. Hence bounded parameters are generically klt. If a
discriminant ratio fails, follow its finitely many minimizers until a half-drop. If a minimizer with
small Ag/e is lost at a transition, the connected minimizing locus in Lemma 4.36 interpolates
one at any intervening small cutoff. In its vertical chart put o = pAp/e. If a — 0, the first
approximation in (***) gives the same negative fixed-parameter contradiction. Otherwise use the
second form, first choosing its error small, then the discriminant cutoff so that J(v)pAo/e < /2.
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Concavity and a large fixed parameter again give a negative value below the original cutoff. This
proves (i) through the Mori induction.

For (ii), augment H/A by a circle recording pH (F;), in the first approximation. If the limiting
annihilator had a Lie direction with nonzero last coordinate, choose its negative sign and target
a displacement §; with sampling scale s; = 0(&;). The resulting integral order has A = O(§;) and
a negative phase of size comparable to &;, contrary to the hypothesis. The circle projection is
thus finite. A fixed multiple kills it and gives a phase of size O(B(P;)). Targeting zero shows
its limiting signed ratio is nonnegative. These assertions hold for integral multiples of primes:
multiply their small primitive lifts; they remain small, so no wrapping occurs. To obtain one
multiplier for every sequence, otherwise choose violations dist(:!H (F;),Z) > i!iB(P;). A good
fixed subsequence multiplier divides i! eventually, contradicting this inequality. A common
multiple similarly excludes a negative limiting ratio. This proves (ii).

Step 4. In this step, we obtain uniform parameter chambers and bounded denominators for
their endpoint discrepancies. On integral chart vectors the values of a, J lie in fixed rational
grids. Bounded angular Lipschitz constants therefore give finitely many possible linear slopes.
Vertically their intercepts also lie in a fixed grid after multiplication by the bounded [; no bound
on their magnitudes is needed. Common linearity cells consequently have normals in a fixed
finite list and grid offsets. Their vertices have bounded denominator. They satisfy a uniform
distance-to-face estimate: for the closest point ¢ in a nonempty polyhedron, express  — y as a
positive combination of independent active normals. Their finitely many possible inverses bound
the sum of the coefficients by C|z — y|. Taking scalar products gives distance at most C' times
the largest violated inequality.

On a horizontal a = 0 face, a negative J would occur on a bounded primitive extremal
generator. Its negative value is separated from zero by the grid, while C' is bounded there. This
contradicts J > —n;C. The distance-to-face bound then proves generic klt on a uniform smaller
parameter sector. Vertically, optimize first a, then D, or first a, then J, then C. The vertex
denominators bound those of o', J’. If minimizers left the a-minimum at parameters tending
to zero, interpolate at a first tie to get an arbitrarily small positive a-excess e. Grid spacing
ensures that its cell meets the minimum face. Move distance at most Ce to that face. The
objective drops by at least e — tC’e > 0, contradicting minimality for uniformly small ¢. Apply
the same argument to J inside the a-minimum to get the uniform sector in (iii). Testing at an
a/e, D /e-minimizer gives downstairs D' < C' < K'D’ and —n;C’' < J' < K'D’, so the induction
continues. Finally the moduli b-divisors are affine within each chamber. Their endpoints are
determined by finitely many rational positive parameters on a common projective model, and
are nef as limits there. Effective traces persist under this limit. O

4.6. Cutoff fields and integral section counts.

Definition 4.38. Projective angular data consist of a projective Fano type variety V', an effective
generalized rational lc Calabi—Yau discrepancy a integral on primitive primes, and an effective
nef big rational Cartier divisor D, such that a + D is effective generalized klt Calabi—Yau data.
Divisor orders always mean Cartier b-pullbacks. A floor prime is a primitive prime T with
a(T) =0.
The ray model V,, in Proposition 4.34 provides these data.

Lemma 4.39. Let H be a rational Cartier divisor on a normal projective variety V, and put
R(H) =3 p(1 —1/rp)P, where rp is the reduced coefficient denominator. There is a normal

projective compactified Seifert bundle p : Y — V| with field C(V')(z) and disjoint rational Cartier
sections Ey, Eo, satisfying

div z :p*H—I—E()—EOO, Ky + Ey+ Ey :p*(Kv—l-R(H))

The canonical identity is read at generic primes; when Ky + R(H) is Q-Cartier it is its usual
pullback. If effective generalized klt data on V' have boundary B > R(H) and discrepancy a, the
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data on Y with boundary p*(B — R(H)) have, at a primitive order v with nontrivial restriction
w = eordr,

A(w) = a(w) + [v(Ey) — v(Ex)| + def(v), v(Ey) — v(Es) = —w(H) (mod Z).

Here e is a positive integer and the defect is a nonnegative integer, zero precisely for Gauss
valuations. Orders trivial on the base have discrepancy one. If V is of Fano type and the base
data have trivial total adjoint, a dimension-bounded scaling of H makes the bundle of Fano type.
If H is nef and big, then J = Eo + p*H is nef and big, and a section of £J, £ > 0 integral,
supplies a section of |mH | for some integer £ < m < 2/.

This construction retains both the signed phase and the actual integer degree of a section.

Proof. We construct the compactified bundle and compute its discrepancies before controlling
Fano type and section degrees.

Step 1. In this step, we construct the bundle and compute its divisor identities and finite-
differential discrepancies. Glue the positive and negative halves of @,z Ov(|jH])z, as in
Theorem 4.20. A local Cartier multiple gives a finite cyclic quotient of a line chart, so the spaces
are normal, the sections rational Cartier, and the compactification projective. At a prime with
coefficient b/r, its reduced vertical order takes values r,b on a base uniformizer and z. This
proves the first identity; a base top form wedged with dlog z proves the second, including the
ramification coefficient 7 — 1. The finite fibre-power map to an ordinary projective bundle proves
nefness of E,, when H is nef. The intersection En(p*H)¥™Y = HI™V > ( proves bigness of .J.

For a primitive v, the residue transcendence inequality makes its nontrivial base restriction
eordr, with e integral. In dlogx Ady; A --- Adlog z there is at most one logarithmic uniformizer
pole. Its excess order is a nonnegative integer. It is zero exactly when the residue of the adjusted
fibre monomial is transcendental over x(7'), which is the Gauss condition. The canonical identity
then gives the formula with both sections present. Removing them adds the sum of their orders,
equal to the absolute difference because they are disjoint. The first divisor identity gives the
congruence. Trivial restriction is an ordinary prime of the generic P*.

Step 2. In this step, we obtain Fano type after bounded scaling and identify the integral
degrees supplied by sections. The ordinary pair (V, R(H)) is klt by nef-part negativity. Run its
negative adjoint MMP on a small factorialization and apply Theorem 4.12 to the hyperstandard
coefficients 1 — 1/r. Pulling back gives an ordinary lc boundary A > R(H) with bounded index n.
Let L be the least common multiple of all these bounded indices. Every coefficient denominator
exceeding their bound forces coefficient one in A; the smaller denominators disappear from LH.
Thus Supp R(LH) C |A]. Mix A with a small amount of a log Fano boundary to obtain klt
log Fano © > R(LH). On its bundle use p*(© — R(LH)) + (1 — p)(Eo + Ex ). The discrepancy
formula proves klt, and for small p > 0 its negative adjoint is p*(—Ky — © — pLH) + 2pFE,
which is ample. No original index is bounded in this construction.

A torus eigenvector in HY(Y,£.J) is gz7. Its divisor inequalities are exactly 0 < j < £ and
divg+ (j+0)H >0. Put m=j+ 4. O

Lemma 4.40. Let (X,A) be a projective rational kit pair with X Q-factorial, p=dim X > 0,
and Kx + A ~g 0. Let N be nef, big and integral Weil, with |N| birational. There is v > 0 such
that, for everyn > 1,

hO(X,nN) < (n+ p)Pu, dim im (Sym™ H°(X,tN) — H°(X,ntN)) > nPv
for every fizved integer t > 1+ 2p.

The same volume occurs in both bounds, without making a bounded multiple of N Cartier.

Proof. We construct a Taylor body, prove an interior-point section criterion, and compare both
counts using its volume.
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Step 1. In this step, we construct the bounded Taylor body and its positive volume. At a general
smooth point outside Supp N U Supp A, choose regular parameters and order Taylor exponents
by total degree, then lexicographically. Let K be the closed convex hull of v(s)/j for sections of
JN, j > 0. Birationality gives first jets 0, e1,...,ep,, so K contains their simplex ¥. Intersecting
with a fixed general complete-intersection curve through the point bounds |v(s)| < Cj. Hence K
is bounded, with volume v > 0.

Step 2. In this step, we prove the interior-point section criterion by vanishing and adjunction.
We prove the interior-point assertion

(o) a+1ecint(tK) = v(s)=a for some s € H'(X,tN).

Choose rational tg < t and finitely many actual section vectors whose cone contains (tg,« + 1)
in its interior. Choose primitive positive integral weights u agreeing with the Taylor order on
this finite data and all monomials preceding «. Positivity close to equal weights excludes higher
Taylor terms. On the plane u - = u - (a + 1), take a spanning rational simplex around « + 1.
Clearing denominators and taking products gives sections of [tgN with initial monomials 27+, all
of weight [U, where U = u - (aw + 1). The integer [ may be increased so this particular divisor is
Cartier; it is not required to be bounded.

Take a projective log resolution f :Y — X that is an isomorphism near the chosen point, and
put

Ny = f*N, Ky—i—Ay:f*(Kx-l-A).

The supports of Ny and Ay avoid that point. Let 7 : Z — Y be the smooth weighted-blowup
stack with weights u and exceptional Cartier divisor E. The coordinate differential formula gives

K; =n"Ky + (ZUJ — 1) E.

J

Set Ay = 7*Ay; this divisor is zero near E. Put pg = u - a,
Py =tr"Ny — poFE, Hy = ltgr™*Ny — IUE.

The displayed subsystem of Hy has base ideal b, whose restriction to F is generated by the
initial monomials. It does not vanish at the generic point of E. Principalize it on a further
smooth model o : W — Z, writing bOy = Ow (—G). Take the resolution compatible with E,
with smooth strict transform E’ and restriction 7 : B/ — E. Then G has no E’-component and
0*Hy — G is globally generated. Functoriality in Theorem 3.1 permits this on the finite quotient
charts. With

Q=P —Kz—-Az—E, R=0"Q—-G/l, A=Kw+ [R],
the identities Ky + Ay ~q 0 and U = pg + 3_; u; give
Q ~qtn*Ny —UE,
R ~q (t —to)o" "Ny + (6" Hy — G)/1.

Thus R is nef and big. After resolving its support, © = [R] — R is an effective simple normal
crossing boundary with coefficients less than one, and A — (K + ©) = R. Vanishing gives
HY(W, 0w (A)) = 0, hence surjectivity from sections of A + E’ to its restriction to E’. Here
vanishing on the stack follows from Theorem 4.22 on its coarse space: if an integral stack
coefficient is en + s, 0 < s < e, and its fractional boundary coefficient is # < 1, the coarse
boundary coefficient is (e — 1+ 60 — s)/e € [0,1). It is klt by finite pullback; tame invariants are
exact. This proves the needed vanishing for integral Weil coarse sheaves.

Near E’, the divisors Py and Kz + E are integral and Az = 0. Rounding and adjunction
therefore give

(A+E/)’E/ :T*(P()|E)+KE/ —T*KE— LG’E//”
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Rounding commutes with restriction because the total support is simple normal crossing and
distinct components of G restrict to distinct primes on E’. Since Og(Py|g) = Ogr(po), pushing
along 7 identifies the restriction sheaf with

Or(po) © Tu((b]5)").

On each smooth quotient chart z; = 1, the projected vector a + 1 is interior to the convex
hull of §,/l. Theorem 4.21 therefore puts z% in this multiplier ideal. It lifts by the preceding
surjectivity. Near E’, the nonexceptional coefficients of A + E’ — o* P, are nonpositive, so the
lift has precisely that initial monomial. At an original prime of X the allowed pole coefficient is
np + [—0p — gB/l] < np, with np the integral coefficient of tN, dp, gp > 0. Thus it descends
globally to tN by normality. This proves (****), including when exceptional crepant boundary
coefficients on the resolution were negative.

Step 3. In this step, we obtain the upper section count and lower product count from the Taylor
body. Distinct Taylor initials count the dimension of a section space by elimination. The unit
boxes based at initials in nK are disjoint and lie in nK + [0, 1]P C (n + p) K, giving the upper
bound. For y € nK, write x = y/n. Distribute each fractional coordinate of z among n integer
vectors o, so that Y «, = |y| and every coordinate of a,, + 1 — x lies strictly between zero and
two. Since ¢t > 1+ 2p, all a, + 1 lie in int(¢K). By (****) their products realize every initial
ly]. The unit boxes based at these initials cover nK, so there are at least nPv independent
products. O

Proposition 4.41. Consider projective angular data of bounded dimension along a sequence.
Let L > 1, Ly > 1 with Ly = O(L), and finitely many rational functions f;. Suppose their
integral pole b-divisor J(T') = max(0, max;(—T'(f;))) satisfies J < CLoD. Let L consist of the
floor primes with J = 0, and assume (4.1) on L. On subsequences with Ly — oo, assume in
addition that every such prime is eventually trivial on the field generated by S(LoD). Then, after
a subsequence, there are relatively algebraically closed fields K, C C(V') of fized transcendence
degree p, constants B,C’" > 0, and numbers v; > 0, such that:

(i) For every fized C1, the whole space S(C1LD) eventually lies in K.; S(BLD) generates K.
Every prime in L nonnegative on that space is trivial on its entire field.
(ii) For every fized integer N > 1, eventually

dim S(NLD) < C'v; NP, dim Span{g; - gn : gj € S(BLD)} > v; N®.
The constants are chosen before N.

The inclusion in (i) is simultaneous for a whole space. It thus controls every rational expression
in a varying finite basis.

Proof. We use cutoff fields to compare the section spaces and their product growth.

Step 1. We first construct cutoff fields and their bounded generating systems. Extract all
exceptional floor primes with D(T') < 1, using the klt data a + D/2 and ordinary extraction
as in Lemma 4.36. On the factorial Fano type model U, Dy is supported on floor primes with
coefficients at most one. For 0 < # < 1 put

Is={T:a(T)=0,D(T) < B}, Ps3=Dy— >, D(T.
Telg

Its divisor MMP ends with Pé = p*Dyw, Dy effective ample, and connected fibres. Indeed a
vertical principal difference from a semiample pullback comes from the base function field and
can be absorbed into Dy. Negativity gives 0 < P < P3 < D for its nef b-pullback. Every
removed prime survives: its coefficient in Py is zero, so it cannot carry a positive contraction error
against the effective transform. The fields Kg = C(W) are relatively algebraically closed, nested
decreasing, with Koy = C(V), K1 = C, and at most dim V' strict drops. Equal transcendence
degree would force equality.
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Step 2. In this step, we bound the degree of field-generating sections at a cutoff. Set d = (D —
P)/B+P. The data a+td are effective and klt for 0 < ¢ < 1; their total base class is t(1/8—1) Dy .
Lemma 4.37 gives a' + td’ with bounded denominator for «’. If d/(E;) = 0,d (E;) — 0, the
bounded approximation (***) along the finite Mori chain supplies original primitive lifts with
a(T;) = 0,d(T;) — 0, and with e;k; — 0 for any prescribed k; — 0. To see the last control, fix an
approximation error first; its multiplier is bounded. Then decrease the error slowly, also requiring
that multiplier times k; tend to zero. Quantization forces the resulting nonnegative a-values to
vanish. Primitive restriction only decreases the error and the multiplier.

There cannot therefore be primes with both (a’ + td")(E;) — 0 and 0 < Dy (E;)/S — 0. Such
lifts would satisfy D(T;)/5 < d(T;) + e;Dw (E;)/B — 0, hence belong to Iz, where P(T;) = 0,
although P(T;) = e;Dw(E;) > 0. Original primes with positive Dy /5 tending to zero are
excluded in the same way by a covering prime: it has '’ = 0,d’ < Dy < 1. Consequently a
small-discrepancy extraction on W is ordinarily d-lc, and the nonzero coefficients of the pullback
Ey = Dy /3 are at least 0 > 0, after a subsequence.

Choose a fixed large m, and round mEy down with errors in [1, 2], obtaining an integral big
WEeil divisor N = mEg — Q. Run its MMP. If ep is the nef trace-pullback error, negativity gives
meg < (QT)* — Q*. The effective boundary of a fixed small member a’ + td’ has coefficient at
least 1/2 on Ey. Thus on the nef model

At > A+ (1/4—t/m)(QT)*.

ordinary =

A small-discrepancy prime on the support has (Q1)* > 1, even if contracted. One outside it
cannot be contracted, since its coefficient before the MMP is zero. This proves a uniform ordinary
gap on the nef model. Apply Theorem 4.19 to its nef integral Weil divisor, whose difference from
K is pseudo-effective. Pullback gives a field-generating space S(C Dy /[5).

Choose independent ¢; in this space and define H(E) = a/(E) — 1 —ordg(dgi A --- Adep). Tt
is the nef moduli b-order after a rational principal adjustment and has bounded denominator.
Its pullback satisfies on floor primes

H(T) < CD(T)/B;  H(T) < —1if T|x, # 0 and all T(¢;) > 0.

If D(Q) = 0,a(Q) < 1, the same differential estimate gives H(Q) < 0. To obtain the reverse
bound under (4.1), take an effective representative of H+ XDy /3. Its rational principal difference
has poles bounded by CD/3. Apply the maximal-order inequality to that difference and let
A1 0. The result is H(T) > —Cn;D(T)/f. In particular all Ig-primes satisfying that inequality
are eventually trivial on Kjg.

Step 3. In this step, we choose a cutoff plateau and prove exact triviality on its whole field. The
pole divisor J is integral and globally generated on a principalization. Thus LD(T') sufficiently
small forces J(T') = 0 on a floor prime. Choose a plateau

Kg, = Kg, = K, LBy — 0, O<CISL/81§07

by diagonalizing the finitely many scaled field-drop locations. Primes in Ig, are common and
hence trivial on K,. Therefore S(mPs,) = S(mPp,) for every rational m > 0. Integral pole
orders show that every element of S(C1LD) has no pole on Ig, eventually. This proves the
whole-space inclusion. The generating bound at (1 gives a fixed generating space S(BoLD).

If no fixed enlargement forced exact triviality, choose a common prime nonnegative on S(B;LD),
B; — oo, but nontrivial on K,. At the first later field drop making it trivial, use the preceding
quantized H from just before the drop. Its generating functions have cost O(L), so H(T) < —1.
If Lop — oo, that field is already generated inside S(LoD), a contradiction. Otherwise Lof is
bounded. On the geometric generic fibre after the drop apply the extra-sector part of Lemma 4.37
to a+ kJ, with C' = D/f and direction H. The trace inequalities just established give effectivity
on fixed small ranges, bounded denominators, and —C1n; D/ < H < C1D/f ona = J = 0.
The nonfloor traces have D = J = 0, H < 0. The no-negative-horizontal conclusion contradicts
H(T) < 0. This proves exact triviality, on the whole field at one index.
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Step 4. In this step, we obtain the upper section count and lower product count from one Taylor
volume. On the cutoff extraction the positive coefficients of LDy have a fixed lower bound.
For a fixed large M, N = | M LDyy | therefore dominates both LDy, and the generating divisor
CDy /1. Its system is birational. Make N nef by its divisor MMP. For individual rational
functions, negativity identifies the section spaces on both sides of every MMP step, even at
rational degrees. Consequently, for each fixed N1, S(N;LD) C S(N1N) eventually, and sections
of jN pull back into S(jM LD). Choose an ordinary effective klt Calabi—Yau boundary on the
Fano type model and apply Lemma 4.40. Its single Taylor volume gives the upper bound with
C’ = (p+ 1)? and the lower product bound after enlarging B to tM. For p = 0, take v; = 1.
Triviality extends to rational quasi-monomial subcones by resolving any one additional function
and using linearity and density of rational divisorial rays. (Il

4.7. Phases and sections in a prescribed character.

Lemma 4.42. Let V; be projective varieties of Fano type of bounded dimension and H; nef and
big rational Cartier divisors. Suppose that, for rational 0 <t < L;, where L; — oo, there are
effective generalized pairs

Bi(t) = R(H;), Ky, + Bi(t) + Mi(t)v, ~q tH;,

whose rational Cartier nef parts are nef over the point. Write a;(t) for their discrepancies.
Suppose a;(0) is klt and a;(t,T) is nondecreasing in t for each divisorial order T. Assume
that, for every sequence of rational t; — oo in these intervals and every subsequence, a further
subsequence admits a fized positive integer q with the following property: whenever a;(t;, T;) — 0
for primitive T;, the phases of ¢H;(T;) have real representatives satisfying

—o(ai(ti, T;)) < 0:;(T;) < O(ay(ts, Ty)).

Then a bounded positive multiple of H; has a section. The multiples may be chosen to have one
common degree.

Two auziliary assertions hold in bounded dimension. If (F;, R(G;)) is kit, G; is ample, and
—Kp, — R(G;) ~q IiG; with I; — oo, then, on the compactified Seifert cone C; with infinity
diwvisor D, it is impossible that v(D;) = o(Ac,(v)) for every primitive sequence with Ac,;(v) — 0.
If P; ~q 0 on Fano type varieties with effective generalized klt Calabi-Yau data dominating R(F;),
the same signed phase hypothesis bounds the least positive integer making P; principal.

Proof. All orders in this proof are orders of the actual Cartier b-pullbacks.

Step 1. We first establish the two auxiliary assertions. Contract the zero section of the Seifert
bundle of G;. The resulting cone is klt and

_KCi ~Q (Ii + 1)DZ’.

Its generalized Calabi-Yau discrepancy family is Ag, — ¢D;, with nef part (I; + 1 —t)D;. If the
asserted little-oh estimate held, the long-interval part of Lemma 4.37, over a point, would make
each fixed member klt. The member at ¢ = 1 has discrepancy zero at D;, a contradiction.

For the second assertion, let r; be the least principalizing integer and take the root cover
Z" = ¢;, where div ¢; = r; P;. It has degree r;: a smaller order e of its cyclic action would put z¢
in the ground function field and make eP; principal. The round boundary condition makes the
pulled-back generalized pair effective and klt. Take the diagonal quotient

(Fy X By) /iy, — Pyri,

using inverse actions on the two factors. This is a quasi-etale Fano type quotient. Above zero, a
primitive order restricts integrally to the original field of F;; with u = v(y")/r; > 0, the Seifert
formula gives

A(v) > a(w) + u, u=—w(P;) (mod Z).
After the fixed scaling allowed in the hypothesis, its lower phase bound implies u = o(A(v))
whenever A(v) — 0. Apply long-interval comparison to A—tf*[0]/r;. The initial base discrepancy
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at zero is at most 1/r;, whereas the discrepancy of the member at ¢ = 1 is nonpositive. The
comparison forbids 7; — co. This proves the second assertion.

Step 2. We prove nonvanishing by induction on dimension. Suppose, to the contrary, that no
mH;, 1 < m < Nj, has a section, where N; — 0o. The data at zero permit the dimension-bounded
scaling in Lemma 4.39, so that the compactified bundles used below are of Fano type. Choose
k; — oo sufficiently slowly, apply the phase assumption at k;, and absorb both fixed scalings into
H;, reparametrizing the family. All subsequent choices of growing parameters are slower than
N;. For a small fixed n > 0, extract the primes with a;(k;) < n and positive small phase fr(H;),
including those already on the model. Put

©;=> fr(H)T,  Py=H—0,
T

The phase hypothesis bounds the coefficients of ©; by Cn. We claim that P; is eventually not
big.

Step 3. In this step, we exclude the big and non-pseudo-effective alternatives for P;. Suppose it
is big. On the Seifert bundle use the data at k;, omitting its zero and infinity sections, and denote
its discrepancy by A;. Extract the primes with A; < §, where § > 0 is fixed and small, and let S;
be their reduced sum, including the original ones. Such orders are Gauss orders: the non-Gauss
defect is at least one. Their restrictions to the base are nonzero. The divisor J; = E ; + p*H;
has integral trace. Let 7; be the pseudo-effective threshold of J; — 7.5;. We have

Sl' 75 0, kiTi — 0.

Indeed, otherwise choose k;, Ti_l < m; < Ny, round m;J; with errors between one and two along
S;, and run the MMP of this big integral divisor. Write e, eoo > 0 for the nef pullback errors.
Negativity gives m;(ey + ex) < (Qf)* — QF, with Q; < 2S;". Hence the ordinary discrepancy
on the resulting model satisfies

AL = A+ (1= 8)(S")" = (ki + Den > A + 5(5)*.

A contracted small-discrepancy prime has QF > 1 and therefore (S;7)* > 1/2. All other primes
either have A; > ¢ or occur on this support. This gives a uniform ordinary gap. Integral effective
birationality and Lemma 4.39 give a section of O(m;)H;, contrary to the choice of N;.

The threshold divisor has a semiample nonbig model over some Z;. For 0 < ¢ < 1 — 4, subtract
cSZ»Jr from its generalized boundary and use nef part

Ml(k?z) + (2 + C/Tz’)E;_o,i + (C/Ti — ki — 1)p*HZ~+.
Both displayed coefficients are nonnegative. The resulting discrepancy is
A¥ = A+ c((SF)* —eg/mi) > Ai + cSE,

so this is uniformly generalized klt. A geometric generic fibre is rationally connected and is
bounded in codimension one by Theorem 4.18. On that bounded fibre, S; has bounded degree
and J;" ~q 7;9;"; thus both p*H;" and E:Ol have degree O(7;).

Bigness of P; supplies an effective representative 3; ~q H; with ¥;(w) > v(Ex) — v(Ep) at
every member of S;. When the right side is positive, it is the integral restriction multiplicity
times the small positive phase used in ©;. A normalized homogeneous section of J; — 7;.5; has
divisor

(1-b)Ex +bEy +p*E, 0<b<1, E~g (1+0)H;.
If b < 1, adding a small multiple of Ey — Es + p*3; increases its orders at every member of S,
contradicting the threshold. Thus b = 1 for all such sections. The threshold field is contained in
K(V;), and Ejy is horizontal over Z;.

On the bounded fibre, Ey is an lc place of the zero-parameter pair with both sections included.
Use AZ# as the klt comparison data. The scaled chart estimate in Lemma 4.36 gives Lipschitz

constant O(r;) for Ey, and a bounded constant for A;: the difference AfE — A; is the pullback
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of (¢/7;)(J; — (J;7 — 7:5;7)*). Normalize the order of Ey by A;. Its chart norm tends to infinity.
Horizontal integral approximation from Lemma 4.37 then gives primitive orders n; with

The lower signed phase bound instead gives Fy(n;) = o(A;(n;)). This contradiction proves the
claim that P; is not big.
Now let n; | 0 slowly and run the MMP of P;. On the resulting model, negativity gives

0<O; <Ej:=H; — (P <(6)", Of <o)},

where T} is reduced. Choose further parameters tending to infinity but at most k; and o(n; D,
If P; is not pseudo-effective, take a Mori fibre and put G; = —Pi+| F;- The divisor PZ-Jr is integral
along Ti+. The round boundary comparison gives

A, ren = ai(si) + 5(T;7)", E; <OMi)AF, rGy)-

Relative Picard rank one and G; + Hf = @f give —Kp, — R(Gi) ~q I;G;, I; — oo. Here
numerical equivalence becomes rational linear equivalence by the Fano type Mori dream property.
The cone height is congruent to —w(H;) + E;(w). At a small-discrepancy prime the phase
hypothesis and the last estimate make that height little-oh of the cone discrepancy. The first
auxiliary assertion excludes this case.

Step 4. In this step, we descend the semiample nonbig case to a base of lower dimension. It
remains that P;" is semiample and nonbig, giving g; : U;r — W;. The data

Bi(t) = Bi(t/2)T —t©F,  M;(t) = M;(t/2) + (t/2)H;"

have total class tP;", dominate R(P;"), and have nondecreasing klt discrepancies @;(t) = a;(t/2) +
tE;. At their small-discrepancy primes, E; = o(a;), so P;t = H; — E; retains the signed phase
property. On the geometric generic fibre, PZ-Jr ~@ 0; the second auxiliary assertion supplies a
bounded principalizing integer. Triviality descends to the original generic field, since a line bundle
and its inverse with a nonzero geometric section descend by flat base change. The semiample base
class is represented by a rational Q-Cartier divisor Hyy,; after a rational principal adjustment,
qP;" = gt Hw,.

The base is Fano type by Lemma 4.14. The canonical bundle formula gives effective generalized
data of total class tHy,. They dominate R(Hy,): if rp is a base denominator, the fibre
multiplicity e and source denominator r give rp | er, while the threshold is at most 1/(er).
For every growing parameter sequence t;, the discrepancy a;(t;) = a;(t;/2) + t; E; is klt on the
whole source: a;(t;/2) > a;(0) > 0 and E; > 0. The rational Q-Cartier base divisor Hyy, has
pullback qPZ-Jr, whose signed phases satisfy the source hypothesis after the fixed multiples already
chosen. Thus Lemma 4.37(ii) applies to these klt data and gives the required signed phases on
the base after one further fixed multiple. Its dimension has decreased. Induction gives a section
on W;, and pullback gives one for a bounded multiple of H;, since Hf > (P;")*. A point base is
immediate. The zero-dimensional initial case is also immediate. Finally, take a common multiple
of the finitely many possible degrees, and absorb discarded finite indices. O

Definition 4.43. For rational divisors A, B on a projective variety, write A <.g B if B — A is
rationally linearly equivalent to an effective rational divisor. The notation B >.g A denotes the
same relation. Inequalities A(T) < B(T) between Cartier b-orders mean inequalities of their
actual pullback orders at the specified valuations.

Lemma 4.44. Let (V;,a;, D;) be projective data as in Definition 4.38, and let L; > 1. Suppose
(4.1) holds along every sequence of floor primes T; with L;D;(T;) — 0. Let ¢; be rational principal
orders and G; > 0, G; ~q ¢;L;D;, 0 < ¢; < C. Suppose that for each nonfloor prime Q on V; an
integer pg satisfies

lpg — 4i(Q)] < Gi(Q).
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Then a fized positive integer q satisfies
on all the indicated floor sequences, after every subsequence.

Proof. We give the scale argument, including the primes at an endpoint of a cutoff interval.

Step 1. In this step, we choose a failure sequence and the first cutoff with maximal field
transcendence degree. Suppose the assertion fails. Diagonalize against factorial multiples.
Among failing floor sequences choose one for which the cutoff field Kg, 5 = D(T'), has largest
transcendence degree. The order T is horizontal over that field, by the maximal-order argument in
Proposition 4.41. Let 7 be the first cutoff having that same field. Then L7 — 0, and maximality,
after a fixed scaling, has already proved the assertion for D(Q) < 7.

Step 2. We first prove it at D(Q) = 7. If a prime S there still fails, work on the cutoff extraction
and set
=5+ ymin(l,D(Q)/1)Q, 0<~<1/4.
Q#S
The threshold ¢ of D — tII satisfies 7 < ¢ < (1 + n;)7, by maximality of the order at S. Run the
threshold MMP to its semiample nonbig model. On its generic fibre,

DT ~g tTIT, > D(Q)QT <cq 2miTST.
Q#S

Here the second comparison is in the sense of Definition 4.43. Indeed the ST-coefficient of
DT — {II" is at least —n;7, and every other surviving coefficient is at least D(Q)/2, since
t <(1+4mn;)T and v < 1/4. Thus

(DY —tII") +mir ST — 5 > D(Q)QT 20
Q#S
coefficientwise. Restricting its rationally trivial threshold term to the generic fibre proves the
stated class comparison. Since DT restricts to a big divisor, ST is horizontal and big on that
fibre. Independently, nef-part and MMP negativity give the actual Cartier b-order comparison,
on a common determination,

0<ep:= (D) — D < t((II*)* — IT*).

This last inequality remains valid through subsequent MMP steps over the threshold base. Choose
signed integers m; growing slowly so that

oi = {mil;(S)} — 07, n; + |mi| Ly = o(oy).

For an irrational limiting phase, take successively better fixed powers and diagonalize. For a
rational limit, clear its denominator and take positive residual powers: failure means that the
residual divided by L;7; is unbounded, so the same inequalities follow. This also explains why
both signs of m; are allowed.

Round miﬁf to an integral divisor N; = miﬁj + n;. At S set n;(S) = —o;. At floor primes
below 7, use nearest integral rounding with error at most C|m;|LD(Q). At the remaining floor
primes round upwards, with error in [0,1). At nonfloor primes use the given integers, so the
error is at most |m;|G;. The positive error on the threshold fibre has class O(|m;|L;7; +n;)S™.
Thus N; is not pseudo-effective. On a Mori fibre its negative H; is integral and ample, with

H; <eft (07 + 0(0;))ST, —Kp, >t ST.

Hence —Kpg, ~q I; H;, I; — o0.

At an ordinary prime with discrepancy tending to zero, the reduced support comparison gives
a;(w) — 0 and (IT")*(w) < Ap,(w). Its original restriction is primitive on the cutoff model; it is
neither S nor a floor prime above 7. Thus the assertion already proved below 7 applies, and

D(w) < CTAFR, (w), mili(w) = o(Ar,(w)) (mod Z).
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For the transformed effective divisor, (Gj)* = G; + ¢;L;ep; its contribution after multiplication
by |m;| is little-oh as well. The negative rounding error is bounded by ¢;5* + C|m;|L; D + |m;|Gi;
upward unit errors are carried by the reduced boundary. Consequently

—o(Ag,(w)) < nj(w) < O(AF; (w)).

On the cone the positive height is congruent to —m;¢;(w)—n!(w), and is little-oh of its discrepancy

(2
at every small-discrepancy primitive prime. The first auxiliary assertion of Lemma 4.42 is a

contradiction. This proves the endpoint case.

Step 3. In this step, we prove rational triviality on the generic fibre and bound a principalizing
multiple. Now round /¢;, on the generic fibre of the cutoff, to an integral divisor N; = ¢; + n;, with
In;| < C’Ll-D;r + G;r. If either sign of INV; is not pseudo-effective, its Mori fibre has integral ample
negative of class at most O(L;7;)R;, where R; is the reduced cutoff support, and —Kp, >cg R;.
The preceding cone argument applies again: at small ordinary discrepancy, D(w) < 1, Af, (w),
and the endpoint result makes both the phase and rounding error little-oh. Thus both signs
are pseudo-effective. On a Fano type variety the effective cone is rational polyhedral; effective
representatives of both signs must sum to zero. Therefore N; ~q 0.

Make the reduced support nef by its MMP and use klt Calabi-Yau discrepancy a; + co R},
for a fixed small ¢ > 0. Its small primes satisfy D(w) < 7i(a; + coR})(w)/co. The endpoint
phase estimate gives the signed hypothesis for N;. The second auxiliary assertion of Lemma 4.42
therefore bounds its principalizing integer ¢. Triviality descends to the original generic field as in
that lemma. Subtract the resulting principal function from ¢¢;, and call the difference h;. Its
horizontal trace satisfies

B < CLiDT + 4G,
but the chosen failing prime has |h;(T;)|/(L;D;(T;)) — oc.

Step 4. In this step, we contradict the remaining phase failure with a two-sided discrepancy
family. On the cutoff generic fibre start with ag = a;+coD;/7; and consider the concave two-sided
family
sh; — q|s|G;

JiLiti
Choose J; — oo more slowly than the last unbounded ratio, and allow |s| < R, — oo with
R;/J; — 0. The trace inequalities make this family effective, with nef part having positive
Dj-coefficient (co — q|s|ci/J;)/7i. A primitive prime with a? < min(1,¢p)/2 is an original floor
prime below 7; /2. At all these primes the endpoint result gives |h;|+qG; = O(L;D;), so a$/a) — 1
for each fixed s. Strong signed comparison over a point in Lemma 4.37 makes both fixed members
s = £1 klt. At T;, one of these members is negative by the choice of J;. This final contradiction
proves the lemma, with its asserted subsequence uniformity. O

s _ 0
CLZ-—CLZ'_F

Proposition 4.45. Use the actual lattice and angular data of Proposition 4.34. Let L; > 1. The
following assertions are uniform along sequences and their subsequences.
(1) For an invariant eigenfunction &€ = f2*, set Jp, = div(f) +my + Ligmu. Suppose 0 < mg <
m, m —mqg > cL, and both k 4+ mou, k + mu are interior weights. If every floor sequence P
with LD(P) — 0 admits integers jp such that

ip < Jmo(P) < J(P) < jp + C1LD(P),

then S(qJm) # 0 for a bounded positive integer q. Equivalently, some g€9h9™ is regular.

(2) Suppose the mazimal-order bound (4.1) holds on those floor sequences. With the width
of Definition 4.35, every k € M satisfying ||k|| < CoL admits an invariant eigenfunction
Y = f29% of cost at most CoL, where q is bounded and positive. Both signs of k admit a
common q and common cost. These bounds are uniform at all enlarged scales.
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(8) Under the preceding hypothesis, suppose dim S(nLD) < C,v;nP eventually for every fixed
positive integer n. The space Wy, of regular elements of full character x' and fine weight
tu + k then satisfies

dim Wt,k < Cgvmp
uniformly for 0 <t < ConL and ||k|| < ConL. The constant C3 is independent of n,t, k.

(4) For this last assertion no maximal-order condition is needed. Suppose there are a bounded
number of opposite invariant pairs in, of weights £k; and costs m; < AL;, where 1 <
L; < L. Let u; be bounded real numbers. Suppose, on every nonzero pure test and every
Gauss floor test with LD — 0, their values are opposite and

S wju(¥;H)/L; < bu(h).

For fized sufficiently large My relative to 1/5, and any bounded rounding errors in r; =
Mou;L/L; + O(1), there is a reqular symbol of full character x™ and weight

q(mu—erk:j), 0<m< CO4MydL, 1<q<Q.
J

Here Cy is independent of My, d; Q may depend on these fixed choices.

Proof. We first obtain sections from the order sandwich and then use them to supply and count
the prescribed characters.

Step 1. In this step, we regularize the order sandwich to obtain a section of a bounded multiple.
If the neutral field is C, the section dictionary proves the first assertion directly. Otherwise J,,
is an ample rational divisor on its ray model. Extract the primes of a + D below a fixed small
cutoff. There are finitely many: on a log resolution their positive discrepancies bound the integral
monomial weights of every discrepancy below one. The ordinary extraction is obtained by mixing
a + D with a small ample generalized klt Calabi—Yau perturbation and replacing its ample nef
part by general members. The resulting big ordinary klt boundary keeps the extraction of Fano
type. Every extracted prime is a floor prime, since a is nonnegative and integral. On this model
the positive coefficients of D occur precisely on floor primes and are at most one.

Put pp = min(1, LD(P)). Choose ¢; > 0 with 2¢; < ¢, and a correction R, supported on
these primes such that

c1pp < Re(P) < 2c1pp, den(J,,(P) — R.(P)) < C/pp.

For example, choose Np < C'/pp with 1/Np < c¢i1pp and a grid point of N5'Z in [J,(P) —
2¢c1pp, Jm(P) — c1pp]. Off the floor, J,, is already integral. Minima of sums give Jy, — J, >
(m —mg)D. Thus P = J,, — R. is big and dominates J,,,. Run its MMP to a nef big model P*.
On a common determination negativity gives

I > (PYY* > T, R} < E:=J,— (PT)* < (R, E > e D.

For the middle comparison, sections of divisible basepoint-free multiples of .J,,, remain sections
of PT; one avoiding each chosen centre tests the required order inequality.
Choose fixed small 0 < §; < ¢162. For 0 <t < §- take discrepancy

ar = a+ (1 — t/(52)51D +tE

and add nef part (1 —t/82)61D + tJ,, to the original one. The total class is tP*. For t > &
freeze the discrepancy and add (¢t — d3)PT to the nef part. These discrepancies are klt and
nondecreasing. On a surviving floor prime, the grid denominator bound and sufficiently small §,
give a;(P) < 1/den(P*(P)). At a nonfloor prime a =1, D = F =0, and P is integral. Thus
the boundary dominates R(P™).

At growing parameters, a;(1) — 0 forces a(7') = 0, E(T') — 0. Such a primitive prime belongs
to the original extracted list, even if subsequently contracted. There E(T) > ¢; min(1, LD(T)),
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so LD(T) — 0 and LD(T) = O(E(T)). The sandwich now puts (P")*(T') between jr and
jr + O(ar(T)). Apply Lemma 4.42. Its section of a bounded multiple of P lies in S(qJy,),
proving the first assertion.

Step 2. In this step, we supply invariant eigenfunctions for every bounded-width lattice character.
Choose m1 = O(L), m; > CoL. The two ample ray divisors at £k + mju have sections in some
divisible degree. Their rational principal orders, denoted div(g+ ), satisfy for all angular Gauss
tests

(P,y)(z**h™) 4+ P(g4) > 0.

These are rational orders only; no root is asserted to belong to K. Put ¢ = —div(g4) and
G =2m1D + div(g4+g-). Adding the inequalities at a height-minimizing vector gives G > 0. At
an actual nonfloor prime the minimizing vector is integral and has zero h-height, so

Lemma 4.44 provides a fixed go and integers jp with |gol(P) — jp| < ALD(P) on tiny floors.
Apply the first assertion to & = 2%, Choose mg = O(L) with mg — gym; > AL and put
m = 2myg. The positive and negative Gauss inequalities give

Jmo = qol + (mo — goma) D, Im < qol + (m — gom1)D + qoG.

Maximality applied to G//(2m1) makes these the required sandwich. We obtain Y = gz9* of cost
O(L). Applying the same argument to —k and taking bounded powers aligns both multipliers
and costs. An exceptional sequence would contradict this proof with its own k; and L;; the
constants are therefore uniform in the weight. Tiny floors for L, > L, are tiny for L;, and the
identical exceptional-sequence argument gives uniformity at enlarged scales.

Step 3. In this step, we bound the dimension of a space with fixed full character and fine weight.
For F € Wy, F/h! is invariant. At scale nL supply an opposite eigenfunction Y of weight —gk
and cost b < CnL. Then

®(F) = F1Y/h? € S((qt +b)D) C S(C'nLD).

Although @ is not linear, its derivative at a nonzero F' is multiplication by the nonzero function
qF97'Y/h4t hence is injective. It takes values in the same target, by expanding ®(F + zV).
Thus dim W}, < dim S(C'nLD), which proves the third assertion with a constant independent
of n,t, k. Characteristic zero is used in this derivative.

Step 4. In this step, we supply the tilted character without assuming the maximal-order bound.
Set & = Hj(YjJr)_”f. The opposite values and the regularity of both signs give |y;| < m;v(h) on
every specified test. Consequently

> 1y < (Mob + Cr)Lu(h).
J

Choose Myd > 2C7 + 2, an integer mg strictly larger than the coefficient on the right and
comparable to MydL, and m = 2mg. The pure inequalities put both weights in the interior. On
tiny floor tests Jy,, > 0. At a height-minimizing angular vector the absolute value of the sum is
at most Cg(Mo + 1)LD(P). Hence

0 < Jony(P) < Ji(P) < Co(My, §)LD(P).

This is the first assertion with integer jp = 0. It supplies g€7h%" with exactly the stated full
character and weight. The cost coefficient is independent of My, d, as required. O
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4.8. Finite products, rational lines, and the next scale.

Lemma 4.46. Let V be a finite-dimensional C-subspace of a field, with 1 € V, dimV = g, and
trdegc C(V) = a < n. If V(N) is the span of products of exactly N members of V', then for
every N > 1

1
(n+1)(2n+2)"n!’

Proof. For a = 0 the field is C. Otherwise choose a smooth point of Spec C[V]. By Lemma 4.24,
its completed local ring is a power-series ring, and members of V' vanishing at the point include
parameters z1,...,z,. The original ring embeds in this completion. Order Taylor monomials
by total degree and then lexicographically. Eliminating leading coefficients gives ¢ distinct
leading exponents £ C Z%,. They include 0,eq,...,e,. Products add leading exponents, so
dimV(N) > [NE|>g.

Triangulate conv(FE), using every point of E as a vertex. Such a triangulation is obtained by
coning compatible face triangulations and inserting the remaining points by stellar subdivision.
If it has ¢ top simplices, then ¢t > g — a: their facet adjacency graph is connected, and along a
spanning tree the first simplex contributes a + 1 vertices and each later simplex at most one.
For each top simplex, positive integral barycentric coefficients summing to IV give (N ;1) distinct
points of NF in its dilated interior. These interiors are disjoint. Therefore

INE| > (g - a) (N; 1).

Since g —a > g/(a + 1), this gives gN*/((a + 1)2%a!) when N > 2a. For N < 2a use |[NE| > g.
The displayed ¢, is smaller than both uniform constants. (I

dimV(N) > ¢,gN*?, Cn =

Lemma 4.47. Consider a sequence of original germs and common slices Q; as in Definition 4.28,
in dimension at most n, and let L; — co. Suppose the following data are given.
The baseline is B(q) = q(h), or

B(q) = q(h) — pa(Yy)) /Ly
for an old opposite pair of cost O(Ly), L1 — 0o, 1 < Ly < L, and bounded rational n > 0. On
the entire slice p < B < C. There is an invariant closed-centred w with finitely generated normal
klt graded ring, whose B-normalized volume is within 1 4 o(1) of the minimum. An old anchor
satisfies [w(Yyh)| > cL.

There are s selected opposite pairs in, of costs O(L;), with Lj = L except for the old
anchor. Their positive fine weights at w are rationally independent. Their products, and neutral
functions G including 1, are exact tests. All tests and retained pairs have cost O(L). The
accumulated positive variables and neutral functions satisfy the all-degree, onward noncancellation
of Lemma 4.33. Some p neutral functions together with the selected positive variables are
algebraically independent.

For every fixed N, products of N neutral functions have at least v; NP independent initials.
Put R, = L/L; with an old anchor and R, = 1 otherwise. For every fized Cy, N, the regular
symbols of full character x* and w-value at most CoN L have dimension at most

C(Co)Ryv; NPT5, 0<t<CyNL,

where C(Cy) is independent of N,t,i. Finally, assume the tilted supply in Proposition 4.45(4)
on every exact rational-height optimizer cone after finitely many bounded normalized both-sign
monomial rows have been added to the slice.

Then finitely many further such rows of cost O(L) give a slice containing a closed-centred
point on which the selected values are all zero or lie on a rational line. In the latter case an old
anchor remains the anchor; if there is none, choose a selected variable as anchor and set L1 = L.
The relations have the form

djy; =tjyo,  1<d; < [tj| = O(L/Lq).
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The baseline stays unchanged except when a first anchor is chosen, when a rational height of the
displayed form may be used. It has fized positive bounds on the whole new slice. Its exact centred
minimizer and an arbitrarily fine refinement both dominate dw on every reqular function; their
anchor values are at least ¢’ Ly in absolute value. The refinement satisfies (4.1), and all previous
equations and independent initials survive.

Proof. We use the character count to add exact rows and then choose a rational direction with a
retained anchor.

Step 1. In this step, we transfer the character count and construct the normalized row spaces.
First transfer the stipulated count once. If v > cw on every regular function, then a4 /C(w) C aa(v).
The induced map of finite-colength quotients is surjective and G-equivariant. Taking any specified
eigenspace is exact over C. Thus the same count holds for v, with a constant depending only on
the fixed ¢. In particular the constant for v > w/2 is fixed before a tilt is chosen.

Write y;(q) = q(Yj’) = —q(Y;") and x; = y;/L;. Costs bound these coordinates on the whole
slice. Their image K; is compact and convex: on a simultaneous log resolution the normalized
common lc locus is a finite compact polyhedral complex, and Lemma 4.30 interpolates the
opposite values exactly. A positive share of a centred valuation gives a centred interpolant
dominating that share on all functions.

Add successively integral rows k - y = 0 whose normalized coefficients k;L;/L are bounded.
Each row is imposed by the two monomials using Y;r for positive exponents and Y~ for negative
exponents, and then exchanging the signs. Their costs are O(L). Keep a centred comparator
vo with baseline volume within 1 + o(1) of the stage minimum. The uniform volume gap in
Lemma 4.30 then gives vg = (1 + o(1))w on all regular functions. Ratio values change by o(cost),
so an old anchor remains nonzero.

Pass to limits of the normalized row spaces R;. With an old anchor the transverse coeflficients
are bounded integers and can be fixed. Independence of their transverse rows is equivalent to
independence of their normalized limits: a transverse relation leaves only an anchor coefficient,
and evaluation at vy forces it to vanish. Without an anchor all the rows can be fixed integral
rows. Take a Hausdorff limit Cy of C; = [0,1]K; C Ril.

Step 2. In this step, we exclude a collapse of the limiting radial hull by the character count.
Suppose C,, does not span Ré‘o. Choose a unit u perpendicular to its span inside that space
and rational u; — u. Uniformly on the current slice, u; - © = o(1). For a small fixed 6 > 0, the
rational height

b(q) = 6B(q) — Z uijyi(q)/L;
J

is allowed, after choosing the appropriate sign of each pair, and is (1 + o(1))dB everywhere. Its
exact optimizer v is centred and has a normal klt cone. Comparing with vy, and using the volume
gap, gives v = (1 + o(1))w on all regular functions.

On this cone, pure tests are common because every test has weight zero. A Gauss floor
test with LD(P) — 0 is also common: a test of cost O(L) has integral angular order at least
—O(L)D(P), hence nonnegative eventually. Sign transfer makes all pair values opposite there.
Positivity of the central height, and the uniform upper bound for the central baseline, therefore
give

> uijy;/Li < Cbq'(h)
J
on all those tests. Apply the explicit tilted supply, with r; = Mou;;L/L; + O(1). It gives an
invariant homogeneous ratio Z of weight —q 3, r;jk; and cost at most C1gModL, 1 < q < Q. Its
absolute grading value has the same bound: the unrounded value is —gMyL u; - z(v) = o(qMyL),
and rounding contributes O(qL).

There must be a new bounded normalized integral row exact at v and independent of the

previous transverse rows. Suppose otherwise. Every exact tie of any fixed coefficient bound then
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lies in the old row span, after a subsequence. A tie in the transverse span differs from such a row
by a pure-anchor tie, which vanishes because the anchor is nonzero.

Take unit u; € Rj- tending to u. The box 0 < e; < |[NL/L;| contains at least cR.N* lattice
points. Its normalized projection on u; has length O(N). For sufficiently large fixed N, some
slab of width gMj/4 contains at least

cR.N*"1qM

points. Multiply their positive monomials by Z¢, 0 < ¢ < |N/(¢Myd)], and by the v; NP
independent neutral products. For fixed £, these are independent at v: they are separated by
fine weights at w, and all-degree noncancellation prevents a new relation after the change of
valuation.

Different ¢ have disjoint grading values. A collision would give the exact tie e — ¢’ — q(¢ — ¢')r,
of bounded normalized size, in the old row span. Its scalar product with w; is zero. The slab
term has magnitude at most gMj/4, while the other term has magnitude at least ¢My/2, since
w; - (rjL;/L); > My/2. This is impossible.

We have at least ¢! R,v; NP** independent ratios of cost and absolute grading value at most
CoN L, with Cy independent of the tilt. A single integral power of h makes their numerators
regular of the same full character. The transferred count, whose constant was fixed before ¢, is
a contradiction for small §. The order of choices is: the original count constant, then J, then
My, then the bound for ¢, then fixed N, and only then the index i. No count is used at an
index-dependent product degree.

Impose the new row and keep v as comparator. After at most s additions, or s — 1 with an
old anchor, the limiting radial hull spans the perpendicular row space.

Step 3. In this step, we choose a rational direction and retain an anchor under optimization
and refinement. For a small fixed A > 0, the set

has centred realizations dominating (1 — A)vg. Their baseline volumes are within an arbitrarily
small fixed relative error of the old minimum as A | 0. The radial hull of Kf‘ contains a relative
ball of uniformly positive radius in RZJ-: choose a nondegenerate limiting simplex and approximate
its vertices. With an old anchor choose the ball away from its zero coordinate.

Write the old-anchor row matrix as (b;, A), where A is fixed integral of full row rank and
b; = O(R.). Ratios z; = y;/yo satisfy Az = —b;. A fixed invertible minor gives a rational
particular solution with bounded denominator and size O(R,). The rational kernel has a fixed
integral basis up to a fixed denominator. Rounding its coordinates on a sufficiently fine fixed
mesh enters the relative ball of feasible ratios. Thus the ratios have bounded denominators and
numerators O(R,). If there is no old anchor, the whole row matrix is fixed. Its perpendicular
space is either zero, or contains a rational direction of bounded complexity in that ball with
one nonzero coordinate. Choose that coordinate as the first anchor. Imposing both signs of the
resulting equations costs O(d;L + |tj|L1) = O(L). The chosen centred mixed point survives.

Only a first anchor needs a new baseline. Let z be the mixed point, with po(z) = 2(Y5)/Ly >
¢1 > 0, and put M = maxgpy. For 0 < p < 1/M, b, = h — upy is allowed and positive on
the entire pinned slice. Denote its exact minimizing representative on this new slice by v,
normalized by ©,,(h) = 1. These representatives vary continuously in the all-function topology
by Lemmas 4.30 and 4.32. At p, = (1 — p1)/M, interpolate a valuation maximizing py with z,
giving z weight p;. The interpolant ¢ satisfies

bu.(q) < 2p1, vol(§) < pi " vol(z).

If Vi is the old ordinary minimum, minimality and vol(7,,,) > V. give

bu. (D) < 201" (vol(2) /V2) V" < 172
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for fixed small p;. Hence pg(v,,) > M/2. If po(vy) > c1/4, keep p = 0; minimality gives
vol(Tp) < vol(z). Otherwise choose a rational 0 < p < p, by continuity with ¢1/4 < po(v,,) < ¢1/3.
Since pg(z) > c1, one has b,(2) < b,(V,), and minimality gives vol(?,) < vol(z). The optimizer
stays close to the old minimum and its anchor is bounded away from zero. The height has fixed
positive lower and upper bounds, with bounded rational coefficient.

The volume gap gives domination by a fixed multiple of w, also when the old baseline was
retained. Apply balance on the central slice and Lemma 4.32 with errors tending to zero. This
preserves the full action, all exact equations, domination, and the anchor. Its regular-symbol
estimate becomes (4.1) by the angular dictionary. Noncancellation preserves the independent

initials on every subsequent cone. O

Lemma 4.48. On a sequence of the preceding cones, use the width norm of Definition 4.35. Let
E be the field generated by finitely many invariant homogeneous ratios of cost O(L) and absolute
grading value O(L). Suppose trdeg E = dy, their weights span zero or one rational line, and all
common valuations are trivial on E°, the zero-weight subfield. In the line case let the specified
anchor have weight k, cost O(L1), and ||k|| = O(L1), and suppose every generator weight satisfies

djkj = tjfi, 1< dj < Bqy, ’tj| = O(L/Ll).

Let Vi be a homogeneous subspace with weights in the subgroup generated by these weights, cost
and absolute grading bounded by O(L), and dim Vy > cRv;, where R = L/Ly in the line case and
R =1 otherwise. Suppose the full-character cumulative count is CRu;N% at each fized scale
NL, and the bounded-width supply of Proposition 4.45(2) holds.

Then the whole field generated by S(LD) is algebraic over E° and is trivial for every common
angular test. Every actual lattice vector k with ||k|| = O(L) lies in the rational span of the weights
of E. In the line case, writing k = Lky with ko primitive in the actual lattice on that line, the
integer £ is bounded.

Proof. We use product growth to control the field extension and then count weight classes in the
original lattice.

Step 1. In this step, we use product growth to prove algebraicity of the added elements over
E. Enlarge V) to a space V containing 1, the specified generators of E, a basis of S(LD), and
any one supplied symbol of bounded-width weight gk. Every member still has cost and absolute
grading value at most C1L. Products of N members, after multiplication by one power of h,
have regular numerators of a single full character and grading at most Co N L. Thus

dim V(N) < C3Ru;N%.

If trdeg C(V') = a > do, then Lemma 4.46 gives dim V/(IN) > ¢,cRv; N®. Choose a constant along
a subsequence and then a sufficiently large fixed N. This contradicts the upper bound. Hence all
the added elements are algebraic over E. The conclusion is uniform in k, since any sequence of
exceptions yields the same contradiction.

Step 2. In this step, we control the zero-weight field and the rational span of the added weights.
If a zero-weight element is algebraic over F, clear denominators in an equation and take a nonzero
homogeneous component. All its coefficients have the same weight. Dividing by one of them
gives an equation over EY. A valuation trivial on E° is trivial on an algebraic element: a positive
value makes the constant term uniquely least, and a negative value makes the leading term
uniquely least. This proves the whole-field assertion, at one index for all polynomial degrees.
The angular dictionary supplies the common height-minimizing Gauss extension and finite-cover
lift of each angular test, so triviality descends to that test.

More generally, a nonzero homogeneous element of weight «, algebraic over F, has a
homogeneous polynomial equation with at least two terms. Equality of their weights puts
a nonzero integral multiple of « in the weight group of E. Apply this to the supplied weight gk.
This proves the rational-span assertion without saturating the actual lattice.
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Step 3. In this step, we bound the anchor index in the actual integral lattice. For its index,
suppose ¢ — oo. Supply symbols of weights g;jko, 1 < j < ¢, with 1 < ¢; < Q. Their widths,
costs, and absolute gradings are O(L). Put Dy = lem(1, ..., By). The generator weight subgroup
is roZky, where ro | £ and 19 > £/Dy. This single bound is independent of the number of
generators. An integer ¢;j has at most ) preimages; each residue class modulo r has at most
@Dy + 1 representatives in [1,Q¢]. At least ¢/[Q(QDg + 1)] residue classes therefore occur.
Multiply V4 by one supplied symbol in each class. Their weight supports are disjoint, so the sum
is direct and has dimension at least

l
Q(QDo +1)

Its common numerators have cost and grading O(L) and one full character. The count at fixed
N =1, with a larger fixed cutoff constant, bounds this dimension by CyRv;. This bounds ¢ and
proves the assertion in the original integral lattice. (I

cRv;.

Theorem 4.49. Fiz an integer d > 1 and a real number € > 0. There is an integer P(d,€) > 0
with the following property. Let S > o be a Gorenstein klt algebraic germ of positive dimension
at most d. Let a finite cyclic group G act faithfully on S, fixing o, and suppose that w: (S >
0) = (X 3 z) = (S/G > w(0)) is quasi-etale, with X > = a Q-Gorenstein kit germ. Let w be
a divisor-free local canonical generator of full G-character x, and let h be a monzero regular
function of the same full character such that (S,divg h) is lc. Put

Dx = (1;|divx(hG|).
Assume Ax(E) > € for every primitive prime divisor E over X with centre exactly {xz} and
Ax py(E) =0. For every closed-centred quasi-monomial valuation T' on S with As(T) = T'(h) =
1, there is an integer 1 < j < P(d,€) and a nonzero reqular function s of full character x7 such
that T'(s) < j. The character x is not required to be faithful.

The hypothesis tests only primitive divisors centred exactly at x on which the descended
boundary has zero log discrepancy.

Proof. Suppose dim S = 1. Normality makes the local rings at o and = discrete valuation rings.
The inertia group of ord, is all of G, since G fixes 0 and acts trivially on its residue field C.
The quotient is etale at this codimension-one point, so its ramification index is one. Lemma 3.8
therefore gives |G| = 1. The character is trivial, and s = 1 satisfies T'(s) = 0 < 1. Thus
P(1,¢) = 1 suffices.

In higher dimension, suppose the conclusion fails. Choose for each ¢ data for which every
nonzero section of full character X? , 1 < j <1, has T;-value at least j. Pass to a subsequence of
constant dimension n < d. By Lemma 4.26, T; is nonnegative on every invariant ratio of cost at
most 2. We construct successive common slices on these original germs. Every eventual assertion
below persists on further subsequences. There will be at most n stages and a bounded number
of row additions within each stage.

Step 1. In this step, we specify the common slices, exact tests, and valuation data retained
at each stage. Keep finitely many invariant test ratios of cost O(L_), initially none and
L_ = 1. Their common normalized lc slice Q contains a closed-centred point, and every test
is identically zero there. Retain opposite pairs in, their products among the exact tests, and
write y; = q(Y}*) = —q(Y;"). Their accumulated positive initials are algebraically independent.
All their values are zero, or they lie on one rational line with an anchor Yy chosen at a scale
L1 — 00, L1 < L_. In the line case the both-sign relations are

djyj = t;yo, dj > 0 bounded, ’tj| = O(L_/Ll).
The anchor costs O(L;) and the other pairs cost O(L_).
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Before the first anchor set B(q) = q(h). Afterwards use B(q) = q(h) — pq(Y§5)/Ly as in
Lemma 4.47. On the entire slice, including its noncentred faces, retain fixed bounds 0 < p <
B < C. Exact rational-height optimization followed by arbitrarily fine refinement gives an actual
invariant closed-centred w on K(.5), with

As(w) = w(h) =1,

and a finitely generated normal kit graded ring. Its B-volume is within 1+ o(1) of the minimum,
and it is multiplicatively 14 o(1) from that minimizer on every regular function. With an anchor,
retain |w(Yy")| > cLy.

Here refinement has the required central balance: the exact-penalty construction makes the
central height positive, the two anchor costs bound it above, and its minimizing value is at least
p. Lemma 4.30 therefore gives ¢(s) < Cow(s) for all common central ¢ and homogeneous regular
s. The refinement preserves a fixed balance constant and gives (4.1) on every common angular
floor test. By Lemma 4.31, all cones keep the original full cyclic group, quasi-etale quotient, and
equality of the canonical character with that of A. The angular dictionary thus applies with the
invariant top form w/h and actual invariant lattice M.

After each stage with L_ — 0o we also retain the following two assertions:

every actual lattice vector of width O(L_) lies in the anchor line, or is zero;

every common angular test is trivial on C(S(L_D)).

In the line case the index of the anchor in the actual lattice on that line is bounded. These
assertions will be proved after the stage. They are not hypotheses of the pinning step. All initial
requirements hold on the unconstrained slice containing 7;, by optimization and refinement with
B=h.

Step 2. In this step, we exclude termination on an anchor line by the original quotient discrepancy
gap. Use the width norm of Definition 4.35. If there is an anchor of weight kg, its two costs
and its value at w give ||ko|| < Li. If there is no transverse direction, write kg = ko with kg
primitive in the actual M. The retained index bound makes ¢ bounded. Exactness of invariants
in each filtration level, as proved in Lemma 4.31, identifies the entire value group of w| K(x)- Its
positive generator is

7 = [w(¥gh)]/¢ — oc.

The restriction is rank-one Abhyankar and hence divisorial after this normalization. Its primitive
order Ex = w| K( x)/7 is centred exactly at x. Finite quasi-etale log pullback, or Lemma 4.27,
gives

Ax(Ex) = Ex(Dx) = 1/’}/

This contradicts the assumed gap €. There is no rank-zero alternative: a nontrivial valuation on
a finite extension cannot restrict trivially to the base, by the unique least term in a minimal
polynomial. Without an anchor, there is therefore always a new lattice direction.

Step 3. In this step, we choose the next lattice scale, its neutral field, and opposite character
sections. With an anchor, use the quotient norm modulo Rkg on the projected lattice; without
one use the width norm. After a high stage its shortest nonzero length divided by L_ tends to
infinity. Otherwise lift a projected vector of width O(L_) and subtract the nearest multiple of the
primitive line vector. The rounding error is O(L1), by the retained index bound, contradicting
the retained width assertion.

Before the first high stage, choose the maximal nonempty block of independent directions of
bounded width, if there is one, and take integral L = O(1). This is a bounded stage. Otherwise
choose integral L. — oo comparable to the first nonzero successive minimum, and take the entire
block of successive minima comparable to L. After a subsequence, the next minimum divided by
L tends to infinity. Lift projected directions by rounding on the old line. Their widths are O(L),
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and L_ = O(L). Let b > 1 be the new block size. At a high stage put s =b+ 1 and R, = L/,
with an old anchor, and s = b, R, = 1 otherwise. For every fixed N, eventually

(4.2) #{k e M: k| < ONL} < C'R,N°.

Indeed the next minimum gap confines these points to the first block modulo the line. Their
projected separation is at least cL; disjoint norm balls bound their number by O(N?®) in bounded
dimension. Each line fibre has O(NL/L;) points. The constants are independent of the norm
and of N.

Apply Proposition 4.41 at scale L, with old scale Ly = L_. The pole maximum of the
old neutral initial tests is an integral globally generated Cartier b-order J < C'L_D, and its
zero floor locus is exactly the common angular locus. Maximality follows from the retained
refinement. When L_ — oo, the extra field hypothesis is precisely the retained whole-field
triviality. Let K., p,v;, Bx be the field, transcendence degree, volumes, and constant supplied by
that proposition. Lift a basis of S(B,LD), containing 1 and p algebraically independent members,
to actual ratios G, of integral cost O(L). If the neutral field is C, take just 1, p = 0,v; = 1.

For each new direction, supply both signs of a bounded positive multiple by Proposition 4.45(2).
Its maximal-order hypothesis holds: on a floor sequence with LD — 0, every old test has integral
order at least —C'L_D = o(1). It is therefore common. Align the bounded multipliers and lift
the resulting opposite symbols to actual pairs in, still of cost O(L) and with the full character
at their respective integral costs.

Step 4. In this step, we establish exactness and all-degree noncancellation before adding the
pinning equations. Add the G, and the new pair products as tests, but not yet the individual
pair members or proportionality rows. They have value zero at w, so the new slice contains w.
On its old cone, nonnegativity on the neutral basis implies nonnegativity on its whole span. The
cutoff proposition then forces exact triviality on K, for common angular tests. Pure tests are
already trivial on this field; the Gauss description and finite lifts cover all other common lc tests,
with real subcones obtained by linearity and rational density. Each added test has a neutral
initial of cost O(L), hence belongs to K, by the whole-space inclusion. All-cost sign transfer
gives its actual value at most zero on the new slice. Its defining inequality gives the reverse
bound. The tests are exact and the pairs are opposite. The new minimum lies between the old
minimum and the volume at w; thus w remains within 1 4 o(1) of the new minimum.

We check all-degree noncancellation before any new optimization. Write A; = in,, YjJr and

By = in, Y, . With an old anchor, the neutral old relation A;lj Ay Yis a quotient of neutral
functions of cost O(L_): for t; > 0, use

dj t;

(ApBo)ti’

for t; <0, use A?j Ay % itself. All these numerators and denominators belong to K,. Without
an anchor each old A; is already neutral and belongs to K,. The new weights are independent
modulo the old line. Thus a weight-kernel monomial has zero exponent in each new variable, and
a power of its old part is in K. A basis of the full integral weight kernel is therefore algebraic
over K,. The pair products and neutral basis are in K, and all common cone tests are trivial
there. These are exactly the hypotheses of Lemma 4.33. Its conclusion is simultaneous in all
degrees and persists on every subsequent common cone.

The accumulated positive variables remain algebraically independent: group a proposed
polynomial by the new independent weights, and use independence of the old variables in
each group. Likewise the p chosen neutral variables and the s selected positive variables are
independent. In a bounded stage, now add both individual members of each new pair as tests.
All costs in all preceding bounded stages lie in a fixed finite interval. The original saturation
therefore keeps T; in this slice. The selected values are forced to zero. Optimize and refine,
retaining all independent initials. This completes a bounded stage.
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Step 5. In this step, we obtain a fixed character count and pin the selected values at a growing
scale. Suppose L — co. The cutoff proposition gives, with the same v;, at least v; N? independent
neutral products and dim S(NLD) < Cv; NP for each fixed degree. Consider regular homogeneous
symbols of full character x*, 0 <t < CNL, and grading value at most CN L. Their ratios by h’
have actual weights k € M. Every pure ray is common because all current tests have fine weight
zero. Balance bounds the numerator on each normalized pure ray by C1NL, and regularity
bounds it below by zero. Hence |k|| < CoNL. For each such weight, the character-supply
proposition, part (3), bounds the dimension by Csv; NP. Summing (4.2) gives

3 im{these symbols of character x"} < CyR.v; .
4 d h bols of ch t CyR,v;NPT3

This is uniform in N, ¢ and counts the full eigenspace at the actual integral degree. For any later
v > cw, exactness of eigenspaces in the quotient of valuation ideals transfers (4.3) with one fixed
change of constant.

The tilted-supply hypothesis of Lemma 4.47 follows from part (4) of the character-supply
proposition. Indeed every cone of a rational optimizer after a finite row enlargement retains the
full group and canonical character by sign transfer, has the angular dictionary, and retains the
paired costs O(L;). Part (4) applies whenever the indicated pure and Gauss inequalities hold; it
requires no maximal-order assertion on that tilted cone. Thus all pinning hypotheses have now
been checked, including the exact slice, noncancellation, neutral lower count, and (4.3).

Pin the selected values to zero or to a rational line. An old anchor survives, or a first one of
scale L1 = L is chosen. Only in the latter case change the baseline. The exact optimizer and a
refinement w’ dominate a fixed multiple of w on all regular functions, and retain an anchor value
at least ¢’ L1 when present. All independent initials survive. The basic stage data now hold with
L_=1L.

Step 6. In this step, we verify the next-stage field and lattice assertions and conclude by the
bound on algebraically independent variables. On the refined cone let E be generated by the p
chosen neutral double initials and the s selected positive double initials. Noncancellation gives
trdeg E' = p + s, and its weights lie on the pinned line or are zero. Every common test is trivial
on EP. Indeed the both-sign rows hold there by sign transfer. With an anchor, injectivity of fine
weight evaluation and its nonzero value show that equal-weight monomials have the same common
value by precisely those rational relations. In the zero case their values are all zero. Onward
noncancellation gives the predicted value of each nonzero homogeneous polynomial. Equal-weight
ratios therefore have value zero. They generate E?: in an identity P = zQ for a zero-weight
rational function z, take one nonzero equal-weight component. This proves whole-field triviality.

Let Vy be the space of double initials of the whole neutral basis. If there was an old anchor,
also multiply them by its powers 0,. .., |R.]. These functions have cost and absolute grading
O(L), and noncancellation keeps them independent. Their weights lie in the subgroup generated
by the selected variables. The neutral lower count at N = 1 gives

(4.4) dim Vy > cRyv;.

When the first anchor was just chosen, R, = 1; if the selected values are all zero, V is neutral.

The refined cone has maximality on its common angular locus. A floor prime with LD — 0 is
common because every current test has integral order at least —O(L)D = o(1). The character-
supply proposition therefore supplies every actual lattice vector of width O(L). The transferred
count (4.3), the space in (4.4), the field E, and its zero-weight triviality verify every hypothesis
of Lemma 4.48. That lemma gives triviality on the whole field generated by S(LD), as required
at the next stage. It also confines every bounded-width actual lattice vector to the anchor line,
or to zero, and bounds the integral anchor index. Its denominator hypothesis is supplied by the
pinned relations, with the anchor itself among the generators. This completes the high stage
without assuming any next-stage assertion during its construction.

Every nonterminal stage has added a nonempty block of positive variables whose initials
remain algebraically independent. The cone field has transcendence degree n, so at most n



SHOKUROV’S LOCAL INDEX CONJECTURE FOR THREEFOLDS 51

such additions are possible. Every terminal alternative has already contradicted the original
closed-centred gap. The saturating sequence is therefore impossible. If no uniform integer P(d, €)
existed, choosing counterexamples saturated in all degrees 1,...,7 would give exactly such a
sequence. This proves the theorem. O

5. CARTIER CONTACT AND POINTED COMPLEMENTS

We retain the discrepancy and character conventions of Section 2. We first turn Theorem 4.49
into a single complement with a positive discrepancy at every divisor centred at the marked point.
We then obtain a Cartier equation on the original germ, first for a relative anticanonical model
and then for an arbitrary rational pair. We continue the Cartier-section methods of [Ope26b,
Theorem G.1, Proposition H.5 and Lemma H.6] and the complement methods of [Ope26a,
Theorem 1.1 and Proposition 2.1], the 25 September 2026 preprints discussed in Section 4. Their
main theorems assume neighbourhood discrepancy bounds. The pointed assertions in this section
are proved below; Chen’s complementary methods are credited at their uses.

Theorem 5.1 (Complements preserving a Kollar component). Fiz an integer d > 1 and a finite
set I C QN [0,1]. There is an integer N = N(d,I) > 0 such that every kit germ (X > z,A) of
dimension d, with A € I, and every Kolldr component E over x, admit a local N-complement
AT > A with Ax a+(E) = 0. Thus (X,AT) is le, N(Kx + AT) is integral Cartier and locally
linearly trivial, and x is an lc centre [Zhu24, Definition 2.12 and Lemma 2.13].

This is the local complement result. It preserves a specified Kollar component; the construction
below will improve positivity at every closed-centred prime simultaneously.

Theorem 5.2 (Extraction of noncanonical places). Let (X, B) be an lc pair with rational
boundary and let V be a finite collection of divisorial valuations exceptional over X with log
discrepancies in [0,1). There is a projective birational morphism w:Y — X with purely divisorial
exceptional locus, whose exceptional prime divisors are Q-Cartier and correspond exactly to V,
and an anti-effective exceptional divisor which is ample over X. For a singleton V = {ordg}, the
divisor —E is m-ample [Mor20, Theorem 1].

We use this extraction result for a single exceptional prime captured by an lc boundary. Its
ampleness conclusion will give the Fano-type model needed for a second bounded complement.

Lemma 5.3. Let (U, D) be a rational pair over an algebraically closed field of characteristic zero.
Let a # 0 be an ideal generated by regular functions hi,...,hs, and let 0 < ¢ < 1 be rational.
Suppose

Ay p(F) —cordp(a) >0
for every primitive prime divisor F' with centre on U. Then a general scalar linear combination
h of the h; gives an lc pair (U, D + cdiv(h)) whose lc places are precisely the primitive primes F'
for which Ay p(F) = cordp(a).

Thus a finite system can replace an ideal without introducing new lc places when the coefficient
is less than one.

Proof. Use Theorem 3.1 to take a log resolution p : U’ — U of the pair and the ideal, and write
Ky + D = p*(KU + D), aOyr = OU/(—F()).

The subboundary D’ + cFj has simple normal crossings support and coefficients at most one;
negative coefficients are allowed. After division by the fixed divisor Fy, the generators define a
basepoint-free system. A general member H is smooth and transverse to the fixed support and
contains none of its finitely many strata. Hence div(p*h) = Fy + H and (U', D’ + cFy + cH) is
sub-lc.

For a log-smooth subboundary, zero discrepancy can occur only over strata made entirely
of coefficient-one components. Indeed, the discrepancy of the blowup of a smooth centre is its
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codimension minus the sum of the coefficients of the components containing it. A transverse
direction or a component of coefficient less than one contributes positively. The same calculation
after successive blowups, or monomial retraction, describes every zero-discrepancy prime. Since
¢ < 1, adding cH preserves precisely these strata and their lc places. This proves both assertions.
For a germ the construction is made near the inverse image of its marked point; properness
permits shrinking the original representative. O

Lemma 5.4. Letn > 1 and r > 0 be integers, and let K C L be finitely generated extensions
of an algebraically closed field k, with transcendence degrees n and n + r, respectively. Let v be
a positive rational multiple of a primitive divisorial valuation of L, trivial on k, and suppose
v|g #0. Then v|g = aordg for a primitive divisorial valuation E of K and a positive rational
a.

An integer-valued restriction has a € Z~q. This keeps the lower discrepancy bound unchanged
after adding variables and taking a finite quotient.

Proof. The nonzero value group of the restriction is discrete. The relative residue-transcendence
inequality and the Abhyankar inequality give

n+r—1=trdeg, k(v) < trdeg, k(v|K) +7 <n—1+r.

The restriction is therefore divisorial up to scaling. Its positive generator is an integer when its
value group is contained in Z. O

Lemma 5.5. Let U be a Q-Gorenstein kit variety over an algebraically closed field of characteristic
zero, and let v > 0 be an integer. Write z1, ...,z for the affine coordinates. Let v be a positive
rational multiple of a primitive divisorial valuation with centre on U x A", and assume its
restriction vo to k(U) is nonzero. Let v be the joint Gauss extension of vy with coordinate weights
v(z1),...,v(2r). Then

,
Ausar(v) > Auxar (v) = Ay (vo) + Z v(z).
i=1
The Gauss extension realizes the least discrepancy compatible with the given base restriction
and coordinate weights.

Proof. By Lemma 5.4, write vg = aordg. Take a smooth model of U carrying E. The simple
normal crossings inequality for E and the coordinate hyperplanes contributes at least a+ >, v(z;);
the relative canonical divisor contributes a(Ay (E) — 1). Their sum is the stated bound. A Gauss
valuation is monomial in these parameters, so equality holds. Il

Theorem 5.6. For every integer n > 1 and real number € > 0, there is an integer N(n,€) > 0
such that every Q-Gorenstein kit n-dimensional germ X > x with mld(X > x) > € admits an
effective rational lc N (n,€)-complement C' satisfying

Ax,c(E) = 1/N(n,e€)

simultaneously for every primitive prime E centred exactly at x. Positive-dimensional lc centres
through = are allowed.

The same complement controls all the indicated primes. Its construction does not require
their enumeration.

Proof. We start with an ordinary bounded lc complement, obtain a bounded character section
escaping each of its closed-centred lc places, and put all these sections into one finite system.

Step 1. In this step, we construct an initial bounded complement and its full-character equation.
Apply Theorem 4.12 to the identity contraction X — X, with boundary zero and coefficient set
R = {0,1}. This is the relative theorem [Bir19, Theorem 1.8]. The identity is projective, its base
has positive dimension, and —Kx is relatively ample. Thus X is of Fano type over itself. We
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obtain an effective lc complement By with b(Kx + By) ~ 0 integral Cartier, where the integer
b > 2 depends only on n. Multiplying a complement index by two ensures the last inequality. For
any specified Kollar component, Theorem 5.1 with I = {0} also supplies an initial complement
while preserving that component as an lc place. The argument below applies to either choice of
bounded initial complement.
Use Theorem 3.9 with boundary zero and m = 1. Write p: (V 3 0) — (X 3 z) for its cover,

G for its full cyclic group, and @ for its divisor-free canonical generator of faithful character x. A
rational b-canonical tensor 7 trivializing b(Kx + By) satisfies div(n) + bBy = 0. Therefore

Hb

ho = —, div(ho) = bp* By

N
is regular and has full character x°. Regularity follows from effectivity and normality. Conversely,
a nonzero regular function h of character x? defines an effective divisor Cj, with p*Cj, = div(h)/j.
The invariant tensor 67 /h descends and trivializes j(Kx + C},) as an integral Cartier divisor.
Lemma 3.8 gives lc equivalence upstairs and downstairs, with the actual ramification index at
every prime.

Step 2. In this step, we find a bounded character section escaping each closed-centred lc place
of the initial complement. Fix any lc place E of (X, By) centred at x, and a primitive lift F' to
V. Put Ag = Ay (F). This is a positive integer, and ordp(hg) = bAg. Set

S =V x AL z = (0,0),

and give every new coordinate u; character y for the same group G. Its action remains faithful
and quasi-etale: every nonidentity fixed locus projects into a fixed locus of codimension at least
two on V. The canonical generator 6 A duj A - -- A dup_1 has character x?, which need not be
faithful. The quotient (Q > y) = (S/G > 7(z)) is Q-Gorenstein klt: a power of this generator
descends, and finite crepant discrepancy comparison applies.

Every primitive prime P over @) centred at y has Ag(P) > e. To check this, extend ordp
to C(9) and scale its extension v to restrict to ordp. It is centred at z. Its restriction to
C(X) € C(Q) is nonzero and integer-valued. Lemma 5.4 writes it as aordp, where a > 1 is an
integer and D is a primitive prime centred at . Lemma 5.5 and Lemma 3.8 give

AQ(P) = As(v) > an(D) + Zv(u,) > €.

This uses the actual invariant field C(Q), which contains C(X).
The ideal a = (hg,u}, .. ., ug_l) is lc with exponent one. Indeed, for a divisorial v whose base
restriction is nonzero,

v(ho)
b

Ag(v) > + Zv(ul) > min{v(hg),bv(ui),...,bv(up—1)} = v(a).

2

If the restriction is zero, then v(hg) = v(a) = 0. Principalize a and choose a general member of
the divided generating system. The fixed boundary has coefficients at most one, and the moving
divisor is smooth and transverse with coefficient one. This gives an lc equation b’ = cohg+Y_; ciuﬁ-’,
with ¢o # 0, of character x°.

Let W be the Gauss extension of ordr with every u;-weight equal to Ag. Its value group is
Z, and its residue field is k(F') with the b — 1 independent ratios u;/ tﬁo adjoined. It is thus a
primitive divisorial valuation centred at z, and

Ag(W) = bAg = W(I).

The summands do not cancel in its Gauss initial ring. Apply Theorem 4.49 to T' = W/(bAy)
in dimension d = n + b — 1. All its hypotheses, including the quotient gap and the equality
of full characters, were checked above. It gives a regular section H of character x%, where
1 <j < P(d,e), such that W(H) < bjAo.
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Multiply H by an invariant unit clearing its denominator, obtained by taking the product of
all translates of a denominator nonvanishing at z. We can then write H =}, fou®, where f, is
regular on V with character x?~12/. The Gauss formula gives a nonzero coefficient satisfying

OI‘dF(fa) + A()’Oz’ < bjAp.
Since ordp(fo) > 0, the integer k = bj — |a] is positive. With K = bP(n + b — 1,¢), we have
proved that for each such F there is a regular section s of full character x* satisfying
(5.1) 1<Ek<K, ordp(s) < kAy(F).

Step 3. In this step, we combine the sections into one complement with positive discrepancy at
every closed-centred prime. Put N = 2lem(1, ..., K), and set

R= OV,O’
Ry ={s€ R:0"*s = x(0)"s for every o € G},
b=RyNR.

The module Ry is finite over Ox ;. Choose finite generators, including hév / b, which exists because

b < K, and represent them on a common neighbourhood. For every divisorial v,
N
v(b) < ?U(ho) < NAy(v).

Apply Lemma 5.3 with coefficient 1/N < 1. A general linear combination h defines an lc pair
(V,div(h)/N), and every one of its lc places F' satisfies
ordp(b) < ordp(ho)

N b
The section h has character "V, so the tensor construction above descends it to an lc N-
complement C' on X.

Suppose E were an lc place of (X, C') centred at x. For a primitive lift F', equality throughout
(5.2) makes F' an lc place of the original complement and gives ordp(b) = N Ay (F'). For each
1 < k < K and each section s of character x*, the element s"¥/* belongs to b. Consequently

(5.2) Ay(F) = < Ay (F).

N
m ordp(s) > ordp(b) = NAy (F),

contradicting (5.1). There is no such E. Finally, N(Kx + C) is integral Cartier, so NAx c(FE)
is an integer on every smooth model carrying E. Its positivity at every closed-centred prime
gives the claimed bound 1/N. O

Lemma 5.7. Fiz positive integers n and M. There is a positive rational y(n, M) such that the
following holds. Let X 3 x be a Q-Gorenstein klt n-dimensional germ, and let C be an effective
rational lc M -complement with Ax ¢(E) > 0 for every primitive prime centred at x. Then there
is 0 # g € my, for which (X,C + ~v(n,M)div(g)) is lc near x. Consequently, for every real
€ > 0 there is a positive rational co(n,€) such that every Q-Gorenstein kit n-dimensional germ
X 3>z with mld(X > x) > € admits 0 # g € mx , for which (X, co(n,€) div(g)) is lc near x.

Positive-dimensional lc centres of (X, C') impose no condition on the order of the point ideal.
We use a threshold prime centred at = to retain this distinction in the complement construction.

Proof. We resolve the point ideal, extract a prime computing its threshold, and take the difference
of two locally principal complements. This adapts the construction of [Che24, Proposition 5.1],
in arXiv:2403.01154v5; the extraction below allows the given pair to be lc.

For n = 1, the germ is smooth. If ¢, is the coefficient of C' at x, then Mc¢, is integral and
¢z < 1. Thus 1 —¢; > 1/M, and a local parameter works with (1, M) = 1/(2M). Assume
n > 2. Define

RM:{O,l/M,...,l}, L:2’I’L1C(n,RM)7 V(n’M):m7
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where ny.(n, Rps) denotes the complement integer in Theorem 4.12.

Step 1. In this step, we choose a prime computing the threshold of the original point ideal.
Resolve (X,C) and m = my ,, writing

Kxi +C" =p"(Kx + C), mOx = Ox:(—Fp).

Every component P of Fy maps to x, so its discrepancy is positive. The simple normal crossings
criterion gives
Ax.c(P)

min ——X—~—
PCSupp Fy coeff p(Fp)
as the lc threshold of the ideal. Choose a component E attaining this minimum. If ¢ > 1/2,
the ideal remains lc with coefficient v < 1/2, and Lemma 5.3 proves the claim. If ¢ < 1/2, that
lemma gives a general go € m with ordg(go) = ordg(m) such that A = C + tdiv(go) is lc and
Ax a(E)=0.

Step 2. In this step, we extract the threshold prime and obtain an lc model of Fano type.
The prime F is exceptional over X, since it is centred at the closed point and n > 2. Apply
Theorem 5.2 to the rational lc pair (X, A) and its single discrepancy-zero prime E. This is
[Mor20, Theorem 1]. It gives a projective morphism 7 : ¥ — X whose exceptional locus is
exactly the Q-Cartier prime F, with —F relatively ample. The morphism is an isomorphism off
x, and its reduced fibre over x is E: any additional point outside the exceptional locus would be
isolated in the connected birational fibre.
Let Ay be the strict transform of A, and put ag = Ax(E) > 0. Then

KY:W*Kx—l-(Oéo—l)E, Ky+E+Ay:7T*(Kx+A).
Thus Ky and Ay are Q-Cartier, and (Y, E) is lc. For a prime P centred inside E, effectivity
and Q-Cartierness give ordp(E) > 0, hence
Ay(P) = AY7E(P) + Ordp(E) > 0.

Away from F, the variety is the klt open subset of X. This proves that Y is klt. Choose rational
0 < n < min{l, ap}. The same calculation proves (Y, (1 —n)FE) klt, and

—(Ky + (1 =n)E) ~qx (a0 —n)(—E)
is ample. Thus Y is of Fano type over X.

Let Cy and Dy be the strict transforms of C' and div(gp), and put @« = Axc(E) > 0.
Comparing coefficients along the only exceptional prime gives

Ky +E+Cy =m"(Kx +C)+aB,  a=tordg(g),

t= >0

and

Ky + E+Cy +tDy =" (Kx + A).
The divisor Dy is Q-Cartier, since 7*div(gg) = Dy + ordg(go)E. Removing tDy proves that
(Y,E+Cy)is lc, and —(Ky + E + Cy) ~q x a(—FE) is ample.

Step 3. In this step, we obtain a contact equation through x from the principal difference of
two complements. The integrality of M (Kx + C') implies that every coefficient of C' belongs
to {j/M : 0 < j < M}. The coefficients of E + Cy lie in ®(Rjs), using denominator one in
the definition of that set. Apply Theorem 4.12, or [Birl9, Theorem 1.8], to 7w and (Y, E + Cy).
The base is positive-dimensional, Y is of Fano type, and the required nefness and coefficient
conditions were just checked. We obtain an lc boundary 2y > FE + Cy and a rational function
a € C(Y) = C(X) satistying
L(Ky + Qy) = diVy(a).

Its coefficient at E is one. Put = 7,Qy. Pushing down and then pulling back the same
principal divisor yields

L(Kx + Q) =divx(a), Ky +Qy =" (Kx + Q).
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In particular (X, ) is lc, @ > C, and Ax o(E) = 0.
Write M (Kx + C) = divx(b) locally. The function

aM

gsza divx(g) = ML(2 - C)

is regular by normality and effectivity. Moreover ordg(g) = M Lo > 0, so g € mx ;. The equality
C + v div(g) = €2 proves the first assertion.

For the last assertion apply Theorem 5.6 and take co(n,e) = y(n,N(n,€)). Removing its
effective Q-Cartier complement boundary preserves log canonicity. O

Proposition 5.8. For every integer n > 1 and real number € > 0, there is a rational u(n,€) > 0
with the following property. Let f :' Y — X be a projective birational contraction of normal
quasi-projective n-folds, with Y Q-Gorenstein klt and — Ky semiample over X. Let x € X be
closed and suppose Ay (P) > € for every primitive prime whose centre on X is exactly x. There
is a nonzero original function g € mx o such that (Y,u(n,€)divy (f*g)) is lc near the whole fibre
f~Yx). No Q-Cartierness of Kx is assumed.

The auxiliary cone used below has dimension n + 1. Adding one coordinate lets us use bare
contact in dimension n + 2 and recover a degree-zero function on X.

Proof. We first construct a crepant anticanonical cone in the ample case, then use a finite quotient
to force a nonzero degree-zero term in its contact equation. Finally we pass from divisorial
inequalities over = to the whole fibre and treat semiampleness.

Step 1. In this step, we construct a crepant Gorenstein klt anticanonical cone. Assume first that
— Ky is ample over X. Shrink to X = Spec R, choose a rational top form w of K = C(X) = C(Y),
and set Ky = divy (w). Use the all-degree algebra

A= H(Y,0y(—jKy))t! C K[t], W = Spec A.
Jj=>0

Here at’ belongs to A exactly when divy (a) — jKy > 0. A Cartier Veronese algebra is finitely
generated by relative ampleness; the finitely many residue-degree modules are finite over it. Thus
A is finitely generated. It is normal, since it is the intersection of K[t] with the Gauss valuation
rings imposing these inequalities at every prime divisor of Y. Its fraction field is K (¢): R has
fraction field K, and H°(Y, Oy (—Ky)) # 0 on the affine birational base. The positive-degree
ideal defines a vertex section X — W let o be its point over .

There is a proper birational map

W = Specy @Oy(—jKy)tj — W.
Jj=0

For a divisible r, the Veronese relative spectrum is the total space of Oy (rKy). Its evaluation
map to the Veronese affine cone is proper: relative generation realizes it as a closed incidence
variety in the product with Y. Both all-degree spectra are finite over their Veronese spectra, and
the target is separated. Properness therefore lifts to the displayed map, while equality of fraction
fields proves birationality. N

The form Q = w A dt is divisor-free on W. On the smooth locus of Y, write div(s) = Ky
and use the fibre coordinate y = st; then Q = (w/s) A dy. The inverse image of the remaining
codimension-two set has codimension at least two, by the finite map to the Veronese line bundle.
Locally take the canonical cover of Y from Theorem 3.9. On it the normalized algebra is a
polynomial algebra in y, and its deck group acts on w/s and y by inverse characters. The action
on this product is quasi-etale. Its quotient is the local all-degree relative spectrum, so Lemma 3.8
proves that W is klt. Pushing the divisor of 2 down gives Ky = 0. The map is therefore crepant
and W is Gorenstein klt.
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Step 2. In this step, we compare cone valuations and establish the pointed gap on a finite
quotient. Put S = W x Al. For a divisorial valuation v of K(t,z) with nonzero restriction vy to
K, that restriction is divisorial up to scaling by Lemma 5.4. Define

v = v(t) + vo(Ky), by = v(2).

If v is centred on S, then ¢,,b, > 0. Indeed, properness supplies a centre of vy on Y, and
a generated Cartier anticanonical section avoiding its generic centre has value dg, > 0, for a
divisible d. The simple normal crossings calculation used in Lemma 5.5, now with rational form
w Adt N\dz, gives

(5.3) Ag(v) > Ay (vg) + go + by.

To see the correction term, take a uniformizer of the primitive restriction on a smooth model of
Y. The discrepancy measured by w there is Ay (vo) 4+ vo(Ky ). Multiplying ¢, z by powers of this
uniformizer makes their values nonnegative; the powers cancel in the differential-form formula.
The remaining contributions are v(t) 4+ v(z), which gives (5.3).

For each original primitive prime P centred at x and each rational g > 0, its joint Gauss
extension v, defined by

vg|lk =ordp, vy(t) =q—ordp(Ky), v4(z)=g¢q
is divisorial up to scaling and centred exactly at (0,0). In fact, for every homogeneous section,
vg(at'z?) = (i + j)q + ordp(divy (a) — iKy),
Ag(vg) = Ay (P) + 2.

The second summand in the value formula is nonnegative; positive degree therefore has positive
value, while degree zero has the centre .

Let ¢ = co(n + 2, €) be supplied by Lemma 5.7. Choose an integer ¢ > max{2,4/c}. Let uy act
on W by its grading and on z with weight one. The action on W is faithful because ¢t € Frac A
has weight one. A nonidentity fixed locus on W is proper; its product with the fixed locus {0} in
the extra coordinate has codimension at least two. Thus S — Z = S/ is quasi-etale. The form
Q A dz has character of weight two, so a power descends and Z is Q-Gorenstein klt. Let zg be
the image of (o,0).

For a primitive prime @ over Z centred at zp, normalize an extension v to C(S) to restrict to
ordg. Its restriction to K C C(Z) is nonzero and integer-valued, hence is a ordp for an integer
a > 1 and an original primitive P over z. Finite comparison and (5.3) give

Az(Q) = As(v) > aAy(P) + gy + by, > €.

The bare-contact lemma applies to this (n + 2)-dimensional germ.

(5.4)

Step 3. In this step, we recover a nonzero degree-zero contact equation and prove log canonicity
near the whole fibre. Choose 0 # h € my ., with (Z, cdiv(h)) lc. Clearing a denominator that is
a unit at zp, take h € A[z]#. It has a finite total-degree expansion

h=g~|—Zhj, gERﬁmz,Zosz@.
3>0
Every nonzero positive degree is divisible by ¢. Pullback is lc, so (5.4) implies
cvg(h) < Ay (P) + 2¢, vg(h) > min{ordp(g), ¢q}

when g # 0. If g = 0, the lower bound is £q for all rational ¢ > 0, contradicting the first inequality
for large g, since ¢/ > 2. Thus g # 0. Take ¢ = ordp(g)/¢ > 0. We obtain, simultaneously for
every original primitive P over =z,

Sorde(g) < (e 7 ) ordp(g) < Ay (P).

Set u(n,€) = ¢/2.
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These inequalities imply lc near the whole fibre. On a log resolution of (Y, udiv(f*g)), suppose
a negative-discrepancy component has image containing x. Choose a closed point on that
component over x, and take monomial valuations with arbitrarily large integral weight on its
equation and weight one on the other local parameters. Their discrepancies are eventually
negative, whereas their centres on X are exactly x. This contradicts the inequalities just proved.
The finitely many negative-discrepancy components therefore have images avoiding x; projectivity
permits removing these closed images. The remaining log-smooth boundary has coefficients at
most one.

Step 4. In this step, we reduce the semiample case to the ample anticanonical model. Let
h :Y — Y, be the relative ample model of —Ky. It is birational over X. For a divisible r,
write —rKy = h*L with L Cartier and ample over X. Pushforward identifies L = —r Ky, using
compatible canonical divisors. Hence Ky = h*Ky,, and Y, is Q-Gorenstein klt with the same
discrepancies at all original primes. Apply the ample case to Y, — X and pull back its lc pair
crepantly to Y. O

Theorem 5.9. For every integer n > 1 and real number € > 0, there is a positive rational
number cqt(n, €) with the following property. Let (X > x, B) be an n-dimensional klt germ over an
algebraically closed field of characteristic zero. Assume that B is rational and mld(X > x, B) > e.
Then there is a nonzero g € mx , such that (X, B + cet(n,€) div(g)) is lc near x. For every
primitive prime divisor E centred at x,

Ax p(E)
cet(n,€)

The constant is independent of the coefficients and the number of components of B.

ordg(mx ) < ordg(g) <

Only the total divisor Kx + B is required to be Q-Cartier. The relative proposition allows us
to preserve this hypothesis throughout the reduction.

Proof. We first work over C. We lower the closed-centred discrepancy to a fixed positive rational
number on a resolution, extract a prime attaining it, and use relative contact after an anticanonical
MMP. We then transfer the ideal inequality to the original field. The relative reduction follows
the method of [Che24, Proposition 6.1 and Section 2.6], in arXiv:2403.01154v5, with the pointed
inequalities verified below.

For n = 1, choose any rational 0 < c¢(1,€) < min{e,1/2}. The normal curve germ is smooth,
and its boundary coefficient at x is at most 1 — €. A local parameter gives the assertion over any
field in the statement. Assume n > 2, choose a fixed rational

0 < 6 <min{e/2,1/4}, u = u(n,?d), cet(n, €) = min{1/2, ju}.

Step 1. In this step, we construct a klt perturbation with a prescribed positive discrepancy at
the marked point. Take an affine kit representative and a projective log resolution p : Z — X of
its pair and point ideal, with

KZJrBZ:p*(Kx+B), mX’zOZ:OZ(fFO).
The support of Fy is the reduced inverse image of x. Let P; be its components and put
m; = ordp,(mx ) > 0 and a; = Ax g(P;) > e. Define

Q;

t = min >0,
(2

m;

and let E/ be a component attaining the minimum. On Z every component of Fj has discrepancy
at least d for the ideal pair with exponent ¢; all other components of the fixed simple normal
crossings support still have positive discrepancy. For any primitive prime ) centred at z, its
centre on Z lies in Supp Fp. At least one local equation of a component of Fjy has positive integral

Q-value. The simple normal crossings discrepancy inequality therefore gives
AX7B(Q) — tOI‘dQ(mX@) > 0.
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Equality holds for the chosen F.

Choose a general linear combination hg of generators of my , so that div(p*ho) = Fy + Ho,
where Hj is smooth and transverse to the fixed support and contains none of its strata, as in
Lemma 5.3. If ¢ > 1/2, the subboundary Bz + (Fy + Hp)/2 has all coefficients less than one.
This proves contact with the stated constant in that case.

Suppose t < 1/2, and put D = B + tdiv(hg). The pair (X, D) is klt. The new component H
has discrepancy 1 —¢ > 1/2 > §, so the same simple normal crossings calculation proves

Axp(Q) =6 (centrex(Q) = {x}),
(5.5) Axp(E) =9,
tordE(me) = AX’B(E) -0 > 0.

Step 2. In this step, we extract the chosen prime and run an anticanonical MMP while retaining
the pointed discrepancy bound. The prime E is exceptional since n > 2. Apply Theorem 4.8,
namely [BCHM10, Corollary 1.4.3], to the rational klt pair (X, D) and {E}. We obtain a
projective birational morphism f:Y — X with Y Q-factorial and F its only exceptional prime;
small exceptional loci are allowed. Let Dy be the strict transform of D, and write

Fy:Dy+(1—5)E, Ky—i-ry:f*(Kx—i-D).

This is an effective klt pair, so Y is klt and Q-Gorenstein. In particular Ay (E) = 1.

The variety Y is of Fano type over X. To verify this, use that every divisor is relatively big
for a birational contraction. Write I'y ~q x A + Gy, with A relatively ample and Gy > 0. For a
sufficiently small rational n > 0, the effective boundary © = (1 — n)I'y + nG) is klt and

—(Ky + @) ~Q,X nA.

Theorem 4.7, from [BCHM10, Corollary 1.3.2 and following discussion], applies to this Q-factorial
log Fano pair over the affine base. Run a —Ky-MMP over X. Since — Ky is relatively big, it
ends in a model f’: Y’ — X on which — Ky~ is nef and semiample.

Let I be the pushforward of I'y. Pushing down at each divisorial contraction, and comparing
in codimension one at each flip, preserves the equality

Ky +T' = f*(Kx + D).

Thus this pair is kit and I" is effective and Q-Cartier. For every original primitive prime P over
x?

(5.6) Ay/(P) 2 Ay (P) = Ax p(P) = 6.

Bare log discrepancies weakly decrease along this —Ky-MMP. On a common resolution r : W/ —
Y, s: W' — Y’ negativity at the —Ky-negative steps gives

r*(=Ky) = s*(—Ky) + No, Ny > 0.
Here one uses Lemma 4.9. Consequently
(5.7) Ay(P) = Ay:(P)
for every original prime P.

Step 3. In this step, we use relative contact to bound the perturbation coefficient from below.
Apply Proposition 5.8 to f': Y" — X and (5.6). It supplies 0 # g1 € mx , with (Y, udiv(f"*g1))
lc near the fibre. Apply its inequality to the same primitive valuation E, whether or not E
survives as a divisor on Y’. By (5.7),

wordg(mx,) <wordg(gr) < Ay/(F) < Ay(E) = 1.

Combining this with (5.5) gives ¢ > du. The original equation hg therefore satisfies (X, B +
cet(n, €) div(hg)) lc. Only n and e entered the chosen constants.
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Step 4. In this step, we transfer the ideal inequalities and choose a contact equation over the
original field. For general k, use Lemma 3.11 to realize the pair, point, a Cartier multiple of
Kx + B, and the fixed resolution principalizing its maximal ideal over a common algebraically
closed field embedded in both k£ and C. The coefficients on its log resolution preserve the klt
condition, and the cited lemma preserves the closed-point minimum. The complex assertion
implies log canonicity of the ideal pair with exponent c.¢, because the order of the ideal is at
most the order of its contact equation. On the fixed resolution this is exactly the finite set of
coefficient inequalities

coeff p(Byz + ¢t Fo) < 1.

They are unchanged under either field extension. The ideal pair is therefore lc over k. Since

cet < 1/2, Lemma 5.3 gives a general k-linear combination 0 # g € mx , with the required lc

property. This transfers the ideal inequalities and chooses the equation over the original field.
Finally, membership in mx ;, and log canonicity give, for every primitive prime F centred at x,

ordg(myx ;) <ordg(g), ctordp(g) < Ax p(E).

These are the two asserted contact bounds. O

6. ORIGINAL COMPUTING ORBITS

We retain the original cover data of Definition 3.10. We first bound the orbits of divisors of
discrepancy less than one on a rational surface. The threefold argument uses this bound for the
traces of the prescribed divisors. At discrepancy one, a Cartier perturbation gives a finite set of
discrepancies strictly below one while keeping the cover and the prescribed divisors fixed.

Theorem 6.1 (Minimal rational group surfaces). Let a finite group G act on a smooth projective
rational surface S. Suppose S admits no nontrivial G-equivariant birational morphism to a
smooth surface. Then either S is del Pezzo with tk Pic(S)® = 1, or it has a G-equivariant conic
bundle S — P with rk Pic(S)¢ = 2 [DI09, Theorem 3.8].

These two models allow us to count the possible centres of a valuation without bounding the
number of exceptional curves on the original surface.

Theorem 6.2 (Moduli degree on an lc-trivial fibration). Let f : (S,B) — C be a projective
contraction from a normal variety to a smooth projective curve, and let D be a rational divisor
on C. Let A*(S, B) be the b-divisor whose trace on a model with discrepancy divisor Y. a;E; is
>a;>—10iE;. Assume B is rational, (S, B) is sub-lc over the generic point of C, Ks+B ~q f*D,
and

rank f,Og([A*(S,B)]) = 1.

For each closed p € C, set b, =1 —let,, (S, B; f*p), Bc = 3., byp, and Mc = D — K¢ — Bc.
Then Mc is nef [FG14, Definition 3.2, Section 3.4 and Theorem 3.6].

For an effective lc pair over P! with trivial log canonical class, this bounds the degree of the
discriminant by two. We check the rank condition when applying the theorem.

Lemma 6.3 (Equivariant plt extraction). Let a finite group G preserve a kit germ (X > z, B)
and fix x. There is a projective G-equivariant birational morphism w:Y — X extracting a single
G-invariant prime divisor E over z, such that —E is m-ample and (Y, E + By) is plt, with By
the strict transform of B [Mor21, Lemma 2.18, with nef part zero|.

We use the reduced exceptional prime to read the action on the traces of the original divisors.

Theorem 6.4 (Plt adjunction and the different). Let X be a normal variety, S a reduced
divisor, and B = 37;b;B; > 0 rational with [B| = 0 and no component in common with S.
Assume Kx + S + B is Q-Cartier. Then (X,S + B) is plt near S if and only if S is normal
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and (S, Diffg B) is klt. In the plt case, for a prime P C S, let mp be the local index of S at its
generic point. There are nonnegative integers np; such that the different coefficient at P is
mp — 1+ Zj bjnpj
mp
[Pro0la, Theorem 2.2.6 and Corollary 2.2.8].

The contributions of all boundary components will bound how many original divisors can
contain the same trace.

Theorem 6.5 (Plt surface germs). A normal surface germ with a reduced curve (S > p,C) for
which (S,C) is plt is analytically isomorphic to (C* 3 0,{x = 0})/u,(1,a) for some integers
r > 1 and a with ged(a,r) = 1 [Pro0la, Theorem 2.1.2].

On this smooth covering germ the boundary contributions are ordinary intersection
multiplicities.

Theorem 6.6 (A rationally connected subvariety in a birational fibre). Let (X, A) be an effective
klt pair over a field of characteristic zero and let X' — X be proper birational. For every point
p € X, its fibre contains a geometrically rationally connected subvariety defined over k(p) [HX09,
Theorem 1.3].

We apply this result to a twisted pair over C(¢). The field of definition of the subvariety is
essential.

Theorem 6.7 (Rational points over a complex function field). Let C be a smooth curve and
V' a smooth proper geometrically rationally connected variety over C(C). Then V(C(C)) # @
[GHS03, Theorems 1.1-1.2].

After resolving the subvariety in the preceding theorem, a rational point and specialization
will give a fixed point in the original fibre.

Lemma 6.8. Let U 3 P be a smooth surface germ, and let a finite group K fix P and preserve
an effective rational divisor D. Suppose (U, D) is lc and every positive coefficient of D is at
least 1/M, where M > 1 is an integer. Let r be the number of irreducible analytic branches of
Supp(D) at P, and let Ky be the kernel of the permutation action on these branches. Then

(i) r <2M and [K : Ko] < (2M)!.
(it) Ko fizes every primitive prime divisor F' centred at P with Ay p(F) < 1.

In particular, each such divisor has K-orbit of size at most (2M)!.

The same subgroup fixes all the indicated valuations, including those appearing after arbitrarily
many point blowups.

Proof. We bound the number of branches and then follow the blowups that can produce a positive
crepant boundary coefficient.

Step 1. In this step, we bound the number of branches and the index of their permutation
kernel. The ordinary blowup of P has discrepancy 2 — multp(D). Log canonicity therefore gives

% <multp(D) <2, [K: Ky <rl < (2M)L.

Step 2. In this step, we follow the equivariant resolution and node blowups to fix every prime of
discrepancy less than one. Resolve the reduced curve germ by point blowups at the points where
its total transform is not simple normal crossing. Every centre is fixed by K. Indeed, an invariant
irreducible analytic branch has one point above P on its normalization, and consequently one
successive infinitely near point at each stage. The other possible centres are intersections of
exceptional curves. The exceptional graph over a smooth point is a tree, and two of its curves
meet at most once. Once these curves are individually invariant, their intersection point is
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fixed. Induction shows that every exceptional curve and every strict branch in this resolution is
individually invariant.

Let Dy be the crepant boundary on the resulting smooth model. Its coefficients are at most
one and may be negative. A further point blowup at a point on zero, one, or two boundary
components has exceptional coefficient respectively

-1, di —1, di +dy — 1.

If the centre is outside the boundary nodes, the new coefficient is nonpositive. All subsequent
exceptional coefficients above that centre remain nonpositive: at most one strict transform of
an original local branch can occur, its coefficient is at most one, and all the other components
have nonpositive coefficients. Thus a divisor with positive crepant coefficient cannot arise after a
sequence of centres leaves the nodes. A divisor with Ay p(F') < 1 has positive crepant coefficient,
so it is either already present or is obtained by successive node blowups. Each such node is fixed,
since the resolution tree and its strict-branch legs are individually invariant. Subdividing an
edge preserves this property. Every resulting prime, and hence its primitive valuation, is fixed by
K. O

Lemma 6.9. Let S be a smooth projective surface, let D > 0 be rational, and let M > 1 be an
integer. Suppose (S, D) is lc and M(Kg + D) is integral Cartier and linearly equivalent to zero.
Let a finite group K act on S, preserving D. Assume one of the following conditions.

(i) —Kg is ample and K% < 9.

(ii) There is a K -equivariant projective contraction f : S — P! with general fibre P*. Every fibre
is either smooth and reduced or consists of two smooth reduced curves meeting transversely
at one point. For t € P, let 7; be the supremum of the real numbers u > 0 for which
(S, D+ uf*t) is lc near f=1(t). Assume that 3,(1 — 1)t is an effective divisor of degree at
most two.

Then every primitive prime divisor F' over S with Agp(F) < 1 has K-orbit of size at most
18M?2(2M)!.

This estimate counts the possible centres of a valuation and then uses Lemma 6.8 at each
centre. In the second case only fibres with a positive discriminant coefficient enter the count.

Proof. We use the Cartier multiple to obtain a discrepancy grid, then count the possible centres
on each model. The integral Cartier multiple gives

Asp(F) € M~ 'Z

for every primitive prime F": pull back M (Kg+ D) to a smooth model S carrying F and compare
it with the integral divisor M Kz. In particular, Ag p(F') <1 implies Ag p(F) <1 —1/M. Also
MD is integral, so every positive coefficient of D is at least 1/M.

Step 1. In this step, we bound the valuation orbits when the anticanonical divisor is ample.
Put d = K% and write R = Supp(D) = Zle C; as a reduced divisor. Since R < M D, ampleness
gives

(< (—Kg)-R< Md<9M.
A prime on S with discrepancy less than one is a component of R, so this already bounds its
orbit.

An exceptional prime with discrepancy less than one is centred at a singular point of R. At any
other point, the nonpositive coefficient argument in Lemma 6.8 applies. Normalization of each
integral curve gives p,(C;) = g(C;) + >.p dp(C;), and each singular point contributes at least
one. Distinct curves contribute at least one to their intersection number at every intersection
point. Adjunction and the Hodge index theorem give

, R*+ Ks-R R?
#Smg(R)Sgpa(QHZQC]—H : <+

i<j
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((-Ks) - R)

< M?d.
y <

R? <

Consequently

9M?

# Sing(R) < 9M + < 18M?2.

This is a K-invariant finite set. The orbit of a centre has size at most 18 M2, and its stabilizer
has valuation orbits of size at most (2M)! by Lemma 6.8. Multiplying the two bounds proves
the assertion in this case.

Step 2. In this step, we bound the valuation orbits using the discriminant of the conic bundle.
Write D = Dyor + Dyer according to whether a component dominates P'. For a general fibre C,
adjunction and Kg + D ~q 0 give

Dyor -C=D-C=2.

There are at most 2M horizontal boundary components. A prime valuation dominating the base
is the order of its curve centre on .S; if its discrepancy is less than one, this curve is one of those
components.

For a vertical prime F' of discrepancy less than one, let ¢ be its image on the base. The positive
integer ordp(f*t) and the definition of 7; give

Ag p(F) 1
< =22 <A Fy<1l-——.
= ordp(f*t) — sp(F) < M

Thus 1 — 7 > 1/M. The discriminant degree assumption bounds the number of such base points
by 2M. Their set is K-invariant. If F' is on S, it is one of at most two components of this fibre,
and its orbit has size at most 4M.

Otherwise its centre P is either on Supp(Dhor) N f~1(¢) or is the node of a reducible fibre.
At all other points the boundary is empty or has only one smooth local branch, which cannot
support an exceptional prime of discrepancy less than one. Intersection with the total fibre gives

#(Supp(Dhor) N fﬁl(t)) < M Dy - f*t =2M.

Including the possible node gives a set of at most 2M + 1 points invariant under the stabilizer of
t. Applying Lemma 6.8 to the stabilizer of P bounds the orbit of F' by

(2M)(2M + 1)(2M)! < 18M>*(2M)!.

The horizontal curves, fibre components, and exceptional primes exhaust the possible centres,
proving the assertion. O

Theorem 6.10. Fix a positive integer M. Let Z be a normal projective rational kit surface, and
let B > 0 be a rational divisor such that (Z, B) is lc and M (Kz + B) is integral Cartier and
linearly equivalent to zero. Let a finite group H act reqularly on Z, preserving B. Then every
primitive prime divisor E over Z with Az g(FE) < 1 has H-orbit of size at most 18 M?(2M)!.
The action of H need not be faithful.

The assertion includes valuations whose centres become points on an auxiliary birational
model.

Proof. We pass crepantly to a smooth equivariantly minimal surface and verify the hypotheses
of Lemma 6.9. The kernel of the action fixes the function field and all its valuations, so the
geometric constructions may use the faithful image of H.

Step 1. In this step, we obtain an effective boundary on the equivariant minimal resolution. Let
w:Y — Z be the minimal resolution. Its uniqueness lifts the group action. Write

Ky + By =" (Kz + B), BY:BStr+ZCiCia
;
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where C; are the exceptional curves. Minimality and adjunction give Ky - C; > 0. Indeed, if
pa(Ci) = 0, then C; is a smooth rational curve and C? < —2; if p,(C;) > 1, the same inequality
follows from C? < 0. Since B - C; > 0, we have

ZC,(Cl . Cj) = —(Ky + BStr) . Cj <0.

1

The exceptional intersection matrix is negative definite with nonnegative off-diagonal entries, and
its inverse has nonpositive entries. Thus ¢; > 0. Log canonicity gives ¢; < 1, so By is effective.
The same integer M makes M (Ky + By) integral Cartier and linearly trivial.

Step 2. In this step, we pass crepantly to a smooth equivariantly minimal rational surface.
Contract disjoint group orbits of exceptional curves of the first kind as long as a smooth equivariant
contraction is possible. The Picard number decreases, so this ends at a smooth rational surface
S minimal for equivariant morphisms to smooth surfaces. Let D be the pushforward of By.
Pushing down the principal divisor equation for M (Ky + By) shows that M (Kg + D) is the
divisor of the same rational function. Pulling it back proves that the contraction is crepant.
Therefore D > 0, (S, D) is lc, and every original valuation retains its discrepancy and its group
orbit.

By Theorem 6.1, either S is del Pezzo or it has an equivariant conic bundle f : S — P!, A
smooth rational del Pezzo surface has 1 < Kg < 9, giving the first alternative of Lemma 6.9.

Step 3. In this step, we verify the discriminant bound needed for the conic-bundle alternative.
In the second case the fibres are reduced conics. A singular fibre has two smooth rational
components meeting transversely at one point. The morphism has connected fibres, the pair is
effective lc, and Kg+ D ~g 0. Over the generic point of the base its smooth fibre is a genus-zero
curve. The coefficients of the effective boundary there lie in [0, 1]. Coefficients strictly less than
one give rounded-up discrepancy zero, and coefficient-one components are omitted from A*.
Hence O(]A*]) on the generic fibre is its structure sheaf, whose space of sections has dimension
one. This verifies the rank hypothesis of Theorem 6.2.

Let 7, be the fibre thresholds and put Dpi1 = Y, (1 — 7)¢t. That theorem gives a nef moduli
divisor Mp1 with

Kp1 + Dp1 + Mp: ~q 0.

Log canonicity gives 7 > 0. Each fibre has a reduced component whose discrepancy is at most
one, so 74 < 1. Thus Dp1 > 0 and deg Dp1 < 2. The second alternative of Lemma 6.9 applies.
That lemma bounds every valuation on the smooth model; crepancy and the unchanged action
on the function field give the required bound for every original E. O

Lemma 6.11. For every rational b € (0,1), there is an integer N(b) > 0 with the following
property. Let S be a normal projective surface of Fano type, let a finite cyclic group K act on
S, and let R be an invariant reduced divisor. Assume (S,bR) is lc and that there is an effective
rational divisor Dy > bR such that (S, Dy) is lc and Kg + Do ~g 0. Then a single subgroup of
K of index at most N(b) preserves every prime component of R. The action on S need not be

faithful.

No bound on the number of components of R is assumed. The complement is constructed on
the quotient to keep its index independent of the group order.

Proof. We construct an invariant complement of bounded index on the original surface, then
apply Theorem 6.10. Let K be the faithful image of K. Write 7 : S — Q = S/K for the quotient,
and define Ag by

Ks+bR=1"(Kqg+ Ag).
Choose an integer ¢ clearing bR and making ¢(Kg + bR) Cartier. On an invariant affine
neighbourhood of an orbit, choose a section of its natural log-canonical line nonzero at an orbit
point. Since K is cyclic, one of its character projections is nonzero there, and equivariance
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makes that eigen-section nonzero along the whole orbit. Shrinking gives the local eigen-generator
required by Lemma 3.8. Its finite crepant comparison gives coefficients
1-90
1—— 0€40,b}, u>1.
u
Thus (Q, Ag) is effective lc, with coefficients in ®({1,1 — b}), in the notation of Theorem 4.12.
All quotient comparisons here are local comparisons of Cartier multiples of the total log divisor.

Step 1. In this step, we construct a nef model of the negative adjoint on the quotient. Average
a klt log Fano boundary on S over the finite group. The average is still klt, and its negative log
canonical class is ample. Its finite crepant quotient is effective klt by Lemma 3.8; finite descent
of ampleness makes it a log Fano boundary on Q). In particular @ is of Fano type. Average D
as well and descend the result. This gives an effective lc divisor I'g > Ag with Kg +T'g ~q 0.
Consequently | Kqg + Ag) is pseudo-effective.

A Kklt surface is Q-factorial. Apply Theorem 4.7 to a log Fano boundary on @) and run the
divisor MMP for HK¢g + Ag). It terminates at a nef model @'. In dimension two its birational
steps are divisorial contractions, and the resulting surfaces remain of Fano type by Lemma 4.14.
At each contraction f; : Q; — Q41 with exceptional curve Cj, put L; = Kg, + A;. Since
L;- Cl > 0,

L; — fi Liy1 = d;C, d; = LlCQCl
i

The pushforwards of I'g remain effective lc complements: their principal log canonical multiples

pull back to the same principal divisors. Hence each (Q;, A;) is lc, and its nonzero boundary

coefficients still belong to the same hyperstandard set.

< 0.

Step 2. In this step, we obtain an invariant complement whose index depends only on b.
Theorem 4.12 supplies an Ic complement Q' > A/ with index M; depending only on b. Pull it
back crepantly through the contractions. At each step the identity

Q= A= ( Qi1 — A1) + fiLispai—Li >0

shows that the pulled-back boundary dominates A;. Both terms are effective: the first is the
pullback of an effective Q-Cartier divisor, and the second is —d;C;. Crepancy preserves log
canonicity and the integral principal multiple M;(K¢, + €2;). Finite crepant pullback from @ to
S now gives a K-invariant effective boundary D, > bR with (S, D) lc and

My(Ks + Ds) ~0
integral Cartier. In particular no group order enters Mj.

Step 3. In this step, we find one subgroup of bounded index fixing every original component.
The surface S is klt and rational. For rationality, apply Theorem 4.13 to a log Fano boundary.
A smooth resolution is then rationally connected. A smooth rationally connected surface has
Kodaira dimension minus infinity and irregularity zero. Its minimal model is P? or a ruled surface
with genus-zero base, so it is rational. Theorem 6.10 applies to (S, D,). Each prime C of R has
Asp,(C) <1—0b<1, and therefore has orbit size at most

Ly, = 18MZ(2M)!.

Set N(b) =lem{1,..., Ly}. In the original cyclic group K, a subgroup of index d < L; contains
every N(b)-th power, since d | N(b). Thus the subgroup generated by these powers fixes every
such C simultaneously. Its index is ged(|K|, N(b)) < N(b). This also handles a nonfaithful
action, whose kernel fixes every component. O

Lemma 6.12. Let a finite cyclic group Q preserve an effective rational kit pair (U, A) on a
normal quasi-projective variety, and let w € U be a fized closed point. Let h :' Y — U be a
Q-equivariant projective birational morphism with Y normal. Then h~'(u) contains a Q-fized
closed point. The action need not be faithful.
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The assertion concerns the full cyclic group. We obtain its fixed point from a rational point
on a twisted fibre.

Proof. We descend along a cyclic extension, find a rational point on the twisted fibre, and
specialize to a fixed point in the original fibre.

Step 1. In this step, we descend the equivariant pair and morphism along a cyclic field extension.
If @ is trivial, any closed point of the fibre suffices. Otherwise choose a generator o, put ¢ = |Q)|,
and let

L =C(v), Ly = C(t), t =0l
Identify Gal(L/Ly) with @ by v+ (v <> o, where ( is a primitive ¢-th root of unity. Give the
base-changed diagram its diagonal semilinear action. Descent produces

htw . th N Utw’ (Utw, Atw)’ utw c UtW(LO)_

This descent is effective: a tensor product of translates of an ample bundle gives an invariant
linearized ample bundle on a quasi-projective model. The same construction with a relatively
ample bundle preserves projectivity of the morphism. The descended pair is effective klt, as can
be checked after the separable extension L/Lg on a log resolution.

Step 2. In this step, we obtain a rational point on the twisted fibre. By Theorem 6.6, the
projective fibre over u'V contains a geometrically rationally connected subvariety defined over L.
Take its closure and a smooth projective resolution. Theorem 6.7 gives a rational point on this
resolution, and hence on the twisted fibre. After extension to L, it is an L-point of the original
fibre h~!(u), satisfying the diagonal descent condition.

Step 3. In this step, we specialize the rational point to a point fixed by the full cyclic group.
Regard this point as a rational map from the v-line to h~!(u). Properness extends it over the
discrete valuation ring C[v](,). The descent condition identifies substitution v +— (v with the
action of o or its inverse, according to the chosen descent convention. Separatedness extends this
equality across v = 0. The substitution acts trivially on the residue field there, so the specialized
point is fixed by ¢, and hence by all of Q. [l

Lemma 6.13. Fiz a rational b € (0,1), and let N(b) be the integer in Lemma 6.11. Let a finite
cyclic group Q fiz a closed point P on a normal threefold Z. Let D = Y; D; be an invariant
reduced Q-Cartier divisor whose every prime component contains P. Let A > 0 be rational and
invariant, with no component in common with D, and suppose (Z, A + bD) is kit near P. Then
each D; has Q-orbit of size at most

N(0)([1/b] = 1).

The bound allows a kernel acting trivially on the auxiliary surface: it also controls how many
original divisors can have the same surface trace.

Proof. We use a plt extraction to produce curve traces on a log Fano surface. Adjunction bounds
the number of divisors sharing a trace, and Lemma 6.11 bounds the permutation of all traces.

Step 1. In this step, we construct the exceptional log Fano surface by an equivariant plt
extraction. Apply Lemma 6.3 to (Z > P,A 4+ bD). It gives an equivariant extraction pu: Z' — Z
with one invariant Q-Cartier prime S, with —S relatively ample, and with (Z’, S+ A’ 4+ bD’) plt.
Primes denote strict transforms. Here S is reduced. In the finite-quotient construction of the
cited lemma, a coefficient-one prime with ramification index j has upstairs crepant coefficient

i-G-1)=1
by the finite comparison of Lemma 3.8. Thus ramification multiplicity is not assigned as a
boundary coefficient to the exceptional prime.

The reduced fibre of p over P is S. Indeed, a contracted curve outside S has nonnegative
intersection with the effective Q-Cartier divisor S, contradicting relative ampleness of —S. Any
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additional isolated component is excluded by connectedness of proper birational fibres over a
normal base. Set o = Az A44p(S) > 0. Then

Kz +S+ A +bD' = pu*(Kz+ A+bD) + asS.
Theorem 6.4 gives a normal projective surface S and an effective klt different © satisfying
—(Ks +0) ~q a(=S]s).
The right-hand side is ample, so S is of Fano type.

Step 2. In this step, we retain the complete curve traces and bound their multiplicities in
adjunction. Each D) meets S, since its proper image is D; and P € D;. At an intersection point
an equation for a positive Cartier multiple of S is a nonzero nonunit on the integral surface D..
Its zero locus has a curve component. Consequently D} has a complete prime curve trace on S.
Let R be the reduced union of all these traces. It is Q-invariant.
For a prime C of R, the different formula in Theorem 6.4 reads
1 bnc +v
coeffc@zl——+M, de>1, wvo>0.
dc dc
Here n¢ is a positive integer at least the number of original strict transforms D) containing C'.
To see the positivity of each contribution, take a transverse surface at a general point of C' and
use Theorem 6.5. On its smooth cyclic cover the pullback of each such D} meets the reduced floor
with positive integral intersection multiplicity. This does not require individual Q-Cartierness of
the D} on Z'. The term v¢ retains all contributions from A’
Since (S, ©) is klt, bnc + ve < 1, whence
#{i:C C D} <nc<[1/b] — 1.
Moreover
1 v
coeffc © — bng = (1 - ) (1 —bnc) + < > 0.
do do
It follows that ©® > bR. The surface is Q-factorial, so decreasing the boundary gives a klt
pair (S,bR). Choose a large divisible j and a general member A of the base-point-free system

| — j(Ks + ©)|. Bertini on a log resolution shows that © + A/j is klt for sufficiently large j; it is
an effective rational complement dominating bR.

Step 3. In this step, we bound the orbit of each original component through its surface trace.
Lemma 6.11 gives a subgroup Qg of index at most N (b) fixing all prime traces. Choose a trace
C of Dj. Every member of its Qp-orbit contains C, so that orbit has size at most [1/b] — 1.
Multiplication by [@ : Qo] gives the stated bound. Strict transformation is an equivariant
bijection on the original prime divisors, so it has not changed their orbit sizes. O

Proposition 6.14. Let a € QN (0,1), set b = min{1/2,1 — a}, and use the integer N(b) of
Lemma 6.11 to define

Cci(a) = N(®)([1/b] = 1).
Let (X 3 x,B) be a klt threefold germ over an algebraically closed field of characteristic zero,
with rational boundary. Let p : (V 3 0) = (X 3 x) be a connected normal finite cyclic Galois
cover, quasi-etale and with a single underlying point over x, and write G for its deck group. Let
E be any primitive prime divisor centred at x with Ax p(E) = a. Then every primitive extension
F to k(V) satisfies

[G : Stabg(F)] < C<1(a).

The prescribed divisor need not compute a minimum. This permits the same cover and prime
to be used after perturbing the boundary.
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Proof. We extract the prescribed prime, normalize in the given covering field, and divide by its
inertia subgroup. The resulting effective exceptional boundary allows us to apply Lemma 6.13 at
a common fixed point.

Step 1. In this step, we transfer the marked diagram to the complex field and extract the
prescribed prime. We restrict to an affine neighbourhood of z. Apply Lemma 3.11 to the pair,
the finite cover, a model carrying F, and the normalization of that model with all primitive lifts
labelled. This finite diagram has a common realization over an algebraically closed subfield of
finite transcendence degree and over C. The discrepancy of the marked prime and the permutation
of all its primitive lifts are preserved. Thus it suffices to prove the assertion over C.

Theorem 5.2 gives a projective birational morphism 7 : Y — X extracting exactly FE, with F
Q-Cartier and —F relatively ample. Its reduced fibre over x is F, by the relative-ampleness and
connectedness argument in Lemma 6.13. With By the strict transform, we have

Ky+By+(1*a)E:7T*(KXJrB).

Step 2. In this step, we normalize in the original covering field and form the quotient by inertia.
Normalize the main component of Y x x V', obtaining v : W — Y finite and g : W — V projective
birational. Its reduced exceptional fibre is Ty = 2521 F;, where the F; are exactly the primitive
extensions of E to k(V). They form one G-orbit. Put H = Stabg(F), I = Ig(F'), and e = |I|.
Cyclicity makes I the inertia subgroup of every F;. The finite valuation comparison of Lemma 3.8
gives

t=[G: HJ, vV'E = eTy.

In particular Ty is Q-Cartier and —Tyy is ample over V.
Form the actual quotients

U=V/I, Z=W/I, AW — Z, h:Z—U.

The equivariant projective morphism g descends to the projective birational morphism h. The
subgroup I acts trivially on the function field of each Fj, hence on that reduced integral divisor.
The images T; of the F; are therefore distinct. They are the components of the reduced exceptional
fibre T'= %", T;, and

)\*T = eTw.

Taking norms of local Cartier equations shows that T is Q-Cartier; finite descent of relative
ampleness makes —7" ample over U. The residual group @ = G/I permutes the 7; in the same
orbit of size t.

Step 3. In this step, we identify the effective crepant boundary after the inertia quotient. Let
By be the finite Weil pullback of B, and let Bz be its strict transform on Z. The map U — X
is quasi-etale, so Kyy + By is the pullback of Kx + B, and (U, By) is klt by Lemma 3.8. The
ramification indices at F; for k(V)/k(X) and k(V)/k(U) are both e; in the valuation tower, the
primitive valuation of T; consequently restricts to ordg with index one. The same lemma gives
Ay B, (T;) = a. Therefore

Kz +Bz+(1—a)T = h*(KU + By).

This is an effective kit pair. Its total log divisor is Q-Cartier by the displayed equality; no
separate pullback of a canonical divisor or of the boundary was used.

Step 4. In this step, we obtain a common fixed point and bound the orbit of the original lift.
The full group @ fixes the point of U over x. Lemma 6.12, applied to (U, By) and h, gives a
Q-fixed point P € T'. It belongs to one component, and transitivity forces it to belong to all T;.
Since b < 1 —a and T is effective Q-Cartier, (Z, Bz + bT) is klt. Apply Lemma 6.13 at P with
A =Bz and D =T. Its bound is

t< NO)([1/5] - 1) = Cai(a).
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Every component counted is the image of an original lift, so ¢t = [G : H] is the required original
orbit size. O

Lemma 6.15. Let (X > z,B) be a kit threefold germ over an algebraically closed field of
characteristic zero, with rational boundary and mld(X > x,B) > 1. Set

c—min{1/2,ca(3,1)}, A= {1 - % 1<j<|1/e], j€ Z}.
There is a nonzero g € mx , such that the pair
(x.3%), B=B+ gdiv(g),
is kit near x, and every primitive prime E centred at x with Ax p(E) = 1 satisfies

Ay p(B)=1- gordE(g) e AC[1/2,1—¢/2] C (0,1).

The same g works for all these primes, and A depends only on the contact constant.

The divisor E need not compute the minimum of the perturbed pair. Its primitive lifts and
their stabilizers on any fixed cover are unchanged by this perturbation.

Proof. Theorem 5.9 gives a nonzero g € my, such that (X, B + cdiv(g)) is lc near x. Here
decreasing the contact coefficient to ¢ preserves log canonicity. Since div(g) is Cartier, Ky + B
is Q-Cartier. For every primitive prime P over this neighbourhood,

1 1
Ax pi(P) = §AX,B(P) + §AX,B+cdiv(g) (P) > 0.

Thus the perturbed pair is klt. For a prime F as in the statement, its primitive order and
closed centre imply that j = ordg(g) is a positive integer. Log canonicity gives 1 — ¢j > 0, so
1 <j < [1/c]. The claimed discrepancy formula and interval follow. t

Theorem 6.16. For every rational a € (0, 1], there is an integer Corp(a) > 0 such that for any
original cover data of exact minimum a,

[G : H] < Corb(a).

The bound depends only on a, and includes every prescribed original computing divisor over every
algebraically closed field of characteristic zero.

The bound concerns the orbit of each prescribed lift. It is independent of the boundary
coefficients and of the integer used to construct the original cover.

Proof. Let E be the computing divisor and F' its prescribed primitive lift in the original cover
data. If 0 < a < 1, Proposition 6.14 applies to the given cover and gives the result with
Corp(a) = Ccq(a).

Suppose a = 1. Use the function g, constant c, finite set A, and pair (X, Bf) of Lemma 6.15.
Set

Corb(l) = glgj( C<1(Oé).

This is a positive integer depending only on c¢.(3,1). The same original F has discrepancy in
A for the klt pair (X, Bﬁ). The given cover remains connected, cyclic, quasi-etale, and has one
point over . Thus Proposition 6.14 applies to (X, BY), this cover, and the same prime E. It
does not require E to compute the perturbed minimum. Neither the covering field nor the group
action on F' has changed, so its bound is exactly [G : H] < Cop(1). The proposition holds over
every algebraically closed field of characteristic zero and for every prescribed lift, which proves
the full assertion. O
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7. TERMINAL PAIR MODELS AND MARKED EXITS

We retain the integral-log cover and the natural linearizations of Section 3. We study effective
terminal models and the contraction of a prescribed computing prime. Throughout the section,
m is a positive integer.

Theorem 7.1 (Gorenstein terminal threefold points). A singular threefold point is terminal of
canonical index one if and only if it is an isolated compound Du Val point [Rei83, Theorem (1.1),
pp. 138-139].

In particular, the singular Gorenstein terminal case has an isolated hypersurface presentation.

Theorem 7.2 (Discrepancy of a non-Gorenstein terminal point). Let X > = be a terminal
threefold germ with canonical index r > 1. Then mld(X > z) = 1 4+ 1/r [Kaw93, Appendix,
pp. 193-195].

Lemma 7.3. Let V' be a normal variety with a faithful action of a finite group H, and suppose
that its finite quotient p :' V. — W = V/H exists. Let f : Q — W be a projective birational
morphism with Q normal, and let 7 :Y — Q be the normalization in k(V'). Then the following
hold:

(i) The original field action induces an action of H on'Y, with quotient Y/H = @, and an
H -equivariant projective birational morphism g:Y — V.
(ii) For every rational Weil divisor Dy on Q, the divisor Dy is Q-Cartier if and only if 7* Dy is
Q-Cartier. The variety Y is H-Q-factorial if and only if Q is Q-factorial.
(iii) For any two such models Q1, Q2, with normalizations Y1,Y2, a small birational map Q1 --»
Q2 over W induces a small H-equivariant birational map Y7 --» Yo over V.

This construction keeps the original function field while allowing the birational operations to
take place on a Q-factorial quotient.

Proof. We construct the normalized quotient diagram and then compare its divisors and small
maps.

Step 1. In this step, we construct the equivariant normalization and identify its quotient.
Normalization is finite for varieties. The variety Y is also the normalization of the component of
Q@ xw V dominating V. This gives the projective birational morphism g. The action on k(V)
preserves every integral closure, so all these maps carry the original H-action.

To identify the quotient, take an affine open of ) with normal coordinate ring A, and let A’
be its integral closure in k(V). An element of (A’)¥ belongs to k(V)# = Frac(A) and is integral
over A. It therefore belongs to A, proving (A) = A. These affine identifications give Y/H = Q.

Step 2. In this step, we prove Q-Cartier descent, compare equivariant Q-factoriality, and lift
small maps. The pullback of a Q-Cartier divisor is Q-Cartier. For the converse, suppose that
7Dy is Q-Cartier. Over the semilocal fibre of any point of ), some positive integral multiple
nm* Dy has a rational equation u: an invertible module over a semilocal ring is free of rank one.
Taking the field norm gives a local equation with divisor

div(Normy vy /kwy u) = mx div(u) = |H|nDy.

Thus Dy is Q-Cartier at each point of Q.

Now suppose that @) is Q-factorial, and let D be an H-invariant integral Weil divisor on Y.
The primes over each prime of () form one H-orbit and have a common ramification index.
Divide the common coefficient of D on that orbit by this index. The resulting rational Weil
divisor D on @ satisfies D = n*D;. Since D; is Q-Cartier, so is D.

Conversely, if Y is H-Q-factorial, the finite Weil pullback of every integral Weil divisor on
Q is invariant and Q-Cartier. The descent just proved makes the original divisor Q-Cartier,
establishing (ii).
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Finally, a small map between ()1 and Q2 is an isomorphism between open subsets with
complements of codimension at least two. Finite morphisms preserve the dimensions of
closed subsets, so their inverse images have complements of codimension at least two in Y7, Y5.
Normalization in the same field identifies these inverse images H-equivariantly. This proves
(iii). O
Lemma 7.4. Let (V,By) be a kit threefold pair, let m > 1 be an integer such that m(Ky + By)
is integral Cartier, and let a finite cyclic group H preserve the pair. Let g : (Y, By) — (V, By)
be an H -equivariant projective birational morphism. Assume that Y is H-Q-factorial, By > 0,
(Y, By) is terminal, and

Ky + By = g"(Ky + By).
Then the following hold:

(i) The underlying variety Y is terminal.
(ii) There is a natural H -equivariant isomorphism

Oy (m(Ky + By)) ~ g"Ov(m(Kv + By)).

(iii) Every log discrepancy of (Y, By) belongs to m™'Z, and, for every closed point P € Y,
1
mld(Y 3 P) > mld(Y 3 P,By) > 1+ —.
m

(iv) For every closed point P € Y, one has indp(Ky) < m.

The discrepancy grid gives a uniform gap above one and bounds the canonical index at every
closed point of a terminal pair model.

Proof. We first compare the bare and pair discrepancies, then identify the natural line and its
discrepancy grid. The terminal-point formula converts this grid into the index bound.

Step 1. In this step, we prove terminality of the underlying variety. The invariant rational
divisor By is Q-Cartier by H-Q-factoriality. Thus Ky is also Q-Cartier. For every prime D
exceptional over Y, effectivity gives

Ay(D) = AY,BY (D) + OI‘dD(By) > 1.

Indeed, a positive Cartier multiple of By has regular local equations, so its order along D is
nonnegative. This proves (i).

Step 2. In this step, we identify the natural log line and its discrepancy grid. Multiplying the
crepant equality by m identifies the two invertible sheaves in (ii). On the common birational
open set the identification is pullback of rational differential tensors. Their orders agree along
every prime divisor on Y, so this identification extends over Y with its natural H-action.

On a normal model f: T — Y carrying a prime D, we have

mAy gy, (D) = m + mcoeff p(Kr) — coeff p(f*[m(Ky + By)]) € Z.

Every prime centred at a closed point of the threefold Y is exceptional over Y. Terminality and
this integrality give Ay g, (D) > 1+ 1/m. The comparison in (i), applied to all these primes and
then to their infima, proves (iii).

Step 3. In this step, we use the discrepancy grid to bound each local canonical index. For
(iv), fix a closed point P and put r = indp(Ky ), which is finite by (i). If » = 1, the assertion
follows from m > 1. For r > 1, apply Lemma 3.11 to the existing terminal-model diagram and
the marked bare pair (Y 3 P,0). It gives a common realization Yy 5> Py over an algebraically
closed subfield kg C k of finite transcendence degree over QQ, together with an embedding kg — C.
Write Yr 3 Pr for the base change of this realization through that embedding; the base change of
Yy 3 Py to kis Y > P. Terminality is retained, and the lemma applied to the bare pair preserves
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both the exact local canonical index and the infimum over all primes centred at the marked
point. Hence

indp(C Kyc =indp Ky =, mld(Y@ = P(c) = mld(Y = P)

Theorem 7.2 applies to this complex terminal threefold germ, with that same index. Together
with (iii), it gives

1 1
l+-—=mld(Y 5 P)>1+ —, r<m.
r m

The marked point was arbitrary, so (iv) holds throughout the model over the chosen neighbourhood.
O

Proposition 7.5. Let (V' > o, By) be a kit threefold germ with m(Ky + By ) integral Cartier, and
let a finite cyclic group H preserve it. There is an H -equivariant projective birational morphism
g: (Y,By) — (V,By) such thatY is H-Q-factorial, By is effective, (Y, By) is terminal and

Ky + By = g"(Kv + By).

It extracts exactly the exceptional primitive divisors with log discrepancy at most one, including
those of discrepancy one. The natural m-log line is the equivariant pullback of the original line.
The underlying Y is terminal and indp(Ky) < m for every closed point P over a sufficiently
small neighbourhood of o. Here H-Q-factorial means that every H-invariant integral Weil divisor
is Q-Cartier.

The model retains primes of discrepancy one even though their crepant boundary coefficients
are zero.

Proof. We first locate all primes to be extracted, construct the model on the finite quotient, and
normalize in the original field. The crepant-model lemma then gives the natural line and the
local canonical-index bound.

Step 1. In this step, we prove that only finitely many exceptional primes have discrepancy at
most one. Only finitely many exceptional primitive primes over V have log discrepancy at most
one. Choose a projective log resolution f : T'— V by Theorem 3.1, and write

Kr+ Dr = f*(KV + By).

All coefficients of the simple normal crossing divisor D7 are less than one, though some may be
negative.

Blow up intersections of pairs of positive-coefficient components until those components are
disjoint. To see that this process is finite, consider a coordinate cone of the initial simple normal
crossing divisor, with coefficients by, ...,bs < 1. Every exceptional prime produced by a stratum
blowup has a primitive nonnegative integral weight vector w, and its log discrepancy is

S

i=1
There are only finitely many such vectors with this sum less than one, since each 1 — b; is
positive. There are finitely many initial strata and their components. Hence only finitely many
positive-coefficient primes can appear. Each blowup separates the chosen pair of strict transforms
permanently, and it blows up their whole intersection. There are only finitely many pairs of the
possible positive components, so the process terminates.

On the resulting smooth model f': T" — V| write K1 + Dy = (f')*(Ky + By). The positive
part (D)4 is a disjoint union of smooth divisors with coefficients less than one. Let Fj be a
prime exceptional over T”, and let 21, ..., z4 be regular parameters at its generic centre, where
d > 2. Put o = ordp,(2;) > 1. A logarithmic top differential has at most a simple pole along Fp;



SHOKUROV’S LOCAL INDEX CONJECTURE FOR THREEFOLDS 73

multiplying by z; - - zq gives A/ (Fp) > >, a;. If one positive component, of coefficient b < 1,
contains the centre, take its equation to be z;. Then
d
AT’,(DT/)+ (Fo) > (1 - b)Oél + Zai > 1.
i=2
If none contains the centre, the same inequality has no subtracted boundary term and is at least
d > 2. Since (D7v)y — Dy is effective,

Av,py (Fo) = A p,, (Fo) > A1 (p,.), (Fo) > 1.

Thus every exceptional prime over V' with discrepancy at most one already appears on this fixed
model. Their finite set £ is H-invariant.

Step 2. In this step, we extract the primitive restrictions of the selected primes on the quotient.
Replace V by an invariant affine neighbourhood of o, and write p : V. — W = V/H for the
quotient. An eigenvector lift of the fibre of the natural m-log line at o generates that line after
invariant shrinking. Apply Lemma 3.8 to the faithful image of H. Give W its finite crepant
boundary ©, so
Ky + By = p*(KW + 0).

The total divisor downstairs is Q-Cartier by the norm descent in Lemma 7.3. The coefficient and
discrepancy formulas of Lemma 3.8 show that © > 0 and (W, ©) is kit.

Let & be the set of primitive restrictions of £ to k(W). Its members are exceptional over
W, since finite maps preserve centre dimensions, and have log discrepancy at most one by the
same finite comparison. Put this finite set on a common projective log resolution of (W, ©).
The normal variety W is an excellent Noetherian scheme of equal characteristic zero and has a
dualizing complex. The pair is effective and klt, and the selected primes have classical discrepancy

at most zero. Thus Theorem 3.7 gives a projective Q-factorial model @ — W extracting exactly
&o.

Step 3. In this step, we normalize in the original field and obtain the effective terminal pair
model. For the application of Lemma 7.3, use the faithful image of H; the original action factors
through this image. Normalization of @ in k(V') supplies the projective birational H-equivariant
morphism ¢ : Y — V and H-Q-factoriality of Y.

The primes over a prime of () form one orbit. Since the original pair is invariant, all these
extensions have the same discrepancy. Finite morphisms preserve centre dimensions. Consequently
the g-exceptional primes are exactly £. Define By by the crepant equality. A strict transform of
a component of By keeps its coeflicient, whereas the coefficient of an exceptional prime D € & is
1 — Ay, (D) > 0. Hence By is effective. A prime exceptional over Y is exceptional over V; if
its discrepancy were at most one, it would already be a prime on Y. This proves terminality of
(Y, By), including the extraction of discrepancy-one primes with zero coefficient.

Lemma 7.4 now supplies bare terminality, the natural log-line identity, and indp(Ky) < m at
every closed point over the chosen neighbourhood of o. [l

Theorem 7.6 (Terminal singularities in codimension two). A terminal variety is smooth in
codimension two. In particular a terminal surface is smooth [CKM88, Proposition 6.10 and

Corollary 6.13].

Theorem 7.7 (The ordinary point blowup). Let X > z be a smooth germ of dimension n > 2,
and let a be an effective R-ideal with ord, a < 1. The exceptional divisor of the ordinary blowup
of x computes mld(X > z,a) = n —ord,a. If ord,a < 1, it is the unique computing prime
[Kaw17, Proposition 6].

Theorem 7.8 (Algebraic relative vanishing). Let m: X — V' be proper between varieties, (X, B)
an effective lc pair, and L a Q-Cartier integral Weil divisor. If L — (Kx + B) is m-nef and m-big
and is big on every lc centre over its image, then Rim,Ox (L) =0 for ¢ > 0. For kit pairs the
condition on lc centres is vacuous [Fuj09b, Theorem 2.48 and Corollary 2.49].
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Lemma 7.9. A terminal variety over an algebraically closed field of characteristic zero is smooth
in codimension two.

Proof. Choose a log resolution of the bare variety, and include it and a Cartier multiple of the
canonical divisor in a common realization as in Lemma 3.11. On the resolution the crepant
boundary is supported on the exceptional divisor and all its coefficients are negative. These
finitely many strict inequalities persist in the complex realization. They imply terminality there:
a further exceptional prime has discrepancy at least its discrepancy over the smooth resolution,
hence at least two. Apply Theorem 7.6 over C. The nonsmooth locus and its dimension are
preserved by algebraically closed field extension. The codimension bound therefore holds over
the original field as well. [l

Lemma 7.10. Let f : M — T be a projective birational morphism of normal varieties over
an algebraically closed field of characteristic zero. Suppose that (M, D) is an effective rational
klt pair and Kyy + D = f*L for a Q-Cartier divisor L on T. Ift € T is a closed point and
Zy = [~ (t)req has dimension at most one, then

R0 =0 (i>0), HY(Z;,04,) = 0.

Proof. We first establish relative vanishing over the given field and then restrict to the reduced
fibre.

Step 1. In this step, we establish relative vanishing over the stated ground field. Over C, apply
Theorem 7.8 with integral Weil divisor zero. The difference —(Kjys + D) = —f*L is f-nef. It is
also f-big, since the generic fibre of the birational morphism has dimension zero. The pair is klt,
so there is no lc-centre condition to check. This proves the first assertion over C.

For the original field, realize the morphism, boundary, crepant identity, a log resolution and its
discrepancy coefficients over an algebraically closed subfield of finite transcendence degree over Q,
as in Lemma 3.11. The resolution retains the effective klt pair after passage to C. Projectivity,
birationality and the Cartier identity are retained as parts of the finite diagram. On an affine
open of the base, compute cohomology on its inverse image by a finite affine cover. The scheme
is separated, so the intersections are affine. Tensoring its Cech complex with a field extension is
exact and computes the extended cohomology. Faithful flatness therefore descends the complex
vanishing to the field of realization and then transfers it to the original field. No resolution of
the target and no separate Q-Cartierness of Kr is used.

Step 2. In this step, we use a two-affine-open cover to obtain vanishing on the reduced fibre.
Restrict to an affine neighbourhood T of ¢ and choose a projective embedding f~(7") C P%,.
Choose a hyperplane containing no component of Z;, and a second hyperplane avoiding the finite
intersection of the first with Z;. For a zero-dimensional fibre choose the first hyperplane disjoint
from it. The two hyperplanes have no common point on the fibre. Their common intersection
with f~1(7") has closed image by properness; shrink 7” to an affine neighbourhood avoiding that
image. The two hyperplane complements give an affine cover of f~!(7"), with affine intersection.
Consequently every coherent sheaf on f~!(7”) has vanishing second cohomology.
Let 7 be the ideal of the reduced fibre on this inverse image. The cohomology sequence of

0—7Z—0y —0z —0

places H'(Z;,0y,) between H'(f~1(T"),Op) = 0 and H?(f~Y(T"),Z) = 0. This proves the
second assertion directly for the reduced fibre. O

Lemma 7.11. Let Z be a nonempty reduced connected projective scheme over k, with dim Z <1
and HY(Z,0z) = 0. Let a finite cyclic group K act on Z. Then H*(Z,0z) =k, and Z has a
K -fized closed point. If dim Z = 1, every irreducible component of Z is a smooth projective P*,
and the bipartite graph of components and points on at least two components is a tree, with one
edge for each incidence.
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The junction vertices allow several components to meet at one point; no nodal hypothesis is
imposed on Z.

Proof. We first determine the components and then use normalization to determine the incidence
graph. Properness and reducedness make H%(Z, Oz) a finite reduced k-algebra. Connectedness
therefore gives H°(Z,0z) = k. If dim Z = 0, the scheme Z is a single reduced point, which is
fixed by K.

Step 1. In this step, we identify each component as a smooth rational curve. Suppose dim Z = 1.
Connectedness excludes an isolated zero-dimensional component, so Z is pure of dimension one.
For an irreducible component C1, the ideal sequence

0 —Zcy, — Oz — Oy, — 0

gives HY(C1,0¢,) = 0, since a coherent sheaf on Z has no second cohomology. For the

normalization vy : C7 — C1, write

0— O¢, — (1/1)*(’)51 — 9 — 0.

Both curves have only constant global functions. Consequently H?(Ci, Q1) injects into
HY(C1,0¢,) = 0. The sheaf Q; has finite support, so it is zero. Thus Cj is normal and
has genus zero. Over k, it is a smooth projective P*.

Step 2. In this step, we prove that the component-junction incidence graph is a tree. Write the
irreducible components as 71, ..., Z;. The normalization sequence is
¢
0— 0z — @0z — Q2 —0.
i=1
The sheaf Q is supported at junction points. If r, components meet at such a point z, branch
residues induce a surjection

Q, — k"= /diag(k).

Hence length(Q,) > r, — 1. Cohomology of the normalization sequence gives
Zlength(Qz) =t—1.
z

The incidence graph is connected. Its number of edges minus its number of vertices plus one is

d(ro—1)—t+1>0.
z
The preceding length inequalities force equality. Thus the graph is a tree. They also give
length(Q,) = r, — 1 at every junction.

Step 3. In this step, we obtain a fixed point for the cyclic action. Repeated deletion of the
leaves of a finite tree leaves a vertex or an edge preserved by every automorphism. The action
here preserves the component and junction types, so it cannot invert an edge. There is therefore
a fixed vertex. A fixed junction vertex is already a fixed point of Z. A fixed component vertex
gives a K-stable P'. The image of K in PGLy(k) is cyclic. If it is nontrivial, a generator has two
eigenlines, each fixed by the whole image; if it is trivial, every point is fixed. This supplies the
required closed point in either case. Il

Lemma 7.12. Let (X > x,B) be a kit threefold germ with rational effective boundary, mB
integral and a = mld(X > z, B) = p/q > 1. Use its original integral-log cover (V 3 0) = (X > z)
and group G. For any subgroup K < G, let g : (Y,By) — (V, By) be a K-equivariant effective
terminal pair model from Proposition 7.5. Its reduced fibre Z = g~ 1(0)req 5 connected, has
dimension at most one, and satisfies

HY(Z,07) =k, HY(Z,07) =0.
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If it is one-dimensional, each component is a smooth projective P*, and the bipartite graph of
components and junction points is a tree with its actual K-action. The fibre has a K-fixed closed
point; such a point need not be a computing centre.

For a prescribed original computing lift F', put H = Stabg(F'), I = Ig(F), and take the model
for K = H. If its centre is a curve C, then C ~ P! and the kernel of the H-action on C is
exactly I. If q | m, this action is faithful and F is the ordinary generic blowup valuation of C.

The fixed point of the whole fibre and the centre of the prescribed computing divisor serve
different purposes.

Proof. We prove vanishing on the whole fibre, then identify the kernel on the prescribed computing
curve by its actual generic transverse quotient.

Step 1. In this step, we prove the rational-tree and fixed-point assertions for the whole fibre.
If the fibre contained a surface, it would be a prime D exceptional for g, with centre o and
Ay g, (D) < 1. Its primitive restriction Dx has centre z. Lemma 3.8 gives

_ Avp (D) _
AxDx) =Ty = b
contrary to a > 1. Thus dim Z < 1. The proper birational morphism g has normal target, so
9«0y = Oy; its fibres are connected. The crepant identity and effectivity allow us to apply
Lemma 7.10, giving H'(Z,0z) = 0. Lemma 7.11 now gives the component, incidence-tree and
fixed-point assertions. A curve centre C of F is then an irreducible component of Z, and hence
is isomorphic to P!.

Step 2. In this step, we identify the exact transverse minimum of the quotient by the curve-action
kernel. Use the model with K = H, and put J = ker(H — Auty k(C)). The valuation gives an
H-equivariant inclusion k(C) — x(F'), whence I < J. By Lemma 7.9, Y is smooth near the
generic point of C. On an invariant neighbourhood form the quotient 7 : Y — Q =Y/J, with
finite crepant boundary O, and let Cy = 7(C'). The residue field at the generic point of Cj is
k(C). The norm argument of Lemma 7.3 and Lemma 3.8 show that (Q,©) is an effective klt
pair.

Let Dg be any primitive prime with centre Cp, and extend it to a primitive prime D; of k(Y).
The inverse image of Cjy has just the component C| since its components form one J-orbit and C
is J-stable. Thus the centre of D; is C. Its primitive restriction (Dp)x has centre z, and the
original field actions give

Ay.py (D1) _ |1g(D1)|
[I;(D1)]  [1;(Dy)

For the prescribed F', one has I;(F) = Ig(F) = I. Its primitive restriction Fj to k(Q) therefore
has discrepancy exactly a.

Choose a nonconstant t € k(C), lift it to the local ring of Y at the generic point of C, and
average the lift over J. This gives a J-invariant rational function to with residue . After
shrinking, it is regular and defines a smooth morphism to the affine line near that generic point:
dt # 0 in characteristic zero. Write Ko = k(to). The generic fibre is a smooth surface M near a
closed point ¢, with

Ag.e(Do) = Ax g((D1)x) > a.

Owme = Oy k(c) = k(C),

and its quotient My = M/ J has a closed point ¢y with the same residue field. Invariants commute
with localization and separable scalar extension, since averaging is an idempotent projection.
The quotient is therefore the generic fibre of ). Restrict the boundary to obtain ©g on Mj.
Every prime over My centred at ¢y spreads to a prime over ) with centre Cp; its function field
and primitive valuation are unchanged. Cancelling the nonvanishing base differential dty from a
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canonical three-form shows that its surface discrepancy equals its threefold discrepancy. The
preceding all-prime comparison consequently gives

mld(Mo S Cp, @0) =a,

computed by Fp.

This equality also holds at each geometric point over ¢y. Indeed, choose an algebraic closure
Q of Ky. A divisor on a geometric model descends to a finite separable extension of K. Such
a constant extension is etale on every model over Ky, so it has ramification index one at each
divisorial local ring and preserves its discrepancy. Restriction therefore gives an original primitive
prime of the same discrepancy. Conversely, Fy has an extension above every embedding of
its centre’s residue field, with the same discrepancy. These two directions preserve the exact
minimum, not just the value of one chosen prime. The group J fixes each geometric point over c,
since it is trivial on k(C), and acts faithfully on its smooth surface germ.

Step 3. In this step, we identify the geometric transverse quotient as a reflection quotient. Work
at one such geometric point, writing Mq > ¢ for the smooth cover and Q' > ¢ for its quotient.
The bare canonical divisor of @’ is Q-Cartier: its finite Weil pullback is the canonical divisor
of the smooth cover minus the ramification divisor, and the norm descends a Cartier multiple.
Hence the effective quotient boundary is Q-Cartier. For every prime centred at ),

AQ/(D()) > AQ/7@Q (Do) >a>1.

A normal surface is smooth away from finitely many points on a neighbourhood of ¢. After
removing the other singular points these inequalities make @’ terminal. By Lemma 7.9, it is
smooth.

Put hy = |J|. Diagonalize its cotangent action and average lifts of the two eigenvectors
to obtain regular parameters z1,zo on the cover. Let u,v be the orders of their characters.
In the invariant completed local ring the monomials 2}, 25 are indecomposable. Every other
indecomposable invariant monomial would give a third independent cotangent vector. Since the
quotient is smooth of dimension two, all invariant monomials are products of these two. Thus
the invariant exponent lattice is generated by (u,0), (0,v). The action is faithful, so the index of
this lattice is hg = uv. The quotient parameters are Z; = z{', Za = 23, with ramification orders
u, v. The finite boundary formula and the discrepancy of the ordinary point blowup give

1 1
a§2—ord%@gg—+—.
u v

Since a > 1, one of u, v equals one. Interchanging parameters, the quotient has the form

(21,22) — (21, Zy) = (270, 29).

Step 4. In this step, we identify the curve-action kernel with the inertia of the prescribed
computing prime. Set by = ord% ©q. The preceding blowup has discrepancy 2 — by > a > 1,
so by < 1. Theorem 7.7, applied to the local equations of this effective boundary, identifies the
ordinary blowup as its unique computing prime. Its complex scope is sufficient here. Realize
the smooth pair and its ordinary blowup over a common algebraically closed subfield as in
Lemma 3.11; orders and the minimum are preserved. If another prime computed over €2, include
its model in that finite diagram. Its complex realization would be a distinct computing prime,
contradicting the cited uniqueness. This checks both the existence and uniqueness after field
comparison.

In particular every geometric extension of the original Fy is this ordinary blowup valuation.
The finite cover field is generated by zi: its faithful character has an orbit of size hg. The
equation z{’o = Z is Eisenstein for the ordinary blowup valuation. It has a unique extension,
with ramification index hg and unchanged residue field. In its normalized blowup chart put
woy = ZQ/Zl. Then

Zy = 2, zp = ZMowy.
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The whole J fixes the residue parameter wgy and acts trivially on the residue field. Uniqueness
identifies this extension with the geometric extension of the prescribed F'. The original residue
field embeds equivariantly in that field, so J already acts trivially on x(F'). Together with I < J,
this proves J = 1.

Finally, if ¢ | m, Theorem 3.9 gives I = 1. The ordinary transverse point blowup is then
the blowup of the maximal ideal of Oy, . Its exceptional prime is geometrically integral over
k(C), so the identification descends to the original primitive valuation. Thus the same F' is the
ordinary generic blowup of ', and the H-action on C' is faithful. ]

Lemma 7.13. Let Y be a normal threefold smooth outside a finite set, let E be an integral
Q-Cartier divisor, and let R > 0 be a rational divisor not containing E. Suppose a finite group
H preserves Y, E,R. Let m > 1,0 < a <1, ma € Z, and mR integral. Suppose that the natural
reflexive sheaf

£ =™ @ Oy (m(1 — a)E + mR)]*
is tnvertible and has an H-eigen-generator of character xo. For the normalization v : S — F,

there are a Q-Cartier rank-one reflexive conormal sheaf N and an effective rational divisor A,
with mA integral, such that

[wgn] ® Og(mA) @ N> ~ Og @ ky,

naturally H-equivariantly. In codimension one, A is the full conductor divisor plus the pullback
to S of R|g. If rE is Cartier, then

N~ 5 (Oy (—rE) ).

Proof. We calculate the full conductor at each codimension-one point, apply hypersurface
adjunction, and extend the resulting identity reflexively. Put U = Yieg and S° = v~ (ENU).
Its complement in S is finite. On U, the divisor F is a Cartier hypersurface and R is rational
Cartier.

Step 1. In this step, we compute normalized canonical modules with the full conductor. At
a codimension-one point of £ N U, let A be its one-dimensional local ring and A’ its finite
normalization. Write A = Ty/(fo), where Tj is the two-dimensional regular local ring of Y at
that point. The ring A is Gorenstein. Dualizing the two-term free resolution of A over T gives
wa = Ext%po (A,wr,). The finite algebra A’ is Cohen-Macaulay of dimension one. Its canonical
module is computed by a free Ty-resolution in the same way. Since foA’ = 0, the change-of-rings
calculation from that two-term resolution has its only nonzero row in degree one and gives

wp = EXt%ﬂO(A/,wTO) = HomA(A’,wA).

This is the finite-duality calculation needed here, at a hypersurface local ring.

Trivialize wy for this calculation. Every A-linear map A" — A becomes multiplication by an
element b after passing to the common fraction field. The condition is exactly bA’ C A. Taking
1 € A’ shows b € A, so these elements form the conductor ideal ¢ = {b € A" : bA" C A}. At
each branch, A’ is a DVR, and this nonzero ideal has a nonnegative integral order. Write it as
Ogo(—Ceond) in codimension one. We obtain

vV'wpny = wso(Ceond) in codimension one.

This computation places no upper bound on a conductor coefficient and makes no seminormality
assumption.

Step 2. In this step, we extend the boundary and conormal sheaf across the finite omitted set.
Define, in codimension one of S°,

A = Ceona + V' (R|EnU), Nlso = v*Opnu(—E).

A local equation of a component of R restricts to a nonzero regular function on the integral
hypersurface F, and stays regular on its normalization. Thus the second divisor in A is effective.
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Its multiplicities are integral multiples of the coefficients of R, proving mA integral. Close these
Weil divisors on S and extend N reflexively; the omitted finite set contributes no Weil prime. For
rE Cartier, the displayed formula for A"l holds on S°. Both sides are reflexive on the normal
surface, so it holds everywhere. Its right side is a line bundle; this proves that N is Q-Cartier.

Step 3. In this step, we obtain the natural adjunction identity with the original character. The
identity
Ky+(1—-a)E+R=Ky+FE+R—aFE

and hypersurface adjunction on U give, in codimension one of S,
Vi (Llp) = Wi @ Os(mA) @ Nl

The sign of the conductor here is positive, by the preceding canonical-module calculation; the
conormal exponent is ma. All maps are natural: adjunction is the residue map, the canonical-
module map is induced by the free resolution, and the conductor is identified by multiplication in
the original function field. They therefore commute with H, without changing a linearization by a
character. Reflexivity extends the equality uniquely to S. Restriction of the given eigen-generator
of £ now proves the claimed equivariant identity. The calculation also applies when a = 1; then
the conormal exponent is exactly m. O

Lemma 7.14. Let f : M — T be a projective birational morphism of surfaces over an algebraically
closed field of characteristic zero, with M smooth and T normal. Suppose that (M, D) is an
effective rational kit pair and Kyy + D = f*L for a Q-Cartier divisor L. If the reduced fibre over
a closed point has dimension one, it is a simple normal crossing tree of smooth rational curves.

Proof. The fibre is connected. Apply Lemmas 7.10 and 7.11, with the trivial group, to obtain
smooth rational components and the incidence tree. It remains to determine the intersections on
the smooth surface.

At a junction z with r, branches, let §, be the colength of the local ring in its normalization.
The proof of Lemma 7.11 gives §, = r, — 1. In the regular surface local ring, each smooth branch
is principal. For two unions of branches with no common component, the exact sequence

00— Ouup —> 0490 — Opn — 0

adds their intersection multiplicity to the normalization colength. Induction on the number of
branches therefore gives

6. =5 (Zi- 7). > (g)
1<j

Hence r, < 2. At a junction there are exactly two branches, with intersection multiplicity one.

They meet transversely, proving the assertion. (Il

Lemma 7.15. Let f: M — T be a projective contraction of normal varieties over k, and let
(M, D) be an effective rational kit pair such that —(Kpr + D) is f-ample. If a Q-Cartier divisor
L is numerically trivial on every curve contracted by f, then there are a positive integer qo and a
line bundle L1 on T such that

(’)M(qOL) >~ f*,CT
In particular, a negative extremal contraction of an effective rational kit pair is good in the sense
of Theorem 3.3.

Proof. Choose rg > 0 with roL integral Cartier. Both rqL and —roL are f-nef. For either sign,
(£roL) — (Kap + D) =¢ —(Ky + D)

is f-ample, hence f-big and f-nef. The normal varieties M,T are integral, excellent and
Noetherian of characteristic zero, and 7" has a dualizing complex. Thus Theorem 3.2 applies
to both Cartier divisors, with its integer parameter equal to one. For some common positive
multiple gy of rg, both Opr(goL) and its inverse are generated relative to f.
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Fix a point of T" and a point in its fibre. Relative generation supplies local sections s and t of
these two inverse lines, each nonzero at the latter point. Their product is a regular function on
the inverse image of a base neighbourhood. Since f.Op; = Or, it comes from a function on that
neighbourhood. The product is nonzero at the chosen fibre point, so after shrinking the base it
is invertible. Hence s trivializes Ops(goL) over the whole inverse image. The transition units
between such trivializations likewise descend through f,.Op; = Op. They define the line bundle
L7 and the required isomorphism.

For a negative extremal contraction, the anti-adjoint is relatively ample and every contracted
curve has class in its extremal ray. A rational line bundle numerically trivial on that ray therefore
satisfies the proved assertion, which is exactly goodness. (Il

Theorem 7.16. Let original cover data be given with 0 < a < 1. After shrinking around o,
there are an integer N > 0, H -equivariant projective birational models g; : Y; — V with effective
terminal pairs (Y;, B;), a sequence of small modifications over V, and a divisorial contraction
h: YN =Y — Z over V. EveryY; is bare terminal and H-Q-factorial, and

Kyl. —I—Bi:gf(K\/—i—Bv), Bi:(l—a)Fi—l-Ri,

where F; is the same original prime, R; > 0 avoids it, and all coefficients belong to
{0,1/m,...,(m — 1)/m}. The natural m-log line is the equivariant pullback of the original
line. For every closed point P € Y;, indp(Ky;) < m. The sole exceptional prime of h is the same
complete integral surface E = Fyn. The source pair has the form

(Y,(1—a)E + R), R>0, E ¢ SuppR,

and is terminal. The divisor —E is h-ample. The centre h(E) is a complete point or integral
curve over o. The maps are crepant for the pairs and retain the original natural m-log character.
The pair on Z is klt, and E is its unique exceptional divisor of log discrepancy at most one. The
quotient Z/H is Q-factorial.

For the normalization v : S — E, with its induced faithful H-action, there are a Q-Cartier
rank-one reflexive conormal sheaf N and an effective rational divisor A, with mA integral, with
a natural H-equivariant reflexive identity

[wém] ® Og(mA) @ N> ~ 05 © Eym-

The divisor A is the full conductor plus the normalized restriction of R, defined in codimension
one and closed on S. It need not be a boundary or make (S, A) le. If h(E) is a point, N is ample.
If it is a curve, the Stein factorization S — C — h(E) has C smooth projective, degree at most
two in its second map, and geometric generic fibre P*.

For ¢ = ct(3,a), there is an original g € mx , \ {0} whose pullback satisfies

divy(g) = (E + D, 1<¢<a/e, D>0, E¢ SuppD,
with (Y, (1 — a)E + R+ cdivy(g)) lc near E. Its leading section belongs to H°(S, NI)H . Every
primitive divisor P with centre contained in E satisfies
Ay (1—a)E+r(P) "
Ia(P)]  —

The prime E retains its original valuation and residue field. In particular, the construction at
a = 1 must retain the marked prime even though its boundary coefficient is zero.

Proof. We construct a good scaling divisor on the quotient and stop its MMP at the first divisorial
step. Normalization gives the marked contraction in the original field. Normalized adjunction
supplies the full character, the transverse fibre calculation gives the Stein degree, and the original
contact function supplies the invariant section.

Step 1. In this step, we construct a small klt perturbation by the marked prime on the quotient.
Apply Proposition 7.5 with the original H. Its model Yy contains the prescribed prime Fy,
including when a = 1 and its coefficient is zero. Put W = V/H and Q¢ = Yy/H. The quotient
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is projective birational over W: a power of the tensor product of the translates of a relatively
ample line descends to an ample line on the finite quotient. It is Q-factorial by Lemma 7.3.
Define the quotient boundaries Oy, ©g by the finite crepant identities. The coefficient formula
in Lemma 3.8 and norm descent make these effective klt pairs, and Q9 — W is crepant.

Let Fy be the image of Fy. Since H stabilizes the original prime and its inertia is one, the
finite pullback of Fy is Fyy, with multiplicity one. Its coefficient in ©g is 1 —a. On a log resolution,
the klt condition for (Qg,©¢ + eFO) is a finite collection of strict inequalities in €. Choose a
positive rational € < a satisfying them, and shrink the base around the image of 0. Then

Kg, +60 + eFy =w eFyp.

The perturbation is present also at a = 1; its construction does not use a positive original
coefficient of Fy.

Step 2. In this step, we construct a good scaling divisor and verify the relative MMP hypotheses.
Write fo: Qo — W and O, = Og + eFy. Choose an fy-ample Cartier divisor Lg, and set

Ag=nlg— (KQO + @6)

for a sufficiently large positive integer n. This is a Q-Cartier divisor. To check ampleness, choose
dy > 0 for which d;(Kg, + ©) is Cartier. The line

Oqo(d1Ag) = O, (d1Lo)®" @ Og,(—di(Kq, + O¢))

is relatively ample for n sufficiently large, as an ample twist of a fixed line bundle. Thus A is
fo-ample, and

KQO + @e + AO = 7’LLO
is fo-nef.

Both Qg and W are integral excellent Noetherian varieties of characteristic zero, (¢ is normal,
and W has a dualizing complex. The morphism fy is projective and surjective. The boundary
O, is effective and rational, its pair is klt, and its adjoint is Q-Cartier. Lemma 3.5 therefore
applies: Ag is a good scaling divisor, including the required etale-local effective representatives
preserving klt.

The source is Q-factorial. Moreover, Kqg, + O =w eFy is relatively pseudoeffective. The
termination hypothesis of Theorem 3.6 holds with its rational parameter equal to zero: O, is
fo-big because the generic fibre of the birational morphism has dimension zero. All hypotheses
of that theorem now hold over the original field, so the MMP with scaling of Ag exists and
terminates with a minimal model.

At every step the perturbed pair is klt. Its negative extremal contraction has relatively ample
anti-adjoint, so Lemma 7.15 makes that contraction good. Starting from )y, Theorem 3.4
preserves Q-factoriality at each flip, and Theorem 3.3 gives it for the target of a divisorial step.
Their base and source hypotheses hold at each stage, since all models are normal varieties over
the same field and projective over W.

Step 3. In this step, we prove that the first divisorial contraction contracts the marked prime.
Write @; for these Q-factorial models. Until the first divisorial step, the maps are small. The
divisor Kq, + ©; is the pullback of Ky + Ow: equality holds on the common open set in
codimension one and determines the Weil divisor on the small model. Thus

Kg, +0; + eF; = €F.

Every negative contracted curve lies in F}, since an effective Q-Cartier divisor has nonnegative
intersection with a curve outside its support. A divisorial step can therefore contract no other
prime: a general contracted curve in another exceptional prime would meet its complement of F;.
A fibre-type step is impossible for a model birational to the three-dimensional base W.

Nor can the process terminate with Fj still present and nef over W. Apply Lemma 4.9 with
pulled-back divisor zero, nef divisor Fj, effective divisor zero, and exceptional divisor —Fj. Its
conclusion would be —F; > 0, a contradiction. For its complex scope, realize the projective
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diagram and divisor over a common field as in Lemma 3.11. Relative nefness is preserved
by algebraically closed extension: a negative curve would spread and specialize to a negative
effective one-cycle over the smaller field. Thus the complex negativity statement gives the same
contradiction for the original diagram. Consequently a first divisorial step occurs. Stop there,
writing h : QN — Qfn. Its exceptional locus is exactly Fi, and —Fy is h-ample because this is
the negative extremal contraction with relative Picard number one.

Step 4. In this step, we lift the sequence by normalization while retaining the original prime,
field, and natural log line. Normalize every @); and Qgy, in the same original field k(V'), obtaining
Y; and Z. Lemma 7.3 gives

Yi/H = Qi, Z/H = Qfin.

In particular, Z/H is Q-factorial, every Y; is H-Q-factorial, and the small maps lift in the original
field. The last step lifts to a projective birational morphism h : Yy — Z. There is a single prime
over Fy, namely the same Fy, with multiplicity one, because its original decomposition group
is H and its inertia is trivial. Outside it the downstairs morphism is an isomorphism, so the
normalization is too. Thus the exceptional locus of h is exactly EF = Fl. Relative ampleness of
—FE follows from finite pullback of —Fy on the normalization of the dominating component of
the base change.

Define B; by Ky, + B; = g/ (Kyv + By ). On small models it is the strict transform of By,
hence effective, with coefficients in m='Z N [0,1). It has the form (1 — a)F; + R;, with R; > 0
avoiding F;. The small maps preserve the set of prime divisors on the models. Consequently a
prime exceptional over Y; is exceptional over Yy, and its crepant pair discrepancy is greater than
one. Every (Y;, B;) is terminal. Lemma 7.4 supplies bare terminality and the naturally linearized
pullback of the original m-log line. Its index bound also gives indp(Ky;) < m for every closed
point P on every small model.

Set By = h.Bpn, and let gz : Z — V be the induced map. With canonical divisors chosen
using the original rational log tensor, equality of the divisorial orders after pushforward gives

Kz + Bz = g7(Ky + By), Ky, + By = h*(Kz + Byz).

In particular m(Kz + Byz) is integral Cartier. These are divisor equalities: the original tensor
gives its generator, so no descent of a merely numerically trivial line is being assumed. The same
generator has character y|H throughout. The pair on Z is klt by these equalities. Among primes
exceptional over Z, the only one already appearing on Yy is F, of discrepancy a. Every other
one is exceptional over the terminal pair on Yy, and has discrepancy greater than one. This
proves uniqueness of the exceptional prime of discrepancy at most one.

The prime E lies in the projective fibre over o, so it is a complete integral surface. Its image
T = h(F) is complete and integral, and has dimension zero or one since h is birational. The
normalization S is projective. Its function field is the original x(F), on which H acts faithfully
because Ig(F) = 1.

Step 5. In this step, we obtain the natural adjunction line on the normalization with the full
conductor. By Lemma 7.9, Y = Yy is smooth away from finitely many points. The divisor F is
Q-Cartier by H-Q-factoriality, since it is invariant. The original cover data give ma € Z, and
the coefficient grid gives mR integral. The naturally linearized m-log line on Y has the original
eigen-generator of character y|H. All hypotheses of Lemma 7.13 therefore hold. It supplies N,
the full conductor plus normalized restriction A, its effectivity and integrality, and the required
reflexive identity. No step requires A to have coefficients at most one or the normalized pair to
be lc. If T' is a point, the formula

N = %Oy (=1 E)|p)

for a sufficiently divisible positive r proves ampleness by restriction and finite pullback of the
h-ample line.
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Step 6. In this step, we bound the Stein degree over a curve image by two. Suppose dim7T = 1.
Remove the finitely many images in T of the singular points of Y. Choose a nonconstant
element of k(7T'), lift it to Oz, and use its generic fibre over the corresponding rational function
field. This is the generic transverse construction in the proof of Lemma 7.12, now applied to
h. The point corresponding to 7 has residue field k(7). The source is a smooth surface near
its fibre: its local rings are localizations of the regular local rings of Y, and characteristic zero
makes regularity geometric. The restricted boundary is effective, and the restricted morphism is
projective, birational and pair-crepant. Cancelling the base differential preserves all discrepancies.
After algebraic closure of the constant field, every new prime descends through a finite separable
constant extension, whose divisorial ramification index is one. Thus the source pair remains klt
at every geometric point under consideration.

Lemma 7.14 applies to this actual geometric surface morphism. Its reduced exceptional fibre is
a simple normal crossing tree of smooth rational curves. Every component comes from the single
integral divisor E. The generic fibre of E — T is integral over k(7T'), so its geometric components
form one transitive Galois orbit. If the tree has vy vertices, all have the same degree dy. Hence

’U()d() = 2(1)0 — 1),

which permits only one vertex, or two joined vertices.

Normalization commutes with localization and with these separable constant extensions. It
follows that the geometric generic fibre of S — T consists of one or two disjoint copies of P!. In
its Stein factorization S — C' — T, the curve C is normal, hence smooth over k, and projective.
In characteristic zero the finite map C' — T is generically separable; its degree equals the number
of connected components of the geometric generic fibre of S — T. The degree is therefore at
most two, and the geometric generic fibre of S — C' is P!. Normalization and Stein factorization
are canonical, so these maps retain the actual H-action.

Step 7. In this step, we construct the invariant conormal section from the original contact
function and retain the all-prime comparison. We apply Theorem 5.9 to (X > x, B), with € = a,
and retain its original function g. Lemma 3.8 and pair crepancy show that

(Y,(1—a)E + R+ cdivy(g))

is lc near the fibre over o. Let Ex be the original computing prime whose prescribed lift is F.
By Definition 3.10, this lift has inertia one. Consequently

¢ =ordg(g) = ordg, (9), 1<e< AX’BC(EX) = %.
Since g is regular, the divisor D = divy (g) — ¢E is effective and avoids E.

We construct the leading section on the regular locus of Y. There E has a local equation t.
The rational function g/t has no pole along any prime divisor, so it is regular by normality.
Its restriction to F is generically nonzero. Under a change of equation for FE, these restrictions
transform as a section of Og(—¢FE). Pulling back to S gives a nonzero section of N ] away from
finitely many points. Reflexivity extends it uniquely over those points. The original function g is
H-invariant, and taking its initial term along F commutes with the natural action. Thus the
extended section lies in HO(S, N,

Finally let P be any primitive prime whose centre on Y is contained in F, and let Px
be its primitive restriction to k(X). Its centre on X is x. The original field actions give
Iy(P)= HnIg(P). Applying Lemma 3.8 to the original cover yields

Ava-ap+r(P) _ |Ia(P)|
|1 (P)] |11 (P)|

This comparison tests all primes with centre contained in F, including those not fixed by H. [

Ax g(Px) > Ax p(Px) > a.
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8. LATTICE APPROXIMATION AND NATURAL CHARACTERS

We retain the discrepancy and character conventions of Section 2. We first prove that the
local canonical index of a terminal threefold kills every integral Q-Cartier divisor class. We then
construct equivariant local charts and compare their natural log-canonical characters, retaining
the full inertia group. The final comparison applies to any finite abelian action on a smooth
ambient germ preserving a normal klt hypersurface.

Theorem 8.1 (Torsion in a punctured complete intersection). Let (A, m, k) be a three-dimensional
local complete intersection in a Noetherian ring R, with char k = 0. Assume every ring obtained
from R by finitely many localizations at prime ideals and completions at the resulting mazximal
ideals is factorial and Cohen—Macaulay. Then

Pic(Spec A \ {m})
is torsion-free [Rob76, Section 1, Theorem (ii)].

On an isolated hypersurface, a Q-Cartier divisor gives a torsion line bundle on the punctured
spectrum. The theorem therefore applies without assuming that every Weil divisor is Q-Cartier.

Lemma 8.2. Let Y 5 P be a terminal threefold germ over an algebraically closed field of
characteristic zero. Set r = indp(Ky), and let 7 : (W 3 z) — (Y > P) be the degree-r canonical
cover of Theorem 3.9, applied to (Y,0) with multiplier one. Then W is Gorenstein terminal
and is either smooth or an isolated hypersurface singularity of embedding dimension four. Fvery
integral Q-Cartier Weil divisor on W is Cartier near z.

This lemma supplies both the local divisor calculation and the hypersurface structure needed
for the equivariant charts below.

Proof. We check terminality of the existing cover, apply the two local structure theorems over C,
and transfer their consequences to the stated ground field.

Step 1. In this step, we prove terminality of the original canonical cover. Theorem 3.9 gives
a connected quasi-étale cover with a single point above P, and Ky = n*Ky is Cartier. An
exceptional primitive prime E* over W restricts, after primitive normalization, to an exceptional
prime E over Y: their centres have the same dimension under the finite morphism. For the
positive ramification integer ¢, Lemma 3.8 gives

Aw (E*) = tAy(E) > 1.
Thus W is Gorenstein terminal.

Step 2. In this step, we show that integral Q-Cartier divisor classes on the complex cover are
Cartier. Suppose first that the ground field is C. If W is singular, Theorem 7.1, namely [Rei83,
Theorem (1.1), pp. 138-139], makes it an isolated ¢cDV point. In particular its completed local
ring is R
OW7Z = C[[l’l, L2, T3, .%'4]]/(f), f € (wl’ €2,T3, ZC4)2,

and the singularity is isolated. The hypersurface property descends from the completion to the
excellent algebraic local ring; its cotangent space has dimension four. The power-series ambient
ring is regular. Every successive localization and local completion of it is again regular local,
hence factorial and Cohen—Macaulay. It therefore satisfies the hypotheses of Theorem 8.1.

Let Dy be an integral Q-Cartier Weil divisor on W, and let £ = Oy (Dy ), be its rank-one
reflexive module. Some reflexive power £ is free. Its completed module is rank-one reflexive
over @W, . flatness of completion and base change for duals of finite modules make completion
commute with reflexive powers. On the punctured spectrum U of this completed normal local
ring it is a line bundle, since U is regular, and its n-th power is trivial. Theorem 8.1 gives
E|U ~ Opy. Reflexive extension across the closed point then gives L ~ @W,Z. Faithfully flat
descent along completion makes £ free of rank one. Thus Dyy is Cartier. When W is smooth,
its regular local ring is factorial, which gives the same conclusion directly.
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Step 3. In this step, we transfer the local structure and divisor assertions to the stated ground
field. For arbitrary k, use Lemma 3.11 on the canonical cover diagram, its marked point, a
terminal log resolution, and the canonical Cartier trivialization. For the divisor assertion, include
the specified Dyy, its divisorial sheaf, and one Cartier multiple. These finite data have a common
realization over an algebraically closed field ky embedded in k£ and in C, retaining terminality
and canonical index one. Apply the complex argument to that realization. Smoothness or the
isolated complete-intersection property and the dimension of the cotangent space descend to kg
and ascend to k. Likewise, invertibility of the specified divisorial sheaf descends faithfully from
C and ascends to k. This proves both assertions over k, without asserting an embedding of the
entire field k£ into C. O

Lemma 8.3. Let Y > P be a terminal threefold germ over an algebraically closed field of
characteristic zero, and put r = indp(Ky). Fvery integral Q-Cartier Weil divisor D on'Y
satisfies that rD is Cartier near P.

The multiple is the exact local canonical index; no separate bound for the divisor class is
required.

Proof. Take the degree-r cover m : (W 3 z) — (Y > P) of Lemma 8.2. Its Weil pullback
Dy = 7*D is integral, since 7 is quasi-étale, and is Q-Cartier, since a Cartier multiple of D
pulls back to the same multiple of Dy. The lemma makes Dy, Cartier. The cover is local at its
unique point over P, so write Dy = div(h) for h € k(W)*. The field norm then satisfies

diVY (Normk(w)/k(y) h) = Ty diVW(h) = 7T*7T*D =rD.

Indeed, at each prime of Y the norm order is the sum of the upstairs orders weighted by residue
degrees, and the sum of ramification indices times residue degrees is r. Thus rD is principal on
the local scheme, and Cartier on a neighbourhood of P. O

Theorem 8.4 (Semi-invariant inversion of adjunction). Let G C GLy (k) be finite of order d,
without pseudoreflections, over an algebraically closed field of characteristic zero. Set X = AN /G
and let Z C X be the branch locus. Let Y C AN be a codimension-c complete intersection defined
by semi-invariants fi,..., feo. AssumeY =Y /G is kit and codimy (Y N Z) > 2. For an R-ideal
a on X with nonzero restriction to Y, and a closed y € Y, one has

mld(Y 5 y,a0y) = mld(X >y, (f{ - f&)"/a)
[NS26a, Theorem 7.1].

The branch condition concerns the underlying complete intersection. The additional ideal may
supply a boundary of coefficient one.

Theorem 8.5 (Completed smooth-quotient formula with ideals). Let G C GLy(k) be a finite
group without pseudoreflections, where k is algebraically closed of characteristic zero. Put
d = |G|, choose a primitive d-th root ¢, and set X = Speckl[[zx1,...,xN]]%, with closed point
) aj.j, where aj # 0 and d; > 0. For each v € G, choose eigen-coordinates with

eigenvalues €%, 1 < e; < d, and put age'(y) = 3, e;/d. Substitution z; — t°/%u; defines

/\,y : k[[l’l,. . .,(ENHG — k[ul, R ,UN][[t]].

o. Let a =

For w = (wi,...,w) € Z5, let Cyy C (AN) o consist of arcs u(t) satisfying
ordy Ay (ay)(u(t)) = w; (1 <j<7).

With cylinder codimension computed in this ordinary affine arc space, and empty cylinders
assigned infinite codimension,

mld(X > o0,a) = 1Vn1£ {codim Cyw +age'(y) — Z 6jwj} :
’ j
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The substitutions automatically send the mazimal ideal of o to positive t-order [NS25a, Section 7.1,

Theorem 7.9 and Remark 7.10, ¢ = 0].

We use this formula for invariant powers of a semi-invariant equation, with its full completed
series retained.

Lemma 8.6. Let S 3 o be a normal Gorenstein algebraic germ of positive dimension, let a
finite abelian group Jy act faithfully on it, firing o, and let C' be an invariant effective rational
Cartier divisor. Give Q = S/Jy its crepant quotient boundary Cq, and assume that Kg + Cq
is Q-Cartier and mld(Q 3 o/Jy, Cq) = ag > 0. Let p1,...,B3; be characters of Jy, where j > 1,
and let Jy act on
' J
S*=8xA C* =prsC+ ) _div(s;)
i=1
by its given action on S and the characters f; on the coordinates. Let (Q*,Cg~) be the crepant
quotient pair. Then
mld(Q* 3 (0,0)/Joy, Co+) = ay.
Moreover, if a primitive prime T centred at o satisfies Asc(T)/|15,(T)| = ao, and e = |1;,(T)],
there are integers 1 < N; < e and a primitive algebraic prime T* centred at (0,0) such that

ordT* ‘k(S) = OI‘dT7 IJO (T*) = IJO (T),
Ag+(T*) = Ag(T) + Y N, Age o+ (T*) = As o(T).

The coordinate divisors have coefficient one. Their contribution cancels the extra canonical
discrepancy, even when the original action has divisorial ramification.

Proof. We prove the lower bound for one coordinate and then construct the computing extension.
Both arguments can be iterated.

Step 1. In this step, we identify the primitive divisorial restriction to the original field. Let w
be a primitive divisorial valuation of k(S)(s) centred at (o,0). Its restriction to k(.S) is nonzero;
write it as pv, where p > 1 is an integer and v has value group Z. If d = dim S, the residue
field of w has transcendence degree d. Adjoining one transcendental element increases residue
transcendence degree by at most one, whereas a nontrivial discrete valuation on k() has residue
transcendence degree at most d — 1. Thus v has residue transcendence degree d — 1, so it is an
algebraic divisorial valuation. Its centre is o.

Step 2. In this step, we prove the lower bound for logarithmic product discrepancies. We claim
that

(8.1) Agxat pry, O+div(s) (W) = pAs,o(v).

At the generic point of a model carrying v, choose a uniformizer ¢ and separating residue
parameters. Put by = w(s) > 0, g1 = ged(p,b1), u1 = p/g1, and v1 = b1/g1. On the two-
dimensional toric chart with primitive ray (u1,v1), a uniformizer v has w(v) = g1, and R = s"* /t"*
is an invertible coordinate. A local canonical generator on S, wedged with ds/s, has order
u1As(v) — 1 along v = 0. The discrepancy of w on this smooth chart is at least w(v) = gi:
in a uniformizer for w, differentiating v lowers its order by at most one, and the other regular
differentials have nonnegative order. Consequently its logarithmic discrepancy is at least

g1(u1As(v) — 1) + g1 = pAs(v).
The pullback of C' has order pv(C), proving (8.1).

The inclusion of residue fields gives I, (w) C I, (v). Write their orders as e, and e,. By
Lemma 3.8 and the original quotient minimum,

A 1ok . w A
SxAlpry C+d1v(s)( ) > S7C(V) > pag > ag.
ew ev
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Every prime over the product quotient has a primitive finite extension, so this proves the lower
bound for all such primes.

Step 3. In this step, we construct a computing extension preserving the full inertia. For the
opposite inequality, the positive minimum on the fixed rational quotient pair is attained: its
discrepancies belong to ry 17 for an integral Cartier multiple ro(Kqg + Cq). If T is not already
specified, lift a computing prime to T over S. Set I = I;,(T), let e = |I|, and let Ap be its
faithful conormal character. Choose 1 < N < e with f;|; = /\¥ . The Gauss extension with
T*(s) = N has value group Z, restricts to 7', and has residue field (T")(s/tY). It is an algebraic
divisorial valuation, realized by the monomial ray (1, N) over the generic T-DVR. Its centre is
(0,0), and

Agupm(T7) = Ag(T) + N, Agxpt prs, cdiv(s) (T7) = As,o(T).

Every element of I fixes the new residue s/tVN. Conversely, inertia for T* fixes the embedded field
k(T), and hence belongs to I. Thus the full inertia is still I, and the quotient discrepancy is ag.
The same construction starting with any specified computing 7" proves the additional assertion.
Iteration gives the stated formulas for all j coordinates. (Il

Lemma 8.7. Let W 3 z be a normal algebraic threefold germ with o faithful action of a finite
abelian group A fizing z. Assume that W is smooth, or that its local ring is a hypersurface of
embedding dimension four. Let C' be an invariant effective rational divisor, let m > 1 satisfy mC
integral, and suppose the natural m-log-canonical line has an eigen-generator 7. Then W has a
faithful equivariant smooth algebraic ambient germ M of dimension three or four, respectively.
In dimension four its ideal has a semi-invariant generator f. There is a regular semi-invariant h
on M with divyy (h|w) = mC, and the character of T is the character of

QS /b or QS (f™h),
respectively.

The ambient equations are algebraic equations of the given germ. The construction does not
replace its function field by a completed field.

Proof. In the smooth case take M = W. In the singular case, embed an invariant affine
representative of W equivariantly in a finite-dimensional representation A", sending z to the
origin. To obtain this embedding, take the span of the finite group translates of algebra generators
vanishing at z. The kernel of the ambient cotangent map has dimension n — 4. Choose an
eigenbasis of that kernel and lift it to the defining ideal by the corresponding character projections.
The resulting n — 4 equations have independent differentials. Their common zero germ is therefore
smooth of dimension four and contains W. Denote it by M.

The remaining hypersurface ideal in Oy, is principal. Project a generator onto the character
of its one-dimensional fibre; Nakayama’s lemma shows that the projection is still a generator.
Call it f. The action on M is faithful because its restriction to W is faithful.

Put D = dim M. Choose regular eigenparameters z1,...,zp on M by splitting its cotangent
map with character projections, and put Q3 = dz1 A --- Adxp. An eigen-generator of the
dualizing line of W is § = Qj/ in the smooth case and § = Res(Qj/f) otherwise. The rational
function hy = 6% /7 is semi-invariant and has divisor mC'. Effectivity and normality make it
regular. Lift Ay to M, and project the lift onto its character. This gives a regular semi-invariant
h whose restriction is hy. The identity 7 = 6™ /hy gives the asserted natural character,
including the contribution of the full equation f. O

Proposition 8.8. Let (Y > Py, By) be a kit germ whose underlying threefold is terminal. Suppose
a faithful cyclic group J fixes Py and preserves the pair, and that mBy is integral and m(Ky + By)
has a natural generator with faithful character x. Let b > 0 be the exact closed-point minimum
of the quotient pair. For r =indp,(Ky), the connected local canonical cover W —'Y carries an
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abelian group extension
1 —py —J—J—1

The cover W is Gorenstein terminal and has one point over Py. It has an actual equivariant
smooth ambient germ My, of dimension three if W is smooth and of dimension four with semi-
invariant equation f otherwise. Let hg be the reqular equation of mByy, lifted equivariantly to
the ambient ring. The inflated natural character is that of

Qm Qm

— or

hp fmhg’
respectively, and its kernel is exactly p,. Fvery primitive algebraic ambient prime F centred at
the closed point satisfies

Avy(F) = F(f) = F(hg)/m __,
[I5(F)| 7
where the f-term is omitted in the smooth case. The ambient infimum is b and is attained.

The character kernel records the degree of the canonical cover. It must be retained when the
ambient action is used to estimate |J|.

Proof. We lift the cyclic action to the canonical cover and construct the natural ambient log
line. In the hypersurface case, logarithmic auxiliary coordinates make inversion of adjunction
applicable; restriction of an algebraic computing prime then gives attainment on the original
ambient germ.

Step 1. In this step, we lift the original cyclic action to the abelian canonical-cover extension.
Use the canonical cover 7w : (W 3 z) — (Y 3 Fy) of Lemma 8.2. In its cyclic algebra construction,
choose an eigen-generator a of wyfa]. Such a choice is possible by projecting any generator to the
character of its fibre at Py. Write
a=n""/cy

for a nonzero rational three-form 7. Thus the function field of the resulting cover is k(Y')(v),
with v" = cy. Its degree, connectedness, unique point over Py, and quasi-étaleness are those of
that same canonical cover.

Let o generate J, let h = |J|, and write o*a = ea and o*n = un. Then o*cy = €~
Choose a constant £ with £” = e~!. The rule

Lyrey.

Olpyy =07, o(v) = &uv

preserves v" = cy, and hence preserves the normalization defining W. Since o*n = 7, the
product of the successive transforms of u is one, and 5" (v) = ¢"v. This is a deck transformation.
Moreover ¢ commutes with every deck transformation, since roots of unity are constants. The
group generated by & and p, is therefore abelian and fits into the required exact sequence. These
algebraic automorphisms extend over an invariant neighbourhood of the marked point.

Step 2. In this step, we identify the natural log character and construct the actual algebraic
ambient chart. The cover is Gorenstein terminal by Lemma 8.2. Lemma 3.8 gives the klt property
of (W, By ), where By is the effective Weil pullback.

Let 7 be the given natural log generator on Y. Quasi-étale pullback of rational differential
tensors gives the natural equivariant equality

Ow(m<KW + Bw)) = W*Oy(m(Ky + By))

Thus 7*7 has the inflated character y, whose kernel is exactly .. If 6 is an eigen-generator of
ww, then

hw = 0™ /7T, diviy (hw) = mBy .
This is a regular semi-invariant by effectivity and normality. In particular the boundary equation is
obtained without assuming r | m. By Lemma 8.2, the singular cover is an isolated hypersurface of
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embedding dimension four. Lemma 8.7 therefore supplies the stated algebraic ambient equations
and their natural character in both cases.

Step 3. In this step, we establish the comparison and attainment when the canonical cover
is smooth. The invariant field and local ring of W/ J are those of Y/J. Composing the finite
crepant equalities shows that the two quotient boundaries agree, including their ramification
terms. If W is smooth, My = W, and Lemma 3.8 identifies each displayed ambient quotient
discrepancy with the discrepancy of its primitive restriction to this same quotient. The lower
bound is therefore b. The positive minimum on the fixed rational quotient pair is attained by
discreteness of its discrepancies, and a primitive finite extension of a computing prime gives
ambient attainment.

Step 4. In this step, we use logarithmic auxiliary coordinates and inversion of adjunction on
the hypersurface chart. Suppose now that W is singular, and use its hypersurface chart in Mp.
Choose a faithful representation of J by j characters, and form

W* =W x AJ, M = My x A7,
On W* use the boundary B* = prjy, By + >, div(s;). On M{ use

O = div(f) + %div(hg) £ div(so).

Denote their crepant quotient boundaries by Bj and Cj. Each nonidentity element acts
nontrivially on both W and some auxiliary coordinate. Thus both product quotient maps
are étale in codimension one. The underlying W* and Mg, and their quotients, are klt, by finite
discrepancy comparison with zero boundary. Set H = hp []; si"*; its restriction to W* is nonzero.
We claim that

(8.2) mld(Mg/J 3 (2,0)/J,C) = mld(W*/J > (2,0)/J, BY),

To apply Theorem 8.4 to this algebraic germ, embed Mg equivariantly in a linear representation
V, with the marked point at the origin. As in Lemma 8.7, choose semi-invariant local equations
41, ..., with independent differentials, and lift f, H to semi-invariants f, H on V. The two
complete intersections near the origin are defined by (¢1,...,¢.,) and (¢1,..., ey, f)

The representation on T, gy M is a quotient of V. Each nonidentity element acts nontrivially
on T, My, since regular eigenparameters detect a finite-order automorphism, and on an auxiliary
coordinate. Hence V' has no pseudoreflections. Its branch locus meets each complete intersection
in codimension at least two, by the product fixed-locus calculation. Their quotients are klt as just
checked. All these conditions hold on an invariant neighbourhood of the origin, which suffices for
the closed-point formula.

Put dp = |J|. Apply Theorem 8.4, that is [NS26a, Theorem 7.1], first to Mg with the invariant
ideal ((f™H)%)1/(mdo) "and then to W* with (H%)!/(mdo) Both restrictions are nonzero. Both

applications give the same ideal expression on V/ J:

(¢do .. .ggg)l/do(fdo)l/do (Fdo)1/(mdo)

Because the product quotient maps have no divisorial ramification, the restricted ideals give
exactly Cg and Bj. This proves (8.2). By Lemma 8.6, its right-hand side is b.

Step 5. In this step, we recover the minimum and its attainment in the original algebraic
ambient field. Extend any primitive ambient prime centred at z on My by the Gauss construction
in the proof of Lemma 8.6. That construction preserves its pair discrepancy and full inertia
without any assumption that the prime computes a minimum. The product lower bound then
proves the required original ambient lower bound.

The same equality also supplies attainment in the original algebraic field. The product
quotient is a fixed rational pair with positive minimum b, so choose a computing prime and lift
it primitively to w on Mg. Its restriction to k(M) is pv, with p > 1 and v primitive algebraic
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divisorial, by the residue argument in the product lemma. Writing e,, and e, for the full inertia
orders, repeated use of (8.1) gives

b— Amg.or(w) pAMo(V) —v(f) —v(hp)/m pAMo(V) —v(f) —v(hp)/m

> pb>b.

Cw Cw €y

Here I ﬂw) - j(y), and the numerator is positive by the original lower bound just obtained.
Equality forces p = 1, e, = e,, and equality in the original ambient comparison. Thus no formal
or analytic prime is substituted for an algebraic computing prime. O

For an action with cyclic image, write 37 (g) = 8(g)”. This is again a homomorphism, since
all its values lie in the same cyclic subgroup.

Lemma 8.9. Let p : A — Hy be a surjection of finite abelian groups, let B < Hy, and let
i, ...,ay be characters of A. If Q > 1 is an integer and

|H0| > |B‘QN7

then there is n € A with p(n) ¢ B such that every a;(n) has a signed phase in (—1/Q,1/Q). For
a cyclic action B : Hy — Aut(P!) and an integer P > 1,

| ker(8")| = | ker 5| ged(| im ], P).
The recorded characters need not be faithful, and the kernel of p does not enter the estimate.

Proof. Choose representatives in [0, 1) for the values of all N characters. Partition [0,1)" into
the Q" half-open cubes of side 1/Q. Put K = kerp. Since

Al = |K||Ho| > |K||BIQY,

one cube contains more than |K||B| = [p~!(B)| elements of A, counted as elements even if their
character vectors coincide. These elements cannot all belong to a single coset of p~!(B). Choose
a1,as in that cube and in distinct cosets, and put n = a1a2_1. Then p(n) ¢ B. The coordinate
differences of their representatives are signed phases of the «;(n), and each lies strictly between
—1/Q and 1/@Q. This also covers ) = 1, and the argument with the single zero-dimensional cube
covers an empty list of characters.

Let d = |im f3|. The P-th power map on a cyclic group of order d has kernel of order ged(d, P).
Its inverse image under 3 is ker(3"), and each fibre of 3 has |ker 3| elements. This gives the
second formula. O

Definition 8.10. Let d,m > 1 be integers, let a finite abelian group Jy act diagonally on
k[[x1,...,24]], and let Fy be a nonzero semi-invariant series. For g € Jy, let 6;(g) € (0,1] be the
positive phase of its action on x;. The coefficient arcs in the sector of g are the substitutions

z; =99 X(t),  Xi(t) € k[[t]].

A cylinder is the inverse image of a constructible set under a finite jet truncation of the ordinary
coefficient arc space (Ad)oo; its codimension is the codimension of that constructible set in
the corresponding affine jet space. If a nonempty cylinder Cy has constant finite contact
w = ordy Fy(t%9) X;(t)), its score is
: w
54(Cp) = codim Cp + Z 0:(g) — -
i

The substitution uses the entire series Fy. Its finite contact conditions depend on finitely many
coefficients because every 0;(g) is positive.

Lemma 8.11. In Definition 8.10, assume that the diagonal action of Jy is faithful. Let kg > 1
be an integer, let xo be the character of (dzy A -+ A dxg)®™/Fy, and assume | ker xo| < ko. Let
I < Jy be cyclic of order e, let N > 1 be an integer, and let ag be real. Suppose every nonempty
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finite-contact cylinder in every Jo-sector has score at least ag, and that one such cylinder Cy in
a sector go € I has score ag and contact w < N/e. Then

|Jo| < ko(4eN + 1)%.

Only the stated numerical properties of the cylinders enter this lemma. In particular, it makes
no identification of formal and algebraic function fields.

Proof. We choose a short character element, preserve the full equation’s contact under two
opposite shifts, and compare their scores.

Step 1. In this step, we choose an element outside the natural-character kernel with short
coordinate phases. Put Q = 4eN +1, and suppose that the claimed bound fails. Apply Lemma 8.9
with the identity map on Jy, the subgroup ker xg, and the d coordinate characters. We obtain
v ¢ ker xo and signed coordinate phases v; with |v;| < 1/Q. Write 6; = 6;(go). Since go € I,
every 6; is at least 1/e.

Step 2. In this step, we preserve the contact of the full series under two opposite shifts. At
least one monomial x* in the support of Fy has degree at most N: otherwise all its terms
would have order greater than N/e on Cy. Put zp = ap - v. For any two support exponents «, (3,
semi-invariance gives (o — ) - v € Z. If both have degree at most 21V, its absolute value is less
than 4N/Q < 1, so it is zero. Hence every term of degree at most 2N changes by the same
exponent zo under x; — tViz;, and |z9| < N/Q.

Consider both substitutions a:f[ = tTig;. All coordinates retain positive order. Every term of
degree greater than 2NN has order greater than

2N<1 1>>N+N> 17|

- — = — + —= > w+ |

c Q) e Q7 ’

The lower-degree part is multiplied by t¥%°, with all its cancellations preserved. Thus the full
series has contact w £ zy on the two shifted cylinders. If Fj is a unit, one may take cg = 0, and
both contacts are zero.

Step 3. In this step, we compare the opposite score increments and contradict the chosen
character value. The new sectors are those of gyy*'. Let 0;5 € (0,1] be their positive phases
and set nf =0, £ v; — 9}. Because 0; > 1/e > |v;|, each nf[ is zero or one. Multiplication of

the ordinary coefficient arc X;(¢) by 77 identifies the shifted cylinder CSE and adds >, nzi to its
codimension. Consequently

20
sgmﬂ(C'Oi) =ap £ <zz: v — m) .

Both scores are at least ag. Their opposite increments therefore vanish. But the phase of yo(7)
is mY_; v; — zp modulo Z, which would then be zero. This contradicts v ¢ ker xo. g

Proposition 8.12. Fiz positive integers m, ko and a real number Ly > 0. Let a finite abelian
group J act faithfully on a smooth algebraic germ M > o of dimension D > 2, fixing o. Let F
be a nonzero regular semi-invariant, possibly a unit, and let xj be the natural character on the
fibre at o of Op(mKy + div F), generated by Q5" /F. Assume |ker x| < ko. Give M/J the
actual effective crepant quotient boundary of (M,div(F)/m), and suppose its exact closed-point
minimum is a = p/q > 0, where p,q are coprime positive integers. Assume a primitive algebraic
prime T centred at o satisfies

Aum(T) < Lo, =a, e=|[[;(T)
If J admits a faithful representation by j characters, for a positive integer j, then

|J| < ko [4e max{1, [m(Lo + je)]} + 1]° 17
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Here

e:|IJ(T)ﬂkerXJ|g 0 <T(F)<mLyo.

7

cd(q,m)’
Divisorial ramification and pseudoreflections are allowed. An abelian extension of a cyclic group
by a cyclic group admits j < 2.

The computing divisor controls the contact of the full boundary equation. The auxiliary
representation will remove pseudoreflections while preserving its inertia and the natural character.

Proof. We first record the inertia and contact of the given computing prime. For an action
without pseudoreflections, the completed quotient formula then supplies a cylinder to which
the finite-contact packing lemma applies. Logarithmic auxiliary coordinates reduce the general
action to this case while preserving its full inertia and natural character.

Step 1. In this step, we determine the inertia and contact of the specified computing prime.
Apply Lemma 3.8 to (M, div(F')/m) and the specified T'. Its primitive restriction has discrepancy
p/q, so that lemma gives the asserted formula for e. Regularity gives T'(F) > 0, and the
computing equality gives

T(F)=m(Am(T) — ea) < mAp(T) < mLy.

Step 2. In this step, we obtain the completed contact formula for actions without
pseudoreflections. Choose actual regular eigenparameters zi,...,xp at o by projecting
lifts of a cotangent eigenbasis. They identify the completed local ring with k[[z1,...,zp]]
equivariantly. This diagonal action is faithful: an element trivial on the cotangent space fixes
these parameters, hence the completion, and hence the algebraic local ring. The natural character
of (dzy A+ ANdxp)®™/F is x, since changing a canonical generator by a unit does not change
its character on the fibre at the fixed point.

Assume for now that this action has no pseudoreflections. For every subgroup K < J, the
quotient map M — M/K is quasi-étale, and its actual crepant boundary is

1

The series FI®| is invariant and nonzero. Finite-group invariants commute with completion,
so the completed quotient is Speck[[x1,...,zp]]¥. For 7 € Qsq, the completion comparison
in [NS25a, Remark 3.1, pp. 452-453] identifies the closed-point minimal log discrepancy of the
algebraic pair (M/K,7Ak) with that of its completion at o/K. We then apply Theorem 8.5 to
the completed invariant ideal (FIK1)7/(mIKD to compute this completed minimum, using [NS25a,
Section 7.1, Theorem 7.9 and Remark 7.10, ¢ = 0]. Together these two comparisons give the
numerical identity

. . T
(8.3) mld(M/K > o0/K,TAk) = ge%fCO {codlm Co + ;91(9) — mw(Co)} (1 € Qs0),
where Cj ranges over nonempty finite-contact cylinders of the full completed equation, as in
Definition 8.10. Indeed, the invariant power has contact |K|w(Cp), and the positive phases in
that definition are the exponents of the theorem. Each exact-contact stratum is a cylinder;
replacing it by a nonempty cylinder inside it can only increase codimension. Thus the infimum is
unchanged by allowing all such cylinders. The left-hand side is the minimal log discrepancy of
the original algebraic pair; the comparison requires no identification of its function field with the
fraction field of its completion.

Step 3. In this step, we obtain a cylinder of bounded contact and apply the finite-contact
packing estimate. Set I = I;(T) and c¢r = T'(F). The inertia group I is cyclic of order e, by
its faithful conormal character. For every primitive prime centred at o on M, its inertia for [/
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is contained in its inertia for J. Finite comparison and a > 0 therefore bound every quotient
discrepancy centred at o/I below by a. The restriction of T" attains a, so

mld(M/I > 0/I,Ar) = a.

Take ¢ = 1/(er +2) and 7 = 1 — e. Effectivity and the same prime give

a<mld(M/I>o/I,TA;) <a+ T <t i
me me
For K = I, every positive phase and every finite contact belongs to e~'Z. The right-hand side
of (8.3) for this 7 therefore lies in the discrete group (me(er + 2))~!7Z, so its finite infimum is
attained by a cylinder. Its unperturbed score lies in (me)~'Z, is at least a, and is smaller than
a+1/(me). Since a = (Ap(T) — ¢ /m)/e lies in that same group, the unperturbed score equals
a. Comparing the perturbed scores gives

o+ —w(Co) Sat L, w(Cy) <L
m me e
With N = max{1,[mLg]|}, this is at most N/e. The full-group case of (8.3) bounds every
J-sector score below by a. Lemma 8.11 proves
(8.4) 7| < ko[4e max{1, [mLo]} + 1]
whenever the action has no pseudoreflections. This also includes the unit case ¢ = 0, when the
selected contact is zero.

Step 4. In this step, we remove pseudoreflections by logarithmic auxiliary coordinates while
preserving inertia and character. For the general action, choose characters f3i,...,3; whose
direct sum is faithful, and set

M* =M x A o, F*=F]][s"
i
Every nonidentity element acts nontrivially on the tangent space of M, as shown above, and
on an auxiliary coordinate. Thus its fixed space on M* has codimension at least two. The new
action has no pseudoreflections.
The natural character is unchanged, as the identity

(s Adsy A= Ads)®™ v °® (dsi>®m
FI; s™ F

54

shows. Lemma 8.6 preserves the exact minimum of the actual quotient pair, including the original
divisorial ramification, and extends 7T to a primitive algebraic prime T* with the same full inertia
and

AM* (T*) < L() + je.

Apply the case already proved in (8.4) to this product, with dimension D + j and discrepancy
bound Lg + je. It gives precisely the asserted bound for |.J|.

Finally, an abelian extension of a cyclic group by a cyclic group is generated by a generator of
its kernel and a lift of a generator of its quotient. Its invariant-factor decomposition therefore has
at most two nontrivial cyclic factors. Their faithful characters give the asserted representation
with 7 < 2, using one trivial character when the group is trivial. O

Proposition 8.13 (Full-ramification ambient comparison). Let a finite abelian group J act
faithfully on a smooth algebraic germ M > o and preserve a normal klt hypersurface W = (f =
0) C M. Let f and h be regular semi-invariants, with h|lw # 0, and let By = divyy (h|lw)/m
be effective, where m > 1 and mByy is integral Cartier. Give W/J the actual effective crepant
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quotient boundary, using the actual divisorial ramification indices, and suppose its exact closed-
point minimum at o/J is a > 0. Then every primitive algebraic prime T over M centred at o
satisfies

An(T) = T(f) = T()/m _

[1;(T))| T

Equality is attained by an actual primitive algebraic ambient prime. The statement allows
divisorial ramification and tangent pseudoreflections; it requires neither a faithful character on
W nor a cyclic presentation of J.

A subgroup may fix the hypersurface pointwise while acting on its normal line. The comparison
still uses the full inertia of its action on the ambient function field.

Proof. We first prove the assertion when the action on W is faithful, using logarithmic products
and inversion of adjunction. We then remove the kernel of the hypersurface action through an
explicit crepant intermediate quotient and compare the full ramification indices.

Put

C’zdiv(f)-i—idiv(h), n = dim M.
m

An eigen-volume form Q on M gives natural log generators Q€™ /(f™h) on M and
Res(Q2/f)®™/(hlw) on W. Their characters need not be faithful. Every quotient boundary
below is defined by the finite crepant equality. Lemma 3.8 gives its coefficient 1 — (1 — b)/u from
an upstairs coefficient b and the actual ramification index u. These boundaries are effective.
Their log classes are Q-Cartier: a group-order power of a natural local log generator is invariant
and descends to a Cartier trivialization of the corresponding log multiple.

Step 1. In this step, we establish adjunction when the hypersurface action is faithful. Assume
first that J acts faithfully on W. Choose j > 1 characters fi,...,3; whose direct sum is a
faithful representation of J, and form

M*=M x AJ W*=W x A/,

81,5857
with boundaries
C* =priy, C+ > _div(s;), B* = prjy By + Y _ div(s;).
i i
Write Cj and By for their quotient boundaries. The hypersurface W is Gorenstein, so Lemma 8.6
applies to (W, Byy) and gives

mld(W*/J 5 (0,0)/J, BY) = a.

Each nonidentity element has a proper fixed locus on W and acts nontrivially on an auxiliary
coordinate. Its fixed locus on W*, and likewise on M*, has codimension at least two. Both
product quotient maps are therefore quasi-étale. The underlying W™ is klt, and finite discrepancy
comparison with zero boundary makes its quotient klt. The same holds for M*. Only these
underlying varieties are required to be klt; the auxiliary boundary has coefficient one.

We apply Theorem 8.4, namely [NS26a, Theorem 7.1], to these actual algebraic germs. To
check the application for a nonlinear M, embed an invariant affine representative of M* in a
linear representation V', taking spans of group translates of algebra generators vanishing at (o, 0).
Its local defining ideal has semi-invariant generators £1,...,¢. with independent differentials: lift
an eigenbasis of its conormal fibre by character projections and use Nakayama’s lemma. Lift f
and H = h]]; s{" equivariantly to semi-invariants f, HonV.

The representation V' has no pseudoreflections. Indeed its tangent quotient 7{, o)M* has fixed
codimension at least two for each nonidentity element; the original tangent action on M is
faithful by regular eigenparameters. The branch locus of V' — V/.J meets the quotients of the
two complete intersections defined by (¢1,...,¢.) and (¢1,...,¢., f) in codimension at least two,
by the product fixed-locus calculation. These quotients are klt as just checked. These assertions
hold after restricting to an invariant neighbourhood of the marked point.
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Set d = |.J|. Apply the theorem first to M* with the invariant ideal ((f™H)®)Y () and then
to W* with (f] d)l/ (md) " The respective restrictions are nonzero, and both applications give the
same ambient ideal

(6 - e AT E D,
Since the product quotients have no divisorial ramification, their ideal boundaries are exactly
the crepant boundaries above. Thus

mld(M*/J 3 (0,0)/J,C3) = a.

Step 2. In this step, we compare all original ambient primes and establish algebraic attainment.
Let T be any primitive algebraic prime centred at 0 on M. The Gauss construction in the proof
of Lemma 8.6 applies to this specified prime, independently of whether it computes a minimum.
It gives a primitive algebraic extension T with

I;(T*) =1;(T), Appe o (T*) = Apro(T).

Finite comparison with the product quotient therefore gives Ay o (T)/|1;(T)| > a, the asserted
inequality for every original ambient prime.

The positive minimum on the rational product quotient is attained, since its discrepancies
lie in a fixed discrete subgroup of Q. Lift a computing prime primitively to w on M*. By the
restriction argument in the product lemma, w| M) = pv with p > 1 integral and v primitive
algebraic divisorial, centred at o. Put e, = |I;(w)| and e, = |I;(v)|. The embedded residue
fields give I;(w) C I;(v), and iteration of (8.1) gives

- Aps o (w) > pAM,C(V) > pAM,C(V)

Cw Cw ey

> pa > a.

The second inequality uses the positive lower bound just proved. Equality forces p =1, e, = €y,
and Ay c(v)/e, = a. This is attainment by an actual algebraic ambient prime over the given
field.

Step 3. In this step, we remove the hypersurface-action kernel and recover the full original
ramification comparison. Let K be the kernel of J — Aut(W). If W is singular at o, then f € m2,
so its cotangent space equals that of M. Every element of K acts trivially on that space, hence
on regular eigenparameters and on the local ring of M. Faithfulness on M then gives K = 1, the
case already proved.

Suppose that W is smooth and K # 1. Extend f to regular simultaneous eigenparameters
(f,y1,---,yn—1) for the abelian group J. The restrictions of the y; to W are nonzero, so their
characters are trivial on K. Thus K acts only in the normal coordinate f, and this character
is faithful. It follows that K is cyclic. Set s = |K| and ng : M — My = M/K. The
invariant completed local ring has regular parameters f° y1,...,yn—1. Regularity descends from
completion, so My is an actual smooth algebraic germ. Its hypersurface Wy with equation fo = f*
is isomorphic to W: taking invariants is exact and K acts trivially on W.

The restriction h|y # 0 likewise forces the character of h on K to be trivial. Hence h descends
to a regular semi-invariant hg on My. The only ramification divisor of mx near o is (s — 1)W.
Since 7} div(fy) = sW, the finite canonical formula gives

1
Ky + C = 1 (K, + Co), Co = div(fo) + o div(hg).

In particular the coefficient-one hypersurface boundary absorbs exactly the normal ramification.

The residual abelian group Jy = J/K acts faithfully on Wy and on Mj. Its hypersurface
quotient is the original W/J with its prescribed crepant boundary and minimum a. The faithful
case therefore applies to (Mo, Wy, ho, Jy). To return to the original full group, let Ty be the
primitive restriction of T' to k(My), and set ex = |Ix(7T)|. Lemma 3.8 and multiplication of
ramification indices in the tower give

Ane(T) = ex Ay, (To), |1;(T)| = ex|L5,(Tv)|-
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Thus the required quotient discrepancy for T' equals that for Ty, which is at least a. Conversely,
a primitive algebraic extension to k(M) of an ambient computing divisor on My is centred at o,
the unique point over its image, and the same identities give equality. This proves both assertions
with the original full inertia group. O

9. BOUNDED AMBIENT COMPUTING DIVISORS

We retain the discrepancy and inertia conventions of Section 2. The first construction passes
from a divisor over a hypersurface to a divisor over its smooth ambient germ, while preserving the
boundary order and the full inertia group. The second applies this construction to the canonical
cover of a terminal threefold pair.

Theorem 9.1 (Inversion of adjunction for a local complete intersection). Let X C A be a normal
local complete intersection of codimension ¢ in a smooth variety, W C X closed, and a = []; al*,
q; > 0, an R-ideal on A with nonzero restricted factors. Then

mldy (X, a0x) = mldy (4, Z%a).
For a normal Cartier divisor H in a normal lci variety X, the corresponding equality is
mldw (H,aOpg) = mldw (X, H + a),
with W C H and nonzero restricted factors [EMO06, Theorem 8.1 and Corollary 8.2].

We use this equality on normal surface sections and on smooth Cartier slices, always with a
nonzero restricted equation.

Theorem 9.2 (Approximation compatible with substitution). Let K be a field, z,y, z,t finite
tuples, and F(z,vy, z), G(x) tuples of algebraic power series vanishing at the origin. Suppose formal
tuples ®(x), ¥ (t) vanish at the origin and F(z, ®(z), V(G(z))) = 0. For every N > 0 there are
algebraic power series ®(x), U(t), congruent to ®, U to order N, for which F(z, ®(z), ¥(G(x))) =
0 [FQS16, Theorem 1.1].

The fixed substitution in this theorem will preserve the two base variables of the conic
presentation.

Theorem 9.3 (A bounded computing divisor on a terminal threefold). Let T' C [0, 1] satisfy
the descending chain condition. There is an integer L(T') > 0 such that every threefold germ
(X o x,B), with X terminal, B € T, and mld(X > z, B) > 1, has a prime divisor E centred at
x satisfying

AX7B(E) = mld(X = .’E,B), Ax(E) < L(F)
[HLL25, Theorem 1.2].

This supplies some computing divisor. We will first identify the ordinary minimum to which it
applies.

Lemma 9.4. Let ¢ : (N 3 0') — (M > o) be a pointed étale morphism of normal algebraic germs
over k, where o', 0 are closed points. Restriction and primitive normalization give a bijection
between primitive divisorial valuations centred at o' and those centred at o. The corresponding
discrete valuation rings have ramification index one and identical residue fields. If Kys is Q-
Cartier, the correspondence preserves bare discrepancies; it also preserves the orders of pulled-back
rational functions. If a finite group acts equivariantly on the pointed morphism, the correspondence
preserves decomposition groups, inertia groups and conormal characters.

The assertion concerns the selected points. It does not identify the two function fields.

Proof. Shrink N so that the fibre over o consists /o\f the chosen reduced point. Expose a primitive
divisor F over M on a proper birational model M — M. Since E maps to o, its base change to
N is

E XMN =F XSpeck {O/} ~ F.
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The base-changed model is étale over M and birational over N. The displayed divisor is therefore
the unique extension centred at o'; its ramification and residue degrees are one. Conversely,
the restriction of a divisorial valuation through the finite function-field extension k(N)/k(M)
is divisorial. After exposing that restriction on a model of M, the same base change proves
uniqueness and recovers the given valuation. Pullback of canonical divisors through étale maps
proves the discrepancy assertion. All identifications are equivariant when ) is equivariant. They
identify the residue actions and the action on a uniformizer modulo its square, which proves the
last assertion. O

Lemma 9.5. Let M 3 o be a smooth algebraic fourfold germ, and let a finite abelian group J
act faithfully on M, fizing o. Let f,h be regular semi-invariants, suppose W = (f = 0) is normal
and integral, and assume that the induced J-action on W is faithful and hlw # 0. Fiz an integer
m > 1 and a real number a > 0, and suppose (W, divyy (h)/m) is klt. Let F' be a primitive divisor
over W, centred at o, and set

Suppose there are I-equivariant pointed étale maps
N — M, N — My = Al x 8,

where S 3 s is a smooth threefold germ, the distinguished point of My is (0, s), and the pullback
of f equals the pullback of fo = u® + g, with g reqular on S. Assume I preserves the product
projection and makes u an eigenfunction. Let Fy be the divisor on (fo = 0) corresponding to F
by Lemma 9.4, and put ¢ = Fy(u) > 0. Assume Py — b/m = ea and that every primitive ambient
divisor Ty centred at o satisfies

Am(To) — To(f) — To(h)/m >
[1;(To)| -
Then there is a primitive algebraic divisor T over k(M), centred at o, such that

I(T)=1, T(h)=b,  Au(T)-T(f)—T(h)/m = ea,

and
Ay (T) < Py +max{2c¢,c+ b} +e.

A bound on the order of the square coordinate thus gives the required bound on the ambient
discrepancy. The equation of the effective boundary is retained throughout the construction.

Proof. We deform the square coordinate in the completed valuation ring, restrict the resulting
valuation to the algebraic ambient field, and use the assumed inequality to determine its primitive
normalization and full inertia.

Step 1. In this step, we deform the square coordinate while preserving the full boundary order.
Write the completed valuation ring of Fy as x(Fp)[[t]], with I fixing the coefficient field and
acting on t by its faithful conormal character A\. To obtain this presentation, lift a separating
transcendence basis of the residue field through the invariant valuation ring, lift its finite separable
residue extension by Hensel’s lemma, and project a uniformizer onto its conormal eigenspace.
The inertia is cyclic and the conormal character is faithful by Lemma 3.8.

Let ng be the least integer satisfying

no > max{2c, c+ b}, ng =2c¢ (mod e).

Thus ng < max{2c,c+ b} + e. Introduce a residue variable z transcendental over x(Fp), fixed by
I, and keep the expansions of all functions from k(S) unchanged. Replace the expansion up of u

by
o, 1/2
Us = UR (1 +— ) .
Up
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The root with constant term one exists because ng > 2c. It gives
w4 g=t"z, ordy(us —up) =ng —c > b.

Every parameter of My still has positive order. In the completed local ring of N, the pullback
hy of h is a power series in u and parameters from S. Changing only u by order greater than b
changes this series only in orders greater than b. This assertion can be checked on a finite jet of
degree greater than b, since all parameter orders are positive integers. Consequently the new
order of h is exactly b, including any cancellation among its original terms.

Step 2. In this step, we restrict the deformation valuation to an algebraic ambient divisor.
The finite map (fo = 0) — S has degree two. The restriction of Fy to k(S) has nonzero
discrete value group dgsZ and residue transcendence degree two. The new element fy =tz is
transcendental over this valued base field, so substitution defines an injection of k(M) = k(5)(u)
into k(Fp)(z)((t)). Choose r € k(S) of value dg. The residue of fgs /r™ is transcendental over
the residue field of the base. The restricted valuation therefore has residue transcendence degree
three and nonzero discrete value group. Its primitive normalization is an algebraic prime Ty over
My. For example, it is exposed by normalizing a model of a positive-value generator and three
independent residue parameters. Transport Ty through N back to a primitive divisor T over M
by Lemma 9.4. Write the unnormalized valuation on My as dordy,. This transport preserves
d, discrepancy, and the computed order of the actual function hy, even though hy need not
descend to Mj.

Step 3. In this step, we determine the discrepancy, primitive normalization, and full inertia.
Choose a local volume form 7 on S. On (fp = 0) the residue form 6 = n/(2u) has order Py — 1
at Fp; hence n has order Py + ¢ — 1 in the completed valuation ring. The identity

2us A dusx =1 A dfy

shows that the ambient volume form has order Py 4+ ng — 1. Indeed the independent residue
differential dz in dfy = not™ 'z dt + t"0dz contributes ng, and division by u, subtracts c. For
the scaled primitive valuation this order is dA/(7") — 1: differentiation of a primitive uniformizer
of order d contributes d — 1, and the residue extension is separable. Thus

dAy(T) =Py +no,  dT(f) =no,  dT(h)=b,

and in particular
d(Am(T) = T(f) = T(h)/m) = ea.

The character of up is A°. The congruence for ng makes t"0z/ u% invariant, so the selected root
is equivariant. The group I fixes every residue of the new valuation. Consequently I C I;(T).
Putting e = |1;(T)|, the original ambient inequality gives

a < e < a.
S dop =

Since a > 0, d > 1 and er > e, equality forces d = 1 and er = e. This proves the inertia and
contact assertions, and A/ (T) = Py + ng gives the bound. O

Lemma 9.6. Let S 3 s be a smooth algebraic surface germ, let Q be a nondegenerate binary
quadratic form, and let g # 0 be reqular on S. Suppose V = (Q + g = 0) C A? x S is normal.
Let D be a primitive divisor over V', centred at (0,s). Then its restriction to k(S) is pordpg for
a primitive divisor Dg centred at s and an integer p > 1, and

Av(D) > pAS(Ds).
If Q = u? + 22, then
Ay (D) = pAs(Ds) + [D(u) — D(v)|.

These estimates compare the given divisor with its base restriction; they do not require it to
be monomial.
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Proof. Over k, write Q = xy after a constant linear change. Then k(V) = Ek(S)(x). The
restriction is nontrivial and discrete. The residue transcendence inequality for this extension of
transcendence degree one, together with the divisorial residue degree two of D, shows that the
restricted residue field has transcendence degree at least one. The rank-one Abhyankar inequality
gives the opposite bound. Thus the restriction is divisorial and has the asserted form.

On a smooth model exposing Dg, write a local volume form on S as

n= tAs(Ps) 1o gt A dz,

where t is a uniformizer, z is a separating residue parameter, and ¢ is a unit. A canonical residue
form on V is n A dx/z. In a uniformizer of D, a differential of positive order loses at most one
order in its uniformizer term, and a nonzero wedge contains at most one such term. The order of
this residue form is therefore at least pAg(Dg) — 1, proving the first inequality. For Q = u? + v2,
use instead

nAdu n A dv

20 2u
Their respective lower bounds give the two signed differences D(u) — D(v) and D(v) — D(u),
hence the second inequality. [l

Proposition 9.7. Fiz an integer m > 1 and a real number Ly > 0. Let a finite abelian group J
act faithfully on a smooth algebraic fourfold germ M > o, fixing o, and faithfully on an isolated
cDV hypersurface W = (f =0). Let f,h be reqular semi-invariants with h|w # 0, and suppose
(W, By ) is klt for By = divyy (h)/m. Assume the actual crepant quotient pair on W/J, including
all divisorial ramification, has exact closed-point minimum a > 0. If a primitive algebraic prime
Fyw centred at o satisfies

Aw (Fw) < Lo, Aw,py (Fw) = ea, e = |I;(Fw)l,
then there is a primitive algebraic prime T over the original field k(M), centred at o, such that
I;(T)=1;(Fw),  T(h)=Fw(hlw),  Au(T)—=T(f)—T(h)/m = ea,
Ay (T) < Cpy Lo + 3e, Cy, = max{2m + 5,31, m + 16}.

The conclusion controls the divisor in the original ambient field and its inertia for the whole
group. No invariance of the prescribed computing divisor under that whole group is assumed.

Proof. We first prepare the quadratic part by equivariant algebraic étale maps. A binary quadratic
part is handled by Gauss valuations and normal deformation. In rank one, the reduced and
pure-cube cubic terms give a bound on the square coordinate, whereas a double-line cubic gives
a conic after nested approximation. Every constructed divisor is returned to the original field
before the quotient comparison is applied.

Step 1. In this step, we record the original quotient comparisons that control normalization and
inertia. Put

I=1I;,(Fw), Po=Aw(Fw), b= Fw(hlw).
Then I is cyclic of order e, and

Py—b/m =ea >0, 0<b<mPy<mLyg.
Proposition 8.13 gives

A (To) — T, —To(h)/m
0.1) m(To) = To(f) — To(h)/ >a
11;(To)|
for every primitive ambient prime Ty centred at o. The corresponding intrinsic inequality on W
follows from Lemma 3.8 and the quotient minimum. These comparisons are always used for the

full original group J.
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We will repeatedly use the following consequence. Suppose a constructed integer-valued
valuation returns to M as de ordy, contains [ in its inertia, preserves the homogeneous boundary
contact b, and has homogeneous pair discrepancy at most Py — b/m. Then

ea > dret (Ap(T) = T(f) = T(h)/m) > dret|15(T)]a > ea.

Positivity forces dyet = 1, 1;(T') = I, and equality of all the displayed discrepancies. The same
argument applies to an intrinsic replacement of Fy. Thus neither primitive normalization nor
extra inertia can be discarded in advance.

Step 2. In this step, we split the quadratic part through equivariant algebraic etale charts. The
quadratic part g of f is nonzero, since a general Du Val section has multiplicity two. Choose an
I-stable nondegenerate subspace of dimension one if rank go = 1, and of dimension two otherwise.
For the latter choice, the quadratic form pairs character spaces whose product is the equation
character. Distinct paired spaces supply a binary subspace. Among self-paired characters there
are at most two, since [ is cyclic; two vectors in one such space or one from each supply the
remaining cases. Take an invariant orthogonal complement.

Character projection lifts these cotangent vectors to regular eigenparameters. Their map
to affine four-space is étale. Let £ be the chosen one or two quadratic coordinates and ( the
remaining coordinates. The locus Cy = (0f/0§ = 0) is smooth and étale over the (-space,
because its normal Hessian is invertible. After base change by Cy, it is a critical section. With

55 = f - QCO and g= f‘C’oa write

f-g=()TAs,  Alo) =0,
where () is the matrix of the chosen nondegenerate form. The section ideal is generated by &, so
such a regular symmetric matrix A exists. Averaging its coefficients with the equation character

makes the identity equivariant. The matrix Q1A is Q-self-adjoint and equals the identity at o.
Adjoin the solution R near the identity of

R*=Q'A.

The derivative in R is twice the identity there, so this is a pointed étale extension. Uniqueness
in the completion implies that R is Q-self-adjoint and transforms by conjugation under /. Hence
RTQR = A, and ¢ = RS¢ gives f = Q(¢') + g exactly.

We obtain pointed I-equivariant étale maps

(9.2) N—M, N-— My=A"¢ %3  f5=0Q(¢) +g(5).

Here S is smooth. If necessary, base change once more by the inverse image of the zero section
to give the second map a section over ¢ = 0. All actions are realized on a common pointed
neighborhood by taking the fibre product of its finitely many [I-translates. Lemma 9.4 transports
Fy to a primitive divisor Fy on Wy = (fp = 0), preserving Py, residue field and conormal action.
Write hy for the actual pullback of A. We do not require hy to descend to Mj.

Step 3. In this step, we construct the bounded ambient divisor when the two quadratic factors
are preserved. Suppose rank qo > 2. Write

Foli(s) = pordpg, ko = pAs(Ds) < Po.

The last inequality is Lemma 9.6. The two isotropic lines of ) are permuted by I. If each
is preserved, write ) = xy with z,y eigenfunctions, and put ¢, = Fy(z), ¢, = Fy(y). If both
Cz,Cy > b+ e, choose the integer d, € (b, b+ e] congruent to ¢, modulo e. On k(W) = k(5)(x),
give x Gauss weight d,, keeping the base valuation. Its y-weight is ¢, + ¢, — d; > b. The value
group is discrete and the residue field has transcendence degree two, so its primitive normalization
is an algebraic divisor. Its homogeneous bare discrepancy is kg: this follows from the residue
form ng A dx/x and the independent Gauss residue.

The section in (9.2) gives a regular base function hy = hy|y—y—0, with hxy — ho € (z,y). Both
the old and new factor orders exceed b; hence both contacts equal the unchanged base value
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Fy(ho) = b. The conormal character acts in degree n of the old graded field by its n-th power.
The new z-weight has the same character modulo e, so I fixes the entire Gauss residue field.
Return the primitive divisor through N to W. The intrinsic equality argument above forces
primitivity, full inertia I, and bare discrepancy Py. After this replacement and exchange of x, y if
necessary, we have an intrinsic divisor with z-order ¢ < b + e, the same contact b, and the same
inertia and bare discrepancy as Fyy .

On the product fields use the independent variable so = fo:

k(Mo) = k(Wo)(s0)s  Yme = yw, + So/-

Choose the least integer n > ¢+ b congruent modulo e to the equation character in the conormal
grading. Thus n < c+ b+ e < 2b+ 2e. The Gauss extension with sg-weight n has homogeneous
bare discrepancy Py + n, since

ns A dx A dyn, = £(ns Adz/x) A dso.

All parameter values remain positive. The change of y has order n — ¢ > b, so the formal series
of hy retains contact b. The weight congruence preserves I-inertia. The Gauss valuation is
algebraic and divisorial, with one new independent residue parameter. Transporting it back and
applying (9.1) gives

I(T)=1, T(h)=b, Apn(T)< Py+2b+ 2e.

Step 4. In this step, we treat a binary quadratic part whose factors are exchanged. In the other
case take eigenvariables u, v with Q = u? + v?. Their character ratio is the nontrivial order-two
character of I; thus e is even. After exchanging them, write

Fo(u) = ¢ < Fo(v) = c+ 4, dg=e/2 (mod e).

The equation gives Fy(g) = 2¢, and Lemma 9.6 gives Py > ko + d4, with ko as above. If ¢ > b+e,
choose ¢ € (b,b+ e] congruent to ¢, and put dy = e/2 < §,. Keep the base valuation and give
u, v Gauss weights cg, cg + dp, defining a homogeneous valuation vg. Then

Ug(fo) = 2¢g, AMQ (Ug) = ko + 2¢o + dp.

The first equality uses Fy(g) = 2¢ > 2¢p. Evaluation at the zero section again preserves contact
b, and the weight congruences preserve [-inertia. The homogeneous pair discrepancy is at
most Py — b/m. The original comparison therefore forces equality after return, and yields
Ap(T) < Py +2b+ 2e. If ¢ < b+ e, apply Lemma 9.5, with base Al x S. Its bound is

Ay (T) < Py + max{2c,c+ b} +e < Py +2b+3e < (2m + 1)L + 3e.
This completes every quadratic-rank-at-least-two case.

Step 5. In this step, we reduce quadratic rank one to the three possible nonzero cubic types.
We now have fy = u? 4 g(z,v, 2), where S is a smooth threefold and g has order at least three.
The critical shift used above starts in degree two, so the cubic g3 is precisely the cubic on the
original quadratic radical. The germ Wj is still isolated cDV.

The cubic cannot vanish. Otherwise a general hyperplane with nonzero y-coefficient eliminates
y as a linear combination of u,x, z. Give these variables weights (2,1, 1). The section equation
has order at least four, equal to the sum of the weights. This produces an ambient divisor of
nonpositive discrepancy for that coefficient-one equation. A general section is Du Val, hence
normal and klt, contradicting Theorem 9.1.

For this use of the complex theorem, and its uses below, apply Lemma 3.11 to a common finite
diagram consisting of the smooth germs, their Cartier sections, the equations and any divisor
being tested. Realize it over a field embedded in C. The explicit surface resolutions and the
orders of canonical and Cartier pullbacks are preserved. Apply the theorem there and return
these same discrepancy inequalities. No assertion about an unrelated complex divisor is needed.
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A nonzero ternary cubic is reduced, a cube of a linear form, or L?R for independent linear
forms L, R. Indeed every repeated irreducible factor has degree one. We treat these three
alternatives separately.

Step 6. In this step, we bound the square-coordinate order for reduced and pure-cube cubic
terms. If g3 is reduced, a general plane in the base cuts its projective cubic in three distinct
smooth points. The restricted plane curve has three distinct tangent lines. One blowup separates
its three smooth branches; for coefficient 2/3, the crepant exceptional coefficient is one. Thus for
this smooth Cartier plane Hy C S,

(Ho, (2/3)div(g|m,)) isle.

If g3 is a cube, choose a base coordinate so that g = 2°, and write g = 23 + g4 + g5 + g>6. At
least one of the binary forms

Q4 :g4(0>yaz)7 Q3 = (81"94)(07y7 Z)7 Q5 = g5(0,y,2)

is nonzero. If all vanished, 2 would divide g4 and = would divide gs. On a general hyperplane
eliminating y, weights (3,2,1) on (u, z, z) would then give equation order at least six and weight
sum six. This contradicts a normal Du Val section by the same inversion argument.

Choose a base plane through the x-axis and a direction where the first nonzero form among
Q4,Q3, Q5 does not vanish. In its coordinates (x,t), the respective weighted initial equations,
weights and weighted degrees are

w3 +att | (4,3)] 12
34 axt? | (3,2) | 9 (a #0).
4 at® | (5,3) |15

All omitted terms have strictly larger indicated weight. Their thresholds are respectively
7/12,5/9,8/15. Here is the resolution calculation, including the higher terms. For z3 + at”,
r = 4,5, the sole compact Newton edge joins (3,0) to (0,7). Its face equation is smooth on the
torus and has no zero at the two endpoints of the weighted exceptional line. A regular toric
refinement therefore gives simple normal crossings. The ratio on a positive ray (vi,ve) is

V1 + U2
min(3vy, rve)’

whose minimum is (3 + r)/(3r); strict components have ratio one. In the middle case the first
edge has normal (3,2) and ratio 5/9. If ¢ is the first pure ¢-term, then n > 5 and the only
additional edge has normal (n — 3,1) and ratio (n — 2)/n > 3/5. Its face is t3(az + ft"73),
smooth on the torus. If there is no pure term, x is a reduced component of ratio one. The first
face is also smooth on the torus. All remaining exponents lie above these edges; regular toric
refinement and linearity on each cone give the asserted threshold 5/9. This calculation concerns
the plane restriction, and assumes no Newton nondegeneracy of g. In particular, in every cube
case

(Ha, (8/15) div(glm,)) is le.

Set 70 = 2/3 in the reduced case and 79 = 8/15 in the cube case. The plane is smooth Cartier,
its restricted equation is nonzero, and its centre is the closed point. Theorem 9.1, with the field
realization already specified, gives for every primitive divisor Dg centred there

As(Ds) = Ds(Hz) + 10Ds(g) > 10Ds(g)-

The double cover Wy — S has branch pair (S, % div g): normality excludes a repeated divisorial
factor of g, and integrality excludes a square in k(S). Write Fyly(s) = pordpg, with p € {1,2},
and put ¢ = Fy(u). Lemma 3.8 gives

2¢=pDs(g9),  Po=pAs(Ds) —c> (210 — 1)e.
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Thus ¢ < 3F; in the reduced case and ¢ < 15F; in the cube case. The square-deformation lemma
now gives respectively

Ay (T) < max{7,m +4}Lo + e, Ap(T) < max{31,m + 16}Lg + e.
In both cases it preserves the original contact and full inertia.

Step 7. In this step, we prepare the double-line cubic as an exact algebraic conic equation. It
remains that g3 = L?R. Its two factors have different multiplicities, so I preserves each. Choose
eigenparameters (x, z,w) on the radical with g3 = 22z; then

Xf = Xo = X2Xe-

We put the actual equation into a conic form while keeping w as a base coordinate. At total
degree d > 4, the terms to remove have a unique expression

22 Ag o, 2,w) + 22Dy o (2, w).

The remaining terms are of the form zB;_1(w) + Cy(z,w). Replace z by z — A;_s and x by
x — Dg_o/2. The differential of 22z cancels the displayed terms. Every new error has degree at
least d + 1: the correction has degree d — 2 > 2, and the terms quadratic in it have degree at
least 2d — 3. The characters of Ay_o, Dy_o are respectively X, x,. Iteration gives an equivariant
formal change tangent to the identity, with w fixed, for which

(93) g(¢x7 sz» w) = CC2Z + fl:Bfor(w) + CfOI‘(Z) w)u

where the last two orders are at least three and four.
We apply Theorem 9.2 to this precise substitution problem. Put X = (z,z,w) and v =
(x€, 2¢,w®). An eigenseries of character xo has the unique expansion

> X Ua(v).
0<a;<e
X(X¥)=xo0
Use this expansion for ¢, ¢., and its two-variable version for By, Ctor. The coefficient functions
for the latter depend only on (v.,v,). Replace these coefficient functions by their known
constants plus indeterminates. The difference in (9.3) is an algebraic power series in X and
those indeterminates. Expand it in the finite basis X over k[[v]]. Its coefficients are algebraic:
projection onto an exponent class is averaging under the coordinatewise u2 action, followed by
division by X®. The quotient is invariant and algebraic over the rational field in v and the
indeterminates.

Set this finite list of coefficients equal to zero. After subtracting their known constants, all
unknown series vanish at the origin. The formal solution is the one just constructed. Apply
the approximation theorem with the fixed projection v — (v,,v,,), to order at least five in v.
Reassembling the eigenseries gives an exact algebraic solution

g(¢m,alg, ¢z,alga w) = 2z + xB(z,w) + C(z,w).

The retained jets give an identity tangent map and ord B > 3, ord C' > 4. Characters are built
into the expansions. The new B may depend on z, which is permitted.

These algebraic power series belong to the henselization of the polynomial local ring. Realize
the finitely many of them, and the inverse change with invertible Jacobian, on common pointed
étale neighborhoods. Taking the fibre product of their I-translates realizes the equivariance. We
obtain new maps N. -+ M and N, — M., with

M, = Ai’x X S, fo=u?+ z2% + B(z,w)z + C(z,w),

where S, is smooth and étale over the (z,w)-plane. The equation is exact. The boundary is
still the original function h. = h|y, on the common neighborhood. Let F, be the transported
intrinsic divisor; it has bare discrepancy Py, contact b, and the same conormal action of I.
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Step 8. In this step, we construct the quadratic extension of the conic and retain its differential
and inertia data. Adjoin to with ¢3 = 2. The base change S’ of S, is smooth and étale over the
(to, w)-plane. On the actual extended rational fields put
U =2tou, Y =2tix+ B(t},w), R.=4t3C —B? f.=U?+Y?+ R.=4tlf..

The coordinates (U, Y1) define the smooth ambient M/ = Afy, x S.. The function R, is nonzero.
Otherwise regularity of C and 42C = B? would imply z | B, and the branch polynomial would be
2(x + B/(22))%. The original hypersurface would then be singular in codimension one, contrary
to normality. The intrinsic quadratic extension also has degree two: if z became a square in
k(S.)(z)(u), its square class would equal that of zx? + Bz + C. A quadratic polynomial in x
could then have only even-order roots, forcing B? = 42C, already excluded.

Let F’ be a primitive extension of F,, with ramification p. € {1,2}. The group I lifts with the
quadratic deck involution to a group of order 2e. Its inertia I’ at F” is cyclic of order q. = pce,
maps onto I, and intersects the deck group in order p.. These are the inertia identities in the
Galois valuation tower. The deck involution sends (g, U, Y1, w) to (—tg, —U, Y7, w).

The hypersurface V' = (f. = 0) is normal. A constant linear change puts its equation in the
form XY + R. = 0; it is integral, and its singular locus has codimension at least two, while it is

Cohen—Macaulay. The rational volume identity
duNdx ANdz Nd d dY1 Ndtg N d
(9.4) u A x}\ z A\ w:2 UA 1;) o A dw

includes every power of ty. Taking residues and using tame ramification gives
P, = AV/(F,) = ,OCP07 b/ = pcb.

Set
d. = F'(to), vy = F'(U), vy = F'(Yl), bg = F'(B),
with bg = +o0 if B = 0. Original centering gives
vy > de, F'(Y1 — B) > 2d,, F'(w) > 0.

Write the restriction to k(S7.) as scordp,, and put k. = s.Ag/ (D.). Lemma 9.6 and the smooth
differential inequality on the base give

(9.5) P> ke + |vy — vy, ke > d.+ F'(w) > d..

In particular d. < P’. The square characters of U,Y; agree. Their characters either agree, or
differ by the order-two character of I’; in the second case vy — vy = ¢./2 (mod ¢.).

Step 9. In this step, we apply square deformation when a conic coordinate has small order. Put
ce = Fe(u) = (vy — de)/pe. If bp < 2d., then vy = bp, since F'(Y] — B) > 2d.. Equation (9.5)
gives vy < P’ +d., and in particular ¢, < 2Py. If bp > 2d. and min(vy,vy) < b + 2d. + q., the
same estimate gives

v <V +2d.+q.+ P, ce <b+2P)+e.
In either case the square-deformation lemma applies to f. = u? + (222 + Bx + C), with base
Al x S.. Tts original-field bound is

Ay (T) < Py + max{2cc,cc + b} + e < 5Py +2b+ 3e < (2m + 5) Loy + 3e.

Step 10. In this step, we treat large conic-coordinate orders while preserving the complete
boundary contact. It remains that bg > 2d. and vy,vy > b + 2d. + g.. Choose integers
ay,ay € (b +2d.,b 4+ 2d.+ q.], congruent to vy, vy modulo g.. Keep the base valuation s.ordp,
and give U, Y these Gauss weights, obtaining a homogeneous valuation v. on k(S.)(U,Y7). It
is a positive integer multiple dy ordys of a primitive algebraic ambient divisor: the base residue
parameter and two independent Gauss residue parameters have transcendence degree three. The
equation on F’ gives F'(R.) > 2min(vy, vy ), S0

ne = ve(fL) = 2min(ay, ay ), Pe = Anr(ve) —ne = ke + lay — ay| < P
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The last inequality follows from (9.5): the new difference is zero for equal characters and has
absolute value ¢./2 otherwise. There is no cancellation between independent Gauss monomials
in this calculation.

Every original parameter u, x, z, w has positive integral v.-value. Indeed

ve(u) = ay —de > 0, ve(z) = ve(Y1 — B) — 2d. > 0,

and the base values of z = t%, w are positive. To compare the actual boundary, choose an integer
Jjo > 2b and take the parameter jet hj,(u,x, 2z, w) of h. through degree jo. It is a polynomial
semi-invariant, and its error belongs to the (jo + 1)-st power of the maximal ideal of N.. The
error has order greater than ' = p.b for both F’ and v,, since p. < 2 and the original parameter
values are positive integers.

In the unchanged valued base field evaluate the polynomial at

he = hj, (0, —B/(2t3), 13, w).

All substituted arguments have nonnegative value, with the nonzero base arguments of positive
value. For both F’ and v, u differs from zero by order greater than ', while z differs from
—B/(2t3) by order greater than &'. Thus their evaluations of hj, have the same contact as h.,
namely b'. The jet error proves that this is also the contact of the actual h. after étale transport.
This argument keeps all mixed terms and all low-order cancellations.

The unchanged base graded field has its original conormal action. The two new weights
preserve the coordinate characters modulo ¢., so I’ fixes the Gauss residue field. Restrict T”
primitively to M., with quadratic ramification pp € {1,2}, and transport it through N, to T over
the original M. The inclusion of I’ in inertia implies pr > p. and I C I;(T). Set ep = |I;(T)|.

The volume identity (9.4) and the boundary contact just proved give
pe — b /m
Aui(T) = T(f) ~ T(h)fm = P 0T,

gPT

Apply the original comparison to obtain
pe—b/m < pe(Py — b/m) <
dgprer dgpce
The first inequality ensures that the numerators are positive. Equality forces dy = 1, pr = pe,
er =e, and p. = P'. Hence [;(T) = I and T'(h) = b. Finally
—2d 2d
T(f) = 2o 20 < 9h+ =2 4 9¢ < 25+ 2P + 2,

Pe Pc
and the computing equality gives Ay (T) = Py + T(f) < 3Py + 2b + 2e. This finishes the
double-line case.

The binary cases give (2m + 1) Lo + 3e; the double-line case gives (2m + 5)Lg + 3e; the reduced
and cube cases give respectively max{7, m+4} Lo+ e and max{31,m+ 16} Lo+ e. These exhaust
the nonzero quadratic and cubic alternatives. Their maximum is at most C,,Ly + 3e. Each
construction has already established the required original contact, full inertia and computing
equality. [l

a <

Proposition 9.8. Fix an integer m > 1 and a real number a > 0. Put C, = max{2m+5,31, m+
16}. Let (Y > P, By) be an effective terminal threefold germ, with Y terminal and m(Ky + By)
integral Cartier. Let a finite cyclic group H act faithfully, preserve the pair, fix P, and have
faithful natural m-log character. Suppose a primitive algebraic prime F centred at P satisfies
Avy (T)

u(T)| —
for every primitive prime T centred at P. Then a > 1. There is an integer L(m), depending only
on m, such that, for { = indp(Ky),

|H| < [4ml?(CpL(m) + 5) + 1]°.

Ay, (F)=a,  In(F)=1,
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The group H is not required to preserve F'. When £ < m, write
P(m) = [4m3(C,,, L(m) + 5) + 1]°.

We bound the whole group fixing the centre, even when it moves both the prescribed divisor
and the bounded divisor selected below.

Proof. We identify the ordinary minimum, select a bounded computing divisor, and lift it to the
canonical cover. We then choose an ambient computing divisor and apply Proposition 8.12.

Step 1. In this step, we identify the ordinary minimum and choose a computing divisor of
bounded bare discrepancy. Every primitive divisor T' centred at P satisfies

Ay gy (T) 2 allu(T)| = a,

and F' attains a. Thus the ordinary pair minimum equals a. Since F' is exceptional over the
terminal pair, ¢ > 1. For a boundary component of coefficient 3, blow up a general smooth
codimension-two centre contained in that component. Its log discrepancy is 2 — 3 > 1,s0 5 < 1.
Together with terminality for exceptional divisors, this shows that (Y, By) is klt. Integrality of
m(Ky + By) implies integrality of mBy, so its coefficients belong to

Iy =40,1/m,...,(m—1)/m}.

Over C, Theorem 9.3 applies: the underlying variety is terminal, the coefficient set is finite, and
the ordinary minimum is greater than one. Set L(m) = L(T',,), and abbreviate it by L in this
proof. Lemma 3.12, together with the common realization in Lemma 3.11, supplies over the
original field a primitive divisor F with

Ayp, (E)=a, Ay(E)<L.

This bounds Ay (E) for the chosen computing divisor E, not for the prescribed F. Applying the
original inequality to F gives a > a|Ig(FE)|, hence Iy (FE) = 1.

Step 2. In this step, we retain the full canonical-cover extension and lift the chosen computing
divisor. By Lemma 3.11, the actual crepant quotient of (Y, By) by H has exact closed-point
minimum a: the assumed inequality gives the lower bound and E gives equality. Proposition 8.8
supplies the connected canonical cover W — Y and the full abelian extension

1—pu— H— H—>1.

The inflated natural character has kernel exactly py. The group His generated by at most two
elements and admits a faithful representation by at most two characters.

Choose a primitive extension E# of E to k(W). Its inertia for H maps into Iy (E) =1, so it
is contained in py. Let its order be t. The inertia and ramification formula of Lemma 3.8 gives

1<t<t,  Aw(E*)=tAy(BE) <(L,  Awp, (E?)=ta.

Here the bare equality uses the quasi-étale canonical cover; the pair equality uses its crepant
boundary.

Step 3. In this step, we obtain an ambient computing divisor with bounded bare discrepancy. If
W is smooth, take My = W and T' = E#. Otherwise the cover is isolated cDV by Theorem 7.1 on
the common field realization of Lemma 3.11. Apply Proposition 9.7 to its actual four-dimensional
chart from Proposition 8.8. In both cases, putting

Lamb = U(Cm L + 3),

we obtain an ambient primitive divisor T with Az (T) < Lamp, full inertia of order ¢, and
quotient discrepancy a.

Let hp be the regular equation of mByy in that chart. For the application of the character
estimate, use the single full equation

Gy = hp if W is smooth, Go = f™hp otherwise.
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The ambient boundary is div(Gp)/m. Its full quotient has exact minimum a, and the natural
character of its m-log line has kernel of order ¢, by Proposition 8.8. This retains the whole
boundary equation and all ramification.

Step 4. In this step, we apply the character estimate to bound the whole fixed-centre group.
The number ma = mAy g, (F) is an integer. In particular, a is a positive rational number, as
required in Proposition 8.12. Apply that proposition with kg = ¢, ambient dimension D < 4,
at most two faithful characters, and the computing inertia ¢. Dividing the resulting bound on
|H| = ¢|H| by ¢ gives

|H| < [4t max{1, [m(Lamp + 2t)]} +1]°.
Since m, L, Cy,,, £ are integers and ¢t < £,

max{1, [m(Lamp + 2t)|} < ml(Cp L +5).

Substitution proves the asserted estimate for the whole group H. If ¢ < m, substituting m for ¢
gives the stated expression P(m). O

10. COMPLETE POINT-EXIT SURFACES

We retain the original models and natural character of Theorem 7.16. We construct a
polarization on the complete point-exit surface, retain both full Cartier markings, and derive
degree estimates for the normal and crepant configurations. We first state the results used below.

Theorem 10.1 (Effective relative generation). Fix n > 1 and a > 0. There is an integer
b =b(n,a) > 0 such that, for every lc pair (X, A) with effective rational boundary and dim X = n,
every projective surjection m: X — V, and every mw-nef Cartier divisor L with aL — (Kx + A)
m-nef and w-log-big, the sheaf Ox(bL) is generated over V [Fuj09a, Theorem 2.2.4].

Theorem 10.2 (Uniform regularity). Fiz integers n > 0,7 > 1 and P € Q[t]. There is
b =0b(n,r, P) such that, for every field k and every exact sequence of coherent sheaves on P}

0—K—0% —F—0

with Hilbert polynomial Pr = P, the sheaf K is b-reqular. If a coherent sheaf G is b-reqular, it is
j-reqular for every j > b, G(b) is generated, and the multiplication maps H°(G(5)) ® H°(O(1)) —
HO(G(j+1)) are surjective for j > b [Sta26, Lemmas 33.35.10-12 and 33.35.18, Tags 08A6-08A8
and 08AG].

Lemma 10.3 (Polynomial Euler characteristic). Let X be a proper scheme over a field, F
coherent, and L1, ..., Ls invertible. The function

(n1y...ong) — X(X,FQ LY ® - @ L2*)

on Z° is a numerical polynomial of total degree at most dim Supp F [Sta26, Lemma 33.45.1,
Tag OBEL)].

Theorem 10.4 (Fundamental cycle of a rational surface singularity). Let S 3 p be a normal
rational surface singularity and let Z be the fundamental cycle on its minimal resolution. Then

pa(Z) =0,  mult,(S) =—-2%  embdim,(S) = mult,(S) + 1.

The exceptional components on a minimal good resolution are smooth rational curves [Art66]; see
also [Stel3, Corollary 1.7, Definition 1.9 and Theorem 1.10].

Theorem 10.5 (Normal Gorenstein del Pezzo surfaces). Let S be a normal projective Gorenstein
surface over an algebraically closed field with —Kg ample. Then either S has canonical
singularities, or its minimal resolution is Pp(Op & L), where E is a smooth elliptic curve
and deg L < 0, and S is obtained by contracting the negative section [HW81, Theorem 2.2]; see
also [BM24, Proposition 2.9].
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Theorem 10.6 (A nonrational singularity on a negative surface). Let S be a proper normal
algebraic surface with a nonrational singularity, and suppose no positive multiple of Kg is effective.
Let f:Y — S be the minimal resolution of its nonrational singularities. Then'Y has a genus-zero
fibration to a smooth projective curve C of positive genus, the exceptional curve of f is a section,
and S has just one nonrational singularity. Moreover h'(S,Os) = 0 and Pic(S) is free of finite
rank [Sch01, Theorem 2.2].

Lemma 10.7 (Numerics of a terminal divisorial contraction). Let f: (Y D E) — (X 2 p) be a
proper birational contraction of terminal threefold germs with connected fibres, exceptional locus
the prime divisor E mapping to p, and —Ky f-ample. Write Ky = f*Kx + 8E, 8 > 0. In
the terminal basket of Y, retain the fictitious quotient points Q of type %(1, —1,bg) at which

E is not Cartier. Write E ~ eqKy locally and choose vg = egbg with 0 < vg < rq/2. Put
R =lemgrg, with R =1 for an empty basket. Then

sy relre=ve) o gppscy
rQ
Q

Each fictitious index equals its actual source index except for a point of type cAx/4, whose
basket has one index 4 and all remaining indices 2 [Kaw05, Section 2, proof of Theorem 1.1 and
Lemma 2.3].

Theorem 10.8 (Normalization of a nonnormal del Pezzo surface). Let E be a reduced connected
nonnormal projective Gorenstein surface with —Kpg ample. Letv : [[; S; — E be its normalization.
On each component let C; be the full conductor divisor and set H; = v} (—Kpg). Then Kg, +C; ~
—H;, and each triple (S;, H;, C;) has one of the following forms:
(i) S; = P2, H; is a line, and C; is a conic.
(ii) S; = P2, H; is twice a line, and C; is a line.
(iii) S; is the degree-a cone over a rational normal curve, a > 2, H; is its hyperplane class, and
C; is linearly equivalent to twice a ruling.
(iv) S; = Fq, a > 0, with a section B of self-intersection —a and ruling fibre F', H; ~ B+(a+1)F,
and C; ~ B+ F.
(v) S; =Fq4, a >0, with the same notation, H; ~ B + (a + 2)F, and C; = B.

The conductor divisors retain their scheme multiplicities [Rei94, Theorem 1.1].

Theorem 10.9 (Tame conductor alternatives and checked gluing properties). Let E be a reduced
connected nonnormal projective Gorenstein del Pezzo surface, and let H = —KFg be its ample
polarization. Write D for the conductor subscheme downstairs and C for the full conductor
subscheme on the normalization. The numerical alternatives for the connected configurations are
the following (degrees are measured by H ):

(A) Sing E =T is irreducible of degree one, and C' is a smooth conic mapping with degree two
to I'. The normalization is irreducible and E has ordinary double points in codimension
one along I'.

(B) Sing E = T’ is irreducible of degree two; the normalization has exactly two components,
each with a smooth conic conductor mapping birationally to I'. In fact each conic maps
isomorphically to the same smooth curve D =T'.

(C) Sing E =T is irreducible of degree one and the conductor on its irreducible normalization is
a line pair.

(D) E is a cyclic arrangement of r > 2 components, adjacent components meeting generically
transversally along degree-one curves. Each normalization conductor is a line pair mapping
birationally to the adjacent double curves. All nodes match at a unique common vertex;
away from it the double curves are smooth projective lines.
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(E) Sing E =T is irreducible of degree one, and the conductor on each normalization component
is a double line. The transverse singularity is a cusp for one double line, a tacnode for two,
and r concurrent lines in A", with no r — 1 of them lying in a hyperplane, for r > 3.

In (B), (D), and the reducible cases of (E), each normalization piece maps isomorphically onto its
reduced closed image. In (A), the conductor map is the linear projection of a smooth conic to a line.
In (E), writing T' = Dyeq ~ P, the full conductor structure sheaf is Op ~ Op1 & Op1 (—1)S 1),
with the second summand a square-zero ideal, and each component map is linear. These are
the numerical alternatives of Lemma 4.1 and the indicated projective gluing properties proved
in Theorem 1.5, Claim 4.3, Theorem 3.7(ii), and Proposition 4.9; Lemma 4.1 itself is only a
first numerical approximation [Rei94, Lemma 4.1, Theorem 1.5, Claim 4.3, Theorem 3.7(ii),
Proposition 4.9].

Theorem 10.10 (Degree of the intrinsic deformation line). Let H be a surface germ along its
reduced proper one-dimensional singular locus A, each component of A smooth. Suppose its
singularities belong to the class ¢qG of [Tz105, Definition 2.10]: ordinary double crossings, pinch
points, degenerate cusps of embedding dimension at most four, and smoothable slt quotients
(zy = 0)/pun(a, —a,1), ged(a,n) = 1. For a component C C A, let C be the divisorial part of
its inverse image in the normalization, and let Lo be the torsion-free quotient of quG(H) ® Oc¢.
Let pc count pinch points on C, and let ¢; count the degenerate cusps on C whose reduced
exceptional cycle on the minimal semi-resolution has square —i. For each cusp P € C of square
—3 or —4, choose the parameters of the marked germ P € C C H as in [Tz105, Lemma 2.11
and Corollary 2.12], and denote that marked type by Tfiv or Tf,uw. The parameters are positive
integers or oo, with 1 < u,v < oo for T? and 2 < u,v,w < oo for T*. Then L¢ is a line bundle
and
deg Lo = C* +po + 21 + 205+ > (1+u+v> + > wlutv) -4

uv +u+ v WUV — U — v
TS”U T4

uU,v,w

FEach sum is over the indicated marked cusps on C. Infinite parameters are interpreted by the
corresponding limits [Tz105, Theorem 3.1].

Definition 10.11. An original point-exit datum is the entire construction of Theorem 7.16 when
h(E) is a point, retaining the original cover, prescribed computing prime, group H, natural
character, boundary R, and contact function g. Put M = lem(1,...,m).

Proposition 10.12. For an original point-exit datum, ME, M Ky, mMR are Cartier near the
complete exceptional surface E. The target Z is bare Q-Gorenstein and klt. The surface E

is integral and Cohen—Macaulay, and Gorenstein outside a finite set. Let j : E° — E be its

Gorenstein open set. On E, dualizing powers mean their Sy extensions wj[g] = Ju« (w%éi) for integers

d > 1. In particular,
W ~ Oy (M(Ky + E))|5
is invertible. Write Kg for the resulting rational dualizing class. Set
a=Az(E), L= 0Oy(-ME)|g, v=L2 u=—Kg-L.
The line bundle L is ample, o > a, and
—MKpg ~q oL, u, v € Z~q, u=v (mod 2), a= Mu/v.

There is an absolute even integer b > 4 such that the complete system |LP| embeds the same
surface equivariantly. Moreover,

a < bM, ROE,L™) =1+ (vn® +un)/2 (n>0).

The full boundary marking Agr = (mMR)|g and the full zero scheme Ty of the leading coefficient
of g™ are effective Cartier markings. If ly = ordg(g), then the following identities hold, with the
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last one natural and H -equivariant:

1</{,<ajc(3,a), Ty~Ly4L, w%sz] ROp(AR) @ L™ ~ O ® k.
For every bound v <V, the complete embeddings and full ideal sheaves of E, Ag,T, are bounded
in terms of m,a,V.

The polarization and both markings belong to the original complete surface. In particular,
the numerical hypothesis in the last assertion is a bound for that surface’s degree.

Proof. We establish Cartier adjunction and cohomology on F, construct the complete embedding,
and then compute the two marked Hilbert polynomials. Lemma 3.11 lets us work over C with
the prescribed diagram. The sheaves, their linearizations, cohomology, and intersection degrees
used below are preserved by the field extensions in that lemma. The resulting closed embeddings
and Cartier identities descend faithfully flatly.

Step 1. In this step, we establish Cartier adjunction and the polarization identities on the
complete surface. Theorem 7.16 gives H-Q-factoriality and local canonical indices at most
m. Apply Lemma 8.3 to the invariant integral Weil divisors F, Ky, and mR. A canonical
representative can be chosen invariant by pulling back a rational top form from the quotient.
Since every index divides M, the divisors M E, M Ky, mM R are Cartier on a neighbourhood of
E.

At any closed point P € E, apply Proposition 8.8 with the trivial group to obtain the actual
local canonical cover mp : Wp — Y, of degree rp < m. It is quasi-étale, Gorenstein terminal,
and smooth or an isolated hypersurface in a smooth fourfold. Its full divisorial inverse image
E?D has integer coefficients and generic multiplicities one; it may have several prime components.
Lemma 8.3, now with canonical index one, makes it Cartier. Its local equation has a Cohen—
Macaulay, generically reduced quotient, hence a reduced quotient. Thus EfD is precisely the full
reduced inverse image of F.

The invariant ring of this quotient is the local ring of E: invariants are exact, and the contracted
ideal is the ideal of the reduced prime E. A system of parameters of the invariant ring is a
system of parameters of its finite covering ring. The latter is Cohen—Macaulay of dimension two.
The Reynolds splitting, applied to the parameter Cech complex, therefore makes the former
Cohen—Macaulay as well. This proves the assertion at every P.

Put U = E N Y. The complement is finite, by Theorem 7.6. On U, ordinary Cartier
adjunction gives wy = wy (E)|y. Both an invertible sheaf on the Sy surface E and its restriction
to the Gorenstein open set are determined across this finite complement. Consequently

WM = 0y (M(Ky + B))|g.

This proves coherence and invertibility of the indicated Sy extension, including at Gorenstein
points outside U.

Write By = hyR. The quotient Z/H is Q-factorial by Theorem 7.16. Any invariant rational
WEeil divisor on Z is a rational pullback from this quotient: over a prime downstairs its coefficients
are constant on the orbit of primes upstairs, and the finite pullback is the orbit sum multiplied
by the ramification index. This applies to Bz and to an invariant canonical representative. Thus
both are Q-Cartier. Dropping the effective boundary from the klt pair (Z, Bz) shows that Z is
klt. Pair crepancy gives

(10.1) Ky =h"Kz+ (a—1)E, h*Bz = R+ (o —a)E, a > a.

A Cartier multiple of a divisor pulled back from Z restricts trivially to E. Restricting these
equalities and using adjunction gives

(10.2) —MKpg ~q oL, Ap ~q AL, A=m(a—a)>0.

The line L is ample because —F is h-ample.
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Step 2. In this step, we prove the cohomology vanishing and construct the complete equivariant
embedding. Relative vanishing in Theorem 7.8, applied to h and the terminal pair (Y, (1—a)E+R),
gives
R'hOy(—jE)=0  (i>0, j>0).

The adjoint difference is relatively equivalent to —jFE, because the pair is crepant over Z. For
j > 0 it is relatively ample. For j = 0 it is relatively nef and big because h is birational. There
are no lc centres. This is an application to integral Weil divisors, so jFE need not be Cartier.

The reduced ideal of F is Oy (—FE). Indeed, in a normal affine ring an element has positive
order at the height-one prime of E precisely when it belongs to that prime ideal. Tensoring its
ideal sequence by Oy (—nME) and using the displayed vanishing yields

(10.3) HY(E,L")=0 (i>0,n>0), H(E,0p) =C.

The second equality also follows from integral projectivity.

Apply Theorem 10.1 to the Cartier divisor —M E, with dimension three and adjoint parameter
one. A fixed multiple —goM E, with gy > 2 absolute, is relatively generated. Its restriction
J = L% is globally generated. The resulting complete morphism ¢ : £ — P* is finite, since J is
ample. For F = ¢,.Op, (10.3) gives

HY(P*, F(1)) = 0, H*(P*, F) = 0.

The higher groups vanish by support dimension. Thus F is 2-regular. The multiplication assertion
in Theorem 10.2 shows that the full section ring of J is generated in degrees one and two. Its
second Veronese is generated in degree one: an even-weight monomial in generators of weights
one and two splits into weight-two blocks. Since an ample line recovers its scheme as the Proj of
its section ring, J? = L’ is very ample for the absolute even integer b = 2¢gq > 4. The divisor
line L has its natural H-linearization, so the complete embedding is equivariant for the original
action.

Step 3. In this step, we compute the Hilbert coefficients and bound the bare discrepancy. For
every Cartier divisor Dg on E, we have
D} — Kg - Dy
5 :

To verify this without assuming normality, choose a general integral curve C € |Dg + tbL| for ¢
sufficiently large. It avoids E \ U and is a Cartier divisor on the Gorenstein surface U. Curve
adjunction and duality give we = wy(C)|e, and curve Riemann—Roch gives x(C,Oc(C)) =
(C? — Kg - C)/2. The divisor sequence on E, together with (10.3), proves (10.4) for Dg + tbL.
Lemma 10.3 makes both sides polynomials in ¢. Equality for all large ¢ proves equality at zero.

The positive number v = L? is an integer. Applying (10.4) to L shows that u = 2y (E, L) —2—v
is an integer of the same parity as v. (10.2) gives u > 0 and o = Mu/v. Vanishing then proves
the asserted formula for every h°(E, L™). For a general integral C € |bL|, adjunction gives

b2v — bu
2

Since bv — u is an integer and b > 4, it follows that v < bv, hence o« < bM. The complete
embedding has dimension N = (b?v + bu)/2 < b*v and degree b*v.

(10.4) X(E,Or(Dy)) =1+

nga(C):l—{—

Step 4. In this step, we retain both full markings and their natural character and bound their
presentations when the degree is bounded. The effective Cartier divisor mM R avoids the integral
surface FE; its restriction is therefore the effective Cartier divisor Ag, with all multiplicities
retained. Take the original function g supplied by Theorem 7.16, and write divy (g) = {4 £ + D.
If w is a local equation of M E, then g™ /w’ is regular by normality and has divisor M D. Its
nonzero restrictions to E glue to the leading section of Lf. Natural linearizations make this
section invariant. Its full zero scheme is the effective Cartier divisor T, ~ ¢,L. The bound on ¢,
is the one in the marked-exit theorem.
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Functorial adjunction on U, followed by the S5 extension, gives
WM @ Op(AR) ® L™ = Oy (mM(Ky + (1 — a)E + R))|s.

The right side is the M-th power of the original natural m-log line. Its original eigen-generator
restricts with character ™, proving the equivariant identity.

Finally, the divisor sequences for the two full markings and (10.4) give, in the complete
Lb-embedding,

b? b
Pp(t) =1+ 7%2 - ?ut’
Au — A\

Pag(t) = bt + ===,

2
Pr,(t) = blyvt + W.
When v <V, the positive integers v, u, with u < bv, have finitely many possibilities. The same
holds for A = m(Mu/v — a) and for the positive integer ¢, < a/cc(3,a). Thus the ambient
dimensions and all three Hilbert polynomials range over finite lists. Theorem 10.2 bounds each
full ideal sheaf in these projective spaces. Their bounded generated twists give finite-dimensional
coefficient spaces for their equations, hence bounded families of the complete marked schemes,
depending only on m,a, V. O

We next record the local and normal-surface estimates used in the volume alternative.

Lemma 10.13. Let r,d > 1 be integers, and let (A,n) be a complete Noetherian local k-algebra
with residue field k and embedding dimension at most d. Suppose a cyclic group C, of order r
acts continuously by local k-algebra automorphisms on A. Then

embdim (A7) < <r —; d) —1.

The estimate uses the number of generators of the covering ring and the order of its cyclic
group.

Proof. Put e = dimy n/n? < d. If e = 0, then A = k. Otherwise lift a character basis of n/n? by
the corresponding character projections. Completeness gives an equivariant surjection

E[[x1,...,2z]] — A

for a diagonal action. Averaging makes the induced map on invariant rings surjective.

Identify characters with Z/rZ. An invariant monomial of degree greater than r has a
nonconstant invariant factor of degree at most r: among the r 4+ 1 successive partial character
sums of any r variable factors, two agree. Iteration expresses every invariant monomial as a
product of invariant monomials of degrees 1,...,r. There are at most (Tje) — 1 of these. They
also generate invariant power series topologically. Fix one factorization of each monomial; a
term of total degree j has at least j/r factors, so the resulting formal series in these generators
converges. The induced surjection from their power-series ring bounds the embedding dimension

+ +d
by ("1 -1< (")) - 1. O
Lemma 10.14. Let S be a normal projective surface, with Kg Q-Cartier, —Kg ample, and
HY(S,05) =0. Let t > 2 be an integer such that embdimp(S) <t at every closed point. Then
K% < max{t+7,2t}.
The two terms control rational surfaces and surfaces with a nonrational singularity, respectively.

Proof. We bound the exceptional self-intersections on a minimal resolution, and then push the
nef anticanonical class to a smooth ruled surface. The nonrational case additionally uses a local
cohomological estimate for embedding dimension.
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Step 1. In this step, we bound the anticanonical degree in the rational case. Suppose
first that S is rational, and let 7 : W — S be its minimal resolution. Then H'(W, Oy ) =
H?(W,0w) = 0. Also H%(S,Og) = 0: by duality a nonzero section would give an effective
canonical divisor, contradicting its negative intersection with —Kg. The Leray sequence therefore
gives HY(S, R'7,Ow) = 0. This sheaf has finite support, so it vanishes and all singularities of S
are rational.

For a fundamental cycle Zy = _; n;C; over a singular point, write C? = —b;. On the minimal
resolution the C; are smooth rational curves and b; > 2. Theorem 10.4 and adjunction give

multp(S) = —Z; =24+ ni(b; —2), b <multp(S) <t—1.

Write Kyw + Dyw = n*Kg. The exceptional divisor Dyy is effective: it has nonpositive intersection
with every exceptional curve, and negative definiteness rules out a negative part. More explicitly,
if Dy = D, — D_ with disjoint effective parts and D_ # 0, then Dy - D_ = D, - D_ — D? >0,
a contradiction.

The divisor Py = —(Kw + Dw) is nef and big, with square Kg Under the contraction
p of a smooth rational (—1)-curve Cp, its pushforward P’ is nef: for any effective curve C’,
P'-C"= Py - p*C" > 0. Writing ¢y = Py - Cy > 0 gives

Py = p*P' — ¢Cy, (P2 = P2 +c2.

Thus pushing to a minimal smooth rational surface F' produces P = —(Kp + Dp) nef and big,
Dp >0, and K% < P2
If F =P2 then P? <9 <t+7. Otherwise F = F,. Let I'> = —n be its negative section and
f a ruling fibre. Write Dp = BI' + G, with 8 > 0 and G > 0 avoiding I'. Each component of G
has nef numerical class, so Py = —(Kp + ') = P + G is nef and big and P2 < P?. Its fibre
degree is 2 — 8 > 0, and
P =8+ B(2n —4—np).

For n < 2 this is at most eight. For n > 3, nefness forces 8 > 0; otherwise (—Kp)-I'=2—n < 0.
The strict transform of I' on W is then a component of Dyy. Its self-intersection is at most —n,
son <t—1. Since (2 — ) <1,

P} =8+nB2—-B)—4<8+n<t+T.

Step 2. In this step, we bound the anticanonical degree when the surface has a nonrational
singularity. Suppose that .S has a nonrational singularity. No positive multiple of Kg is effective.
By Theorem 10.6, its minimal smooth resolution W is ruled over a smooth curve B of genus
g > 0. There is a unique horizontal exceptional curve C, a smooth section isomorphic to B;
the other exceptional curves are vertical and rational. The theorem first supplies the partial
resolution of the nonrational singularities. Resolving its remaining rational points gives this
smooth ruled model and the strict transform of its section. The image p of C is the unique
nonrational singularity. Since h'(W, Ow ) = g, h(W,Ow) = 0, and h!(S,Os) = h?(S,0g) = 0,
Leray gives py(S 2 p) = g.

Put n = —C? > 0. Adjunction gives Ky, -C = n+2g—2, while every other minimal exceptional
curve has nonnegative intersection with K. Every nonzero effective exceptional cycle D over p
satisfies po(D) < g¢. Indeed, over an affine neighbourhood the group H?(W, Oy (—D)) vanishes
by relative fibre dimension, so H'(W, Ow) — H'(D, Op) is surjective, and h°(D,Op) > 1. For
the fundamental cycle Z, whose coefficient at C' is at least one, this gives

~ZF=Kw-Zs+2—2pa(Zy) > n.

Resolve the maximal ideal at p, with p : W/ — W and m,Oy = Oy (—F),) generated. The
cycle F), is anti-nef, and F}, > p*Zy. To see the latter assertion, p.F} is anti-nef and hence
dominates Zy; negative definiteness on the p-exceptional curves then gives I}, > p*p,F,. Two
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general elements of a minimal reduction of m, compute its multiplicity as —FZ?. Thus, putting
p = mult,(5),
,u:—Fg > —ZJ% > n.

The middle inequality follows by intersecting F}, — p*Z; > 0 with the anti-nef sum F), + p*Z;.

We give the required embedding-dimension comparison explicitly. Over the local affine base
put I; = HO(W',Ow/(—jF,)) and q; = hY (W', Oy (—jF,)). The maximal ideal is integrally
closed, so I1 = m,. Euler characteristic in the divisor sequence for jF} and adjunction on that
cycle give
JPEZ + jKw - Fy

2

length(Og /1) = — +9— 4

Using the value one at j = 1 and subtracting gives
length(l1/I2) = p+1—g+2q — g
A general section of the generated line Oy (—F),) has zero divisor D" with no exceptional
component. It is finite over an affine curve after shrinking the base, hence affine. The sequence
0 — Owr(—Fp) — Ow/(—2F,) — Op/(—2F,) — 0
gives go < q1. Since mlg) C I,
(10.5) embdim,(S)>pu+1—-g>n+1—g.

As in the rational case, write Ky + Dy = 7*Kg. Nonnegative intersection of Ky with every
exceptional curve implies Dy, > 0. Contract the vertical (—1)-curves to a smooth P!-bundle
F — B. The previous blowdown calculation produces a nef big P = —(Kr + Dp) with K% < P2,
Let I be the image section, write e = —I'> < n, and put Dy = BT + G, where G is a nonnegative
rational sum of fibres. Then Py = P + G is nef and big, 0 < 8 < 2, and

Ph=2-pT+(e—29+2)f,
0< P =(2-p)(Be—dg+4)=ef2- ) —4lg -2~ 5) <e.
Positivity implies e > 2(¢g — 1). Combining this with (10.5) gives
embdim,(S) > e — (g —1) >e/2, Kz < P? <e < 2embdim,(S) < 2t.

Step 3. In this step, we show that the two cases exhaust the normal surfaces in the statement.
If all singularities of S are rational, then its smooth resolution has irregularity zero. It has
no effective positive pluricanonical divisor, since such a divisor would push to one on S. The
classification of smooth projective surfaces therefore makes this resolution rational. The first
case applies. Otherwise the second case applies, proving the claimed maximum. O

Lemma 10.15. Let Y be a normal threefold over k, smooth in codimension two. Let E C'Y be
an integral Cohen—Macaulay effective Q-Cartier divisor, and let R > 0 be a rational Q-Cartier
divisor with E ¢ Supp R. Let a € QN (0,1], and assume that (Y, (1 —a)E + R) is terminal near
E. If E is nonnormal, then a > 1/2.

Thus the small-minimum range forces normality of the complete exceptional surface.

Proof. The Cohen—Macaulay surface satisfies So. If it is nonnormal, it is nonregular at the generic
point 7 of an integral curve C'. The local ring Oy, is regular of dimension two, and an equation
of E has maximal-ideal order k > 2. Blowing up a smooth dense open subset of C in Y gives a
primitive divisor F' with Ay (F) = 2 and ordp(FE) = k. Terminality and effectivity give

1< AY,(l—a)E+R(F) =2 (1 — a)k — OrdF(R) § 2a.
(Il

Lemma 10.16. For an original point-exit datum, put t,, = (me) — 1, and retain M, L, v, «
from Proposition 10.12. Then:
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(i) If E is normal, then v < M?max{t;, + 7,2t }/a?.
(ii) If o > 1, then a« — 1 > 1/(2M) and v < 4M3.
(iii) If a < 1/2, then E is normal.

These estimates leave only nonnormal surfaces with 1/2 < a < a < 1.

Proof. We treat the normal surface and positive-discrepancy contraction separately, then invoke
the existing normality criterion.

Step 1. In this step, we bound the degree when F is normal. The local Cartier inverse divisor
E?D constructed in the proof of Proposition 10.12 has embedding dimension at most four. Its
invariant local ring is Op p, under a cyclic group of order rp < m. Completion commutes with
these invariants by the Reynolds splitting. Lemma 10.13 therefore gives embdimp(FE) < t,,,. If
E is normal, apply Lemma 10.14 using (10.3). Squaring —M Kg ~qg aL yields

M?K% - M? max{t,, + 7,2t}

(Y

a? a?

Step 2. In this step, we bound the degree and discrepancy gap when a > 1. Suppose o > 1, and
put 5 = a — 1. Every exceptional prime over Z other than F has pair log discrepancy greater
than one by Theorem 7.16. The effective Q-Cartier divisor Bz only increases bare discrepancy.
Thus Z is terminal, including the divisor £, whose bare discrepancy is o > 1. (10.1) makes — Ky
relatively ample. Normality of the target gives connected fibres. The exceptional locus is E: a
contracted curve outside E would have nonnegative intersection with F, contrary to relative
ampleness of —F.

Lemma 10.7 now applies. Write Ry, for the least common multiple of its basket indices. Its
index rule and the source index bound give Ry, | M. Since v = M2E3 > 0, its two formulas imply

0< BE®<2, 1 < B2RyE® < 28Ry,

Hence B > 1/(2Ry) > 1/(2M) and v < 4M?R;, < 4M3. Finally, (iii) follows from Lemma 10.15
and the Cohen—Macaulayness established above. O

The crepant calculation takes place on the complete divisor in a Gorenstein terminal threefold.
We first establish the local bound needed when the normalization of an integral divisor is a cone.

Lemma 10.17. Let T be an integral nonnormal projective Gorenstein surface, and let v : S — T
be its normalization. Suppose S is the projective cone over a rational normal curve of degree
d > 3, and its full conductor divisor C is linearly equivalent to twice a ruling. If Q is the vertex
and P =v(Q), then

embdimp(7T) > d.

Proof. We compute the first-order conductor ideal on the normalization and then use the cotangent
sequence downstairs.

Step 1. In this step, we compute the first-order classes of the full conductor at the cone vertex.
Put A= Orp, let B = (v.Og)p be its finite semilocal normalization algebra, and write

J={beB:bBC A} C A

for the conductor. It is also an ideal of B. Over the inverse image of an affine open subset of T,
consider a section f of the divisorial ideal Og(—C). Its product with any normalization function
belongs to Or in codimension one, by the definition of C. These products extend across the
remaining finite set because T is S3. Taking the normalization function to be one first shows
that f itself extends; taking local module generators then shows that it belongs to the conductor.
The opposite inclusion follows from the codimension-one definition. Thus the full conductor ideal
is Og(—C), including at Q.

Write the cone as S = ProjC[z,y, 2|, with weights degx = degy = 1 and degz = d. The
degree-d monomials in x,y, together with z, give its cone embedding, and a ruling has class
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Og(1). Since 2 < d, the effective divisor C' is defined by a nonzero binary quadratic ¢(z,y). Over
C, this is either a product of two distinct linear forms or the square of a linear form. These give
respectively the line-pair and double-line conductor schemes, with their full multiplicities.

For a nonnegative integer j, let C[x, y]; denote the degree-j homogeneous forms. On the vertex
chart, with n the ideal of positive Veronese degree, we have

R:= OS,Q = @ (C[xvy]nd 5 JR = @ q(C[x, y]nd—Q

n>0 n>1

n n

The space ¢ C[x, y]s_o has dimension d — 1. Its elements have Veronese degree one, whereas the
square of the positive-degree ideal has no degree-one part. Localization at the vertex does not
change this cotangent space. Consequently these d — 1 classes are independent in mp/ m%.

Step 2. In this step, we transfer those conductor classes to the downstairs cotangent space. The
local map A — R sends m124 into m%. The displayed conductor classes lift to J. Indeed, write a
representative in JR as b/s, with b € J and s € B a unit at Q). Since b € mp,

b/s —s(Q) b € m%.
Thus scalar multiples of elements of J realize the same first-order classes, and
dimc J/(JNm?) >d — 1.

The local conductor ring A/J has dimension one, because a conductor ruling through @ maps
finitely onto a curve through P. Its cotangent space therefore has dimension at least one. The
exact sequence

0— J/(JNm?%) — my/m%4 — mA/J/mi/J —0

now gives embdimp(7) > (d —1)+1 =d. O
We now treat the integral crepant divisor.

Lemma 10.18. Let W be a Gorenstein terminal threefold, and let T C W be an integral
nonnormal projective Cartier divisor. Suppose wyy s trivial on a neighbourhood of T, and —Kr
is ample. Then

1< (-Kp)?<T.

The bound includes the correction at every singular ambient point on the conductor.

Proof. We reduce the high-degree case to two scroll gluings and compute the determinant of the
normalization’s tangent map along the complete conductor. Put d = (—K7)?2. It is a positive
integer. The surface is Gorenstein by Cartier adjunction. By Theorem 7.1, the ambient germ
has embedding dimension at most four, and so does 7.

Step 1. In this step, we reduce the high-degree integral case to the two scroll conductor formats.
The normalization table in Theorem 10.8 and the integral cases of Theorem 10.9 give the following
alternatives when d > 4. If the normalization v : S — T is a rational normal cone, the table makes
v*(—Kr) its hyperplane class. Its square is d by the finite birational projection formula, and
the full conductor is linearly equivalent to twice a ruling. Together with the integral projective
Gorenstein hypotheses on T and d > 4, these are precisely the assumptions of Lemma 10.17. It
gives a point of T' with embedding dimension at least d > 4, contrary to the ambient bound. The
remaining normalizations are

S ‘ conductor on S ‘ conductor map
Fg_o B+ f f ~ B, with the intersection identified
Fg_4 B B — C ~ P! of degree two.

Here B is the negative section and f a ruling fibre. Indeed, the plane and smooth-conic low-degree
rows of the normalization table have degree at most four; its two remaining scroll rows have
exactly the displayed conductors. In both formats the reduced conductor image C' is P!.
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Step 2. In this step, we compute the correction from singular ambient points along the conductor.
Each conductor germ in these scroll formats is a hypersurface F(z,y,z) = 0 of embedding
dimension three. At a singular ambient point, a local equation w of 1" has a nonzero cotangent
class: quotienting the four-dimensional ambient cotangent space gives the three-dimensional
cotangent space of T. Thus the actual ambient germ has a presentation

W =(Q =0), T=(Q=w=0), Q= F(x,y,z) + wBy(x,y, z, w).

Along C = (y = z = w = 0), put y(z) = By(x,0,0,0). It is not identically zero, because W has
isolated singularities. Let ep = ordpy > 0. At a smooth ambient point use the dummy equation
@ = w and set ep = 0. The residue generator, where v # 0, is

dr Ndy N dz
0Q /0w

Hence pairing a tangent determinant with wyy contributes a pole of order ep. This order is
unchanged by a unit change of the local canonical generator. It is positive exactly at singular
ambient points of C. The tangent determinants below are rational maps from vector bundles on
the normalization curves; their definition does not require a locally free tangent sheaf on singular
W.

Step 3. In this step, we bound the degree when the conductor identifies a section with a fibre.
Let S=TF,, n=d—2,and let ¢ : f — B be the conductor identification. Identify C' with f. The
quotient
Qo = (Tsly ® " (Ts|)) /To
is a vector bundle of rank three, where the tangent line is embedded by v — (v, —di(v)). Its
degree is
degQc =24+ (2—n)—2=4—d.

At a generic conductor point its map to the ambient tangent space is an isomorphism. Its
determinant therefore gives a nonzero rational section of (det Qc)Y ® wy,|c. At an ordinary
double point, the equation F' = yz shows that this section has order —ep.

At the image Py of f N B, choose normalization parameters s,t on the two conductor axes.
The conductor identifies s on one axis with ¢ on the other. Its pushout ring consists of series
whose restrictions agree; it is generated by

r=s+1t, Yy = st, zszt, 22—|—y3—:cyz:0.

For example the common pure powers are symmetric in s, ¢, and every mixed term reduces using
s?2 —xs +1y = 0, proving the asserted ring description. Differentiation on the two axes gives the
tangent image

(O, 0y, z20,).
The common tangent line is exactly the specified kernel, and the quotient determinant has order
three. Its order at Py is consequently 3 — ep,. Since wyy|¢ is trivial, degrees give

d—4=3-Y ep, d=T-) ep<T.
pPeC PeC

Step 4. In this step, we bound the degree when the conductor section maps two-to-one to
its image. Let S =F,, n =d —4, and let pg : B — C be the conductor double cover, with
involution 7 and reduced ramification divisor Rp of degree two. On B form

QB:(T5|B@T*(T5|B))/TB, Ul—>(U,—dT(U)).

It has rank three and degree 2(2 —n) —2 = 10 — 2d. At an unramified point the determinant has
the ordinary double-point order —p%(epP).

At a ramification point take coordinates s, ¢ with B = (s = 0) and 7(¢) = —t. The conductor
pushout is

C[[t?]] + sC[[s, t] = C[[t?, s, st]], (z,y,2) = (t%, 5, st), 22 —zy? =0.
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In the two summands the tangent images are
(0,1,%), (2t,0,0), (0,1,—t), (—2¢,0,0).

Their kernel is the displayed copy of Tz; a basis of the rank-three quotient has determinant a
nonzero constant times t2. Each of the two ramification points therefore contributes order two.
The ambient residue contributes —2¢p at a ramified point over P. The complete divisor of the

rational determinant section is
2Rp — pj3 (Z 6pP> :

pPeC
Its degree is both 2d — 10 and 4 — 2 pep. Thus again d =7 — > pep < 7. This accounts for
both ramification points and every singular ambient point. O

We record the corresponding calculation for full reducible conductor configurations. Its
hypotheses specify the gluings; the conclusion does not require a choice of one component.

Lemma 10.19. Let W be a Gorenstein terminal threefold, and let T C W be a reduced connected
nonnormal projective Cartier divisor with —Kp ample and wy trivial near T. Let s > 2 be the
number of its irreducible components. Write v : [15_, S; — T for its normalization, C; for the
full conductor on S;, and H; = v} (—Kr). Assume each S; maps isomorphically onto its reduced
closed image, and assume one of the following conductor configurations:

(i) s =2, and the C; are smooth conics for H;, identified isomorphically with a single curve
C~P.

(ii) FEach C; is a pair of distinct lines for H;. These lines are identified isomorphically with those
on the adjacent components in a cycle, including the possibility s = 2. The two intersection
points on each pair of identified lines correspond, so all nodes map to one point. The full
conductor maps give this cyclic pushout.

(iii) Every C; is a double line for H;, with its full nonreduced conductor structure.
Then (—Kr)? < Ts.
The estimates are respectively 12, 7s, and 3s.

Proof. Put d = (—Kr)? =Y, H?. We bound the normalization pieces and use the actual Cartier
embedding to constrain the degrees of the conductor normal bundles.

Step 1. In this step, we bound component embedding dimensions and obtain the intrinsic
deformation-line inequality. Theorem 7.1 bounds the local embedding dimension of W by four.
Passing to the reduced closed components shows that each S; has the same upper bound. In
Theorem 10.8, a cone of degree n over a rational normal curve has vertex embedding dimension
n + 1. Hence every such component has n < 3. A ruling line on this cone has self-intersection
1/n, because its n-fold multiple is numerically the hyperplane class, of square n.

The Cartier embedding gives a natural morphism

OT(T) — 7-Tl = 5:17t}9T (QT, OT)

Locally it sends a change of the Cartier equation to the corresponding first-order deformation.
At a generic ordinary double point it sends the normal generator to the smoothing parameter in
zy = 0, so it is nonzero there. For a double curve C' on which the torsion-free quotient of T}|¢
is a line bundle F, adjunction therefore gives

(10.6) Kp-C =degOp(T)|c < deg Fe.
This is a morphism supplied by the given ambient embedding, including its isolated singularities.

Step 2. In this step, we bound the degree for two components glued along smooth conics. In
(i), the conductor pushout is an ordinary double crossing along C. Changing the two transverse
equations in xy = 0 identifies its deformation line as

Fo = Nc¢,/s, ® Noys,-
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Since (—Kr) - C = 2, (10.6) gives C? + C% > —2. The normalization table gives the following
possible pairs (HZ, C?):

(174)7 (47 1)7 (2,2), <n+272_n) (n:()? 1)7 (n+4,-n) (n>0).
Their sums are at most five. Consequently d < 10 — (C? + C3) <12 < 7s.

Step 3. In this step, we bound the degree for a cyclic gluing of line-pair conductors. In (ii), let
u; be the sum of the individual self-intersections of the two conductor lines on \S;. The relevant
rows of the normalization table give

(H? u;) = (1,2), (n,2/n) (2 <n<3), (n+2,—n) (n>0).

Thus H? + u; < 4.

We check the singularities along the full double locus. Away from its common vertex P the
pushout is an ordinary double crossing. At P, a normalization branch is either smooth with
two transverse conductor axes or a cyclic cone with its two toric boundary generators. Resolve
the cone vertices, and blow up the crossing of the conductor axes on every smooth branch. The
strict conductor curves are now disjoint on each branch, and the exceptional rational curve meets
them in two distinct points. Glue by the same cyclic identifications. This gives a semismooth
semiresolution whose exceptional curves form a rational cycle; contracting superfluous curves
gives a cycle or a rational nodal curve. Thus P is a degenerate cusp. Its embedding dimension is
at most four, as it is a point of T'.

The double curves C; ~ P! are proper and smooth, each containing this one cusp and no pinch
point. These are the hypotheses of Theorem 10.10. The germs are Gorenstein local complete
intersections, so their ordinary and ¢G first-order deformation sheaves agree. The theorem
therefore computes the same torsion-free line F¢;, as in (10.6).

The cusp contribution in that formula is at most two. For type Tiv, 1+ (u+v)/(ww+u+v) < 2.

For type Tiv,w it is at most one, since for finite u, v, w > 2,

wuv —u —v — (w(u+v) —4) > 0;

the expression is zero at u = v = 2 and increases with either variable, and the infinite-parameter
limits preserve the inequality. The other cusp contributions are exactly two. Hence

degFC]. < 6]-2 + 2.

Since (—Kr) - C; = 1, (10.6) gives CN’j2 > —3. The two preimage lines of C; lie on distinct
normalization components, also when s = 2. Thus their square is the sum of their individual
self-intersections, without an intersection cross term. Every conductor line occurs once, so

Zui:ZéfZ—&s, d:ZHESZLS—Zuig?s.
i j i i

Step 4. In this step, we bound the degree with the full double-line conductors retained. In (iii),
the normalization table permits only P? with its line polarization and a rational normal cone
with its hyperplane polarization. Their degrees are respectively one and n < 3, by the ambient
embedding-dimension bound. Therefore d < 3s. This estimate uses the full double-line case and
requires no ordinary-double-crossing hypothesis. O

Lemma 10.20. Let an original point-exit datum be given with E nonnormal and oo = 1. Put
oz = h(E) and qz = ind,,(Kz). Let wz : Z% — Z be the connected local canonical cover at oz,
and let W be the normalization of the component of Y X z Z*% dominating Z%. Write m: W — Y
and hf : W — ZF for the induced maps, let T be the full reduced divisorial inverse image of E,
and let s be its number of irreducible components. Then:

(i) W is Gorenstein terminal, wyy is trivial near T, and T is a reduced connected nonnormal
projective Gorenstein Cartier divisor with —Kp ample.

(ii) s < qz and (~K7)? = gz E*.
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(iii) E3 <7 and v < TM?2.
The degree of the target cover cancels in the estimate for the original complete surface.

Proof. We construct the crepant canonical base change, identify the full conductor configurations
of its inverse divisor, and divide the resulting degree estimate by the cover degree.

Step 1. In this step, we construct the crepant canonical base change and identify its full inverse
divisor. (10.1) gives Ky = h*K . Since Y is terminal, Z is canonical: E has log discrepancy
one, and every other exceptional prime has log discrepancy greater than one. Apply Theorem 3.9
with zero boundary and multiplier one. This gives the specified cover of degree gz, one point oﬁZ
over oz, and a trivial canonical line on Z*.

The normalized base change is finite of degree gz over Y, and hf is projective birational. We
check ramification at the exceptional prime as well as away from it. A root equation defining the
canonical cover has divisor gz K. Its pullback has divisor gzh*K 7 = qz Ky ; hence its order at
every codimension-one point of Y is divisible by ¢z. The Kummer extension is unramified at

these discrete valuations in characteristic zero. Consequently
Kw = 1" Ky = (h)*K 4.

Finite discrepancy comparison from Lemma 3.8 shows that W is terminal: an exceptional prime
upstairs restricts to an exceptional prime downstairs, and its bare log discrepancy is multiplied
by the positive ramification index. Its canonical line is the trivial pulled-back line, so W is
Gorenstein.

Absence of divisorial ramification gives #*FE = T, including the multiplicity one on every
component. This is an integral Q-Cartier Weil divisor on the index-one terminal threefold W, so
Lemma 8.3 makes it Cartier. It is the reduced full inverse divisor, and adjunction gives

wr = Ow(T)‘T, Ow(—MT)‘T = 7T*L.

The second line is ample by finiteness, so —K7p is ample. The support of T is the full fibre
over oﬁZ. This fibre is connected because h? is proper birational with normal target. Thus T is
connected and projective, and Cartier adjunction makes it Gorenstein.

Over Y the pulled-back root equation, after dividing by the gz-th power of a local canonical
trivialization, is the root of a unit. Hence 7 is etale there. The nonnormal Sy surface E has a
curve of nonnormal points whose generic point lies in this smooth locus. If T were normal over
that curve, normality would descend through the etale surjection, contradicting nonnormality of
E. Therefore T is nonnormal.

Every component of 7" dominates F, and their generic degrees sum to qz. In particular s < ¢z.

The projection formula and adjunction give
d:= (—K7)*> = T3 = qzE3.

Step 2. In this step, we identify all conductor configurations of the full inverse divisor and
bound their degrees. If s = 1, Lemma 10.18 gives d < 7. Suppose s > 2, and apply Theorem 10.9
to the whole surface T'. Its cases (A)—(E) are, respectively, Reid’s cases (A), (B), (C1), (Cy), (D).
Cases (A) and (C) have irreducible normalization, so only (B), (D), and the r = s > 2 part of
(E) occur here. In each of these reducible cases, every normalization piece is isomorphic to its
reduced closed image in T

In (B), the two smooth conic conductors map isomorphically to the same smooth curve. This
is case (i) of Lemma 10.19. In (D), the line pairs form a cycle with 7 = s > 2, and all their nodes
map to the unique common vertex. Since the normalization pieces are closed components, each
conductor line maps isomorphically to its image, including at the vertex. Thus every double curve
is a smooth projective line, and the marked intersection points agree under the identifications.
These are the full cyclic conductor maps in case (ii). Indeed, for a normalization ring A C B and
conductor ideal I, the conductor square is the identity A = B x g, (A/I). Here the conductor is
reduced; away from the vertex this identity gives the ordinary double crossings. The Sy property
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of T extends their functions uniquely across the vertex, so there is no additional modification
supported there. When s = 2, the two components meet along two distinct double curves, and
both curves enter the cyclic calculation.

Finally, in (E) the conductor on every normalization piece is the full double line. If D7 denotes
the downstairs conductor and I" = (Dr)yeq = P!, the tame scheme structure is

ODT ~Or® OF(—I)@(S_I),

with square-zero second summand and linear component maps. This is case (iii) of the same
lemma, with the nonreduced conductor retained on every piece. Lemma 10.19 therefore gives
d < 7s in all the reducible cases.

Step 3. In this step, we divide by the cover degree to bound the original complete surface. For
every s > 1 we have proved d < 7s. Hence

Ef”:igﬁg?, v=M?E*<TM>.
9z 4z
Only this numerical calculation uses the auxiliary cover. The polarization, markings, and natural
character in Proposition 10.12 remain those on the original E. ]

Proposition 10.21. For the data of Proposition 10.12, put

4 M? 2
- (m+ ) ~1, V.= max{1,7M2,4M3, max(tm + 7, tm)}.

4 a2
Either v < Vi, or E is nonnormal and 1/2 < a < a < 1.

Proof. Lemma 3.11 permits us to use the same marked diagram over C, preserving m, a, M, o, v
and normality of E. Suppose v > V,. The normal-surface estimate in Lemma 10.16(i) forces F
to be nonnormal, and part (iii) then gives a > 1/2. Part (ii) excludes a > 1, since V, > 4M3.
If « = 1, Lemma 10.20 gives v < TM? < V,, again a contradiction. Thus o < 1. Finally,
Proposition 10.12 supplies a < a, giving exactly 1/2 < a < a < 1. The same field comparison
returns this alternative for the original marked surface over k. O

11. POINT EXITS

We retain the original point-exit data of Definition 10.11. Thus F is the complete exceptional
surface, H is its original stabilizer, and x is the faithful natural character. We use the polarization
L and the bare discrepancy « of Proposition 10.12. There are two estimates: one uses the
bounded presentation of the marked surface, and the other uses the denominator of a.

Theorem 11.1 (Bounded generators of a polynomial kernel). Let F' be a field, D = Flx1,...,zN],
and A € D™ " have entries of degree at most d, where m,n,d > 1. The D-module {y € D™ :

Ay = 0} is generated by vectors of degree at most (2md)2N [Asc04, Theorem 3.2].

Theorem 11.2 (The noncanonical threefold gap). Let X be a normal Q-Gorenstein kit threefold.
Define mld(X) as the infimum of log discrepancies over all prime divisors over X, with arbitrary
centres. If mld(X) < 1, then mld(X) < 12/13 [LX21, Theorem 1.4].

Theorem 11.3 (Terminal residue lemma). Let r > 2 and ai,a2,a3,a4,€e be integers. Set
q = ged(e,r) = ged(aq, r), and assume ged(a;,r) =1 fori=1,2,3. For an integer u, let u be its
least nonnegative residue modulo r. Suppose

4

ZkTLi:E—Fk—i—r for every 1 <k <.

i=1
If ¢ > 1, then ay = e (mod r) and, after permuting a1, az,as, one has a; =1 and az + a3 =0
(mod 7). If ¢ =1, the multiset {a1,as, as,as, —e, —1} splits into three pairs whose sums are zero
modulo r [Jial9, Theorem 2.10].
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Theorem 11.4 (Analytic Cartier inversion of adjunction). Let X be normal analytic, Xo C X
an effective Cartier divisor, and A > 0 an R-divisor with no irreducible component in common
with Xo, so that the restriction is defined. Assume Kx + A is R-Cartier. Then (X, Xo + A) is
plt near Xo if and only if (Xo, Alx,) is kit [Kol21, Proposition 30].

Theorem 11.5 (Analytic Weierstrass preparation). Let f € C{zi,...,z,_1,t} satisfy
ords f(0,t) = d < co. There are a unique monic polynomial

P:td—l—al(m)td_l + -+ ag(z), a;(0) =0,

with convergent coefficients, and a unit u in the same convergent power-series ring, such that

f =uP [Sch24, Theorem 2.8].

We use Theorem 11.1 for canonical modules of the bounded surface presentations, before
passing to any local cover.

Lemma 11.6. Let m > 1 be an integer. Let (Z > z, B) be an algebraic kit threefold germ with
Kz Q-Cartier. Let a cyclic group H act faithfully, fiz z, and preserve B. Suppose mB is integral
and m(Kz + B) has a natural eigen-generator of faithful character x. Put r =ind,(Kz), and let
W — Z be the canonical cover of Theorem 3.9 with boundary zero and multiplier one. Then H
lifts to a faithful abelian action fitting into

1—>A:W—>ﬁ—>H—>1.

The natural pulled m-log character is the inflation of x, and its kernel is exactly A.
The degree r is not assumed bounded in this lemma.

Proof. Choose an H-eigen-generator of Oz(rKyz) by projecting a local generator to its fibre
character at z. The projection remains a generator near z. In the reflexive canonical algebra
defining the cover, a lift of an element of H is specified by an r-th root of its scalar on this
generator. The lifts form the displayed extension. Natural pullback commutes with the deck
scalars, so A is central. A lift of a generator of H, together with A, generates H; hence it
is abelian. An element acting trivially on W acts trivially on Z and then is a trivial deck
transformation, proving faithfulness. Quasi-étaleness identifies the pulled natural log line with
the log line of the pulled pair. Deck transformations fix the pulled generator, and a lift of h € H
multiplies it by x(h). Faithfulness of y gives the asserted kernel. O

Lemma 11.7. Let an original point-exit datum be given. Let P € E be closed and let J < H
fix P. On the local canonical cover p : (W > P#) — (Y > P), write J for the lifted group
and E% = p~Y(E)eqd, R” = p*R. Then E* and mR¥ are Cartier, with regular semi-invariant
equations z and u. The full scheme E¥ is reduced and Cohen-Macaulay, and is a local complete
intersection. Its components have discrepancy a and inertia one for J. If 0w generates the
canonical sheaf, the natural log generator is, up to a unit,

O

sm—maq,’
Every primitive prime T with centre in E¥ satisfies

AIM(l—a)E#-‘rR# (T) a
(1T -

These assertions include a = 1.
The equations retain every branch of E# and the full boundary multiplicities.

Proof. Proposition 8.8 supplies the actual cover and its smooth or isolated cDV chart. Its use
here requires only the positive exact minimum of the local quotient pair, not that this minimum
equal a. The cover degree is at most m by Theorem 7.16. Quasi-étaleness makes the Weil
pullback of E reduced. Both this divisor and mR# are integral and Q-Cartier. Lemma 8.3,
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applied on the Gorenstein terminal W, makes them Cartier. Character projections give equations
z,u. Since W is a local complete intersection and z is a nonzerodivisor, E# is a Cohen-Macaulay
local complete intersection. Its generic multiplicities are one, so it is reduced.

A component of E# is unramified over the generic point of E, hence has discrepancy a. An
element of its full inertia projects to Iy (E) = 1. The remaining deck inertia is also trivial by
quasi-étaleness. For any prime T in the assertion, primitive restriction and Lemma 3.8 give

Awa-apt4rt (1) _ Ava-aper(ly) _ Ava-aper(Ty) .
AT L(Ty) — [e(Ty)l
The last inequality is Theorem 7.16. The displayed generator follows by inserting the two Cartier

equations into the natural log line. When a = 1, its z-exponent is zero; the Cartier assertion for
E7# was proved independently of that exponent. O

Lemma 11.8. Let N > 2 and D > 1 be integers. Let a finite cyclic group H, of order hg, act
on Pg, and let E C Pg be an invariant integral surface not contained in a hyperplane. Suppose
the action on E is faithful. Let Aq,...,As C E be invariant closed subschemes. Assume that
the homogeneous ideals of E, A1, ..., As are generated in degrees at most D. Let x : H — C* be
faithful, choose a primitive ho-th root ¢, and choose o € H with x(o) = (. For every integer
Q > 2D such that hg > 2QY, there are an integer j with ho/2 < j < ho and a diagonal torus
action 7 : C* — Aut(PN) such that

(i) T preserves E and every A; as schemes;
(ii) 7(¢) = 07, and x(o7) = ¢/;
(iii) the diagonal weights of T can be chosen in (—ho/Q, ho/Q).

On a minimum-weight affine chart the coordinate weights belong to [0,2ho/Q). That chart meets
E, and its fixed locus on E is nonempty and has dimension at most one.

This construction preserves the defining ideals of the markings, including their multiplicities.

Proof. Lift the projective action of o to a matrix. Its hg-th power is scalar, so rescaling the
matrix makes that power the identity. Diagonalize, and subtract one common weight. Write the
resulting weights as 0, ¢y, ..., cy modulo hg.

Apply Lemma 8.9 to the identity map of H, its subgroup H|[2] of elements of order at most
two, and the N coordinate characters relative to the first one. Since |H[2]| < 2, it gives an
element outside H|[2] whose relative character phases have absolute value less than 1/Q. Replace
this element by its inverse if necessary. It then has the form o7 with hg/2 < j < hg. Choose
integer representatives by = 0,b1,...,by of j¢; in (—ho/Q, ho/Q), and let 7 have these weights.

Each invariant homogeneous ideal has generators that are H-eigenvectors of degree at most
D: take eigenvector bases in its homogeneous pieces of these degrees. Two monomials in
such an eigenvector have equal 7-weights modulo hg. Their integer weights differ by less than
2Dhy/@Q < hg, and therefore are equal. Each generator is 7-homogeneous. This proves scheme-
theoretic preservation, and the choice of weights gives 7(¢) = o7.

Choose a coordinate of minimum weight. Its affine chart meets F, since E is not contained in
a hyperplane. The affine weights are the differences from this minimum, hence lie in [0, 2hy/Q).
Taking the limit as the torus parameter tends to zero gives a fixed point of the closed invariant
affine surface. A fixed component of dimension two would be all of F, because E is integral.
This would make o7 act trivially on E, contrary to faithfulness and 0 < j < hy. O

Theorem 11.9. For every m > 1, rational a € (0, 1] with ma integral, and V > 1, there is an
integer Cyol(m, a, V') such that every original point-exit datum with L? <V satisfies

|H| < Cyor(m,a, V).

The bound concerns the full original stabilizer and retains all boundary and contact markings.
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The bounded embeddings of Proposition 10.12 allow Lemma 11.8 to be applied to the complete
surface and its full markings. The remaining estimate concerns the natural dualizing weight and
the normal direction on an actual local canonical cover.

Proof. We bound the coarse dualizing weight, lift a short power of the original action to one local
cover, and deform a surface valuation in its actual normal direction. Its quotient discrepancy will
contradict the original comparison. We first work over C. Put kg = ma and M = lem(1,...,m).

Step 1. In this step, we bound the coarse dualizing weight from the marked surface presentation.
By Proposition 10.12, the complete embedding of E, together with the ideals of Ag and Ty, has
dimension at most Ny and equations of degree at most D, with these bounds depending only on
m,a, V. Enlarge D to a positive integer. Suppose a diagonal torus preserves this presentation
and, on a minimum-weight chart, the coordinate weights lie in [0,2sp). There is an integer
K = K(N,D,M) > 1 such that the weight s of the invertible sheaf w%\/[] at a fixed point, or a
generic fixed curve, satisfies

(11.1) || < Ksp.
Here is the presentation argument for this assertion. Write the affine coordinate ring as B =
Clz1,...,zn]/I. Bounded-degree eigen-equations give a bounded presentation. Theorem 11.1

bounds both degrees and numbers of generators of every subsequent kernel: the number is
bounded by the dimension of the space of polynomial vectors up to the degree bound. Kernels
over B are computed by adding columns for the generators of I. Repeating this operation gives a
partial free resolution long enough to compute wp = ExtY~2(B, C[z]), with its differential-form
twist. Tensor products and the same kernel operation then present

Homp (HomB(w%M, wB),wB) )

This is w%w]. Indeed it agrees with that line on the Gorenstein open set. A canonical dual is
torsion-free and has depth at least two at a surface point: express it as a kernel between finite
sums of wp; the image is torsion-free and has depth at least one, so the depth lemma applies.
The double canonical dual is therefore the unique S9 extension across the finite complement.

All presentations can be taken homogeneous for the torus by projecting their generators to
weight spaces. This does not increase polynomial degrees. A degree-d monomial has weight in
[0,2dsp), and the finitely many dual, tensor and kernel operations add or subtract boundedly
many shifts. All resulting generator weights are thus bounded in absolute value by Ksg. A
generator nonzero in the one-dimensional fibre has exactly its weight, proving (11.1). At a generic
fixed curve, localize the weight-zero coefficient ring to its function field; polynomial degrees do
not increase and the coefficient field has weight zero.

Step 2. In this step, we construct a torus preserving the complete surface and both markings.
Set Q = [64m(K + D +10)], ho = |H|, and suppose hg > 2Q~. Lemma 11.8 gives a torus
preserving E, Agr, T, and an element v = o7, with ho/2 < j < hg and x(7) = C{LO. Put sop = ho/Q.
Choose a component of the attracting fixed locus. Let & be its generic point if it is a curve, and
its closed point otherwise. Its coefficient field K is respectively the curve function field or C.
The transverse surface ring is positively graded over Ky, of dimension d = 1 or 2. To see this, its
degree-zero ring is reduced, being a subring of an integral ring; localization at the generic point
of the chosen fixed component makes it a field. The positive coordinate weights are less than 2sg.
The invertible ideal of Ar has a homogeneous local generator of weight p4 with

0< pa <2Dsg.

Choose a bounded-degree equation whose image generates the ideal modulo the maximal ideal;
it has this weight. A unit marking has weight zero.

Step 3. In this step, we lift the grading to the actual local canonical cover and identify its
natural weights. Put J = (v). If £ is closed, use Lemma 11.7 on the actual canonical cover
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W — (Y 3 ¢€), of degree ro < m. Write E# = (2 = 0) and mR¥ = (u = 0). After shrinking,
the cover is p,,-étale on the punctured E: a terminal threefold is smooth outside its isolated
singular points, by Theorem 7.6. If £ is a generic curve point, Y is smooth there; use its smooth
transverse surface over Ky, the identity cover, and the same equations. Set 19 = 1 in that case.

For a closed &, positive real scaling identifies the punctured analytic cone with its link times
a radial interval. The finite punctured cover consequently extends along the cone. Lift paths
of the coarse torus through it. A period of the universal covering group of C* acts by a deck
transformation, of order s | 9. Thus the lifted action factors through a torus mapping to the
coarse torus by the s-th power. The punctured E# is connected: its Cohen-Macaulay local
ring has depth two, and an idempotent on the puncture extends to the local ring. All deck
transformations are therefore the given p,,. Hartogs extension for this S ring extends the lifted
action and its inverse across the vertex. Path lifting supplies the group law.

The lifted weights on the cotangent space are positive. Finiteness over the positively graded
base excludes a negative-degree integral element by its monic equation; the degree-zero part
is the finite residue algebra at the vertex, hence C. Choose homogeneous analytic generators
by circle averaging and Nakayama’s lemma. Positive weights make each homogeneous relation
polynomial. This gives a positive grading on the completed local E#. At a curve point put s = 1
and use the existing grading.

Evaluate the lifted torus at (sp,. Its action on E7# is the restriction of an actual lift 1 of -,
after changing that lift by a deck transformation. This restriction is faithful on (n), since each
component of E7 has inertia one. In particular, x(n) = C,]ZO. If w; are weights of homogeneous

generators of E# . put

go = ged(shg, wi, wa, . . .), |(m| = sho/g0-

Let 8 be the weight of its dualizing generator and p the weight of the ideal of u|g#. Natural
étale adjunction on the puncture, extended by So, gives

(11.2) Mp = sk, My = spa, 18| < sKsop, 0<p<2sDsy.

For the second identity, the M-th power of the invertible ideal of u is the pullback of the ideal of
Apg. Its root ideal is torus invariant: it agrees with its transforms in codimension one, and an
invertible ideal on an Sy scheme is determined there. Homogeneous generators differ by units of
weight zero. This proves the identity with the full multiplicities.

Step 4. In this step, we bound a Jacobian-minor order on the chosen normalization component.
Choose a component of E#. Its grading defines an integer-valued, possibly nonprimitive weight
valuation w, with residue transcendence degree d — 1 over Ky. In homogeneous parameter
expansions, a top form of weight b has order b — 1: it is T~ 'dT A ¥ for a nonzero residue form
. Roots of a uniformizer may be used to write these expansions; the final valuation will be
restricted to the original algebraic field.

Choose d coarse coordinates with independent differentials on E. Their wedge on the cover
has weight less than 2dssg < 4ssg. Dividing by the dualizing generator gives an element of the
image of A% Qs /K, —> wp# of order less than 4ssp — . For a reduced local complete intersection
this image is the ideal of maximal Jacobian minors: the residue formula identifies a coordinate
differential wedge with the complementary minor times a dualizing generator. This calculation is
valid on each component.

Use the actual smooth ambient chart of W. Its equations are q1, ..., q., where ¢ =0 or 1, and
the equations of E# are (q1,---,Gc,2). There is a corresponding Jacobian minor Jy with
(11.3) 0 <eg=w(Jy) <s(K+4)so.

Call the other d ambient coordinates the free coordinates. Choose their expansions and a
coefficient field equivariantly for 7. One obtains the latter by lifting a separating residue
transcendence basis and then Hensel lifting the finite separable residue extension. The torus fixes
the residue field.
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Step 5. In this step, we use the actual normal character to construct an algebraic prime
contradicting the original discrepancy comparison. Let n,c¢ be the exponent modulo shg of i on
z. The residue identity for the dualizing generator and Lemma 11.7 give
konact = sj —mpB + p  (mod shy).

Choose [ € {0,..., ko — 1} congruent modulo kg to (konact — sj +mpB — u)/(shg), and put
5] —mpB+ pu+lshy

ko )
Then 7 is an integer congruent to nact modulo shg, and go | n. Equations (11.2) and (11.3), and
ko < m, show

Q
n > ssg (2 - K) > max{2s(K + 4)so, s(K +4+2D)sg}.
m

In particular n > 2eg and n > eg + p.

Keep the free-coordinate expansions fixed, introduce a new residue variable Z; fixed by 7, and

solve

G =-=q =0, z=1T"Z

for the other c+ 1 coordinates. Newton iteration gives a solution in the completed valuation field.
At the original solution the error has order n, and the inverse Jacobian changes coordinates only
in orders at least n — eg. The new error has order at least 2(n — eg) > n; iteration converges
and preserves the leading determinant. Uniqueness in this ball and the congruence for n make
the solution n-equivariant. All coordinates still have positive order, and n — ey > u preserves
w(u) = .

This defines an injection of the actual field Ko(W). The free coordinates are algebraically
independent, by the nonzero Jacobian minor; the independent variable Zy adds the remaining
transcendence degree through z. The resulting kernel in the integral local ring of W has height
zero, hence is zero. Its value group is dyZ for a positive integer dp, and its residue field has
transcendence degree d over Kg: the surface grading contributes d — 1, and a value-zero quotient
involving a power of z contributes a transcendental power of Zy. The primitive normalization
is therefore an algebraic divisorial valuation P#. Explicitly, choose a positive-value function
and lifts of a residue transcendence basis, normalize the resulting algebraic model, and take the
codimension-one centre. At a curve point this model spreads over a dense open subset of the
curve.

The residue formula for W is the free differential wedge times dz, divided by Jy. On E# the
free wedge has order eg + 5 — 1. It was kept fixed; the new residue differential contributes n, and
the unchanged Jacobian subtracts eg. The homogeneous bare log discrepancy is consequently
B+ n. With the exact boundary orders it gives

i +lh
5(j + lho) < 0.
m

B+ an—p/m=

All expansion exponents are divisible by gg, and Newton iteration preserves that divisibility.
Thus dy > go. The constructed residue field is fixed by 7, so (n) C I j(P#). We obtain

Ay, (1—ayp# 1 (PF) < s(j +lho) go < J/ho +1 - ko

[ I5(P#)] - mdy sho T m m
This contradicts Lemma 11.7. At a generic curve point the same finite-crepant comparison is
the identity-cover version, and its centre is contained in E. The contradiction takes place in the
original function field; the intermediate analytic grading supplies no substitute minimum.

We have proved |H| < 2Q". Maximize this expression over 2 < N < max{2, Ny} to define
Cyol(m,a, V). Finally Lemma 3.11 transfers the complete marked diagram and its all-prime
comparison to C and back, preserving L?, the finite group and its natural character. This proves
the asserted bound over k. O
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Lemma 11.10. Let Z > z be an algebraic Q-Gorenstein klt threefold germ. Suppose that exactly
one exceptional prime divisor E over a neighbourhood of z has log discrepancy at most one,
that its centre is z, and that 1/2 < a = Az(E) < 1. Write a = ug/vo in lowest terms and put
r=ind,(Kz). Let p: (W 3 0) = (Z 3 z) be the canonical cover supplied by Theorem 3.9 with
boundary zero and multiplier one, and let A be its deck group. Then W is Gorenstein terminal.
Every primitive extension F of E to C(W) satisfies

[IA(F)| = vo, Aw (F) = up.
The terminality assertion uses the interval (1/2,1) and uniqueness over a neighbourhood.

Proof. Theorem 3.9 makes W kit and Ky Cartier. Its exceptional log discrepancies are positive
integers. If W were not terminal, there would be an exceptional primitive prime T with
Aw (T) = 1. Its primitive restriction T is exceptional over Z: a finite morphism preserves the
dimension of a centre, and an exceptional centre has codimension at least two. By Lemma 3.8,

1
= —— <
A2 =y =
Uniqueness forces T, = E, so « is the reciprocal of a positive integer. No such reciprocal lies
strictly between 1/2 and 1. Thus W is terminal. Applying the inertia and discrepancy formulas
of Theorem 3.9 to F, again with multiplier one, gives the two displayed identities. O

Lemma 11.11. For every integer d > 1 and every real € > 0, there is an integer I1(d,e) > 1 with
the following property. If vi,...,vq € (0,1] and R > 2 is an integer satisfying

d
> (14 (n—1)v; — [nvi]) > € (2 <n<R),
i=1
then R < I(d,e).
Strict positivity is necessary: a zero coordinate would contribute one to every sum.

Proof. Suppose that no bound exists. Choose Ry — oo and vectors v(© € (0, 1] satisfying the
inequalities. Pass to a subsequence with v(¥) — & € [0,1]%. Choose § > 0 smaller than €/(2d)
and than min(v;, 1 — v;) for every coordinate in (0, 1).

There is a positive integer ng such that each ngv; is within ¢ of an integer and is an integer
whenever v; is rational. To obtain it, first take a common multiple of the denominators of the
rational coordinates. Apply the finite-box argument to multiples of this integer in the torus of
the remaining coordinates, and subtract two multiples in the same box.

If 0 < v; < 1, our choice of 6 makes (ng + 1)v; nonintegral and gives

[{(no + 1)v;} — v;] < 6.

Consequently
. 4 ¢ _ _
lim (1 +novl” — [(no + Do) = {(no + D&} — ;.
{—00
)
1
v; = 1, the bound vy) < 1 also makes the limit zero. The sum of the limits is less than dd < e.
For large ¢, this contradicts the assumed inequality at n =ng + 1 < Ry. U

If v; = 0, strict positivity gives 0 < (ng + 1)v; ’ < 1 for large ¢, so the same limit is zero. If

We apply Theorem 11.2 only after identifying the minimum on a whole neighbourhood with the
discrepancy of its unique low prime. Both the identity for every residue and the gcd conditions
will be checked before applying Theorem 11.3.

We use Theorem 11.4 with the actual normal hypersurface in a smooth ambient germ and
with zero extra boundary. Uniqueness in Theorem 11.5 makes the preparation compatible with a
diagonal finite group action when the distinguished variable is an eigenparameter.
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Set-up 11.12. Let W = (f = 0) C (C* 0) be an isolated terminal hypersurface, and let p,
act diagonally, freely on W \ {0}, so that W — X = W/pu, is the canonical cover. Suppose
exactly one exceptional prime over a neighbourhood of 0 € X has discrepancy at most one, and

its discrepancy is a € (1/2,1). Write the coordinate characters as ¢y, ..., cs and the equation
character as e, choosing the generator so that " ¢; —e =1 (mod r). We use one of the forms
cA: f = 2172 + g($3a $4)7 g€ (1'3,1'4)2,
odd : f = l‘% + l‘% + g($3>$4)a g€ (1‘3, ZL‘4)3, C1 5—'5 €2,

rank one : f = 2% + g(x2,73,74), g€ (2,73, 74)>.
Set
L=7"+7L(c1,ca,e3,ca)/r,  P(w) =D wi—w(f), U= (LN[0,1]")\{0,1}".

Here w(f) is the least weight of a nonzero monomial of the convergent equation. For 1 < j < r,
write v; = ({jei/r}, ..., {jea/T}).

The domain U excludes every integral corner. The complement of a vector in it remains in the
same domain.

Lemma 11.13. In Setup 11.12, every positive w € L has ®(w) > 0. There is at most one
primitive positive vector B with ®(8) < 1; when it exists, ®(f) = a. Every other positive vector
in L has cost greater than one. Every vector in U with a zero coordinate also has cost greater
than one. Moreover,

(114) ng(Ci,'l") ‘ ng(€7r)a ng(Civ ¢y, T) =1 (Z 75 ])

The low vector, when present, gives an actual exceptional prime; no nondegeneracy assumption
on f is required. The local adjunction argument follows the method in [HL25a, proof of
Theorem 6.4, pp. 430—431]; we prove the admissibility and uniqueness of the weights used here.

Proof. We first verify the geometry of a positive weight, then uniqueness and exact cost, and
finally the boundary of the cube.

Step 1. In this step, we verify the gcd conditions and compare positive weights with actual
exceptional primes. A subgroup fixing a coordinate axis must fix the equation character, since
otherwise the whole axis lies in W. A subgroup fixing two coordinates fixes a plane whose
intersection with W has positive dimension. Freeness off the origin excludes the latter, and
proves (11.4). It also excludes ambient pseudoreflections.

The actual Cartier hypersurface W is normal and klt, and the ambient canonical divisor is
Cartier. Thus Theorem 11.4 gives a plt pair (C*, ). Finite crepancy gives a plt pair (C*/u,., X),
with zero different on X, since the restricted cover is quasi-étale. If w = twg, with wg primitive
in L, its toric ray modification has exceptional divisor Dy and satisfies

K,y + Xy + (1 = ®(wg))Do = W*(K@;/HT + X).

This follows by subtracting the equation weight from the toric canonical coefficient. Plt implies
O(w) > 0. If d(w) < 1, the displayed boundary is effective and plt. Each component D of
Dy N Xy, is an exceptional prime over the origin. At its generic point the cyclic uniformizing
cover of the plt surface slice gives
1—-s(1—9

(11.5) Ax(D) = 128 z W) = Gue) <1,  s1€Zso.

Here s is the multiplicity of the restricted exceptional divisor upstairs and [ is the restriction
ramification. This is the different calculation of Theorems 6.4 and 6.5; its numerator is positive
by klt. The inequality follows from (I — 1)®(wg) + (s — 1)(1 — ®(wp)) > 0. Whenever the initial
component has both x;,z; # 0, restriction of the ambient divisors of the invariant functions gives

dp(af i
(11.6) ordp(a7) Wi
ordp(z})  wj
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The common restriction multiplicity cancels; reducedness of the initial equation is not needed for
this identity.

Step 2. In this step, we prove uniqueness of the positive low-weight ray. If the initial polynomial
at a low positive weight is one monomial involving two variables, its coordinate components
give two distinct primes in (11.5); the diagonal group preserves each component. This is
impossible. If it is a pure power ¥, then p > 2. Every other monomial z* has excess degree
dy = (u,w) — pw; € Z=g. At v = w + e;, positivity forces min{p, d,, + u;} = 1; otherwise its cost
is at most zero. Thus h =32, _; , _¢auz" # 0 is the initial polynomial there and ®(vy) = ®(w).
At n = pw +e; the initial polynomial is 2 +h and 0 < ®(n) = p®(w) — (p—1) < 1. A component
of h = 0 has z; and some z;, j # i, nonzero generically. The equation 2! + h has a component
meeting the full coordinate torus. Their ratios in (11.6) are (w; + 1)/w; and (pw; + 1)/(pwj),
which differ. This again gives two low primes. Hence the initial polynomial of every positive low
weight is nonmonomial.

A nonmonomial Laurent polynomial is a nonunit and has a torus zero. Its weighted
projectivization supplies a torus component. Uniqueness of the low prime and (11.6), for
every pair of coordinates, imply that all positive low weights lie on one ray.

Step 3. In this step, we identify the exact cost of the primitive low-weight vector. For a low
weight in cA form, w; + wy — w(f) is a nonnegative integer. Since the other two weights are
positive and the cost is at most one, that integer is zero. The term x;z9 is initial. For a square
form, if the distinguished square is not initial, put d; = 2wy — w(g) € Zso. The vector 2w — d1e;
is positive, has cost 2®(w) — d; € (0, 1], and is not proportional to w. This contradicts the
preceding uniqueness. Thus the square is initial as well.

At every torus point the derivative in x; of the initial equation is xo, respectively 2x1, and is
nonzero. The primitive toric ray model is smooth along the open orbit of its exceptional divisor.
Its strict transform is therefore smooth and transverse there, so s =1 =1 in (11.5). Its prime has
discrepancy ®(wg) = a. A nonprimitive multiple has cost at least 2ac > 1, proving the positive
claims.

Step 4. In this step, we exclude low weights on the boundary of the specified cube. For w € U
with a zero coordinate, (11.4) gives exactly one zero and three strictly fractional coordinates.
Freeness gives a nonzero axis restriction of f, so w(f) = 0. Also ®(w) = j/r (mod Z) for its
nonzero residue class, so ®(w) cannot equal one. In cA form the first two characters are units:
their axes lie on W. Their weights sum to one when the equation residue is zero, and the
remaining positive tail makes the cost greater than one. In an odd form, or if a tail weight
vanishes in a rank-one form, a nonzero square character forces the represented subgroup to have
order two. All three nonfixed coordinates then have weight 1/2, so the cost is 3/2.

It remains to exclude w; = 0 in rank one with ¢ = ®(w) < 1. The initial term is 2%, and
d; = w(g) is a positive integer. At w + ey, positivity gives t + 1 — min(2,d;) > 0, so d; = 1. At
2w + e; the cost is 2t — 1 € (0,1). The initial equations are respectively in,, g and z? + in, g.
They give different coordinate-order ratios, exactly as above, and hence two low primes. This is
impossible.

All primes used here are primes over the original algebraic germ. Indeed a positive weight has
a finite initial polynomial; only finitely many jets of the equivariant parameters and equation
determine the generic exceptional components and the displayed orders. Algebraic parameters
with the same jets, projected to the same characters, give these components on the normalized
weighted blowup of an algebraic ideal. Thus the analytic coordinates do not change the uniqueness
hypothesis being used. O

Theorem 11.14. There is an absolute integer Qene with the following property. Let Z > z be an
algebraic Q-Gorenstein klt threefold germ. Suppose exactly one exceptional prime divisor E over
a neighbourhood of z has log discrepancy at most one, its centre is z, and

1/2<a=Az(F) <1
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Then the reduced denominator of a is at most Qenc. No Q-factoriality is assumed.

Lemma 11.10 gives the terminal canonical cover needed for the local weight argument. The
compactness estimate used in that argument is Lemma 11.11, on its strictly positive domain. We
use the residue organization of [HL25b, Sections 2—4]. The argument below proves the needed
arithmetic on U, including the empty-cube case.

Proof. We pass to the terminal canonical cover, establish the allowed weight domain, and reduce
the denominator estimate to compactness and a finite list of residue calculations. Put

Qenc = max{30,1+ 1(3,1/14),1+ I(5,1/14)},
where I is supplied by Lemma 11.11.

Step 1. In this step, we obtain the terminal canonical cover, apply the global gap, and treat the
smooth-cover case. Lemma 11.10 gives a terminal canonical cover W — Z of degree r = ind,(Kz).
The germ Z is terminal away from z. Theorem 7.6 makes the terminal threefold singularities
isolated, so after shrinking it is smooth there, and the canonical cover is free off its origin.
Theorem 7.1 says that W is smooth or an isolated cDV hypersurface. On this neighbourhood
the global bare minimum is a: every other exceptional prime has discrepancy greater than one,
and primes on Z have discrepancy one. Hence Theorem 11.2 gives
1 12

(11.7) 5 <« < 3

If W is smooth, diagonalize its cyclic action. All three characters ¢; are units modulo r, since
the action is free off the origin. The smooth-quotient formula, namely Theorem 8.5 with the unit
ideal, gives a vector

v = ({joc1/r}, {joca/r}, {jocs/r}) € (0,1)%, Zvi =a.

The same formula on the algebraic germ follows from its toric resolution; the finitely many
fractional rays and their discrepancies are unchanged by completion. Its primitive ray computes
the unique low prime. Any other fractional vector has coordinate sum greater than one: a
different primitive low ray would give a second prime, and a nonprimitive multiple has cost at
least 2 > 1. Set ¢ = r/ ged(r, jo). For 2 < n < ¢ — 1, all nv; are nonintegral and their residue
class differs from that of v. Thus

3

S (14 (n =1 — [nvi]) = {njoci/r} —a>1—a>1/13.
=1 %

Lemma 11.11 gives ¢ < 1+1(3,1/14); the cases ¢ < 2 satisfy this bound as well. The denominator
of a divides gq.

Step 2. In this step, we choose equivariant hypersurface coordinates and retain both possibilities
for low weights in the cube. Suppose W is singular. Its quadratic part is nonzero by the cDV
condition. Take eigenparameters and split that quadratic form equivariantly. A nonzero cross
pairing gives x1x9. Two square directions of the same character also give such a pair after a
linear change. If neither occurs, there are at most two square directions, since 2c = e has at most
two solutions modulo r. Two distinct square characters give the odd form, and one gives the
rank-one form of Setup 11.12.

The splitting is convergent. For a square direction, Theorem 11.5 writes the equation, up to a
unit, as 22 + 2h(y)x + k(y). Uniqueness makes h an eigenfunction of the character of x, and k
of twice that character; the unit is invariant. Replacing = by x + h(y) splits the square. For a
nondegenerate binary block, solve its two partial derivatives for its critical point by the analytic
implicit function theorem, translate to that point, and complete the nondegenerate quadratic
form. Each operation is equivariant by uniqueness, or by projection to its finite character. The
radical remainder has order at least three when the entire quadratic part is removed. These
changes preserve the actual quotient germ and its canonical character; we introduce weights only



SHOKUROV’S LOCAL INDEX CONJECTURE FOR THREEFOLDS 131

after making them. Thus Lemma 11.13 applies in the displayed coordinates without a Newton
nondegeneracy assumption.

If » < 30, the denominator already divides r, by Theorem 3.9 with multiplier one. Assume
henceforth r > 30. If i contains a low weight, call it 5. By Lemma 11.13, it is positive, primitive
and has cost a. Put ¥ = {3,1 — S}. If there is no low weight in ¢/, put ¥ = @&. This second case
is retained throughout the argument; no existence of a low vector in the cube is assumed.

Step 3. In this step, we compare complementary vectors and derive the residue identity outside
the exceptional set. For cA write A = wy + wy, T = w3 + w4. The first two characters are
units, so 0 < A < 2 on Y. Semi-invariance and the term z1z2 give w(f) € {A, A — 1}, omitting
a negative value. For w,1 —w ¢ ¥, their costs exceed one. If w(f) = A, then T" > 1; the
complement has tail sum 2 — 7" < 1 and must have degree (2 — A) — 1. Thus A < 1. Conversely,
the degree A — 1 gives T' < 1. At A = 1, a zero-weight monomial requires a zero tail coordinate;
the other tail is strictly fractional, giving the same strict inequality.

For a square form put A = wy, T = wy + w3 + wy. Its equation degree is 24 or 24 — 1. A
value 24 — 2 would require both A =1 and a zero tail coordinate, contrary to (11.4). Outside ¥,
complementarity gives

w(f)=24 = A<1/2, T>1+A, w(f)=24-1 = T<1+A

In the borderline case A = 1/2 and degree zero, the represented element fixes one tail axis and
has order two by (11.4); the vector has three coordinates 1/2 and one zero. This verifies the
strict inequality there as well. For the fractional vectors v;, these alternatives and ) ¢; —e =1
give

(11.8) Z{jci/r} = {je/r}+ij/r+1 ifv; ¢ 0.

Indeed in cA the two cases have respectively A = {je/r}, T = 1+j/rand A = 1+{je/r}, T = j/r.
In a square form they have respectively 24 = {je/r}, T— A =1+j/r and 2A =1+ {je/r}, T —
A = j/r. In particular a nonexceptional cA test with tail sum less than one forces equation

degree A — 1; a nonexceptional square test with first coordinate greater than 1/2 forces degree
2A — 1.

Step 4. In this step, we determine the gecd alternatives and isolate bounded-denominator cases.
In cA set d = ged(e,r), h = r/d. If neither tail character has ged d, all coordinates of vy, and
v,—p, are nonzero. They are complementary, whereas (11.8) would make their coordinate sums
add to three, rather than four. Thus one of them is 3, unless some tail has ged d. If v, = £,
its cost modulo integers is 1/d, so a = 1/d, which is impossible. If v,_j;, = 3, then a« =1 —1/d,
and (11.7) gives d < 13. This is already a bounded-denominator case. Otherwise, after switching
tails,

(11.9) ged(ep, ) = ged(eg, ) = ged(es, ) = 1, ged(eq, ) = ged(e, ).

The remaining tail is a unit by the pairwise gcd condition.

For a square form put s = ged(cq,r) and d = ged(e, r); then d = s or 2s. If s > 2 and d = 2s,
the same complementary test at h = r/(2s) has first coordinate 1/2 and all tail coordinates
nonzero. It is contradictory unless o = 1/(2s), which is impossible, or a = 1 — 1/(2s), whose
denominator is at most thirteen. Otherwise s > 2 implies d = s and all tails are units. If s =1,
then either r is odd and every character is a unit, or r is even and exactly one tail has ged two,
all others being units. In the latter case, if all tails were odd, the vector (1/2,1/2,1/2,1/2) would
have cost one, contradicting Lemma 11.13. Thus, after a permutation, three characters are units
and the fourth has the same ged with r as e.
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Step 5. In this step, we apply five-coordinate compactness and verify the residue identity for
every remaining residue. Suppose 8 = vj, is strictly fractional and

Zﬁi = {Jjoe/r} + a, 0 < {joe/r} < 1.

The canonical congruence gives a = jo/r. Every other noncomplementary residue has residue
cost 1+ j/r by (11.8). The complement has residue cost 3 — «. Both exceed o+ 1/14, by (11.7).
Apply Lemma 11.11 to the five strictly positive numbers

(b1, B2, B3, Ba, 1 — {joe/r}), whose sum is 1 + a.

For 2 < n < ¢ =r/ged(r, jo), the first four positive representatives are at least the corresponding
fractional parts, and the fifth is exactly 1 — {njoe/r}. Subtracting the original sum shows that
the compactness expression is at least 1/14. Hence ¢ < 1+ I(5,1/14), and the denominator of «
divides gq.

Outside this case, a cA low vector, if present, has

(11.10) B=uvj,,  Pi+Pa=1+{joe/r}>1, B3+ Ps=a=j/r

Indeed the cross term is initial by Lemma 11.13, and its two tail coordinates cannot be one. The
equation residue cannot vanish, since (11.9) would then make one tail zero. For a square form
the low vector has either

(1111) /8 = Uj()? 251 =1 + {joe/r} > 17 Z/B’L = ﬂl + (e o = jO/ra
i>1

or

(11.12) B = (1,ba,bs,by), B(f) =2, bo +b3+by=1+q.

To check these alternatives, the distinguished square is initial by the same lemma. A fractional
first coordinate less than 1/2 is the compactness case just treated. An equation residue zero is
excluded by the gcd patterns: it makes the first coordinate zero in the nonunit-first case, or a
tail zero in the even-unit case. A coordinate one in a tail would instead give the order-two vector
with the other three coordinates 1/2, of cost greater than one. Thus a nonfractional low vector
has only its first coordinate equal to one, and its initial square has degree two.

In (11.10) and (11.11), the residue identity holds at 8 by the displayed formulas, and at its
complement by subtraction, since the equation residue is nonzero. In (11.12), both exceptional
residue vectors have first coordinate zero; their costs are 1 + « and 2 — «, so the identity holds
there too. Consequently, after the bounded denominator cases already settled, (11.8) holds for
every 1 < j <r. If ¥ =@, it already did so. Every hypothesis of Theorem 11.3 has now been
verified.

Step 6. In this step, we enumerate the character types supplied by the terminal residue lemma.
For cA, the relations ¢; + co = e, ¢3 4+ ¢4 = 1, together with that theorem, give, up to switching
the two pairs, the following types modulo r:

| (c1,¢2,c3,c45€) | conditions
T (¢,—¢c,1,0;0) ged(e,r) =1
I (¢,1,—c,e+1;¢+1) | ged(e,r) =ged(ec+1,7) =1
cd
17

IT | (¢,—c—1,—c,c+1;—1) | ged(e,7) (c+1,r)=1
I11| (L,¢,—c,c+1;¢+1) | ged(e,r) = ged(e+1,7) > 1.

In type III, ¢+ 1 # 0. To obtain the list when ged(e, ) > 1, the nonunit tail equals e, and the
three units consist of one and an opposite pair. This gives T or III. When ged(e, r) = 1, pairing
—e with —1 gives II. Otherwise —e pairs with a tail and —1 with one of the first two characters,
giving L.

For a square form, if the first character is not a unit, the terminal residue lemma gives
c1 = e =0 and tails (¢, —¢,1). Otherwise, in even index the nonunit tail is e = 2¢;; choosing
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which unit is one gives types A and B below. In odd index, pairing —e with —1 gives C; pairing
it with a tail and then pairing —1 with a tail or with ¢; gives D or E. Thus the rank-one list is

(c1,c2,c3,c456€) parity of r
A (¢, —c,1,2¢;2c) even
B (1,¢,—¢,2;2) even
C|l(r=1)/2,(r+1)/2,¢,—¢;—1) odd
D (¢, —¢,2¢,1;2¢) odd
E (1,¢,—c,2;2) odd
F (0,¢,—c,1;0) arbitrary,

where ged(c,r) = 1. In odd form the two squared characters are distinct. A nonunit squared
character would be zero, and the other would be /2, violating the pairwise ged condition for
r > 2. They are therefore units. The terminal residue lemma gives

(c1,c9,c3,c45€) = (1,1 4+71r/2,7/2 —1,2;2), 4] r.

If the remaining unit were one instead, the two squared characters would be opposite, forcing
r| 4.

Step 7. In this step, we exclude the remaining cA character types in large index. In types
I-1IT choose 1 < ¢ < r — 2. Type T is terminal, which is impossible here. In fact write its
equation as zy + g(u, z) with characters (¢, —¢,1,0). Freeness forces g(0,z) # 0; a change of
the fixed coordinate makes (u = 0) the Du Val surface xy + 2! = 0, t > 2. It is a quotient
of a smooth surface by inverse cyclic weights, hence klt. Theorem 11.4 makes this Cartier
pair plt upstairs, and finite crepancy makes its image pair (X, D) plt. The logarithmic residue
generator has character 1 —1 =0, so Kx + D is Cartier. Every exceptional prime centred at the
origin consequently has positive integral pair discrepancy and positive order on D, hence bare
discrepancy greater than one.
In type I choose b(c+1) =1 (mod r), 1 <b < r. Then

vp=(r—b+1,b,b—1,1)/r

Its first-pair sum exceeds one, so it is not 1 — by (11.10). Unless it is 3, the tail test forces degree
1/r in g € (w3, 24)%, which is impossible. Thus 8 = vy and b/r = a > 1/2. Set j =2b—1r > 0. If
j >4, the vector v; has tail numerators (j — 2,2) and first-pair sum 1+ 2/r. It is outside ¥ and
forces degree 2/r, although every tail monomial has degree at least 4/r. If 7 = 2, the congruence
for b gives 2¢ = 0, contradicting ¢ being a unit. If j = 1, then r = 2b— 1 and ¢ = 1; at vy
the tail numerators are (b — 2,3) and the forced degree is 3/r. If j = 3, then r = 2b — 3 and
3c = —1; at vpy3 those numerators are (b, 3), again with forced degree 3/r. For r > 30 both tests
are outside W, have tail sum less than one, and cannot have a degree-3/r monomial of ordinary
degree at least two.

In type II, v,_1 has tail numerators (¢, — ¢ — 1) and first-pair sum 1+ 1/r. It cannot be the
complement of 5. If it is 3, then o = (r — 1)/r, contrary to (11.7) for » > 13. Otherwise the
forced degree is 1/r, impossible. In type III, the same test either gives r < 13, or forces a pure
power xé, [ > 2, with

lc=r—c—1.

Thus r > 2¢c+ 2 for r > 4. The test v,_o either is 3, giving r < 26 by the gap, or forces a pure
power 5 with 2sc¢ = r — 2c — 2. Both tests have first-pair sum greater than one, so neither is the
complementary exception. Minimality of the two powers at the two tests gives [ = s, and the
two equations then imply » = 0. This excludes all cA types for r > 30.

Step 8. In this step, we exclude the remaining odd character type in large index. For the
displayed odd type, v,_o = (r — 2,7 — 2,2, — 4)/r. It is not the complement in (11.11). If it is
B, the gap gives r < 26. Otherwise it forces degree (r — 4)/r. Both squares have larger degree,
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and a monomial of g involving x4 has larger degree. Hence :clg occurs with 20 = r — 4. Since 4 | r,

its character is
(r/2=2)(r/2—1)=2+7r/2#2 (mod r),
a contradiction.

Step 9. In this step, we exclude the remaining rank-one types and conclude the denominator
bound. All tests below have first coordinate greater than 1/2. They cannot be 1 — 3, by (11.11)
and (11.12). Their equation degree, unless they equal f3, is twice the first coordinate minus one.

In type A choose jic = r/2+t for t = 1,2,3. The test v;, must be 3, since otherwise it
forces degree 2/r in a cubic-order remainder. The next test has tail numerators (r/2 — 2, j2,4)
and forces degree 4/r. Since r > 30, only a pure power of x3 can attain it. Its exponent is at
least three, so jo = 1 and z4 occurs. Thus ¢ = r/2 + 2 and 2¢ = 4. At the third test the tail
numerators are (r/2 — 3, 73,6). An attaining monomial of degree 6/r is again a pure power of
x3. Its degree at least three gives j3 < 2, while the already present fourth power gives 4j3 > 6.
Hence j3 = 2. But doubling jzc = r/2 + 3 gives 4j3 = 6 (mod r), contradicting r > 30.

Types B and E have the common list (1,¢,—¢,2;2). Put d =2 for B and d =1 for E, and let
jo=(r+d)/2, j1 = jo+1, jo = jo+ 2. The first test must be 3, since it would otherwise force
degree d/r in a cubic-order remainder. Put s = d + 2, so s =4 or 3. At j; the forced numerator
is s. The last tail has numerator s itself and cannot occur in an attaining monomial. The other
two tail numerators are opposite and one exceeds r/2 > s. Thus an attaining monomial is a
pure power of the smaller tail, of exponent at least three. It follows that jijc =€ (mod r), with
e € {1,—1}, and its exponent is s. Since 2j; = s, we have s¢c = 2¢ (mod r). At jo the forced
numerator is s + 2. The same argument gives joc = J, with 0 < |§| < 2 for B and |§| =1 for E.
Subtracting yields ¢ = 6 — ¢, so

s(6 —€) =2¢ (mod r).

The difference has absolute value at most fourteen, less than r; equality as integers is impossible
for s =4 or 3. This treats both signs and every residue alternative in these two types.

In type C the test v,_; either is 3, giving r < 13, or forces degree 1/r in a cubic-order
remainder. In type D choose jic = (r + 2t — 1)/2 for t = 1,2,3. The first test must be §. The
next two have tail numerators

((r=3)/2,3,52),  ((r=5)/2,5,73),

and force degrees 3/r and 5/r. Only a pure power of x4 can attain either degree. The first gives
j2 = 1 and the least exponent three. Minimality at the second gives the same least exponent,
hence 3j3 = 5, which is impossible. This includes the type with the first character ¢ and tails
(—c,2¢,1).

Finally, in type F use the vectors

Wi = (17 {jC/T}, {—jC/T},j/T) eU.

Their equation degree is one or two. Unless w; = 3, their cost greater than one forces w;(g) =1,
since their tail sum is 1 + j/r. Choose by, by with ¢b; = [r/2] — i, i = 1,2. For r > 30 the two
opposite pairs {b;, 7 — b;} are distinct and all their first two tail weights exceed 1/3. At most
one pair contains the residue class of 3; choose the other. The degree-one monomial of g at
each of its two tests, having ordinary degree at least three, forces respectively j/r < 1/3 and
1 —j/r <1/3, a contradiction.

The tests use only . If this cube had no low vector, each assertion that a test must equal 8
was already a contradiction. Thus no additional assumption about weights outside the cube was
used. All types have been excluded for r > 30 except for the bounded-denominator cases above.
These cases give a denominator at most thirteen or at most 14 I(5,1/14). Together with the
smooth-cover bound, they prove the stated Qenc. [l
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Lemma 11.15. Let an original point-exit datum satisfy 1/2 < o = Az(FE) < 1, and write
a = ug/vo in lowest terms. Put z = h(E), Bz = hyR, and let 7 : Z — Q = Z/H be the quotient
near z, with boundary Bg defined by Kz + By = 7*(Kq + Bg). Let p: (W 2 0) — (Z 2 z) be
the canonical cover supplied by Theorem 3.9 with multiplier one, and put By = p*By. Then E
is the unique exceptional prime over a neighbourhood of z with bare discrepancy at most one, and

mld(Q > 7(z), Bg) = a.
Every primitive extension F' of E to C(W) satisfies
Aw (F) = uy, Aw By (F) = voa, [IA(F)| = wo,
where A is the canonical deck group.
Here « is a bare discrepancy; the minimum of the original quotient pair remains a.
Proof. By Theorem 7.16, the pair on Z satisfies
Ky + (1 —a)E+ R=h*(Kz + By),

and every exceptional prime other than E has pair discrepancy greater than one. Proposition 10.12
makes Ky Q-Cartier, so By is separately Q-Cartier. Since Bz > 0, every other exceptional
prime P satisfies

Az(P) = AZ,BZ(P) +P(Bz) > 1.

Together with Az(F) = a < 1, this proves bare uniqueness and justifies applying Lemma 11.10.

For a primitive prime P centred at z, properness gives a centre in h~!(z). This fibre is
supported on E. Indeed —F is h-ample. A contracted curve not contained in E has nonnegative
intersection with F, contradicting that ampleness. Every positive-dimensional fibre component is
therefore contained in E. The fibres are connected, so an additional isolated point outside F is
also impossible. Thus the comparison in Theorem 7.16, with discrepancies and inertia computed
in the same function field, gives

Az, (P)
[Ia(P)| —

The original prime E attains equality because Az p,(F) = a and Ig(E) = 1. The quotient
formula in Lemma 3.11 now gives the asserted exact minimum. Its boundary is the actual finite
crepant boundary, including the ramification terms of Lemma 3.8.

The canonical cover is quasi-étale. The last two identities of Lemma 11.10 give Aw (F) = ug
and |[Ia(F)| = vo. Finite crepancy for (W, By) — (Z, Bz), using Lemma 3.8, gives Aw, g, (F) =
UOAZ,BZ (E) = Vpa. O

Proposition 11.16. Let an original point-exit datum satisfy 1/2 < a = Az(FE) < 1, and write
a = up/vg, where ug < vy are coprime positive integers. With C,, = max{2m + 5,31, m + 16},
one has

|H| < [4mvo(Crug + 5vo) + 1]° < [4mvd (Cp, + 5) + 1]°.

No bound on L? or on indy gy Kz is assumed.

The lift in Lemma 11.15 has prescribed bare discrepancy ug. The character estimate must
retain the canonical deck group until the final cancellation.

Proof. We retain the prescribed lift through the full canonical extension, apply the ambient
computing-divisor bound, and cancel the canonical deck degree only at the end.

Step 1. In this step, we retain the full canonical-cover group and the original quotient minimum.
Use Bz,Q, Bg, W, By, A from Lemma 11.15, and put r = ind,(Kz). Theorem 7.16 supplies on
Z the original natural m-log generator with faithful H-character. Lemma 11.6 therefore gives

1—A=p — H— H—1, | ker x| = r.
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Its quotient pair is the same (Q, Bg), of exact minimum a. The canonical cover W is terminal
by Lemma 11.10. For a primitive lift F' of E, the target-quotient lemma gives

Aw(F) = ug, AW,BW(F) = Voa, ’IA(F)’ = Yo.

An element of I (F') projects to an element acting trivially on x(E) C x(F), hence to Iy (E) = 1.
Consequently

I5(F) =IA(F),  [Iz(F)] = vo.

The full group need not preserve F'.

Step 2. In this step, we construct the bounded ambient prime with its original full inertia.
The integral Q-Cartier divisor mByy is Cartier by Lemma 8.3, since W is Gorenstein terminal.
Choose a regular semi-invariant equation hp by a character projection. If W is smooth, take
My=W,T =F, and Pgp = hp. Its ambient quotient is already the prescribed quotient pair.

If W is singular, Theorem 7.1 gives an isolated cDV hypersurface. It has an actual algebraic
equivariant presentation in a smooth fourfold My. Indeed embed the affine germ in a representation
by a finite invariant set of algebra generators, and choose eigen-equations with independent linear
parts to cut the smooth minimal ambient germ. The remaining principal equation can be chosen
semi-invariant by projecting its generator. Write it as f, lift hp semi-invariantly from W, and
put Pg = f™hp. The action on M)y is faithful, since its restriction to W is faithful.

Apply Proposition 9.7 with the full group H, intrinsic prime F', bare bound ug, and inertia
vg. All its hypotheses refer to the actual quotient pair established above. It gives an algebraic
ambient prime 1" with

Any(T) —T(PB)/m _

‘Iﬁ(T” = v, % = a, Ao (T) < Cpyug + 3vp.

Proposition 8.13 gives the lower bound a for every ambient prime, so the exact ambient quotient
minimum is a. The smooth case satisfies the same displayed bounds with 7" = F. The natural
generator Q- /Pp has character Y, by residue in the hypersurface case and by the identity in
the smooth case; its kernel still has order 7.

Step 3. In this step, we apply the character estimate and cancel the canonical deck degree. An
abelian extension of two cyclic groups has a faithful representation by at most two characters.
Apply Proposition 8.12 with kg = r, e = vg, Lo = Cyup + 3vp, j = 2, and ambient dimension at
most four. Since these quantities are positive integers where required, it yields

\H| < r[4muo(Cruto + 5v0) + 1]°.
Now |ﬁ | = r|H|. Cancel r and use ug < vp to obtain both asserted inequalities. O

Theorem 11.17. Fiz m > 1 and a rational a € (0,1] with ma integral. There is an integer
Cpt(m, a) > 0 such that, for every original cover datum and every point contraction supplied by
Theorem 7.16, the full original stabilizer satisfies

|H| < Cpe(m,a).
The assertion holds over every algebraically closed field of characteristic zero.

The volume alternative and the fractional discrepancy estimate exhaust the point contractions.

Proof. We first work over C. Let V, be the constant of Proposition 10.21, put C,, = max{2m +
5,31,m + 16}, and set

Cpt(m, a) = max {Cvol(m, a,Vy), [4sznC(Cm +5)+ 1]6} )

If L? < V,, Theorem 11.9 gives the first bound. Otherwise Proposition 10.21 gives 1/2 < a < a <
1. By Lemma 11.15, the bare target satisfies every hypothesis of Theorem 11.14. The reduced
denominator vg of « is therefore at most Qepne. Proposition 11.16 gives the second bound.
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For an arbitrary algebraically closed field k of characteristic zero, apply Lemma 3.11 to the
entire marked point-exit diagram. Its complex realization retains the original finite group, natural
character, computing prime, terminal pair, polarization, and full markings. The same lemma
preserves the comparison over all primes by identifying it with the minimum of the actual quotient
pair. Hence the complex estimate applies to this realization. The group H and its order are
unchanged, which proves the bound over k. O

12. VALUATIONS AT CURVE POLES

We retain the original cover, its natural character, and the marked curve exit. We construct
valuations near a point of the normalization and at the generic point of a fibre component. Every
discrepancy below includes the full inverse image of the marked divisor and the full remaining
boundary.

For a complete non-Archimedean valued field K, the Tate algebra K (X) consists of the series
>j>0a;X J with |a;| — 0, and its Gauss norm is max; |a;|. A series of norm at most one reduces
coefficientwise to a polynomial over the residue field.

Theorem 12.1 (One-variable preparation over a complete valued field). Let K be a complete
nontrivially valued non-Archimedean field and g € K(X) have Gauss norm one, with reduction of
degree s. Then g is a unit times a monic polynomial of degree s and norm one. The valuation has
a unique extension to each algebraic extension of K, and finite extensions are complete [Bosl4,
Section 2.2, Definition 6, Theorem 8 and Corollary 9; Appendix A, Theorems 1 and 3].

Preparation counts the roots in the chosen closed disc. We will descend their full multiset
before bounding the degree of a root.

Set-up 12.2. Let original cover data of minimum 0 < ¢ < 1 and a curve exit h: Y — Z from
Theorem 7.16 be given. Write By = (1 —a)E+ R, v: S — E, and ¢y = c¢t(3,a). Let J < H fix
a point P € S. At Py = v(P), take the actual canonical cover W, the abelian extension J , and
ambient germ My from Proposition 8.8. Their local canonical degree satisfies » < m. The full
inverse-image divisors E# and mR* are Cartier; let Zg, U be their full regular equations, lifted
equivariantly to My. In the singular case let f be the equation of W. The natural tensor is

B U
izt

with f omitted in the smooth case. Its character is the inflation of the original x|;. Choose a
point P# above P on the normalization of E#, and an element 7 of its stabilizer mapping to
v € J. All ambient eigenparameters are chosen for the full abelian extension. For a positive
number €, suppose their phases at n have absolute value less than €, and every character of v on
the coarse cotangent space mg p/ m%’ p has a representative in (0, 2¢).

The full Cartier equations in this setup follow from Lemma 8.3. Indeed, F and mR are
invariant integral Weil divisors on the H-Q-factorial model of Theorem 7.16, so their pullbacks
are integral Q-Cartier divisors on W. Apply the lemma there, where the canonical index is one.
The full divisor E# is reduced: the cover is etale in codimension one, and its Cartier divisor
on the Cohen—Macaulay germ W has no embedded components. Character projection chooses
equivariant equations and their ambient lifts.

Put

1
Do=(1—-a)div(Zg) + p- div(U)
on My, adding div(f) when W is singular. This notation always refers to the full equations in

the setup. Theorem 7.16 and Lemma 3.8 give a minimum at least a for the quotient by J at
Py: for every prime centred there, its J-inertia is contained in its H-inertia. Proposition 8.8
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therefore gives

Angy Do (F)
(12.1) L >
[I5(F)
for every primitive algebraic ambient prime centred at the closed point.
We use the same normalization of a valuation in both closed-point constructions.

Lemma 12.3. In Setup 12.2, let w = Aordp, with A > 0 rational and F a primitive algebraic
prime over My centred at the closed point. Let o € J preserve w, and suppose that its action on
each homogeneous element of value d in the associated graded field is multiplication by exp(2wid).
Write @ for its image in J. Then

(S I:IV(F), A> AAM@,DO(F) > a.

The conormal phase of o is A mod Z, and
mAAp,, D, (F) = phasex(a) (mod Z).

The hypothesis identifies the scale of the valuation with the conormal character; it is stronger
than merely preserving the valuation.

Proof. The degree-zero action is trivial, so o belongs to inertia. A uniformizer for F' has value
A, giving the stated conormal phase. By Lemma 3.8, this character has order ord(o). If o # 1,
the positive number \ is at least 1/ord(o); if 0 = 1, it is a positive integer. The lower bound
follows from (12.1). The same lemma applied to the natural tensor gives the congruence, since
mAn, D, (F) is an integer. O

The next lemma isolates the use of the positive cotangent characters on the coarse normalization.
Let A denote the completed normal local ring at P#, and let Ry, C A be its reduced formal
branch ring. Write n for the maximal ideal of A, and e(Ry,;) for the Hilbert—Samuel multiplicity
of the branch.

Lemma 12.4. In Setup 12.2, let x1,...,xq, d € {3,4}, be the ambient eigenparameters, with
signed phases p; at n. Suppose e(Ryy) < B for a positive integer B. Put L = B(m + 1),
T=DB(dm+1), and I+ = (x; : p; > 0)A. If 2L+ m)e < 1, then

en(A) < B, dimcn/n? < B +1, nl c I,

and
B+T
length(A/I;) <
eng </+>—(3+1

At least two of the u; are positive. If exactly two are positive, their coordinates ui,us induce a
finite free inclusion Cllui,us]] C A of rank length(A/(u1,ug)).

> < (T+ 1)B+1_

Thus positive parameters can be found without requiring positive cotangent characters on the
covering normalization.

Proof. We first bound the normalization and then use deck-invariant powers to eliminate the
nonpositive coordinates.

Step 1. In this step, we bound the multiplicity, colength, and embedding dimension of the
normalization. The finite birational extension Ry, C A has cokernel of dimension at most one. If
I = (x1,...,24)A, multiplicity additivity gives

er(A) = e(Rw) < B.
The normal surface ring A is Cohen—Macaulay. A general two-generated reduction of [ is a
parameter ideal of colength e;(A). Consequently

length(A/I) < B, nPcl = e(A)<B.



SHOKUROV’S LOCAL INDEX CONJECTURE FOR THREEFOLDS 139

A general two-generated reduction of n removes two independent cotangent classes. Its quotient
has length e,(A) and has at least 1 + dimg(n/n?) — 2 independent constant and linear classes.
This proves the embedding-dimension bound.

Step 2. In this step, we use deck-invariant powers to eliminate nonpositive coordinates and
bound the positive-parameter quotient. The canonical deck group has order r < m. Since the
parameters diagonalize the full extension, each z descends to a regular function on Y, hence on
S. For p; <0, its phase is ru;. Every nonconstant monomial of degree at most L in eigenlifts of
the coarse cotangent basis has phase in (0,2Le). Its difference from rpu; lies strictly between zero
and (2L + r)e < 1. Character projection in the truncated local ring therefore gives

x; € mg}lA c nlHl (1 <0).

In A= A/I,, let 1 be the maximal ideal and let I_ be generated by the remaining coordinate
images. Then

af eI, 2 enBmtDFl o Al
I™*L. Every monomial of degree dm -+ 1 in at most d
— Idm+2

As r <'m, every remaining ;" also lies in
generators contains one such factor. Hence T4m+1 , and Nakayama’s lemma makes these
ideals zero. It follows that n” C I.. Counting monomials of degree less than T in at most B + 1
cotangent generators proves the two length bounds.

An ideal generated by fewer than two elements cannot be primary in a two-dimensional local
ring. If exactly two positive coordinates occur, they form a parameter sequence. Completeness
makes A finite over C[[u1,uz]], the map is injective by dimension, and Cohen—Macaulayness
makes this finite module free. Reduction modulo (u;,uz) gives its rank. |

The contact function in Theorem 7.16, pulled through the canonical cover using Lemma 3.8,
shows that (W, coE7) is lc. Indeed, the coefficient of E# in the pulled contact pair is 1 —a+col >
co, and every other coefficient is nonnegative. This observation also applies when a = 1.

Proposition 12.5. In Setup 12.2, suppose W is singular. Put
By=[4/cy], Li=DBy(m+1), Ty=Bsdm+1), Ky=(Tu+1)%"  E =BT}
K, = max(Ky, E}), P, = (K,!)3.
Assume
(2Ly+m)e <1, 4de<a, FEge<l1l, 4Pe<]l.
There is a primitive algebraic prime F over the original ambient germ My, centred at its closed
point, and a rational A > 0, such that
W I{F), A= AAup(F) = F(f) — (1 — a)F(Zg) — F(U)/m)
satisfies
a <A <a+6Pe, mA = phase x(7"*)  (mod Z).
The conormal phase of ™ at F is A mod Z, and \ > 1/|[I5(F)].

The power in this assertion controls three separate operations: fixing a valuation, fixing its
residue field, and fixing the conormal phase.

Proof. We bound the multiplicity of the full Cartier divisor, construct a bounded set of surface
valuations, and then construct the ambient prime with its original differential. The two-positive
case uses a finite completed parameter map; the three-positive case uses Theorem 12.1 to obtain
the required valuation bounds. Write p; € (—¢,€) for the signed phases of the chosen ambient
eigenparameters at 7).

Step 1. In this step, we bound the multiplicity of the full Cartier inverse divisor. Theorem 7.1
[Rei83, Theorem (1.1), pp. 138-139] identifies W as an isolated compound Du Val hypersurface.
In particular its multiplicity is two and its general hyperplane section is Du Val. The ordinary
blowup b: W — W has exceptional Cartier divisor () equal to the projective tangent quadric.
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We check normality of W, including a double tangent plane. For a quadratic part of rank at
least two, each reduced component of the quadric is generically smooth, so the strict transform
is regular at its generic point. For rank one, completing the square writes the equation as

&+ go(&1,&,8) =0, ord(go) > 3.

The cubic term (go)s is nonzero: a general hyperplane section is Du Val, and its rank-one
quadratic case has type D or E, whose equation has a nonzero cubic term on the radical of the
quadratic part. On a blowup chart the equation is

(£0)° + s0(90)3(1, €5, &) + s5(g0)a(1, &5, &5) + -+ = 0.

Its derivative in sg is nonzero at a general point of the exceptional plane. The hypersurface
charts satisfy So, so this codimension-one regularity proves normality. Adjunction gives

Kﬁ/ =b"Kw + Q.
Write @ = 3, n;Q; and let d; be the degree of the reduced component @);. Then
n; € {1,2}, > nid; =2, Aw (Qq) = 1+ n;.

For an effective Cartier divisor D’ through the point, two general hyperplanes cut its multiplicity
and, on the blowup, meet each ); in d; smooth transverse points. The hyperplanes can avoid
the strict transform of D’, the other exceptional components, and the singular locus. On each
resulting normalized curve branch the order of D’ is ordg,(D’). Computing the intersection
length on these branches gives

eO(D') = Z di OI‘in (D/)

Here the finite-length cokernel of the curve ring in its normalization has equal kernel and cokernel
lengths under multiplication by the equation of D’, so it contributes nothing to this equality. If
(W,eD') is lc, then

QO(D,>§ szl(1+nz) _ 2+szz %

Cc C C

Apply this with D’ = E# and ¢ = c¢g. Multiplicity additivity bounds the selected reduced branch
by the multiplicity of the full divisor. Lemma 12.4 therefore applies with B = Bj.

Step 2. In this step, we determine the sign alternatives and construct the surface valuations
when exactly two phases are positive. At least two ambient phases are positive. Four positive
phases would define a positive monomial valuation on My with full boundary discrepancy at
most their sum, less than 4e < a. This contradicts Lemma 12.3 with ¢ = 7. If exactly two
phases are positive, call the coordinates ui, us. The completed normal branch is finite free of
rank at most Ky over Cl[uy, ug]]. Give C(u1,u2) the monomial valuation vy with values fiy, , fys-
Its value group is 69Z, and its residue field is C(7), where 7 is a primitive value-zero Laurent
monomial. The same valuation on Frac C[[u1, us]] has this residue field, since a leading form is a
finite polynomial. It has at most K4 extensions to Frac A, each with ramification and residue
degree at most K4. Indeed, representatives of distinct value cosets multiplied by lifts of residue
bases are linearly independent over the base field. Integrality and the primary ideal (u1,u2)A
make every extension centred at P#. The extensions form an 7-stable set. Their restrictions to
the algebraic surface field give the valuations used below.

Step 3. In this step, we bound the equation degree and finite rank associated with three positive
coordinates. Suppose the positive coordinates are z1, z2, 23, and denote the remaining coordinate
by y. Put I = (21, 22, 23)A. Since n’* C I, comparison of the quadratic leading terms of the
length functions gives

CI(A) S Tfen(A) § E4.
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Completeness and the primary property make A finite over the image of Cl[z1, 22, z3]]. Its prime
kernel has height one and is generated by an irreducible series g. Write

Ry =Cllz1, 22, 23]]/(9+),  hy =ord(g+), g4 = [FracA: Frac Ry].
Multiplicity additivity for this finite rank-g4 module gives
Q+h+ = GI(A) S E4.

Character projection makes g4 an n-semi-invariant without changing its ideal or its order.
Choose an ordinary degree-h; monomial of g, and let b, be its positive weight. Then
0 < by < hye < Eqe < 1. All support monomials have positive weights congruent to b1 modulo
integers, so by is the least weight. Its initial form (g4 )s, is a polynomial. Among the variables
occurring in that polynomial choose one with largest weight and call it z; call the other two
original positive coordinates wuy,us. The chosen degree-h; monomial gives by < hyp,, whence

1< sy =deg.(g4)p, <hy.
No change of the original eigenparameters is made.

Step 4. In this step, we prepare the one-variable equation and descend its full root multiset.
Give C(u1, u2) the monomial valuation vo(u;) = p,, @ = 1,2, and let K be its completion. Write
doZ for its value group. Evaluation embeds C|[uj, us]] into K: positive weights give convergence,
and a nonzero finite leading polynomial cannot vanish in the monomial graded ring. The residue
field is C(7); n acts isometrically and trivially on this field. In a finite auxiliary extension K'/K,
choose £ of value p,, by adjoining a suitable root of a base uniformizer. The extension is complete
by Theorem 12.1. Substitute z = £X in g4 and divide by a coefficient of smallest value. The
result is restricted, since the coefficients of X7 have values tending to infinity. It has norm one
and reduction of degree exactly s;. There is no cancellation of the leading coefficient after
evaluation in the monomial residue field.

Theorem 12.1, applied over K’, factors this restricted series into a unit and a monic polynomial
of degree s; and norm one. All roots of that polynomial have norm at most one, and the unit has
no zero on the closed unit disc. Thus the evaluated g4 has exactly s4 roots, with multiplicity, in
the disc vg(z) > p,. They are algebraic over K, since K'/K is finite. The uniqueness assertion
of the same theorem makes their multiset stable under the absolute Galois group of K. Its
monic root polynomial is therefore in K|[z] and has degree s.. In particular every selected root ¢
satisfies

K(C): K] < 5.
The auxiliary rescaling degree [K' : K| does not enter this bound.

Evaluation defines an injection Ry — K ({). To prove injectivity, suppose its prime kernel were
nonzero. The quotient would be a complete local domain of dimension at most one. Dimension
zero contradicts the nonzero image of u;. In dimension one, u; is a parameter, so completeness
makes the quotient finite over C[[u1]]. Its element us would satisfy a monic equation over C[[u1]],
contrary to the injection of C[[u1,usg]] just proved. Tensoring the finite separable extension
Frac A/ Frac Ry with K (¢) and choosing a field factor gives an embedding of Frac A into a finite
complete field L, with

[L: K] <qysy < Ey.
Integrality gives nonnegative values on A, and n’* C I makes every nonzero element of n have
positive value. Varying the root and the field embedding yields at most g1 s, valuations. The
semi-invariance of g4, the invariant disc, and the action on A make this set n-stable.

Step 5. In this step, we return to the algebraic surface field and choose a power fixing the
valuation and residue field, with the prescribed conormal phase. In either sign case, restrict a
chosen valuation to the function field Fig of the selected algebraic normalization component. The
functions uj, ug are algebraically independent, and Fg/C(uy,u2) is finite. The restricted valuation
vg is discrete, centred at P#, and has residue field finite over C(7). It is an algebraic divisorial
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valuation: normalize a model of the monomial divisor in the finite extension Fis/C(u1,uz). Its
orbit size, ramification index, and residue degree are each at most K. This bounds local valuation
data, with no bound on the degree of that algebraic field extension.

Set C, = K,!. The element 1 fixes vg, and its residue automorphism has order at most K,
because it fixes C(7). Thus 7703 fixes the full residue field. Let eg < K, be the ramification index
of vg over vy, and take a uniformizer w of value dp/eg. A base Laurent monomial of value g is
w® times a unit. If « is the conormal phase of 17C3 , comparison of its leading term gives

esa = C?5y (mod Z).

As eg | Cy, the conormal phase of o = n* is P,dg/eg. It follows that on the graded field for
P,vg, o acts on every homogeneous piece by the phase of its value.

Step 6. In this step, we construct the original ambient prime and compute its score with both
finite differentials retained. Let S be the selected algebraic normalization component, restricted
near P#. Form

M/:Mo X A2 Sl.

uy,u2
Near the section induced by S; — My, the relevant component is normal, smooth of relative
dimension two over S, and generically finite over My. Denote the remaining two ambient
coordinates by x,y, with phases i, 1. Subtract their section values and call the resulting
relative parameters X1, Xs. They keep their characters and generate the section ideal. Both full
equations f, Zg belong to (X1, Xs).
On a model carrying the divisor of vg, take the algebraic Gauss valuation w over Pyvg with

w(X1) =14 Pipe,  w(Xz) =1+ Pupy.

The weights are positive. After a common scaling they are integral weights on w, X1, X5; the
associated monomial prime has residue transcendence degree three. Relative etale coordinates
give its algebraic realization on M’. Its restriction to C(Mj) is Aordp for a primitive algebraic
ambient prime. The centre is the original point, since the section values of z,y, as well as
u1, u2, X1, Xo, have positive value.

Take the original top form Q = du; A dug A dx A dy. Separability of Fg/C(uy,us) gives

Q =duj Adus ANdX1 N dXs

after pullback. At the surface DVR, write du; A dus = w’Sug dw A drg, where ug is a unit and
Tg is a separating residue parameter. The finite-DVR differential calculation in Lemma 3.8 gives

(bs + 1)U5(w) = Huy + Huy-

The term eg — 1 of the tame different is included here. Applying the same differential calculation
at the finite restriction from the Gauss prime to F' gives

(12.2) Moty (F) = Pty + 1) + w(X1) + w(Xa).

Thus this is the discrepancy on the original ambient germ. Since f,Zp € (X1, X2) and U is
regular,

w(f),w(Zg) > 1 — Pie, w(U) > 0.
Substitution into (12.2) yields
My po(F) <2+ 4Pe— (2—a)(1 — Pee) = a+ (6 — a)Pre < a+ 6Pye.

On the Gauss graded field, the action of ¢ is the phase of the value, both on the base and on
X1, X5. This remains true after restriction to C(Mp). Lemma 12.3 supplies the lower bound, the
full original inertia, the conormal phase, and the character congruence. The completed parameter
map supplies the valuation bounds in the two-positive case, and the descended multiset of roots
supplies them in the three-positive case. The same ambient construction proves the assertion in
both cases. O
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Lemma 12.6. In Setup 12.2, suppose W is smooth. Assume also that the equation of the selected
formal branch of E# corresponding to P# has character value at n with a signed phase of absolute
value less than €. Put

Bs=[3/co], Ls=Bsm+1), Ky= <B3 + B3(3m + 1))

Bg—l—l

If (2L3 +m)e < 1 and (K3 + 1)e < 1, there is a positive monomial valuation on the original
smooth canonical cover, a rational multiple of a primitive algebraic divisorial valuation, whose
full boundary discrepancy A satisfies

a <A <a-+4e, mA = phase x(v) (mod Z).

Its primitive divisor restricts through the actual finite cover with the ramification and full inertia
of Lemma 3.8.

The extra branch character controls the possible nonpositive ambient phase; the score still
uses the full equations.

Proof. We bound the branch data and then construct the positive-weight valuation on the original
smooth cover.

Step 1. In this step, we bound the branch multiplicity and use its character to control the
nonpositive coordinate phases. The ordinary blowup of the smooth threefold point has log
discrepancy three. The lc pair (W, coE*) therefore gives mult,(E#) < 3/co. In a regular local
ring this is the multiplicity of its Cartier surface, so the selected reduced branch has multiplicity
at most Bs. Lemma 12.4 applies with d = 3 and B = Bj.

Write zp, for the selected formal branch equation and § € (—¢,¢€) for its phase. Write x;
for the ambient eigenparameters and p; for their signed phases at 1. At least two of these
phases are positive. If exactly two are positive, denote their coordinates by wuq,uo, and the
remaining coordinate by y. The branch ring Ry, = Clui,u2,y]]/(zbr) and its normalization
are Cohen—Macaulay of dimension two. The parameter-ideal lengths agree by finite birational
multiplicity additivity. Hence

k‘y = OI'dy Zbr(07 07 y) = length(A/(ul’ U2)) S Kg.

The character of the first nonzero term on this axis gives 8 = kyu, (mod Z). Since |5 — kypy| <
(K3 + 1)e < 1, the two representatives are equal. In particular § < 0. If N_ is the number of
nonpositive ambient phases and jg is one for 8 < 0 and zero otherwise, we have N_ < jg < 1.

Step 2. In this step, we construct the original positive-weight valuation and compute its full
boundary score and character. Give the original eigenparameters the positive weights

w(a) = Ly i >0,
‘ L+ pi, pi <0.

They are rational and define an algebraic monomial prime after primitive normalization, for
example by the weighted blowup in these regular parameters. Every monomial of zp, has positive
weight congruent to 3, so

w(Zp) > w(ze) > B+jg,  w(U) > 0.

The first inequality uses factorization only in the completed regular local ring to estimate the
full regular equation. Consequently

A= Zw(:m) —(1=a)w(Zg) —wU)/m

SN = (1-a)js+ Y- (1-a)

< a + 4e.
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The n-action on the monomial graded field is the phase of the value. Lemma 12.3 gives the lower
bound and character congruence. The prime is over the original smooth canonical cover, so its
primitive restriction and full inertia are precisely those of Lemma 3.8. O

Lemma 12.7. In the curve case of Theorem 7.16, let D be a reduced component of a fibre of
S — C, and let J < H fir D pointwise. If J # 1, its character ¥p on the normal line of D is
faithful. For the full fibre multiplicity np, ¥}° is the character on a base parameter of C. Put
By = [2/cg], where co = cct(3,a). On the actual smooth transverse surface there is a coordinate
root of degree e < Bo and an equivariant etale chart in which the selected branch is v = 0,
the full E-equation is vFuther(t,v), and the full mR-equation is U(t,v). Suppose a nonidentity
~v € J has t-character ¥p(vy) and v-character with representatives 0 and 3, respectively, where
0<d<e<1/2and|B| <e. Forthe weights w(t) =9, w(v) =1+ 3, set

A=ed+140—(1—-a)w(wFuher) —w(U)/m.

Then
a<A<a+ (Bz+ 1), mA = phase x(vy) (mod Z).

Here the coordinate root has bounded degree, while the orders of the other branches and of
the remaining boundary may be arbitrary.

Proof. We construct the transverse chart, retain its finite Jacobian, and restrict the resulting
valuation to the original field.

Step 1. In this step, we construct the actual transverse branch and bound its coordinate
order. Put I' = v(D). The terminal threefold Y is smooth at the generic point of this curve
by Theorem 7.6 [CKM88, Proposition 6.10 and Corollary 6.13]; Lemma 3.11 gives the same
assertion over the ground field. Its transverse local ring is regular of dimension two. The contact
pair of Theorem 7.16 has coefficient by = 1 — a + ¢pf > ¢g along E. The ordinary blowup of the
generic curve has bare log discrepancy two, so

bp multp(E) < 2.

The normalization DVR of the selected plane branch is the DVR of S along D. In transverse
eigenparameters x,y, the smaller finite branch order is at most the multiplicity of the full plane
curve. Choose x with that order and denote it by e. Thus 1 < e < 2/¢y < Bs.

For an algebraic realization of the transverse surface, choose a nonconstant rational parameter
on I' lift and average it over J, and take the generic fibre over this invariant parameter. Its
differential along I' is nonzero. Finite separable residue extensions split the selected branch; these
are etale constant extensions with trivial J-action. All subsequent maps are algebraic over this
transverse field.

The group J acts trivially on the residue field at D. Its action on k(S) = k(E) is faithful by
Theorem 7.16. The faithful tame conormal character in Lemma 3.8 therefore identifies its action
on a branch parameter with the faithful character ¥)p. A parameter of C' has order np along D
and invariant nonzero leading coefficient in k(D), proving the fibre-character identity.

Step 2. In this step, we construct the coordinate root and branch graph while retaining the full
equations and Jacobian. The character of x is ¥f. Adjoin the actual coordinate root z = t¢ with
character ¢p. On the normalization of the selected branch the ratio of ¢ to an eigenuniformizer
has nonzero invariant residue. Choose one such point; the lifted J-action preserves it. The map
from the normalized branch to the t-line is etale there. Base change the root surface by this etale
map and subtract from y its value on the branch. This gives an eigenparameter v for which the
branch is v = 0. The full pulled equation of E is vFyper(t,v). Its selected factor has multiplicity
one, since the coordinate root is etale at the generic point of that branch. All remaining factors
stay in Foiher- The full equation U of mR is regular. The pulled transverse differential is

dr A dy = et® " dt A dv.
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Thus the finite crepant boundary on this chart includes —(e — 1)(¢ = 0), and its discrepancy at
the indicated monomial valuation is exactly the displayed A.

Step 3. In this step, we compare the original discrepancy and character and prove the score
bounds. Before the etale map the root extension is Galois, with deck group ., and its full action
is pe X J. The two actions commute and intersect trivially, since the chosen lift of J acts faithfully
on the original field. For a primitive prime 7" in the root chart, let T be its primitive restriction
and e its ramification index. The finite discrepancy and inertia calculation of Lemma 3.8, with
the displayed Jacobian retained, gives

Achart (T/) = eT’AY,By <T)7 ’IMEXJ(T/)‘ = eT"IJ<T)"

Passing to the lifted J decreases the inertia denominator. The etale chart has ramification one
and inertia injects into the preceding inertia. Hence the original all-prime comparison gives
Achart(T")/|1;(T")| > a. These primes spread over I'; after primitive restriction their residue
transcendence degree is two, so they are prime divisors over the original threefold with centre in
E.

Let n = ord(vy). Both weights have denominators dividing n. If b, is the greatest common
divisor of their integral numerators, then w = (b,/n)ordy. The action of « is the scalar
determined by each weight on the monomial graded field, so (y) C I;(T"). Tt follows that

by
A= 7Achart(T/) > abw > a.
mn

The full pulled natural tensor is, up to an invariant nonzero constant,
tme=D(dt A do)™
(vFother) ™= U
Division by the invariant longitudinal differential retains the original character y|;. Each full

semi-invariant equation has monomial value congruent to its character. The tensor therefore
gives mA = phase x(v) (mod Z). Finally, effectivity gives

w(vFyher) > 1+ 6,  w(U) >0,

and hence

A<ed+a(l+p5)<a+ (B2 +1)e.
The constructions and finite-DVR comparisons are algebraic in characteristic zero, so this proof
also applies over the ground field of Theorem 7.16. [l

13. EQUIVARIANT PENCILS AND COMPLETE FIBRES

We retain the original curve exit of Theorem 7.16. The geometry of its complete fibres and
an equivariant pencil on its Stein curve provide the points and characters needed to study the
original stabilizer. All fibre schemes below include their multiplicities.

Theorem 13.1 (Equivariant threefold MMP). Let G be finite and (X, B) a G-Q-factorial
dlt threefold pair projective over a G-variety S, with B invariant. FEvery (Kx + B)-negative
extremal face of NE(X/S)E has its equivariant contraction. For a small extremal contraction
the flip exists; divisorial steps and flips preserve dit and G-Q-factoriality. A sequence of these
threefold flips terminates. A klt G-pair admits a small projective crepant G-Q-factorialization. A
normal G-variety is G-Q-factorial if and only if its quotient is Q-factorial [Pro21, Lemma 1.1.3,
Theorems 3.3.1 and 3.4.3, Proposition 4.2.2, Corollary 4.4.5].

Theorem 13.2 (Normal ruled surfaces). Let S be a normal integral separated algebraic space
of dimension two proper over the ground field, and let m : S — C be a surjective morphism
to a smooth projective curve whose general fibre is P*. Then S is projective and has rational
singularities, R'm,Og = 0 for all i > 0, and every reduced irreducible curve in a fibre is isomorphic
to PL. If a full scheme fibre is irreducible and reduced, then m is smooth along that fibre [Nak15,
Proposition 2.33(1)—(4)].
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Theorem 13.3 (Embedding a Cohen—Macaulay curve). Let Q be a projective Cohen—Macaulay
curve over an algebraically closed field, and let L be an invertible sheaf on (). The curve may be
reducible or nonreduced. If

deg(L|p) > 2pa(B) +1
for every nonempty generically Gorenstein subcurve B C @), then L is very ample. More generally,
for a zero-dimensional subscheme Z C @, the restriction

H(Q,L) — H°(Z,L|y)
18 surjective if
deg(L|B) > 2pa(B) — 2 + length(Z N B)
for every such subcurve B [CFHR99, Theorem 1.1].

Lemma 13.4 (Automatic adjunction on a curve). Let Q be a projective Cohen—Macaulay curve
over an algebraically closed field, with dualizing sheaf wg. For a nonzero morphism ¢ : F — wq
from a coherent sheaf, let B C Q be defined by Ann(im ¢). Then B is Cohen—Macaulay and ¢
factors canonically as

F — Flp — wp = Homg(Op,wq) — wq,

where the middle map is generically surjective. If an invertible sheaf L and a zero-dimensional
Z C @ admit an injection ZyL — wq, then Q is generically Gorenstein [CFHR99, Lemmas 2.3-
2.4].

Lemma 13.5 (Components over a curve in a dlt boundary). Fiz s € [0,1). Let Y be a normal
quasi-projective threefold, and let B be an effective real boundary such that (Y, B) is dlt and Y
is Q-factorial. Let E be a prime divisor over Y with curve centre T C |B] and Ay p(E) < s.
There is a projective birational modification Y' — 'Y with Y’ Q-factorial, relative Picard number
one, and E its only exceptional divisor. The number of irreducible components of a general fibre
of E — T is bounded in terms of s alone. If s < 1/2, that general fibre is irreducible [BL21,
Lemma 5.3].

Theorem 13.6 (Rational chains in log Fano fibres). Let Y, Z be normal varieties, let B > 0
be an effective rational divisor on'Y with Ky + B Q-Cartier, and assume that (Y, B) is log
canonical. Let f :'Y — Z be a projective morphism. If (Ky + B) is f-ample, then each
connected component of each nonempty reduced fibre over a closed point of Z is rationally chain
connected [HMO7, Corollary 1.3(2)].

Theorem 13.7 (The bicanonical system of a del Pezzo surface). Let R be a smooth projective del
Pezzo surface. Then 1 < (—Kg)? <9, and the complete linear system | — 2Kp| is base-point-free
and defines a finite morphism [DI09, degree-by-degree discussion following Theorem 3.8, p. 458].

Set-up 13.8. In the curve case of Theorem 7.16, use the same normalization and Stein
factorization S — C — h(E). Set

M =lem(1,...,m), L=v"(Oy(—ME)|g), do = |2M/a], co = cet(3,a).
All actions and linearizations are induced by the original group H.
Write m: S — C for the first map in this factorization.

Proposition 13.9. In Setup 13.8, M E is Cartier near E, the surface S has rational singularities,
and L is relatively very ample over C'. There is an integer 1 < d < dg such that every full scheme
fibre Q satisfies, for all n >0,

RY(Q, L") = dn +1, HY(Q,L") =0.

The sheaves m L™ are locally free and commute with base change. The complete section
multiplication maps are surjective, and the relative ideal is generated by

ker (Sym2 m L — 7T*£2),
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a vector bundle of rank d(d — 1)/2. Every reduced fibre component D; is a smooth rational curve.
Writing the full fibre cycle as > n;D;, one has

> nideg(L|p,) = d, > n; <d.
These structures retain their natural H-actions.

The complete section spaces retain the nilpotent directions of a nonreduced fibre. The quadratic
presentation will be used with these spaces, rather than with the sections of its reduction.

Proof. We first obtain an ample line bundle and acyclic full fibres. We then apply the curve
embedding criterion and regularity to their complete section rings. By Lemma 3.11, we may
establish the geometric assertions over C: the marked diagram and its full fibres have a common
realization, and the cohomology, invertibility and surjectivity assertions descend and ascend by
faithful flatness. A resolution can be included in that diagram, so the same applies to rational
singularities.

Step 1. In this step, we construct the ample line bundle and determine the cohomology and
degrees of the full fibres. The prime E is Q-Cartier by equivariant Q-factoriality. Theorem 7.16
gives rp = indp(Ky) < m at every closed point of E. Lemma 8.3 makes rpFE Cartier there, and
rp | M. Thus ME is Cartier on a neighbourhood of E. The line £ is m-ample because —F is
h-ample and normalization is finite.

The surface S is projective, and its geometric generic fibre over the smooth projective C' is P!.
Theorem 13.2 therefore applies. In particular, S has rational singularities and R'm,0Og = 0. A
normal surface is Cohen—Macaulay. A base parameter is a nonzero element in the local domains
of S, so 7 is flat and each full fibre @) is a Cohen—Macaulay curve. Top-degree cohomology and
base change give H'(Q, Og) = 0. The Euler characteristic is constant in this flat projective
family and equals that of its general P!; hence

(Q.09) =1, x(Q.0q) = 1.

For any nonempty Cohen-Macaulay subcurve By C @, the quotient sequence from Og to Op,
gives H'(By,0p,) = 0, since its kernel has no second cohomology. Consequently

Pa(B1) =1—1°(By,0p,) <0.

In particular each reduced irreducible component has arithmetic genus zero. Its normalization
sequence shows that it is a smooth rational curve.
The degree d of £ on a fibre is a positive integer independent of the fibre. On a general fibre

Fe¢, the normalized adjunction of Theorem 7.16 and N = £ give
ad

The general fibre avoids the singular points and vertical boundary, so A-F > 0. Thus d < 2M /a.
The degree formula on the full curve, or Lemma 10.3, gives

X(Q, L") =dn +1, d:Znideg(ﬂDi).

Each component degree is a positive integer; hence >, n; < d.

Step 2. In this step, we prove fibrewise vanishing and construct the relative complete embedding.
If n > 1and H'(Q, L") # 0, duality gives a nonzero map £" — wg. Lemma 13.4 factors it over
a nonempty Cohen-Macaulay subcurve B; as L"|p, — wp,, generically surjectively. This map is
generically an isomorphism: the dualizing module of an Artinian local ring has the same length
as the ring. Its kernel is then zero because an invertible sheaf on a Cohen-Macaulay curve has
no finite-length subsheaf. Comparison of Euler characteristics yields

ndeg(L|p,) < 2pq(B1) —2 < =2,
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contrary to ampleness. Together with the case n = 0, this proves the asserted vanishing and
dimension formula. Moreover

deg(L]z,) > 1 > 2pa(B1) + 1

for every such subcurve. Theorem 13.3 makes L|g very ample, including when @ is nonreduced.

Cohomology and base change now make every m, L™ locally free of rank dn + 1 and compatible
with base change. Evaluation is surjective on every fibre, hence surjective. With V; = m,. L,
it defines a proper morphism j : S — Pc(V1) whose fibre maps are closed embeddings. It is
quasi-finite, hence finite. The cokernel of Op,v;,) — j«Os vanishes on every fibre and therefore
vanishes by Nakayama’s lemma. Thus j is a closed embedding, with j*O(1) = L.

Step 3. In this step, we prove quadratic generation and retain the natural group action on
the relative presentation. Embed a fibre by its complete system in P4, with ideal sheaf Ig. If
d =1, a pure curve of degree one in P! is P!, and its ideal is zero. Otherwise completeness gives
HY(Zg(1)) = 0, and H'(Og) = 0 gives H*(Zg) = 0. The ideal sequence and the cohomology
of projective space give H'(Zg(2 — i)) = 0 for i > 3. Thus Zy is 2-regular. It follows from
Theorem 10.2 that its homogeneous ideal is generated by quadrics and that H'(Zg(n)) = 0 for
n > 1. The latter vanishing identifies its homogeneous coordinate ring with its complete section
ring.

The maps Sym”™ Vi — m, L™ are therefore surjective on every fibre, hence surjective. Their
kernels K, are locally free and commute with base change. In degree two,

rank Ky = (d—;2> —(2d+1) = d(d2_1)

For n > 2, the maps Ky @ Sym™ 2V, — K, are fibrewise surjective, hence surjective. This
proves the relative presentation. Normalization, evaluation, multiplication and the kernel maps
all respect the natural H-linearizations, so the presentation retains the original action. O

Proposition 13.10. In Setup 15.8, let Ko = ker(H — Aut C) and Jr = ker(H — Aut h(E)).
Then
|Kc| < (4m+3)',  [Jr: Kol <2

We bound the kernel using the two fixed points of its action on a geometric generic fibre, with
the original log character at both points.

Proof. Put K = K¢. We construct a smooth transverse surface in an unramified extension of
the original field, produce a discrepancy score at each pole, and apply character packing. The
case K = 1 requires only the final field-degree argument.

Step 1. In this step, we construct an actual transverse surface and retain the discrepancy
comparison at its two poles. Choose a nonconstant ¢y € k(h(E)). Lift it to Ozy, ,, and average
over K. Since K fixes h(E) pointwise, the result is an actual K-invariant rational function ¢
with residue tg. After shrinking along the generic point of h(E), take the generic fibre of this
map to Al. Theorem 7.6 and generic smoothness show that its source is a smooth surface near
the exceptional curves. The field extension and the same conclusion over the standing field are
justified by Lemma 3.11.

The exceptional reduced components on this smooth surface are smooth rational curves. Here
is the embedded assertion needed below. Theorem 7.8, applied to Oy, gives R'h,Oy = 0: the
pair is klt and —(Ky + By) is relatively trivial, hence nef and big for the birational morphism.
After taking the transverse surface and a finite separable extension of its coefficient field, this
vanishing persists. Near the generic centre the fibres have dimension at most one. Top-degree
cohomology and base change therefore give H'(O) = 0 for the full exceptional fibre. Each
reduced irreducible component is a quotient of that fibre, so also has H'(O) = 0. Its arithmetic
genus is zero, and its normalization sequence makes it a smooth P?.
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Take a finite separable extension L/k(t) splitting the chosen geometric component and the
two fixed points of its K-action. The original K acts identically on L. On the selected smooth
surface ¥, denote this component by D;. It is K-stable because K fixes the Stein field. Its action
is faithful: an element trivial on the geometric generic fibre and on k(C') is trivial on k(S), and
the original H-action there is faithful. Thus K # 1 has two poles @1, Q_ on Dq, with inverse
faithful parameter characters.

If P’ is an algebraic prime over X centred at a pole, its restriction P to k(Y") is primitive and
divisorial. Indeed a model of the restricted valuation, base-changed by L/k(t), has unramified
divisorial local rings: this field extension is finite étale. The residue field has transcendence
degree two over k, and the valuation has ramification index one. Discrepancy is unchanged under
this extension and localization; the invariant differential dt contributes no order. Inertia on P’
injects into inertia on P. Theorem 7.16 consequently gives

As,py (P') = Ay, (P) 2 alIg (P)| = alIx (P')].

Step 2. In this step, we identify the natural log tensor and full boundary equation at a pole. At
either pole @, write By, = (1 — a)D; + R, retaining all other components in Ry > 0. Choose
actual regular eigenparameters (uq, zqg), with D1 = (2g = 0), by projecting generators of its
ideal and of its curve cotangent line. Divide the original natural tensor by (dt)™ and pull it to 3;
call the result 5. Its character remains x|x. The function

(dUQ A dZQ>m

Tzzg(l_a)

hg =

is a regular eigenfunction with divisor mRg. In additive character notation,
wt(hg) = mwt(ug) + mawt(zQ) — x|k-
This identity includes the other branch of E whenever it passes through the chosen pole.

Step 3. In this step, we construct positive-weight valuations with the original lower discrepancy
bound and character. Let v € K have order e > 1, with parameter phases 0 < d < € and || < €
at one pole, where € < 1. Give ug, 2o weights 6,1 + 3, and put

A:5+a(1+ﬁ)—w(:LQ).

If b is the greatest common divisor of the two positive integers ed, e(1+ (3), the primitive weighted
blowup has orders (e/b)(d,1 + /). The element v acts on its associated graded ring by weighted
scalars, hence trivially on its residue field. Its inertia therefore has order at least e. The preceding
lower bound yields

%Azae, A>ab>a.

Regularity of hg and positivity of the weights give
a<A<a+(1+a)e<a+2e.

Every monomial of hg has its eigencharacter, so its weighted order is congruent to that character
modulo Z. The tensor identity gives

mA = phase x(vy) (mod Z).

These are scores of actual primitive primes before rescaling; no equality of an auxiliary closed-point
minimum with a has been assumed.

Step 4. In this step, we use the two pole characters to bound the curve-action kernel. Set
Qo =4m+3 and € = 1/Qo. If | K| > Q}, Lemma 8.9, with trivial excluded subgroup, supplies a
nonidentity v whose four parameter characters at )4, Q— have signed phases in (—¢, €). The two
curve phases sum to zero and are nonzero, since their characters are inverse and faithful. After
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replacing ~ by its inverse, apply the score construction to v at Q4 and to v~ at Q_. Write the
resulting scores as a + 74 and a + n—. Then

4m
dm + 3
Both 74 vanish. Since ma € Z, the character congruence forces x(v) = 1, contrary to faithfulness
of the original character. Hence |K¢| < (4m + 3)%.

Finally K¢ C Jr, and Jr/Kc acts faithfully on the field extension k(C)/k(h(E)). Its degree
is at most two by Theorem 7.16, which gives [Jr : K¢] < 2. O

0<ne <2, mnp+n-)€Z,  0<my+n-)< <1

We record two preparations for constructing the pencil on the original Stein curve.

Lemma 13.11. Let (Z1,A1) be a quasi-projective dlt threefold pair with effective rational
boundary. Suppose a finite group J preserves the pair and Z1 is J-Q-factorial. Then there is
an ordinary projective small Q-factorialization q : Z{ — Zy, crepant for the strict transform of
(Z1,A1). It is an isomorphism at the generic point of every curve in [A1]. No J-action on Z]
is asserted.

Proof. The reduced divisor |A;] is invariant, hence Q-Cartier. For sufficiently small rational
€ > 0, the pair
(Zl7 Al - ElAlJ)

is klt. This follows on a dlt log resolution: the strict coefficients are below one, and the finitely
many exceptional discrepancies remain positive. The total log divisor is Q-Cartier because the
subtracted divisor is. Theorem 4.8, with empty extraction set, supplies g. Smallness makes the
strict transform of Kz + A; its pullback, since they agree in codimension one.

At the generic point of a curve in the floor, the transverse dlt surface has one floor component
and is plt, or has two floor components and is simple normal crossing. In the first case Theorem 6.5
gives a cyclic quotient of a smooth surface; in the second it is smooth. Both are Q-factorial. A
projective small modification of a Q-factorial germ is an isomorphism: push down a relatively
ample Cartier divisor and pull back its Q-Cartier pushdown. The difference is exceptional and
has no prime component, so it is zero. Every contracted curve would then have both positive and
zero degree against this divisor. There are no such curves, and the remaining finite birational
morphism to a normal germ is an isomorphism. O

Lemma 13.12. Let S1,Sy be normal projective surfaces over an algebraically closed field of
characteristic zero with identified function fields. Let m; : S; — C; be contractions to smooth
projective curves with geometric generic fibre P*. If g(C1) > 0, then

k(C1) = k(C2) C k(S51) = k(S2).

If a finite group preserves these subfields, their identification and the induced isomorphism of
smooth projective curves are equivariant.

Proof. On a common resolved projective model, the rational map to C is constant on a general
rational fibre over Cs, because no nonconstant map from P! to a positive-genus curve exists.
Consequently the functions from k(C1) belong to the algebraic closure of k£(C3) in the surface
field. That algebraic closure is k(C2) by the Stein property. Thus k(C1) C k(C3), and Cs also
has positive genus. Interchanging the rulings proves the reverse inclusion. The equality takes
place in the original surface field, so it respects every automorphism preserving the subfields. [

We shall use rational chains only to recognize individual fibre curves.

Lemma 13.13. Let f : X1 — Z1 be a projective morphism of normal varieties, and let By > 0 be
a rational divisor such that (X1, B1) is lc and Kx, + By is Q-Cartier. Assume that (Kx, + B1)
is f-ample. Then every irreducible curve component of a closed fibre of dimension at most one
has normalization P'.
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Proof. Theorem 13.6 makes each connected component of the reduced fibre rationally chain
connected. A rational chain through a general point of one of its curve components must
contain a rational curve dominating that component: the point lies on no other component.
Its normalization is therefore P!. This argument makes no assertion that the whole fibre is
connected. O

Absolute log Fano positivity also gives the rational surfaces used below.

Lemma 13.14. Let (R1, A1) be a projective dlt surface pair with effective rational boundary and
ample (Kg, + A1). Then Ry is rational.

Proof. The reduced floor is Q-Cartier. Along one floor component this follows from Theorem 6.5,
and where two meet the dlt surface is simple normal crossing. Off the floor the assertion is
vacuous. Decreasing its coefficient by a sufficiently small positive rational number makes the
pair klt and preserves ampleness of the negative adjoint. If the floor is empty, no decrease is
needed. Theorem 4.13 therefore makes R; rationally connected. Rational curves through general
points lift to its smooth resolution. The resolution is a rationally connected smooth surface, so
its minimal model is rational or ruled; the base of a ruled minimal model has genus zero, since a
rational curve cannot dominate a positive-genus curve. Thus R; is rational. O

We use adjunction to a floor of a dlt threefold with its full different. The floor is normal, and
Theorem 4.5 gives an lc adjunction pair. It is dlt: on a dlt log resolution, restrict the crepant
boundary to the strict floor. Every exceptional curve of the restricted resolution comes from an
exceptional divisor of coefficient less than one; simple normal crossings exclude an additional
strict floor along its generic point. This gives a dlt log resolution of the adjunction pair. Its
boundary is effective and rational, as the codimension-two different formula and the simple
normal crossing intersections show.

The next lemma measures a map between the original residue fields. Its auxiliary ordinary
modifications need carry no group action.

Lemma 13.15. Let a finite group Gy preserve a quasi-projective dlt threefold pair (Z1, A1) with
effective rational boundary, and assume Zy is G1-Q-factorial. Let Fy be an exceptional prime
over Zy, with complete curve centre Ty contained in a floor prime Ry. Fir a rational number
0 <wu; <1, and assume

0< AZl,Al(Fl) <1—wuy.
Suppose a normal projective model of k(F1) has a contraction to a smooth projective curve Cy of

positive genus, with geometric generic fibre P'. Let J; < Gy preserve Fi, Ry, Ty and the subfield
C(C1) C k(F1). Then the inclusion C(Ty) C k(F}) induces a Jy-equivariant finite morphism

Cl —>T1V, deg(Cl —>T1V) < [Q/ul].
In the adjunction Kr, + Ar, = (Kz, + A1)|Rr,, the coefficient of Ty in AR, is at least u;.

Proof. We bound the number of geometric components of an extracted fibre, identify its Stein
field, and compute the adjunction coefficient.

Step 1. In this step, we extract the chosen prime and bound its geometric generic fibre
components. Apply Lemma 13.11 with the group G;. The resulting ordinary small Q-
factorialization is an isomorphism at the generic point of 77. On it keep coefficient one on
the transform of R; and slightly reduce the other floor coefficients. On a dlt log resolution this
makes the pair plt. Choose the reduction rational and sufficiently small that the discrepancy §
of F} still satisfies

0<do<l—u <s, s=1—wuy/2.
Write (Z{, A’) for this plt pair. All divisors used in the reduction are Q-Cartier.
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Lemma 13.5 extracts exactly F} by a projective morphism p : Z] — Z{ of ordinary relative
Picard number one. Denote its exceptional prime by F, and write

KZE—FA":p*(KZg—I—A’), coeffF{A”zl—5>1—s.

This boundary is effective and rational, and the pair is plt. Negativity and relative Picard number
one make —F] p-ample. The exceptional locus is exactly F]: an effective F| has nonnegative
degree on every curve outside its support. For small rational n > 0, (Z1, A” +nF}) is still plt and
its negative adjoint is p-ample. Lemma 13.13 therefore makes every geometric generic exceptional
fibre component rational. One can apply the lemma on a general closed transverse slice, or
spread the geometric generic fibre to such slices.

Let p be the number of these geometric components. The strict floor R} is relatively ample: if
p*Rl = R} + by F], then by > 0, so R} =, —b1F{. Both R} and R{ are normal. Their birational
morphism is an isomorphism over the generic point of 17, because a proper birational morphism of
normal surfaces is an isomorphism at codimension-one points of the target. Thus every geometric
component of a general exceptional fibre meets R} at the same point.

Slice transversely to T} at a general point. In the crepant surface boundary each exceptional
fibre component has coefficient greater than 1 — s. The index correction in adjunction has
the form 1 — 1/e + b/e > b, so this remains true if the slice meets a quotient singularity. The
coefficient-one strict floor passes through all these components. Adjunction to that floor has
coefficient at most one at their common point. By the different formula in Theorem 6.4, this
implies that the sum of their coefficients, counted with their positive integral local multiplicities,
is at most one. Consequently

u(l—s) <1, <2/ ug.

Step 2. In this step, we identify the original Stein field and its equivariant finite morphism.
Normalize F| and take its Stein factor over T}. The intermediate normal projective curve Cf
has function field equal to the algebraic closure of C(71) in the same s(F}). Its degree over T} is
w: the generic extension is separable, and its embeddings index the geometric components of the
normalized generic fibre. That fibre over C] is geometrically rational. Lemma 13.12 identifies
C(C1) = C(C) inside k(Fy). Since Jy preserves C(T1), it preserves this algebraic closure. The
induced finite map on the smooth projective curves is therefore equivariant for the original
actions, even though the ordinary modifications used to measure its degree were not.

Step 3. In this step, we bound the adjunction coefficient on the original floor. There is a
component of R} N F| mapping birationally to 77. Its adjunction coefficient has the form

l‘i’ (1—5)7”614—111’
T T

1-— r>1, ni1>1, v >0.

It is at least uq, since 1 —§ > u; and u; < 1. Crepant adjunction pushes this coefficient to the
original generic point of T7. Restoring the other floor coefficients can only increase the different:
on the local index cover it adds the restriction of an effective divisor. This proves the required

bound for Ap,. O

The surface calculation below turns this finite map into an equivariant pencil with an explicit
degree.

Lemma 13.16. Let a finite cyclic group Ji preserve a normal projective rational lc surface pair
(Ri1, A1), with Ay > 0 rational and Kr, + A1 ~g 0. Let D1 C Ry be an invariant prime whose
coefficient is at least a real number u; > 0. Let C7 be a smooth projective positive-genus curve
with a Ji-equivariant finite morphism C1 — DY of degree ny. Then Cy admits a Ji-equivariant
nonconstant morphism to P! of degree at most 18ny /us.

Proof. If DY ~ P!, the given map suffices, since u; < 1. Otherwise we pass to a smooth minimal
group surface and use its anticanonical system or its conic bundle.
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Step 1. In this step, we obtain an effective crepant boundary on a smooth minimal group surface.
Take the minimal smooth resolution of Ry, with its lifted Ji-action. Its crepant boundary is
effective. Indeed, if F; are the exceptional curves and Ag, is the strict boundary, its exceptional
coefficients b; satisfy

sz(Ez . EJ) = —(K + Astr) . Ej <0.

Here K - E/; > 0 by adjunction and minimality: the only negative case would be an exceptional
smooth rational (—1)-curve. Also A, - Ej > 0. The exceptional intersection matrix is negative
definite with nonnegative off-diagonal entries; its inverse has nonpositive entries. Hence b; > 0,
and lc gives b; < 1.

Contract invariant disjoint collections of (—1)-curves until the smooth rational group surface
is minimal. The pushed boundary remains effective and its adjoint remains Q-linearly trivial.
The image Do of Dy survives, since its normalization has positive genus. By Theorem 6.1 the
resulting smooth surface Rs is del Pezzo or has an equivariant conic bundle Ry — P!. An action
kernel can be removed before this operation and then restored.

Step 2. In this step, we bound the equivariant pencil degree in the del Pezzo and conic-bundle
alternatives. In the del Pezzo case put Ay = —Kp,, and let Ag be the pushed boundary.
Theorem 13.7 gives A2 < 9 and a finite morphism defined by |2A4s|. Since As is ample,

O<U1(A2-D2)§A2‘A2:A§§9.

The pullback of 245 to Cy has degree at most 18ny/u;. The natural Ji-linearization on the
bicanonical system induces a representation on its restricted section space. This space has
dimension at least two because the associated morphism is finite on Dy. Choose two independent
eigensections. Their ratio is nonconstant and transforms by a character. Removing the common
zero divisor gives the asserted morphism with the stated degree bound.

In the conic-bundle case D5 is horizontal, since every irreducible fibre component is rational.
For a general fibre Lo,

0<U1(D2'L2) <Ay-Ly=2.

The ruling composed with C — D4 is an equivariant map of degree at most 2n; /u;, which also
suffices. O

For the point-centre case we need connected generic fibres on each individual exceptional floor,
even when the contraction is equivariant.

Lemma 13.17. Let a finite group G1 act on a quasi-projective dit threefold pair (X1,T'1) with
rational boundary, and let g : X1 — X be an equivariant projective birational contraction to a
normal variety Xo. Assume X1 is G1-Q-factorial, dim N'(X1/X2)% =1, and «(Kx, +T1) is
g-ample. Suppose g contracts a prime divisor and every contracted prime is a floor component.
Then its exceptional locus is a single G1-orbit of floor primes. If one such prime Ri maps to a
curve By, the induced morphism Ry — BY is a contraction with geometric generic fibre PL.

Proof. We first locate the entire exceptional locus and then examine a transverse fibre.

Step 1. In this step, we identify the entire exceptional locus as one orbit of floor primes. Let
Dy be the sum of the translates of a contracted prime. It is an invariant effective exceptional
Q-Cartier divisor. It is not g-nef by Lemma 4.9. The invariant relative divisor space has
dimension one, so —D; is numerically a positive multiple of the relatively ample ((Kx, +I'1);
hence it is g-ample. Every contracted curve lies in Dj, because an effective Q-Cartier divisor has
nonnegative degree on a curve not contained in it. The fibres are connected. An isolated point
outside Dy cannot accompany a positive-dimensional fibre, and a finite birational morphism to a
normal variety is an isomorphism. Thus the entire exceptional locus is Supp D1.

Step 2. In this step, we prove that an individual floor has connected geometric generic fibre
equal to a projective line. Over a general geometric point of By the fibre has dimension one and
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all its components lie in exceptional floor primes. A general transverse slice gives a normal dlt
surface pair. Its adjoint is negative on every fibre component; the slicing divisor is pulled back
from the target and has degree zero there. Adjunction to a component L therefore gives

deg(KLl + DiﬁLl) < 0.

The component is smooth, the different is effective, and hence L; ~ P'. Every incidence with
another floor curve contributes one to this different. At such an incidence the dlt surface is
simple normal crossing, and three floor curves cannot meet. Thus each vertex of the fibre’s
incidence graph has degree at most one, counting separate intersection points separately. The
graph is connected, so it has at most two vertices.

The floor R; is normal. Its generic fibre over BY is normal by localization, and geometrically
normal in characteristic zero. Distinct geometric components of this fibre are therefore disjoint.
Two such components would require a third component from another floor to connect the whole
fibre, contrary to the bound just proved. Its geometric generic fibre is consequently one P'. The
Stein factor of Ry — BY is finite and birational and hence is B}. This proves the contraction
assertion. U

The following observation extends the equivariance of a pencil while controlling its degree.

Lemma 13.18. Let C; be a smooth projective integral curve over an algebraically closed field of
characteristic zero. Let a finite cyclic group J act on C1, and let J; < J have index j. Suppose
there is a Ji-equivariant nonconstant morphism oy : C; — P! of degree at most b, for a positive
integer b and some action of J; on Pl. Then there is a J-equivariant nonconstant morphism
@ : Cy — P! of degree at most jb, for some action of J on PL.

Proof. Let o generate J. A finite-order projective linear transformation of P! is diagonalizable in
characteristic zero. We can therefore choose a rational coordinate on the target whose pullback
f € k(Cy) satisfies 07* f = \f for a root of unity A. This also applies when the target action is
trivial. The space

Vi= Spank{fﬂ U*f7 CER) U(j_l)*f}

is J-stable. It has an eigenbasis and contains a nonconstant eigenfunction v, since it contains the
nonconstant function f. Its polar divisor satisfies

divee(v) < jzl divee (6™ f), deg dive (v) < jb.
i=0
The function v defines a nonconstant morphism on the smooth projective curve C;. Its
eigencharacter defines the required multiplicative action on the target. O
Proposition 13.19. In Setup 13.8, put
c¢=min(cp,a,1/2), w=(1—a+¢/2)/2, Npen=[2/u], Ppen = [18Npen/u].
The same curve C' admits a full-H -equivariant nonconstant morphism
¢:C — P, deg ¢ < Dy = 2Ppen.
For genus zero the degree can be one. The action on the target is allowed to be trivial.

The curve and the action in this proposition are those of the original exit. Auxiliary boundaries
will provide a pencil without replacing them.

Proof. For genus zero, transport the H-action through an isomorphism C' ~ P!. Suppose
henceforth that g(C') > 0. We first construct a rational plt floor. A curve centre on that floor
gives the pencil directly. For a point centre, we follow the same prime through an equivariant dlt
MMP and use its last divisorial step. We work over C first.
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Step 1. In this step, we construct a rational plt floor over the original closed point. Keep
the original cover (V' 3 o, By) and the original prime F. By Theorem 5.9, choose an original
invariant contact function g, and write £ = ordp(g). The choice of ¢ gives

¢>1, el<a,  By=DBy+ gdivv(g).

The pair (V, By,) is klt: its discrepancies are the averages of the positive discrepancies of (V, By)
and the nonnegative ones for the full contact addition. Since 2u =1 —a + ¢/2,
a cl c
O0<=<Ayp-(F)=a——<a—=-=1-2u.
p SAvpp(F)=a-5 sa-g "
In particular 0 < u < 1/2, and all these coefficients are rational.

Lemma 6.3 gives an actual H-equivariant extraction f : Wy — V of one reduced prime Ry,
with —Ry relatively ample and (Wy, Ry + By) plt, where By is the strict transform of By,. The
reduced fibre over o is precisely Ry. Indeed a contracted curve outside Ry would have nonnegative
degree against Ry, contradicting ampleness of —Ry; connectedness of birational fibres excludes
isolated extra points. For a = AV7B‘=«/(R0) >0,

Kw, + Ro + By = f*(Kv + By,) + aRp.

Plt adjunction gives a projective kit log Fano surface on Ry, which is rational by Lemma 13.14.
Here Ry is the reduced floor supplied by the extraction lemma; no finite Weil pullback multiplicity
is assigned to it.

Shrink V' to an invariant affine neighbourhood. For a sufficiently large divisible integer 7,
choose a general member

Aj € |[=j(Ew, + Ro + Bo)|.

This system is generated after increasing j, by relative ampleness. On a log resolution, a general
member meets the boundary transversally and avoids its strata; with coefficient 1/j it preserves
plt. Average A;/j over H, obtaining Lg. Discrepancies of the average are averages of positive
discrepancies away from the fixed floor, so

Qo = By + Lo, (Wo, Ro + Qo) plt, Ky, + Ro + o ~q,v 0.

These divisors are effective and rational.

The field x(F) is not rational. Otherwise a rational surface would dominate the positive-genus
curve C, whereas restriction to general rational curves makes every such map constant. Thus
F # Ry, and plt and the effective addition a Ry + Lo give

0< AW()’ROJFQO(F) <1-—2u.

Step 2. In this step, we obtain the pencil when the original prime has a curve centre on the plt
model. Decrease the coefficient of the Q-Cartier Ry slightly to obtain a klt pair. Theorem 13.1
supplies a small projective H-Q-factorialization ¢ : W — Wy. Write Ry, Qs for the strict
transforms. Smallness gives

Kw + Rw + Qw = ¢" (Kw, + Ro + Qo), Rw = q"Ry.

The pair remains plt. The floor Ry is a normal projective rational surface with an invariant klt
adjunction boundary Oy and Kg,, + ©w ~g 0. The same discrepancy bound holds for F'.

If its centre on W is a curve T', apply Lemma 13.15 with G; = J; = H and u; = u. It gives
an actual equivariant map

cC —1T", n =deg(C — T") < Npen, coeff7 Oy > u.

The centre is complete because it lies over 0. Lemma 13.16 gives an H-equivariant pencil of
degree at most 18n/u < Ppe,. We may therefore suppose that the centre on W is a point P.
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Step 3. In this step, we construct an equivariant dlt MMP sequence ending at W. Choose a
small positive rational € such that

B. = (1 - z’;‘)RW + Qu  is Kklt, AW,BE(F) <1-—u.
Take an equivariant projective log resolution v : Z; — W carrying F. Set

Iy = (Be)sue + Y Ei, Kz, +T1 =" (Kw + B.) + Y aiE;, ai = Aw,p.(E;) > 0,
- .

(2

where the sum runs over all exceptional primes. This is a log-smooth dlt pair with rational
boundary.

Run the equivariant (K + I')-MMP over W on extremal rays of the invariant cone, using
the equivariant MMP theorem already invoked. Its steps preserve ordinary dlt singularities
and H-Q-factoriality. All steps are birational, since the generic fibre over W is a point. Every
contracted prime is exceptional over W and has coefficient one in I'. Divisorial steps decrease the
relative Picard number, and the threefold flips terminate. On the final nef model the effective
exceptional difference > a; F; must be zero by negativity. Thus its morphism to W is small.

This last morphism is an isomorphism. Average a relatively ample Cartier divisor over H,
push it to W, and pull back its Q-Cartier pushdown. The two divisors agree in codimension one
and hence agree everywhere as Weil divisors; their difference has no exceptional prime. Relative
ampleness then excludes any contracted curve. The remaining finite birational morphism to
normal W is an isomorphism. We have obtained

Z1 ___)Z2 ___)...___)ZN:W

Let T; be the centre of the same F' on Z;. The pushed discrepancy identity has an effective
exceptional difference at every stage. Therefore

0< AZi,Fi<F) < AVV,BE(F) <1l—u.

Every T; is H-invariant and projective, since it lies in the fibre over P. Initially it is the floor
divisor F’; finally it is P.

Step 4. In this step, we use the last relevant divisorial contraction to obtain a finite map from
the original Stein curve. Choose the last divisorial step wp : Zy — Zpy1 for which T, has positive
dimension and is contained in the exceptional locus. Such a step exists because the original
divisor F' has been contracted. Lemma 13.17 applies to every divisorial step of this sequence.

The image Typ11 is a point or a rational curve. Indeed, if it is a curve, its generic point must
eventually enter a non-isomorphism, since the final centre is P. Until the first such step the
centre curves are birationally identified. This first step cannot be divisorial by the choice of ¢,
since its entire exceptional locus consists of contracted primes. It is therefore a flip. The centre
curve is a component of a fibre of the small contraction defining that flip. Its source pair is dlt
with effective rational boundary, its adjoint is Q-Cartier, and its negative adjoint is ample for the
contraction. A small contraction of a threefold has fibres of dimension at most one. Lemma 13.13
makes this component rational. Hence 7/, ; ~ Pl

If dim T, = 2, then Ty is the H-invariant model of F. The exceptional-orbit conclusion makes
it the sole exceptional prime of ¢y. If its image is a point, dlIt adjunction makes it a projective
dlt log Fano surface, which is rational by Lemma 13.14. If its image is a curve, the connected
generic-fibre conclusion gives a geometrically rational ruling over Ty, | ~ P!. Theorem 6.7 gives
a point on the smooth genus-zero generic curve over C(P!); it is therefore P! over that field. Its
surface field is rational in this case as well. Both cases contradict the positive-genus ruling of
K(F). Thus dim 7, = 1.

Choose an exceptional floor prime R containing T;. At the generic point of a curve in a dlt
threefold at most two floor primes meet: an intersection of two is generically simple normal
crossing, and three floors meet only in codimension three. Every H-translate of R contains the



SHOKUROV’S LOCAL INDEX CONJECTURE FOR THREEFOLDS 157

invariant T;. Consequently
Hy = Staby(R), [H : Hy| <2.
DIt adjunction gives an Hy-invariant dlt pair
(R,Tr),  Kp+Tg=(Kz +T)|r.

Apply the curve-trace lemma with ambient group G; = H and subgroup J; = Hy. This use
requires only the established H-Q-factoriality of Z,. It gives

v:C — 1T/, n = degv < Npen, coeffr, ['r > u.
The field of the source is the original k(C) inside x(F).

Step 5. In this step, we construct the pencil in each possible image configuration and return full
equivariance over the original field. If py(R) is a point, the surface R is projective and rational,
and | Kpr + I'g) is ample. Take a general member of a sufficiently divisible multiple of this
ample divisor, divide by that multiple, and average over Hy. Adding the result gives an effective
invariant rational boundary A > I'p with

(R, A) dlt, Kr+ A ~q0.

To check dlt, choose the general member on a dlt log resolution transverse to the boundary
and avoiding every lc stratum. Its coefficient is less than one. Averaging preserves the positive
exceptional discrepancies and the same floor. The rational-surface pencil lemma applied to v
gives degree at most 18n/u.

Suppose next that ¢y(R) = By is a curve but ¢y(Ty) is a point. The divisorial-fibre lemma
gives a contraction R — BY with geometric generic fibre PL. The pair (R,T'g) has effective
rational boundary and negative adjoint ample over Bf. Its fibres have dimension one. The
rational-fibre-curve lemma shows that 7} ~ P!, so v itself is an Hy-equivariant pencil of degree
n.

Finally suppose R maps to a curve By and Ty dominates it. Then By = Ty, and BY ~ Pl
For a general fibre L; ~ P! of R — BY, relative log Fano positivity gives

0<U(T4'L1)§FR-L1<2.

The intersection Ty - Ly is the degree of T — B{. Composing it with v gives an equivariant
pencil of degree at most 2n/u. All centre curves and their images here are complete, since they
lie over P.

The curve-centre case already gave the pencil for all of H. In the point-centre case each of the
three images gives an Hy-equivariant pencil of degree at most Ppen. Lemma 13.18 extends it to
all of H with degree at most 2P,en = D

Finally apply Lemma 3.11 to realize the original marked diagram and its Stein curve over
a common algebraically closed field embedded in k£ and C. The complex argument gives an
equivariant pencil of bounded degree. Existence of such a pencil descends to this field of definition:
for each degree at most D, and each character of the cyclic group, graphs of morphisms to P!
with that target action form a scheme of finite type, and equivariance is a closed condition in the
morphism locus. A nonempty such locus over C has a point over the algebraically closed field of
definition. Base extension then gives the pencil over k. The original Stein field and its action are
retained throughout. O

For a diagonal torus action in projective coordinates, the least-weight locus of an invariant
projective scheme means the intersection of its reduction with the projective subspace of least-
weight coordinates. Here the least weight is taken among the coordinates whose restrictions to
the reduction are nonzero.

Lemma 13.20. Let m: S — C be a projective flat morphism from a normal integral surface to a
smooth curve, with relatively very ample line bundle L. Fiz a full Cartier fibre Q of degree d > 1.
Suppose h°(Q, L) = d + 1, its complete section multiplication maps are surjective, its ideal is
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generated by quadrics, and 7L is locally free and commutes with base change near ¢ = w(Q).
Assume each reduced component has positive integral L-degree. Let a finite cyclic group preserve
the data and linearize L. Choose eigenbases of H(Q, L) and of the quadratic ideal space of
its complete embedding. Suppose their character values at an element v have signed phases of
absolute value less than e, its base parameter phase has a representative 0 < 7 < €, and

(2d* +d + 4)e < 1.

These weights define an auxiliary torus action on the same full fibre. Its least-weight locus on
Qred s nonempty. FEither it contains a component fized pointwise by -y, or it is finite and every
character of the actual cotangent space of S at each of its points has a representative in (0, 2€).

The conclusion concerns the cotangent space of the surface itself. We use normality of that
surface to control nilpotent sections of the full fibre; the auxiliary torus need act only on the
fibre.

Proof. We construct the auxiliary action, exclude sections of excessively small weight by division
by the base parameter, and then compute the cotangent characters at the least-weight points.
We restrict throughout to the cyclic group generated by .

Step 1. In this step, we construct the auxiliary torus on the full fibre and lift its eigensections
to the surface. Write xg, ..., x4 for the coordinate eigensections and g, ..., Ag for their chosen
signed phases. If the monomial z;x; occurs in a quadratic eigenrelation of phase p, then

Ai +Aj—p€ELZ, ‘)\i+)\j—p|<36<1.

This integer is zero. Every quadratic generator is therefore homogeneous for the rational weights
;. After clearing denominators these weights define a torus action on the homogeneous coordinate
ring of the same ). A finite element of this torus induces . The multiplication hypothesis
identifies this ring with @,~q H(Q, L").

Choose an actual eigenparameter t at ¢ of phase 7 by projecting a local parameter to its
cotangent character. On an invariant neighbourhood of ¢, local freeness and base change allow us
to lift each x; to a section of L. Character projection makes the lifts eigensections with the same
restrictions. After shrinking, they form a frame of m,£ and give the relative complete embedding.
Every homogeneous polynomial in the x; consequently has an actual eigenlift of its indicated
degree and character near ().

Step 2. In this step, we exclude the smallest nilpotent weights by division by the base parameter.
Put b, = min; A;. We claim that, for 1 < j < d, no nonzero section s € H(Q, £’) of auxiliary
weight jb,, with an actual eigenlift s, can vanish on @Qeq. Write the fibre cycle as > - pnpD.
The degree formula and the positive integral component degrees give np < d. Vanishing on the
reduction gives ordp(3) > 1 for every D. Thus 5%/t has no divisorial pole near Q); normality of
S makes it a regular section of £7¢,

Suppose v = '§d/tk is regular, with 1 < k < d. Its character has phase jdb, — k7. If
its restriction to () were nonzero, that character would occur in H O(Q,ﬁjd). By complete
multiplication there would be a degree-jd monomial weight W of this character, with

7db, < W < jde.
It follows that
0< W — (jdby — k1) < (2jd + k)e < 1, W — (jdb, — k1) € Z,

a contradiction. Hence vy, vanishes on the full fibre. Its ideal is (¢), so v is regular. Induction
shows that 5/t is regular.

Since s # 0, the section §/t is not regular near all of Q). Normality then gives a component D
with ordp(5) < np. At this component

ordp(3¢/t4TY) = dordp(3) — (d + 1)np < 0,
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contradicting regularity. This proves the claim.

Let b be the least coordinate weight whose restriction to Qyeq is nonzero. If b, < b, a basis
section of weight b, violates the claim with 7 = 1. Thus b, = b. In any chart with a nonzero
weight-b coordinate, all affine coordinate weights are nonnegative.

Step 3. In this step, we analyze the least-weight locus and, when it is finite, eliminate its
nonconstant zero-weight local coordinates. Choose a point of Qyeq at which some weight-b
coordinate is nonzero. Its limit under the torus as the parameter tends to zero belongs to the
least-weight locus, so this locus is nonempty. If it contains a curve component, the torus fixes
that component pointwise, and so does 7.

Otherwise write its points as Pi,..., P.. A general hyperplane containing the least-weight
projective subspace contains no component of Q..q. It meets that reduced curve in degree at
most d, while containing the r distinct points. Consequently r < d.

Fix P;, and choose a weight-b coordinate xy nonzero there. For another weight-b coordinate
zj, set ¢; = xj(P;)/xo(F;). Choose a homogeneous polynomial A; of degree r — 1 in the weight-b
coordinates, nonzero at P; and zero at every other Pj: a product of one separating linear form
for each h # i does this. For r = 1 take A; = 1. The section

F; = Ai(zj — ¢jzo)

has degree r and auxiliary weight rb.

This section vanishes on every reduced component. On a component where all weight-b
coordinates vanish, this follows from its expression. On any other component, projection to the
weight-b coordinate space is invariant under the torus. The component is not fixed pointwise,
since that would put it in the finite least-weight locus. Its torus action therefore has a dense
orbit, and the projection is constant, with value one of the Pj,. The expression for F; vanishes at
that value.

The section F; has an actual eigenlift. Since r < d, the divisibility claim forces it to be zero
on the full Q. Near F;, both A; and x( are units after trivializing their line bundles. Hence

.’L‘j/.%'():Cj

on the full local fibre. All its zero-weight affine coordinates are constants; this conclusion includes
its nilpotent directions.

Step 4. In this step, we identify positive representatives for the actual surface cotangent
characters. The relative embedding shows that mg p, /m?g p, is generated by the class of ¢ and the
affine coordinate differences. For A\; > b, the coordinate x;/x¢ vanishes at P; and has character
represented by
0< A —b<2e

For \; = b, the actual lifted difference z;/x¢ — ¢; restricts to zero on @, so it equals tv for
a regular function v. The difference is invariant and ¢ has nontrivial character 7; thus v has
character —7 and vanishes at the fixed point P;. The product tv contributes zero to the cotangent
space. Finally ¢ has phase 7 € (0,¢€). The surviving generators all have phases in (0, 2¢), which
proves the assertion. O

We isolate the finite-curve calculation used for a normalized branch.

Lemma 13.21. Let D; be a smooth integral curve over an algebraically closed field of
characteristic zero, and let Dji be a finite disjoint union of smooth integral curves. Suppose a
cyclic group A of order r acts generically freely on Dg, with finite quotient q : Dg — Dy. Let a
finite abelian group J act on this diagram, with eract sequence

1—A—J—J—1

Assume J fizes P € Dy, and fir € € ¢~ (P). Put L, = Stabj(ﬁ), and let 1 and 0 be the cotangent
characters at £ and P, respectively, and let x1 be a faithful character of J. Then Ly fits into an



160 SHOKUROV’S LOCAL INDEX CONJECTURE FOR THREEFOLDS

exact sequence
l—py—L —J—1, f <

with ¥ equal to the inflation of 0. The inflation of x1 to L1 has kernel [

Proof. A geometric fibre of a finite group quotient is a single group orbit. Every lift in J of an
element of J therefore carries £ to a A-translate of £&. Correcting by that translate gives an
element of L1, so L1 — J is surjective. Its kernel is A¢.

The action of A¢ on the completed local ring at § is faithful, by generic freeness. In characteristic
zero, projection of a uniformizer to its cotangent character gives an eigenuniformizer. An element
with trivial cotangent character fixes this uniformizer and the completed local ring, hence is the
identity. Thus A¢ is identified by its cotangent character with uy, where f = [A¢| < 7. If 2 is an
L1-eigenuniformizer, the completed quotient ring is

K[[2]]% = K[[=7]).

The pullback of a parameter at P consequently has leading term a nonzero scalar times z7.
Comparing the Li-actions on leading terms proves 1)/ = @ after inflation. Faithfulness of xi
gives the last kernel assertion. O

Lemma 13.22. In Setup 13.8, let D be a reduced fibre component, P € D, and J < H preserve
D and fix P. On the canonical cover at v(P), normalize the full inverse image of E, then the
reduced inverse image of D. For any chosen point above P, its stabilizer has an eract sequence

l—pr—L; —J—1, f<r<m,

where r is the local canonical degree. If 1 is its character on the lifted curve parameter and 6 the
original curve parameter character at P, then 1/ = 6. The natural m-log character is inflated
from the original x|y and has kernel pif.

Here the equality of parameter characters is read after inflation along L; — J. No faithfulness
of 1 on all of L is asserted.

Proof. We retain the actual canonical cover through normalization of the surface and curve, then
compute the branch stabilizer.

Step 1. In this step, we construct the actual canonical cover and its full reduced Cartier inverse
divisor. Put Py = v(P). The original all-prime comparison in Theorem 7.16 gives a lower bound
a for the closed-point minimum of the finite crepant quotient by J at the image of Fy. This
follows from Lemma 3.11, since I; C Iy. Denote that exact minimum by b; then b > a > 0.
Apply Proposition 8.8 at this minimum. It supplies the canonical cover W — Y and the abelian
extension J, with deck group Ag = p,. The bound r < m is supplied by Theorem 7.16.

The full Weil inverse image E* is Cartier by Lemma 8.3, because W is Gorenstein terminal.
It is generically reduced, since the cover is quasi-étale. The smooth or isolated hypersurface
description in Proposition 8.8 makes W Cohen—Macaulay. Thus this Cartier divisor is Cohen—
Macaulay with no embedded components, and is reduced. Exactness of finite-group invariants
gives (Op:)20 = Op: the invariant part of the Cartier ideal is precisely the ideal of functions
vanishing on the reduced prime FE.

Step 2. In this step, we identify the normalized surface quotient and its generic deck torsor
over D. Let S be the normalization of E*, allowing disconnected components. Taking integral
closures commutes here with invariants, since an invariant integral element lies in the invariant
total fraction ring. Hence S*/Ag = S. The canonical cover is étale over the smooth locus of Y,
and normalization commutes with étale base change. By Theorem 7.6, the image of the curve D
has smooth generic point in Y. The map S* — S is consequently a deck torsor over the generic
point of D.

Step 3. In this step, we compute the normalized curve-branch stabilizer and its parameter
and log characters. Normalize the reduced inverse image of D in S*, obtaining a finite normal
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curve scheme Df — D near P. The curve D is smooth by Proposition 13.9; the same invariant
normalization argument gives D#/A¢ = D. Its deck action is generically free. The entire
J preserves this diagram, since J preserves D. Lemma 13.21 applies and yields the claimed
exact sequence and 1/ = 0. The natural log character is the inflation of the faithful x|; by
Proposition 8.8, so its kernel on L; is exactly py. The field realizations, normalizations and
natural characters are preserved by Lemma 3.11; this proves the assertion over the standing field
as well. O

14. CURVE EXITS

We retain the notation of Setup 13.8, and write 7 : S — C for the Stein ruling. We bound
the full original stabilizer by applying the local estimates of Section 12 above the two poles of
an equivariant pencil. A single finite abelian group will carry all the characters needed at these
poles.

Proposition 14.1. Fiz m > 1, a rational a € (0,1] with ma integral, and an integer D > 1.
There is an integer Cpen(m, a, D) such that, in Setup 13.8, every specified full-H -equivariant
nonconstant morphism C — P! of degree at most D gives

|H| < Cpen(m, a, D).
The assertion holds over every algebraically closed field of characteristic zero.

The bound controls the kernel of the pencil action as well as its image. In particular, the
pencil action may be trivial.

Proof. We first work over C. We bound the kernel of the pencil action, pack the characters on all
its pole fibres, and use the local estimates to obtain two discrepancy scores with inverse original
characters.

Step 1. In this step, we choose the uniform constants used in the character packing and
local estimates. Use Ly, Ey4, P, from Proposition 12.5, L3, K3 from Lemma 12.6, and By from
Lemma 12.7. They depend only on m,a. Put

A, = max{6, By + 1}, Kpase = 2(4m + 3)4,
Fp = (2Ddy)!,  Np = D(d? + 21dy + 4) + 2.
Choose
Rp = max{4/a, B4, 4P,, 2Ly +m,2d3 + do +4,D + 1,do + 1,
P.(2L3 4+ m), P.(K3 + 1),4mA,P.},
and set Qp = |Rp| + 1 and e = 1/Qp. We prove the assertion with
(14.1) Cpen(m, a, D) = FpDKpase PLQNP.

Step 2. In this step, we bound the pencil kernel and preserve all components above its two
poles. Let ¢ : C — P! be the specified morphism, and let 3 : H — Aut(P!) be its action on the
target. By Proposition 13.10, the kernel of H on C' has order at most Ki,s. The image of ker 5
on C acts by automorphisms of C(C)/C(P'), so its order is at most deg ¢. Thus

(14.2) | ker B| < DEKpase-

This proves the bound when the target action is trivial.

Otherwise the nontrivial cyclic image is conjugate to an action z — (z. Denote its two fixed
points by by,b_. There are at most 2D points of C' over these poles. Proposition 13.9 gives a
common fibre degree 1 < d < dy, and at most dy reduced components in each full fibre. Hence
there are at most 2Dd, such components. The subgroup

Ho= H' = {4!P . g c H}
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preserves every component and every base point over the two poles, and [H : Hy| < Fp.

Step 3. In this step, we collect all required characters on one finite abelian group. For each
c€ ¢ 1({by,b_}), let Q. be the full fibre of 7. Choose Hy-eigenbases of H°(Q., £) and of the
quadratic ideal space in its complete embedding. Record their characters and the character on a
local parameter of C' at ¢. The dimensions supplied by Proposition 13.9 show that this records

2
(d + 1) + M + 1= w
2 2
characters per fibre. Record also the two target parameter characters at by,b_. The total so far
is at most D(d3 + do + 4) + 2.

For every reduced component D’ of these fibres, set Jp = ker(Hy — Aut(D")). If Jp # 1,
record the two characters in the transverse chart of Lemma 12.7: the normal character ¢p/ on S,
and the character on the other parameter of that chart. Extend each to Hy. Such an extension
exists because Hj is cyclic: a root of the prescribed value on a subgroup generator gives the
value on a generator of Hy. These extensions add at most 4Dd, characters; they will only be
used on elements of Jp.

Each component on which Hy acts nontrivially is a smooth rational curve, so its cyclic image
has exactly two fixed points. List these points, with repetitions when a point lies on more than
one component, as P;,. There are at most 4Dd entries. At v(F;), take the actual canonical
cover and its abelian extension of Hy from Proposition 8.8. Lemma 13.22 supplies a stabilizer L;,
preserving a selected lifted curve point and the corresponding normalization point of the full
inverse image of F, with

Il —pp — Li — Ho — 1, fi<ri <m.
All these are finite abelian groups. Their natural log characters are inflated from the same
original x|,

If the canonical cover is smooth, record its three ambient eigenparameter characters, chosen
for the full abelian extension, and the character of an equation of the selected formal branch
of the inverse image of E. The branch is preserved by L;; in the smooth completed local ring
its principal ideal has a semi-invariant generator, obtained by projecting a generator to its
character modulo the maximal ideal times that ideal. If the cover is singular, record the four
eigenparameter characters of its smooth ambient germ. These are precisely the local coordinate
data of Setup 12.2 and Lemma 12.6. Each entry contributes four characters, for a total of at
most 16 Ddy.

Form the finite abelian fibre product

Aaux = HLU pb: Aaux —» Hp.
Hy

When the list is empty, take A,ux = Hp and p the identity. Pull the recorded characters back
from their factors or from Hy. Their number is at most

D(d3 + dy + 4) + 2 + 4Ddy + 16Ddy = Np.
The surjection p retains every local deck kernel.

Step 4. In this step, we choose short characters outside the kernel of the powered pencil action.
Define
Bpaa = {g € Ho : B(g)"™ = 1}.
Lemma 8.9 and (14.2) give |Bpaq| < D Kpase Py Suppose, towards a contradiction, that
(14.3) |H0| > DKbaseP*QgD'

Apply Lemma 8.9 to p and the recorded characters. We obtain 1 € A,,x whose image v = p(n)
lies outside Bp,g, with every recorded character having a signed phase in (—e¢,€). In particular,

By™) # 1.
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The two target parameter characters at v are inverse and nontrivial. Relabel the poles so
that the signed phase at b, is positive. Use (n,7) above by, and (p~!,y~1) above b_. All
recorded phases remain in (—¢, €), and the target parameter phase is positive at the pole under
consideration.

Step 5. In this step, we obtain positive base phases and treat the component and finite-locus
alternatives on the full pole fibres. Write 1y, for the elements chosen at either pole, and
7 € (0,€) for its target phase. Choose any ¢ above that pole. If e. < D is the ramification index
of ¢ at ¢, and 9. is the recorded signed phase of a base parameter there, equivariance gives

ecoe =7 (mod Z).

The absolute value of their difference is less than (D + 1)e < 1; hence e.6. = 7 and 0 < 6. < €.

The ruling 7 is flat: its local rings are torsion-free over the discrete valuation rings of the
smooth base. The remaining hypotheses of Lemma 13.20 follow from Proposition 13.9. Since
(2d? + d + 4)e < 1, that lemma applies to the full fibre Q. and the element ~q.

Suppose first that its least-weight locus contains a component D’. Then vy € Jpr, so the
recorded extensions give its actual transverse characters. Write p for the signed phase of ¥p(),
and nps for the full fibre multiplicity. Lemma 12.7 gives npp = 0. (mod Z). As np < dyp and
(do + 1)e < 1, this is an equality of rational representatives. In particular, 0 < p < e.

Suppose instead that the least-weight locus is finite, and choose a point P in it and a reduced
component D’ through P. We check that P occurs in the list P;. If v acted trivially on D’,
every coordinate nonzero on D’ would have the same projective character. Their signed weights
differ by less than 2¢ < 1, so these weights would be equal as rational numbers. The auxiliary
torus would then fix D’ pointwise. Since P has least weight, the whole component would belong
to the least-weight locus, contradicting its finiteness. Thus 7o acts nontrivially on D’. Its fixed
points on this rational curve are the two fixed points of the cyclic Hp-image, which were listed.
Consequently P = P; for some entry, and Lemma 13.20 gives representatives in (0, 2¢) for every
character of the actual cotangent space of S at P.

Step 6. In this step, we apply all local alternatives to the prescribed powered original character.
In the component alternative apply Lemma 12.7 to 753 * with shortness parameter P,e. This
element is nonidentity because its pencil action is nontrivial. Its normal phase is P,p > 0, and
its other recorded phase has absolute value less than P,e. The inequality 4P.e < 1 keeps these
representatives in the required ranges. The lemma supplies a score A with

a<A<a+ (By+1)Pse, mA = phase x(7¢*)  (mod 7Z).

In the finite alternative, project 19 to the branch stabilizer L; attached to P, and denote the
image by ;. If its canonical cover is smooth, use n; * and véD * in Lemma 12.6. The three ambient
phases and the formal branch phase have absolute value less than P.e. Every coarse cotangent
phase has a representative in (0,2P,¢). Our choice of p ensures

(2L3 + m)Pee < 1, (K3 + 1)Pee < 1.
The resulting score satisfies
a <A <a+4Pse, mA = phase x(74*)  (mod Z).

If the canonical cover is singular, apply Proposition 12.5 directly to 7;, with shortness parameter
€. Its four ambient phases were recorded, and coarse cotangent positivity was established above.
The inequalities

(2Ly +m)e < 1, de < a, Eie < 1, 4P < 1
hold by construction. This supplies
a <A <a+6Pe, mA = phase x(74*) (mod Z).
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The component lemma covers a positive-dimensional least-weight locus; the smooth and singular
cover results cover every point in a finite least-weight locus. Each uses the full boundary and the
original natural character.

Step 7. In this step, we combine the opposite pole scores and conclude the bound over the
original field. We have obtained scores Ay, A_ satisfying

a <Ay <a+ A,Pie, mA+ = +phase x(v"*) (mod Z).

Since ma € Z, the number
m((Ay —a) + (A= — a))

is a nonnegative integer. It is less than 2mA, Pie < 1, and hence is zero. Both scores equal a, so
the displayed congruences force y(y"*) = 1. The original character is faithful, which contradicts
B(yF*) # 1. Thus (14.3) is impossible. Multiplication by [H : Ho] < Fp proves (14.1) over C.

For an arbitrary algebraically closed field of characteristic zero, apply Lemma 3.11 to the
original cover and marked exit, together with their normalization, Stein factorization, natural
actions and specified pencil. Its common complex realization retains these data, the all-prime
comparisons, m, a, the pencil degree and |H|. The complex bound therefore gives the stated
bound over the original field. O

Theorem 14.2. Fiz m > 1 and a rational a € (0,1] with ma integral. There is an integer
Ceur(m, a) > 0 such that, for every original cover datum and every curve contraction supplied by
Theorem 7.16, the full original stabilizer satisfies

|H| < Ceur(m, a).

The assertion holds over every algebraically closed field of characteristic zero, without any further
condition on the genus of the Stein curve, normality of the exceptional divisor, conductor orders,
or smoothness and Gorensteinness of the terminal source.

The equivariant pencil on the original Stein curve makes the preceding bound uniform over all
curve exits.

Proof. Proposition 13.19 gives a full- H-equivariant nonconstant morphism C — P! of degree
at most D,, with D, depending only on a and ¢y = c.(3,a). Apply Proposition 14.1 to this
morphism and set

Ceur(m, a) = Cpen(m, a, Dy).
Both propositions hold over every algebraically closed field of characteristic zero and retain the
original group H. U

15. COMPUTING CURVES ABOVE ONE

We retain the original cover data of Definition 3.10. We bound the stabilizer of a prescribed
computing divisor when its centre on the terminal model is a curve. The estimate uses the two
fixed points of the action on that curve and keeps the natural log character at both points.

Theorem 15.1. Let original cover data have exact minimum a = p/q > 1, with mB integral
and q | m. Suppose the centre of the prescribed computing lift F' on an H -equivariant effective
terminal pair model is a complete curve C. Then C ~ P', H acts faithfully on C, F is its
ordinary generic blowup valuation, and

|H| < Q(m) = [4m(m +5) + 3]°.

The assertion holds over every algebraically closed field of characteristic zero, including singular
and non-Gorenstein poles.

The bound concerns the full stabilizer of the chosen lift. In particular, it does not require a
choice of a new computing divisor.
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Proof. We first use the generic computing valuation to determine the boundary multiplicity.
We then construct a short-weight valuation at each fixed point, keeping the ramification of
its canonical and coordinate-root covers. Character packing at the two points completes the
estimate.

Step 1. In this step, we determine the generic boundary multiplicity and retain the original all-
prime lower bound. Write ¢ : (Y, By) — (V, By) for the given terminal pair model. Lemma 7.12
gives C' ~ P!, the faithful H-action on C, and the identification of F with its ordinary generic
blowup valuation. The discrepancy of this codimension-two blowup is therefore

: 1
(15.1) j=mmultc By € {0,....m—1}, a=2-2L, ma=2m—j, a>1+—.
m m

Here the multiplicity is the sum of the generic transverse multiplicities of the boundary
components, weighted by their coefficients. Its integrality after multiplication by m follows from
the crepant identity and the integral Cartier divisor m(Ky + By).

For a primitive prime T over Y centred at a point of C', let T'x be its primitive restriction to
k(X). Its centre is z. Lemma 3.8 and crepancy give

Aypy (T) _ 16(T)

(I (T) [Ia(T)]
The equality Ig(T) = H N Ig(T) is an equality in the original function field; it does not
require G to act on Y. The natural m-log line on Y has the original faithful character x|z,
by Proposition 7.5. Lemma 3.11 allows us to prove the bound over C, retaining this diagram,

character, and all-prime inequality.
Set

(15.2)

AX’B(T)() > a.

R =4m(m +5)+ 3, e=RL.
There is nothing to prove if H = 1. Otherwise the faithful cyclic action on C' has two fixed points
P, P_, with inverse tangent characters. Indeed a generator in Aut(P!) is diagonalizable and has
distinct eigenlines; in coordinates at these eigenlines its multipliers are inverse. We first work at
one of these points, denoted P.

Step 2. In this step, we construct the canonical cover and the stabilizer of a normalized curve
branch. Let ap be the exact closed-point minimum of the finite crepant quotient (Y, By )/H at
the image of P. By (15.2), ap > a. Apply Proposition 8.8 at this minimum. It supplies the
canonical cover (W 3 z) — (Y 5 P), an abelian extension

1—A=p—H— H—1, ¢ =indp(Ky) <m,

and a smooth ambient germ M. If W is singular, its equation in My is a semi-invariant f, and
dim My = 4. Otherwise My = W has dimension three. Let h be the full regular semi-invariant
equation of mByy, lifted to My, and write the pulled-back log generator as Ty = 0§}, /h, where
fw is a canonical generator, obtained by residue in the hypersurface case. Its character is the
inflation of x|z, with kernel exactly A. For every primitive ambient prime 7" centred at z, the
same proposition gives

Aw(T) = T() = TW)/m

(15.3) (1)) >

with T'(f) omitted in the smooth case. The intrinsic inequality on (W, By/) follows from
Lemma 3.8.

Normalize the reduced inverse image of the curve germ C' 5> P in W, and call the resulting
normal curve S. Over the generic point of C, the canonical cover is a A-torsor: Y is smooth
there, and its canonical cover is etale. Moreover the quotient S/A is the curve germ C' > P.
To see the latter equality, invariants of the reduced inverse image give O¢ p; an invariant in
its normalization is integral over O¢ p and belongs to k(C), so normality of C' puts it in O¢ p.
Consequently A acts transitively on the points of S above P.
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Choose one such point § and let L = Stab (). Transitivity gives a surjection 7y, : L — H.
Put b =|ANL| sob</¢<m,and denote the inflated log character by xr = (x|) o 7. The
action of L on the smooth curve germ S 3 £ is faithful. An element in its kernel acts trivially on
C, hence maps to the identity in H; it then fixes a geometric generic point of the A-torsor and is
itself the identity. A finite-order automorphism of a smooth curve germ with derivative one is
the identity: its first nonzero higher term would be multiplied by its order under iteration. Thus
L is cyclic and its tangent character ¢ is faithful. If § denotes the H-character of a parameter of
C at P, tame ramification on the normalized curve gives

(15.4) l—wwp —L—H —1, Y =0omny, b < m.
Indeed the pulled-back parameter has order b at &, so its leading term has character ¥°.

Step 3. In this step, we construct an algebraic coordinate-root chart straightening the selected
branch. Choose ambient eigenparameters at z. One of them, say v, has finite order e on S 3 &,
with 1 < e <b. The pullback of a parameter of C' has order b and lies in the ideal generated by
these parameters, so their least finite order is at most b. Its leading term also shows that the
character of v on L is ¢¢. Take the coordinate-root cover

M1 —)MQ, v =t

It is smooth at the point over z, with coordinates ¢ and the remaining ambient parameters. The
action v*t = ()t lifts L. Together with the root deck group it gives I' = pe x L, with quotient
M, /T" = My/L. The ramification divisor is exactly (e — 1)(¢ = 0).

In the normalization of the base change of S, there are e points over &, unramified over S, and
t is a parameter at each. Each is fixed by the chosen lift of L: if u is an eigenparameter on S of
character 1, the nonzero residues of ¢/u distinguish these points and are fixed by L. Choose one
point and an invariant smooth curve neighbourhood U on which ¢ : U — A! is etale. The fibre
product

MQ =M 1 X Atl U
is an equivariant etale neighbourhood of M; at the selected point. The graph of U — M is a
smooth embedded curve D in Ms. Subtracting from each remaining coordinate its restriction to
U gives regular eigenparameters t, r1, 2, 3 with D = (21 = 9 = x3 = 0) in the hypersurface
case. In the smooth case there are just ¢, xo, x3.

Continue to write f, h for the full pulled-back equations. The component of f = 0 through
the generic point of D is smooth there and has multiplicity one. On this component the generic
normal order of h along D is the integer j in (15.1), since both finite covers are etale at the
generic point of this branch. The retraction My — U lets us write the linear normal part of f
over the discrete valuation ring of U. Divide its coeflicients by their smallest ¢-order N, and use
a unit coefficient to replace one normal parameter. This is an invertible equivariant change of
parameters and gives

(15.5) f= tN.Z‘l + Go, Gs € (1‘1,33‘2, 33‘3)2, N > 0.

All coefficient quotients are regular functions on U. In particular, writing characters additively
here, char(f) = N + char(x1).

Step 4. In this step, we retain ramification and primitive normalization in the ambient and
intrinsic discrepancy bounds. On M, the crepant pullback of the ambient divisor is

div(f) + %div(h) = (e — 1) div(t),

again omitting f in dimension three. For a primitive prime 77 over Mj, its primitive restriction
Th to My, and their ramification index rp, finite discrepancy comparison and the tower of inertia
groups give
A, (Th) = Tu(f) = Ta(h) /m + (e = D)T1(t) = rr(Aag (To) — To(f) — To(h)/m),
[ Ir(Th)| = rrlIL(To)l.
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These are the finite discrepancy identities of Lemma 3.8, with the displayed different retained
in the pullback. The numerator is positive by (15.3). Dividing by the inertia of the selected
subgroup L < I' therefore preserves the lower bound a. Etale restriction has ramification one and
injects the new inertia group into the old one. Consequently, on My, every primitive ambient
prime T at its selected point satisfies

A, (T) =T(f) =T(h)/m + (e — )T'(¢)
(T

We also use the intrinsic version on the normalization of the selected component of f = 0. To
obtain it, normalize the full finite inverse image of W in M;. The stabilizer in I' of a component
has invariant field k(7)* and contains the chosen lift of L on the component through our branch.
Its action is faithful: a kernel element is trivial on k(W), hence is a root deck element, and fixing
the nonzero function ¢t makes it the identity. Finite discrepancy comparison for this full stabilizer,
followed by restriction to L, gives the same lower bound. Normalization commutes with the etale
base change used above. Thus, on any subsequent birational chart, if A,(T") denotes discrepancy
for the possibly signed crepant pullback of (W, By ), then
AL (T)
[L(T)
for every primitive prime centred over the selected point. All restrictions here are to the original
finite function fields; the only intervening etale restriction has ramification one.

We now explain the normalization for the rational weights we will use. Let v € L have order
d > 1, and suppose the phase of ¥(7) is 4, with 0 < § < €. In a smooth eigenparameter chart,
take positive rational weights congruent to the coordinate characters at v, with weight  on t¢.
Since 1) is faithful, § has denominator exactly d. Let ¢ be the greatest common divisor of the
integer weights obtained by multiplying by d. Then ged(c,d) = 1, and the primitive monomial
prime has weights d/c times the chosen weights. It is an algebraic prime on the normalized
weighted blowup in these regular parameters. The action of 7 on the associated graded ring is
weighted scalar, so it fixes the degree-zero fraction field and belongs to the inertia group of this
prime. If A denotes its discrepancy in the rational normalization, either (15.6) or (15.7) therefore
gives

(15.6)

> a.

(15.7) ‘ >a

d
(15.8) EA > allL(T)| > ad, A>ca>a.

Step 5. In this step, we construct a short-weight valuation at a pole with the original natural
character. Suppose that the phases of 7 on the other parameters have representatives «; with
|aj| < €. In the hypersurface case put

wo = (6, wy, wa, ws3), w; =1+ ay, f = min(wg, w3), ug = NO.
(15.6) and (15.8) give
Ao = €0 + wy + wa + w3 — wo(f) — wo(h)/m > a.
If up > S, (15.5) implies
wo(f) > min{ug + w1, 2 min(wy, wa, ws)} > 2min(wy, wa, w3).
Since h is regular, this would give
m—+5

1
Ay <1+ (e+5)e<1+ <1+ —<a,
m

a contradiction. Hence ug < S.
Take the t"V-chart of the blowup of (tV,z1,x2,23), interpreted as the identity when N = 0.
Write z; = tVy;. The full transformed equation, after removing its t2V factor, is

fN = tisz = Y1 + GN7 GN € (ylv Y2, y3)2'
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The selected strict transform is therefore smooth at the fixed origin, with regular eigenparameters
t,y2,ys. It is the component containing the strict transform of D. The pullback of the original
canonical generator is

(15.9) Oy = (invariant unit) V1 dt A dyy A dys.

Indeed the root map contributes t¢~!, and the ambient substitution contributes t*V to the top
form and t*V to f. Residue adjunction supplies the remaining factor t¥. The units from the
equivariant parameter changes are semi-invariant units at fixed points, so their characters are
trivial. This calculation uses the full pulled-back equation, including any other components
meeting the selected component.

Give t, 4o, y3 the positive weights &, wo — ug, w3 — ug, respectively, and let w be the resulting
monomial valuation. These weights are congruent to their characters at . By (15.9), their
crepant discrepancy is

A =ed+wy + w3 —ug—wh)/m > a,
where the lower bound follows from (15.7) and (15.8). If j > 1, the full equation h vanishes on
D, so h € (21,22, x3) before the blowup and h = t"Vh; with h; regular afterward. The generic
normal order of h; along the strict curve is j. On this smooth chart the powers of the curve ideal
(y2,ys3) are saturated with respect to nonzero functions on the curve: their successive normal
graded pieces are free over its regular local ring. Thus hy € (y2,y3)’, and

w(h) > up + jmin(ws — ug, ws —ug) = jB — (§j — 1)uo.
It follows that . 1
A§e5—|—w2+w3—iﬁ— (1—]_>U0
m m

<a+(e+2+j/mle<a+(e+3)e<a+ (m+3)e
Here j < m makes the coefficient of ug positive. When j = 0, regularity of h instead gives
A<a+(e+2)e.
If W is smooth, no hypersurface equation or birational chart is needed. In the straightened

chart t, x9, x3, saturation of the smooth curve ideal gives h € (z2,23)7. Let w be the monomial
valuation with weights §,1 + g, 1 4+ ag. Its discrepancy satisfies

A =ed 4+ wy + ws — w(h)/m, a<A<a+ (e+3)e
Thus both cases give
(15.10) a<A<a+(m+3)e

The character of this discrepancy is still the original one. In the hypersurface case the tensor
in (15.9), divided by h after taking its m-th power, gives
xz = m((e — N)¢ + char(z2) + char(z3)) — char(h)

in additive character notation. In the smooth case the same formula has N = 0. Every term of
a semi-invariant has its character, so a monomial valuation whose weights have the coordinate
phases takes that phase modulo Z. Applying this to the displayed tensor yields

(15.11) mA = phase(x(¥)) (mod Z),
where 7 = 77() is the image in H.

Step 6. In this step, we pack the characters at both fixed points and bound the full original
stabilizer. Perform these constructions at Py and P_, obtaining Ly, L_, tangent characters
Y4, ¥_, and kernel orders b4, b_ < m. Form the finite abelian fibre product

A:L+ XH L_.

List on A the coordinate characters of the two straightened charts, after the linear normal changes
leading to (15.5). There are at most eight characters. If |[H| > R®, Lemma 8.9, with the excluded
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subgroup equal to {1}, supplies n € A whose image ho € H is nonidentity and all of whose listed
signed phases have absolute value less than e.
Let vy, v_ be its two tangent phases. The inverse tangent characters on C' and (15.4) give

b+’l)+ + b,’Uf S Z, |b+’U+ —+ b,U7| < 2m/R < 1.

This integer is zero. Neither phase is zero, since each projection of 1 has nonidentity image hg
and its tangent character is faithful. The phases therefore have opposite signs. Replace n by its
inverse if necessary so that vy > 0. Use its projection at P, and the inverse projection at P_.
Both tangent phases are positive, so (15.10) gives numbers A, A_ with

0<A:r—a<(m+3)/R.
Their characters in (15.11) are x(hg) and its inverse. Since ma is integral,
2m(m + 3)
R
Both nonnegative differences vanish. (15.11) then gives x(hg) = 1, contrary to the faithfulness of
the original character on H. Hence |H| < R® = Q(m). The field comparison already invoked

preserves the prescribed valuation, its stabilizer and the model, so the bound holds over the
original algebraically closed field as well. O

m((Ay —a)+ (A= —a)) € Z, 0<m((A+ —a)+ (A —a)) < < 1.

16. EXACT MINIMA GREATER THAN ONE

We retain the original cover and natural character of Section 3. We write P(m) for the bound
in Proposition 9.8 and Q(m) for the bound in Theorem 15.1. We first separate the selection of a
computing divisor from the bound on its stabilizer.

The results over C used below are terminal smoothness in codimension two, the isolated
cDV description, the ordinary point-blowup formula, and relative vanishing. We use them
in the precise forms of Theorems 7.6, 7.1, 7.7, and 7.8. For an arbitrary algebraically closed
characteristic-zero field, apply Lemma 3.11 to the original cover, its natural line and a chosen
equivariant terminal model. The lemma retains the full fibre and all primitive-prime comparisons
on a common realization which also embeds in C. Smoothness, dimension of the singular locus,
and hypersurface multiplicity are preserved by these extensions; cohomology on the proper fibre
and the degrees and lengths used below are preserved by flat base change. Thus each application
of these results is made after this realization. The final index bounds return by the same lemma,
and smoothness descends under field extension. All covers and valuations in the arguments
remain those of the realized original diagram.

Lemma 16.1. Let original cover data have exact minimum a = p/q > 1, with mB integral and
q|m. Lett > 1 be an integer. If the prescribed computing lift F' satisfies [G : Stabg(F')] < t,
then

|G| < tmax{P(m),Q(m)}, ind;(Kx + B) < mtmax{P(m),Q(m)}.

Thus the stabilizer estimates apply after the computing divisor has been selected on the
original cover.

Proof. Put H = Stabg(F'). Choose an H-equivariant terminal pair model g : (Y, By) — (V, By)
by Proposition 7.5. Its natural m-log character is faithful, and its local canonical indices are at
most m. By Theorem 3.9,

Ay, (F) = a, Iy(F)=1.
For every primitive prime T with centre in ¢~!(0), Lemma 3.8 and crepancy give

Avpy (T) _ Avpy (T)

(M) — Ha(D] —
The valuation action of G in the middle expression is its action on k(V'); it does not require a
G-action on this H-model.

(16.1)



170 SHOKUROV’S LOCAL INDEX CONJECTURE FOR THREEFOLDS

The centre of F' is a point or a complete curve by Lemma 7.12. In the point case it is H-fixed,
and Proposition 9.8 gives |H| < P(m). In the curve case, Theorem 15.1 gives |H| < Q(m). The
identities |G| = |G : H]|H| and ind;(Kx + B) < m|G| prove the claims. O

Lemma 16.2. Let original cover data have exact minimum a > 1, and let g : (Y, By ) — (V, By)
be a full G-equivariant terminal pair model from Proposition 7.5. Set

_ m+4
Z:g 1(O)red7 Em = ( 4 ) -1

Then embdimp Y < E,, for every closed point P € Z. If Z is one-dimensional, the tangent lines
of its components at any junction are linearly independent in TpY , and at most E,, components
meet there.

The branch bound concerns the reduced fibre on the given model; it does not require a
replacement by a normal crossings curve.

Proof. We bound the ambient cotangent dimension and then identify the local ring of the reduced
fibre.

Step 1. In this step, we bound the ambient cotangent dimension using the local canonical cover.
Fix P € Z, and put ¢ = indp(Ky) < m. Apply Proposition 8.8 with the trivial group and with
the exact minimum of (Y P, By). This minimum is positive and attained by Theorem 3.9.
The canonical cover has an equivariant smooth ambient germ of dimension d < 4. In completed
eigenparameters uq, ..., uq, the completed local ring of Y is a quotient of

k[[ul, ves ,ud]]“‘f.

Indeed, taking invariants is exact in characteristic zero, so it commutes with passing to the
semi-invariant hypersurface quotient when that quotient is present.

Every invariant monomial of degree greater than ¢ has a proper nonconstant invariant factor
of degree at most . To see this, list ¢ of its variable characters in Z/¢Z. Among their ¢ + 1
partial sums two coincide. Their difference gives the required factor. Induction on the degree
shows that invariant monomials of degrees one through ¢ topologically generate the invariant

ring. There are at most
{+d

such monomials. Passing to a quotient and then to its cotangent space cannot increase this
number. Completion preserves the cotangent dimension, proving the first assertion.

Step 2. In this step, we identify the reduced fibre’s local ring and prove independence of its
tangent lines. Suppose that Z has ¢ components C1,...,C.. They are smooth rational curves by
Lemma 7.12. For the normalization v : [, C; — Z, put Q = V*OH.Q/OZ' The same lemma

gives HY(Z,0z) = k and H'(Z,0y) = 0, whence
> lengthQp =c—1.
Pez

If rp branches meet at P, taking their residues gives a surjection Qp — k"7 /k, with diagonal
constants in the denominator. Thus its length is at least rp — 1. The incidence tree gives
> p(rp —1) = ¢ — 1, so equality holds at every junction. Consequently

Ozp={(hi,...,hep) € [LE[[t]] - ha(0) = -+ = hyp (0) ).

Its maximal ideal is the direct sum of the branch maximal ideals, and products from different
summands vanish. Its cotangent dimension is therefore rp. The closed immersion Z C Y proves
both tangent independence and rp < embdimp Y < F,,. O
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Lemma 16.3. Let original cover data have exact minimum a > 1, and let g : (Y, By) — (V, By)
be a full equivariant terminal pair model. Put Z = g~ (0)eq. Fvery closed subscheme T C'Y
supported in Z satisfies

HY(T,Or) = 0.

This includes the symbolic second thickening of a component and its union with the reduced
fibre.

Proof. By the field reduction above we may use Theorem 7.8 [Fuj09b, Theorem 2.48 and
Corollary 2.49, p. 55] over C. Shrink V to an affine neighbourhood of o over which all fibres
have dimension at most one, as permitted by Lemma 7.12 and upper semicontinuity. The
divisor —(Ky + By) is pulled back from V', hence is g-nef. It is g-big because g is birational; its
generic fibre is a point. The pair is klt, so there are no lc centres to test. Applying the cited
vanishing theorem to the integral Cartier divisor zero gives R'g,Oy = 0 for i > 0, and therefore
HY(Y,Oy) = 0.

We also have H%(Y,Zr) = 0. Here is a direct argument in this relative dimension. Choose a
general relative hyperplane divisor Dy containing no component of the fibre. After shrinking V'
again, its proper morphism to V' is quasi-finite and hence finite. The same is true of nDgy. For
n sufficiently large, relative Serre vanishing and affineness of V give H2(Y, Zr(nDyg)) = 0. The
quotient in

0 —Zr — Zpr(nDy) — Q, — 0

is supported on the finite V-scheme n.Dyg, so H' (Y, Q,,) = 0. This proves the asserted H?-vanishing.
Finally the cohomology sequence of 0 — Iy — Oy — O — 0 gives H'(T,Or) = 0. O

Definition 16.4. Let Y be a terminal threefold and C' C Y a smooth complete curve whose
)

saturating Ié at the generic point of C. Saturation of Zowy in wy likewise means the subsheaf
of sections whose image in wy /Zcwy vanishes generically along C'. Set

generic point lies in the smooth locus of Y. Write I(Cj for the symbolic power, obtained by

Fo=Tc/I8,  We = wy/saty, (Towy).
These are torsion-free sheaves on C', of ranks two and one. Let
ac :det Fo @ we — Weo

be the map induced by top differentials. For any positive integer r with r Ky Cartier near P € C,
let

por : Wa' — Oy (rKy)|c

be the map induced by multiplication of canonical forms. The conormal correction at P is
1
op(C) =1ip(C) +wp(C), ip(C) = length p coker a¢, wp(C) = — length p coker pc .
r

Lemma 16.5. Let original cover data have exact minimum a € (1,2), and let g : (Y, By) —
(V, By) be a full equivariant terminal pair model with one-dimensional reduced fibre Z. Set

PO T [T

For a component C of Z, put foc = multe By, and let Sc consist of its junctions, the points of
C NSingY, and its smooth ambient points with multp By > 1. Then:
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(i) The corrections of Definition 16.4 are well defined and nonnegative. Their support is exactly
CNSingY, and

0§ﬁc§2—a<1, _4§KYC§ 3/807
1- B¢
degFo = Ky -C+2— Y 6p(C),
peC
1 3
6p(C) > — (P e CnSingY), 6p(C) <1+ <D.
p(C) m( gY) ;CP() 1~ Bo

(ii) There are at most mD singular ambient points on C, at most D smooth ambient junctions,
and at most D smooth ambient points with boundary multiplicity greater than one. The set
Sc has at most (m + 2)D points and contains every point of C which is the centre of an
original computing lift.

(iii) Every subgroup of G preserving C' has pointwise kernel on C of order at most R. FEvery
original computing lift whose centre on'Y is C is its ordinary generic blowup valuation.

The estimates apply to every component of the full fibre. In particular, the marked set is
controlled before a computing component is selected.

Proof. We construct the intrinsic corrections, control the boundary’s leading normal form, and
then bound the marked points and the component-action kernel.

Step 1. In this step, we define the conormal correction maps and compute their degree identities.
Theorem 7.6, with the field reduction above, makes Y smooth at the generic point of C. The
ordinary transverse blowup and (16.1) give 2 — 3¢ > a. In particular 0 < S < 1. Put

M =mlem(1,...,m), ke = MpBe.

The local canonical index bound in Proposition 7.5 makes both M Ky and M By Cartier near
the fibre. The sum M (Ky + By) is pulled back from a trivial line on the germ. Thus k¢ is an
integer with 0 < k¢ < M, and

deg Oy(MBy)|C == —MKY -C.

On the smooth curve C, the torsion-free sheaves F- and W are locally free. For local lifts
x,y of conormal sections and a curve parameter s, the map a¢ sends (x Ay) ® ds to dx A dy A ds.
The map from top differentials to the reflexive canonical sheaf is regular: it is regular on the
smooth locus and extends to the reflexive sheaf across codimension two. Altering a lift by a
symbolic square gives a section vanishing at the generic point of C, hence zero in W¢. This
proves that a¢ is a regular, generically invertible map. The same saturation argument defines the
regular, generically invertible map pc . Replacing r by a multiple multiplies its local vanishing
order by that multiple, so wp(C') is independent of 7.

Write ip = ip(C), wp = wp(C), and §p = 6p(C). Taking degrees, using C' ~ P!, gives

(16.2) degWe = Ky -C =Y wp, degFo=Ky-C+2-> 6p.
P P

All corrections are nonnegative, finitely supported, and zero at smooth ambient points. The exact
sequence of the symbolic second thickening of C, together with Lemma 16.3, gives H'(C, F¢) = 0:
constants lift to the thickening. Consequently

chOC(dl)@Oc(dg), di,do > —1.
In particular

(16.3) deg Fo > -2, max(dy,ds) < deg Fo + 1, > 6p < Ky-C+4.
P

Step 2. In this step, we compute the correction determinant on an actual normalized branch.
Fix P € C. Apply Proposition 8.8 with the trivial group and its own positive attained local
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minimum. It supplies the actual canonical cover 7 : W — Y, of degree £ = indp(Ky) < m, and
a smooth ambient chart. Normalize the reduced inverse image of C, and choose a point £ above
P. The deck group A = py is generically a torsor on this preimage, since Y is smooth generically
along C'. Its invariant normalization is C: the invariant ring is integral over O¢, lies in k(C'), and
C is normal. The deck group therefore acts transitively on the points above P. The ramification
index on the chosen normalized branch is fp = |Staba (§)] < £.

Some regular ambient parameter v has finite positive order ep < fp on this branch. Indeed, a
lifted parameter of C' has order fp and belongs to the ideal generated by the ambient parameters.
Take the actual coordinate-root cover v = t°F. The normalization of the branch base change is
unramified at a point above &, and ¢ is its uniformizer: in the complete branch DVR, v is a unit
times an ep-th power of a uniformizer, and the unit has an ep-th root in an etale neighbourhood.
On an open normalized branch U, the map t : U — A! is etale. Base change the ambient chart
along this map and subtract the restrictions of its other coordinates to U. The graph is now a
smooth embedded curve Dp, the t-axis. These are algebraic coordinate-root and etale maps; no
formal branch is substituted for an original field.

In the hypersurface case let ® be the full pulled equation, including any other components.
Its linear normal coefficients generate an ideal (+V7) in the curve DVR. Row operations on the
normal parameters put it in the form

® = tNPy + terms in (u, vy, v9)%

It is generically smooth along Dp, so Np is finite. Its torsion-free conormal Fp, is free on vy, va.
In the smooth-cover case use the ordinary conormal and put Np = 0. The map induced by
functions,

Fc®Opp, — Fpp,

is injective and generically invertible. Symbolic squares map to generic normal order at least two
and hence to zero in the torsion-free target. Let Lp > 0 be the cokernel length.

Let n be a local canonical section inducing a generator of Wg, and write n*n = gpfy, where
Ow generates wyy. The coefficient gp is regular, by normality and regularity away from the
isolated cover point. The definition of pc, gives ord;(9p|p,) = frwp. Residue adjunction and
the coordinate-root differential give, at the generic point of Dp,

Oy = unit -t 1NPAE A dog A dos.

The derivative of a parameter of C' has order fp — 1, and the determinant of the conormal map
has order Lp. Comparing the pullback of a with this expression therefore gives

(16.4) Np+ Lp = fpop — fp+ep < fpip.

At a non-Gorenstein point the canonical deck character is faithful and nontrivial, by Theorem 3.9
for the bare canonical cover. The invariant section 7*n makes gp have its inverse character, so gp
vanishes at the cover point. Its nonzero branch restriction gives wp > 1/fp > 1/m. At a singular
Gorenstein point, the cover is trivial and the embedded smooth curve can be straightened without
a root cover. Then fp = ep = 1, Lp = 0, and singularity of the ambient hypersurface gives
Np > 1. Equation (16.4) gives p = Np > 1. This proves the asserted support and the lower
bounds for the corrections.

Step 3. In this step, we bound the poles of the leading boundary form and deduce the component
degree estimates. Put Lp = Oy (M By)|c. The degree k¢ leading normal form of the boundary
section is a nonzero rational section of Sym*® Fo ® L. We claim that it extends to a regular
section of

(16.5) Symhe Fo @ L ® Oc (Y [kodp) P).
P

Use the actual local chart just constructed, and lift a regular equation of M By to its ambient
chart. Over k((t)), solve ® = 0 for u. The solution starts in normal degree two. Its degree j
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coefficients have poles of order at most (7 — 1) Np: substitution into a monomial with b other
normal factors and ¢ occurrences of u costs at most (j —b— c+ 1) Np, including the single division
by V7, and b+ ¢ > 2. This proves the bound inductively in j.

The leading degree ko form of the boundary equation therefore has poles at most kcNp in
the conormal basis on Dp. The inverse conormal matrix has poles at most Lp, by its adjugate
and determinant. Transforming the degree ko tensor back costs at most ko Lp. Lower normal
degrees of the boundary vanish identically, so only this linear matrix affects the leading form.
The resulting pole order on Dp is at most

kc(Np + Lp) < ke fpip.

A pole of order j on C' pulls back with order fpj, which proves (16.5). The argument also applies
when ko = 0 or when the cover is smooth.
Using (16.2) and (16.3), each line summand of (16.5) has degree at most

(16.6) ko(deg Fo +1) — MKy - C + > |kedp| < 3ke — (M — ke)Ky - C.

P
One summand has a nonzero section, so the right side is nonnegative. This gives Ky - C' <
3Bc/(1 = Be). Equations (16.2) and (16.3) now give

380 3
=1+ < D.
1- B¢ 1-pc

This proves (i), and bounds the number of singular ambient points by mD.

Ky -C > —4, Y dp<d+
P

Step 4. In this step, we bound the junctions, singular points, and smooth points of large
boundary multiplicity. Let £o be the image of Zz in Fo. The exact sequence for the union of
Z with the symbolic second thickening of C' has kernel £ and quotient Oz. Constants lift, so
Lemma 16.3 gives H'(C,Ec) = 0. Tt is a rank-two vector bundle and has degree at least —2. At
a smooth ambient junction with rp branches, the independent tangent lines from Lemma 16.2
impose at least 7p — 1 independent conditions on its image in F¢|p. Thus

> (rp—1) <length(Fc/Ec) < degFo+2=Ky-C+4-> ép < D.
P smooth junction P
At a smooth ambient point with multp By > 1, a local equation of M By has ordinary order at
least M + 1. Its degree k- normal form vanishes along C' there to order at least M + 1 — k. The
correction divisor in (16.5) is zero at this point. Choose a nonzero scalar section after splitting
that bundle. Its degree, by (16.6) and Ky - C > —4, is at most 4M — kc. The number of these
points is consequently at most

L AM — ke J S4—ﬁc:1+
M+1-kc 1-pc 1-Bc
At every other smooth ambient point, Theorem 7.7 [Kaw17, Proposition 6], applied to the local
Cartier boundary as an effective rational ideal, gives mld(Y > P, By ) = 3 — multp By > 2. An
original computing lift has discrepancy a < 2, so its point centre is in S¢. Counting singular
points, smooth junctions, and the remaining marked smooth points proves (ii).

<D.

Step 5. In this step, we bound the component-action kernel and identify the original curve-
centred computing valuations. Let J < G fix C pointwise. At its smooth generic point choose
two eigen normal parameters. A lifted rational parameter on C' can be averaged to be J-invariant.
These parameters identify the completed transverse action with its faithful two-dimensional
linear representation. If an element of order n has both normal eigenvalues nontrivial, its positive
fractional weights and those of its inverse have coordinate sums adding to two. One sum is at
most one. The primitive integral weights on that ray give an actual transverse weighted blowup
prime; the element is in its inertia. Dividing the smooth bare discrepancy by this inertia gives at
most one, and subtracting the effective boundary only decreases it. Its centre on Y is C, contrary
to (16.1) and a > 1. Thus J is the union of the two normal-character kernels. A group cannot
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be the union of two proper subgroups: if neither contains the other, multiplying an element in
each of their set differences gives an element in neither. One character is therefore trivial on J,
and faithfulness makes the other faithful. If J # 1, choose a generator whose nontrivial phase is
1/]J]. The weights (1,1/|J]) give in the same way a < 14 1/|J|. Hence |J| < R; for J =1 this
holds because a < 2.

Finally, the transverse smooth surface has boundary multiplicity S < 1. Its ordinary point
blowup uniquely computes 2—B¢. One may apply the strict clause of Theorem 7.7, or check it over
k(C) by successive point blowups: strict boundary multiplicities never exceed Sc. A subsequent
blowup at a point on one exceptional curve of discrepancy by has discrepancy by + 1 — 3/, while
at an intersection of two such curves it has discrepancy by + by — 3/, with 3’ < B¢ < 1. Starting
with 2 — B¢ > 1, both formulas are strictly larger than each exceptional discrepancy at that
centre. Geometric constant extension is unramified and leaves these discrepancies unchanged.
For an original computing lift with centre C, the lower comparison and its discrepancy a force
2 — Bc = a. It is therefore this unique ordinary prime, which is defined over k(C'). This proves
(iii). O
Lemma 16.6. Let original cover data have exact minimum a € (1,2), and let g : (Y, By ) —
(V, By) be a full equivariant terminal pair model. Put Z = g~ (0)1eq and

1 4
R:{ J Em:<m+>1, K0:2m+10+[ SJ,
a_

a—1 4
J(m,a) = 3Rm*E,,,|K{.
For every junction P € Z with at least three branches,
| Stabg(P)| < J(m,a).
The argument allows a non-Gorenstein point and singular embedded lifts of all three branches.

Proof. We retain three normalized branches in the full canonical-cover extension, choose an
element with short characters, and use their independent tangent directions to exclude every
possible phase pattern.

Step 1. In this step, we retain three normalized branches in the full local canonical-cover
extension. Put H = Stabg(P), and let Hy be the kernel of its permutation action on all rp
branches. By Lemma 16.2,

[H: Hi| <rp!<Epl

Choose three components Cy, Csy, Cg through P. They are smooth, so Hy preserves each entire
component. The actual quotient pair (Y, By)/H; at the image of P has a positive attained
minimum bp > a, by (16.1) and Theorem 3.9. Apply Proposition 8.8 with this bp. We obtain
the actual canonical cover W — Y and an abelian extension

1— A=y —A— H —1, {<m,

acting on a smooth ambient germ M of dimension d. If W is smooth then d = 3 and My = W.
Otherwise d = 4 and W = (f = 0). In the latter case Theorem 7.1 [Rei83, Theorem (1.1),
pp. 138-139], used over C as specified above, makes W an isolated ¢cDV singularity. Its equation
has a nonzero quadratic part: a general Cartier hyperplane section is a Du Val surface of
multiplicity two, so the hypersurface equation has order two.

Choose actual regular eigenparameters x1,...,xq for the ambient A-action. Dropping the
effective boundary term from the canonical-chart comparison gives, for every primitive ambient
prime 7' centred at the marked point,

AT -T(F)

(16.7) L@

with the f-term omitted if d = 3.
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For each i € {1,2,3}, normalize the reduced preimage of C; and choose a point & above
P. As in the normalized-branch construction in Lemma 16.5, its A-quotient is C;, and A acts
transitively on the points above P. Thus A; = Staby4(&;) surjects onto Hy: a deck element
corrects the image of any lift. Moreover [A : A;] < £. Put A, = A; N Ay N As. Then

Al _ [Hal |H]
(16.8) |Ay| > B e > B, 2’

Choose an eigenuniformizer u; of the smooth normalized branch at &, and let v; be its
A,-character. A finite-order automorphism of a smooth curve germ with derivative one is the
identity: iterating its first nonzero higher term multiplies that term by the order. Consequently
ker ¢; acts trivially on the branch. Its image in H; fixes C; pointwise and has order at most R,
by Lemma 16.5. Its intersection with A is trivial, since the canonical cover is a deck torsor over
the generic point of C;. Hence

(16.9) | ker ¢;| < R.

Write f; < /¢ for the ramification index of the normalized branch over C;. A curve parameter
pulls back with order f;, and every function from Y restricts with order a multiple of f;.

Step 2. In this step, we choose short characters and derive the positive-weight discrepancy
bound. Suppose that |H| > J(m,a), and put ¢ = 1/Ky. Equation (16.8) gives |A.| > 3RK{.
Use the box argument of Lemma 8.9 for the d coordinate characters and the three v;, excluding
the union of their three kernels. This union has at most 3R elements by (16.9). There are at
most K3 < KJ boxes. One contains more than 3R elements, whose differences from a fixed
element are distinct; one difference avoids all three kernels. We obtain v € A, with signed phases
a;j on the coordinates and o; on the normalized branches satisfying

(16.10) laj| <€, 0 <|oi| <e.

Inverting - negates all these phases. The ambient action is faithful, so at least one a;; # 0. Our
choice of K ensures

(16.11) (m+1)e<1, 6Ge<a—1,  6e<l.

Set w; = «; if a; > 0, and w; = 1 + o otherwise. In particular a zero phase has positive
weight one. If n is the order of vy, let ¢ be the greatest common divisor of the positive integers nw;.
The weights nw;/c are primitive and define an algebraic weighted blowup prime in the actual
etale parameter chart. The element ~ acts by a weighted scalar and belongs to its inertia. Indeed
ged(e,n) = 1, since a common divisor would make a nonidentity power of v fix all parameters.
Its primitive bare discrepancy is (n/c)(>_; w; — w(f)), and its inertia has order at least n. Thus
(16.7) implies

(16.12) A::ij—w(f) > ca > a,
J
again omitting w(f) in dimension three.

In dimension four, let § be the signed weight of a monomial in the nonzero quadratic part of
f. All its quadratic monomials have the same real signed weight: their characters agree and two
such weights differ in absolute value by less than 4e < 1. We have || < 2¢. Every monomial of f
has positive w-weight congruent to § modulo Z. Consequently

(16.13) §<0 = w(f)>1+0

This includes § = 0, because f has no constant term. If § > 0, either w(f) > 1+ 6, or its
weight-d part is a nonzero polynomial Ps involving only the positive-phase coordinates. The
other coordinates have weight at least 1 — e > 4.
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Step 3. In this step, we relate the branch phases to the three independent actual tangent
directions. On the i-th normalized branch write z;(u;) = Y ,>; ¢jsuj. A nonzero coefficient
satisfies N

s0; — Q€ Z.

For 1 < s < f; <'m, (16.11) forces this integer to be zero. Thus through order f;, only coordinates
whose phases have the same sign as o; occur.

The invariant-monomial generators constructed in Lemma 16.2 also generate the completed
local ring of Y here. Taking the coefficient of u{ ‘ in these generators reads the tangent direction
of C;: every product of two elements of the maximal ideal has order at least 2f;. If only one
ambient coordinate x has the required sign, only its invariant powers can contribute. If its
A-character has order h, these powers are powers of 2. The latter is a function on Y, so its
nonzero order on the branch is at least f;. Only z” can contribute to order f;; its higher powers
cannot. All such tangent directions therefore lie on one fixed line, independently of the branch.
If no coordinate has the required sign, the tangent direction would be zero.

The three tangent lines are independent by Lemma 16.2. It follows that at most one positive and
at most one negative phase cannot accommodate these three branches. If there are two positive
phases and just one negative phase, at least two branches have positive o;, with independent
tangent directions.

We need one refinement. Suppose d = 4, the phases are positive on x,y, negative on a third
coordinate, and zero on a fourth, and suppose

0 =ay >0, Ps = coy?, cg#0, b>2.

For a branch with o; > 0, assume y has a first nonzero term of order s < f;. Then so; = a,. Put

N; = bs, so N;o; = . For every parameter term of order t < NN;, the congruence to; — o € Z is
N;+1

again an equality, since its absolute value is less than 3¢ < 1. Modulo u; *"", the negative and

zero coordinates vanish, y = cyu; with ¢, # 0, and z is a multiple of ufv ‘. Since f has no linear
term, its coefficient of ufv’ is exactly cocg = 0, contradicting the inclusion of this actual branch
in W. Thus y contributes nothing to the tangent direction of any positive branch. All positive
branch tangents then lie on the single line from x. The argument uses N;0; = 6 < 2¢; it imposes

no bound on NV; or on the branch’s contact order.

Step 4. In this step, we exclude every phase pattern and conclude the junction-stabilizer bound.
If d = 3 and all phases are nonzero, invert v so that at most one is negative. Then A < 1+ 3¢ < a,
contrary to (16.12). If exactly two phases are nonzero and have the same sign, orient them
positively. The zero phase contributes one, giving A < 1 + 2¢ < a. If these two phases have
opposite signs, or if there is at most one nonzero phase, the tangent-direction argument excludes
three independent branches.

Now suppose d = 4. If all four phases are nonzero and one orientation has at most one negative
phase, then A < >, w; < 1+ 4e < a. Otherwise each orientation has two negative phases.
Choose the one with § < 0. Equation (16.13) gives

A<2+4e—(1—2¢) =1+ 6¢e < a.

Suppose exactly three phases are nonzero. If they have the same sign, orient them positively;
their weight sum is less than 1 4 3¢ < a. Otherwise orient them with two positive and one
negative, and let z be the zero-phase coordinate. The weight sum is less than 2 4 3e. If § <0,
or if w(f) > 144, equations (16.13) and (16.11) give A < 1 + 5e < a. It remains that 6 > 0
and Py # 0. No pure power of z occurs in f, since it has trivial character whereas § ¢ Z. The
z-axis lies in W. Isolatedness of its singularity forces a nonzero partial derivative along this axis,
so f contains a monomial mjzb with b > 1. Its character implies «; = d, since both are short
representatives. Call this positive coordinate x, and the other positive coordinate y. A weight-d
monomial cannot contain z, except as the forbidden linear term. Hence P5; = coy® for some b > 2.
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The refinement just proved places all positive branch tangents on one line; all negative ones also
lie on one line. Three independent tangents are impossible.

Suppose exactly two phases are nonzero. Opposite signs are excluded by the tangent-direction
argument. Otherwise orient both positively, on coordinates z,y, and let z1, 2o have phase zero.
The quadratic signed weight § is nonnegative. If it is zero, then w(f) > 1 and A < 1+ 2¢ < a. If
0 > 0, the plane z = y = 0 lies in W. Only 0, f and 9, f can be nonzero on this plane. They can
be nonzero only when, respectively, a,; = ¢ and o, = d. If one vanishes identically, the other
vanishes at the origin, and its zero locus on this smooth two-dimensional plane has dimension at
least one. This contradicts isolatedness. Thus «, = o, = 0. There is no nonlinear monomial in
x,y of weight &, so Py = 0. Therefore

A<2425—(1+0)=1+6<a.

Finally, at most one nonzero phase is excluded by tangent independence. These cases exhaust all
patterns and contradict (16.12). It follows that |H| < J(m,a). O

Lemma 16.7. Let original cover data have exact minimum a = p/q > 1, with q | m, and let
g: (Y,By) = (V,By) be a full G-equivariant terminal pair model. Put Z = g~ 1(0)req. Let
R, N, J be positive integers. Suppose that, when Z is one-dimensional, the following conditions

hold:

(i) Every component C has a set S¢ of at most N points, invariant under Stabg(C), containing
its junctions and every point on C which is the centre of an original computing lift.

(ii) For every subgroup preserving C, the kernel of its action on C' has order at most R.
(iii) The stabilizer in G of every junction with at least three branches has order at most J.

(iv) Every original computing lift with curve centre on'Y is the ordinary generic blowup valuation
of that curve.

Then
G| < 2max{RN, J, P(m), Q(m)}.

One subgroup suffices to propagate through the whole tree. No successive index losses occur
at its junctions.

Proof. If Z is a point, the whole group fixes the centre of any original computing lift.
Equation (16.1) holds for G on the full model. The inertia of the lift is one, so Proposition 9.8
gives |G| < P(m).

Step 1. In this step, we choose one subgroup of index at most two preserving a component at
the centre of the tree. Suppose that Z is one-dimensional and that |G| > 2max{RN, J}. A finite
tree has a central vertex or a central edge, obtained by repeatedly deleting its leaves. The group
preserves this centre. Since the incidence graph has component vertices and junction vertices,
the ends of a central edge cannot be interchanged. There is therefore a G-fixed vertex. It cannot
be a junction with at least three branches, by (iii). If it is a two-branch junction, pass to the
subgroup which fixes both incident components. Otherwise retain GG. In either case we obtain a
subgroup Gg with
G : Go] < 2, |Go| > max{RN, J},

preserving a component C'.

Step 2. In this step, we propagate the chosen subgroup through all components and marked
points without further index loss. The image of Gy on C' ~ P! has order greater than N, by
(ii). A nontrivial finite cyclic group on P! has two fixed points and every other orbit has its full
order: diagonalizing a generator gives the action z — (z. Hence (i) forces every point of S¢
to be fixed by Go. At a junction on C, condition (iii) excludes three or more branches. The
incoming component is preserved, so the only other component is preserved by the same Gy.
Repeating along the finite connected tree shows that Gy preserves every component and fixes
every point in every Sc.
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Step 3. In this step, we apply the retained subgroup to an original computing centre and
conclude the group bound. Choose an original computing lift F'. If its centre is a point, (i) makes
that point Go-fixed. Its discrepancy is a, its inertia in Gy is one, and (16.1) holds for all primes
centred there. Proposition 9.8 therefore bounds the whole Gy by P(m), even if it moves F. If
the centre is a curve, (iv) and functoriality of the ordinary blowup make F' invariant under Gy.
Its original orbit has size at most two, and Lemma 16.1 applies. These two alternatives give the
required bound. O

Theorem 16.8. Fiz a rational a € (1,2) and an integer m > 1 divisible by its denominator.
There is a positive integer C(m, a) such that every kit threefold germ (X > x, B) with mB integral
and mld(X > z, B) = a satisfies

ind,(Kx + B) < mC(m,a).

Only Kx 4+ B is assumed Q-Cartier. The assertion holds over every algebraically closed
characteristic-zero field.

The component and junction estimates now give a bound for the whole original group, without
choosing a fixed computing prime.

Proof. Take the original integral-log cover of Theorem 3.9 and a full G-equivariant terminal pair
model from Proposition 7.5. The integer m clears the boundary on this model: the crepant
divisor m(Ky + By) is integral Cartier and Ky is integral. The natural line retains the original
faithful character. Since the denominator of a divides m, every primitive lift of an original
computing divisor has discrepancy a and inertia one.

Let R, D be the integers in Lemma 16.5, and let J(m,a) be the integer in Lemma 16.6. If
the reduced fibre is a curve, these two lemmas establish all four hypotheses of Lemma 16.7
with N = (m + 2)D. In particular the marked sets are invariant because junctions, ambient
singularities, and boundary multiplicity are invariant under the component stabilizers. The same
propagation lemma includes the point-fibre case. Thus the positive integer

C(m,a) =2max{R(m+2)D, J(m,a), P(m),Q(m)}

bounds |G|. The original cover relation gives ind,(Kx + B) < m|G| < mC(m,a). The field
reduction at the beginning of the section preserves this exact original index and minimum,
proving the assertion over the stated fields. (I

Lemma 16.9. Let (X > z,B) be a kit threefold germ with effective rational boundary and
a=mld(X 3> x,B) > 2. Let m > 1 satisfy mB integral, and take the original integral-log cover
and a full equivariant terminal pair model g : (Y, By) — (V, By). If g~'(0) is zero-dimensional,
then X is smooth near x and ind,(Kx + B) divides m.

The point-fibre case follows from the ambient comparison without a separate classification of
the bare minimum two case.

Proof. We identify the terminal model with the cover, exclude a singular canonical cover, and
then exclude a nontrivial smooth quotient.

Step 1. In this step, we identify the terminal model with the original cover near the point fibre.
By upper semicontinuity of fibre dimension, g is quasi-finite over a neighbourhood of o. It is
proper and birational, so it is finite and hence an isomorphism there, since V' is normal. We
identify (Y, By) with (V, By) on this neighbourhood. The full original cyclic group fixes o.

Apply Proposition 8.8 to (V' 3 o, By) with this group and the exact quotient minimum a.
Write A for its abelian extension acting on the canonical cover W, and M for its smooth ambient
germ. The composite W — V — X is quasi-étale: both the local canonical cover and the original
integral-log cover have this property by Theorem 3.9, applied to the bare terminal pair for the
first cover.
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Step 2. In this step, we exclude a singular canonical cover using the ambient discrepancy
comparison. If W is singular, its equation f in the smooth fourfold My has order at least two.
Let T be the ordinary blowup valuation of the ambient point. Then

Ay (T) = T(f) = T(hp)/m <4—2 =2.

This contradicts the all-prime inequality in Proposition 8.8, since its inertia order is at least one
and a > 2. Thus W = Mj is a smooth threefold germ.

Step 3. In this step, we exclude a nontrivial smooth quotient and obtain the index divisibility.
Choose actual regular eigenparameters ug, ug, us for the finite abelian action on W, by averaging
lifts of a cotangent eigenbasis. The action on these parameters is faithful. Otherwise an element
would act trivially on the complete local ring, hence on the local ring and its function field.

Suppose v € A has order n > 1. It cannot be a pseudoreflection: the corresponding fixed
coordinate divisor would give codimension-one ramification in W — X. Let 6; € [0,1) be its
coordinate phases, and let z < 1 be the number of zero phases. Form two positive rational weight
vectors by taking 6; and 1 — 6; for each nonzero phase and taking one in both vectors for a zero
phase. Their coordinate sums add to 3 4+ z < 4. Choose the vector w with sum at most two; it is
congruent to the phases of either v or its inverse.

Let ¢ be the greatest common divisor of the positive integers nw;. The primitive weights
nw; /c define an algebraic weighted blowup prime T in the actual regular parameters. The chosen
element acts by a weighted scalar on the associated graded ring and hence trivially on its residue
field. Thus [I4(T)| > n. The smooth discrepancy formula gives

Aw(T) —T(hp)/m _ Aw(T) _ Yiwi _,

|T4(T)| - n c — 7
contradicting Proposition 8.8. It follows that A = 1. Hence W = V = X near the marked points
and X is smooth. Its integral Weil divisor mB is Cartier, so m(Kx + B) is Cartier as well. [

Proposition 16.10. Let I' € QN [0, 1] be finite, put d = dr, and let (X > x, B) be a klt threefold
germ with B € T and a = mld(X > x, B) > 2. Take its original integral-log cover for m = d and
a full equivariant terminal pair model g : (Y, By) — (V, By). Assume that Y is smooth at the
generic point of every curve component of Z = g~ 1(0)req. Then

ind,(Kx + B) < d <<d . 4) _ 1) max{P(d), Q(d)}.

If a > 2, then X is smooth near x and this index divides d.

This reduction isolates the use of smoothness in codimension two from the original-orbit and
local-character arguments.

Proof. For every primitive prime T whose centre on Y is contained in Z, the original finite
comparison gives

Ay,py (T) 2 allg(T)| = a.
If C C Z is a component, generic smoothness as assumed in the statement permits the ordinary
transverse blowup. Its primitive valuation F¢ has

AY,By (Fo) =2 —multe By < 2.
It is a prime over the original field k(V'), obtained on the normalization of the blowup of the
closure of C.

Step 1. In this step, we reduce a > 2 to the point-fibre case and obtain smoothness and index
divisibility. If a > 2, these inequalities exclude every curve in Z. Lemma 7.12 therefore makes Z
a single point. Lemma 16.9 proves the asserted smoothness and divisibility.

Step 2. In this step, we bound the index at a = 2 using a fixed point or a bounded component
orbit. Now let a = 2. Its denominator is one, so m = d clears both the boundary and the
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minimum. If Z is a point, any original computing lift has discrepancy two, inertia one, and
centre fixed by G. Proposition 9.8 then gives |G| < P(d), which suffices.
If Z is a curve, the displayed inequalities force

multe By = 0, Ay g, (Fco) = 2, Ig(Fo) =1

for every component. The primitive restriction of F therefore computes the original minimum.
Functoriality of the ordinary blowup and uniqueness of the valuation centre give Stabg(F¢) =
Stabg(C).

The incidence tree has a vertex fixed by G, as in the proof of Lemma 16.7. If a component is
fixed, choose it. If a junction is fixed, choose any incident component. Its entire orbit consists of
components through that junction, and hence has size at most E; = (df) — 1 by Lemma 16.2.
In either case an original computing lift has orbit at most E4. Lemma 16.1 now gives the stated
index bound. O

Theorem 16.11. For every finite I' C QN [0, 1], there is a positive integer R>2(I") such that
every kit threefold pair (X > x, B) with B € I and mld(X > x, B) > 2 satisfies

indx(KX + B) < RZQ(F).

If mld(X > z,B) > 2, then X is smooth near x and ind,(Kx + B) divides dp. Only the total
Kx + B is assumed Q-Cartier, and the ground field may be any algebraically closed field of
characteristic zero.

The bound is uniform on the whole interval [2,00); only its endpoint requires a nontrivial
stabilizer estimate.

Proof. Set d = dp. On the full terminal pair model for the original cover with coeflicient-
clearing integer d, the underlying threefold is terminal by Proposition 7.5. Theorem 7.6 [CKMS8,
Proposition 6.10 and Corollary 6.13, pp. 41-42] makes it smooth at the generic point of each fibre
component. For a ground field other than C, this use is justified by the common realization in
Lemma 3.11, as explained at the beginning of the section. Thus all hypotheses of Proposition 16.10
hold. It proves both conclusions, with

Roa(T) = d ((d . 4) - 1) max{P(d), Q(d)}.

Here P(d),Q(d) > 1 and (df) — 1 > 1, so this bound also includes the divisibility conclusion
when the minimum is greater than two. No separate Q-Cartierness is assumed on the initial Kx
or B; all component computations take place on the terminal pair model supplied by the total
log divisor. O

17. THE THREEFOLD INDEX THEOREM

We retain the notation for local indices and original cover data. We combine the orbit and
stabilizer bounds with the results for minima greater than one.

Theorem 17.1. For every finite set I' C QN [0,1] and every real number a > 0, there is a
positive integer Cs(a,I") with the following property. Let (X, B) be a kit threefold pair over an
algebraically closed field of characteristic zero, with B € I', and let x € X be a closed point. If
Kx + B is Q-Cartier and mld(X > z, B) = a, then

ind;(Kx + B) < C3(a,TI).

The bound is uniform in the germ and the ground field once the coefficient set and the exact
minimum are fixed.
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Proof. We first exclude irrational minima, then bound the index in the three ranges 0 < a < 1,
1<a<2,and a > 2.

Step 1. In this step, we exclude irrational minima and choose the common denominator-clearing
integer. Since drB is integral, Theorem 3.9, applied with m = dr, shows that the closed-point
minimum is rational and attained. Thus no such pair exists when a is irrational, and we may
take C3(a,I') = 1 in that case. Suppose henceforth that a = p/q, with p,q coprime positive
integers, and set

m = lem(dr, q).

Then mB is integral and ma is an integer. This choice of m depends only on I' and a.

Step 2. In this step, we bound the index for 0 < @ < 1 using the original orbit and stabilizer
estimates. Choose a computing divisor and a primitive lift F' to the original cover p : (V >
0,By) = (X 3 z, B) of Theorem 3.9 for this m. Let G be its group and put H = Stabg(F').
These are original cover data in the sense of Definition 3.10; in particular,

Ig(F) =1, Ay g, (F) = a, ind,(Kx + B) <m|G : H]|H]|.

Theorem 6.16 bounds the orbit factor by [G : H] < Cop(a).

Theorem 7.16 supplies an H-equivariant divisorial contraction h : Y — Z of the same original
prime F, whose image is a point or a curve. It retains the natural character, contact marking,
and discrepancy comparisons required by the stabilizer theorems. This applies also at a = 1,
when the coefficient 1 — a of E in the source boundary is zero. If h(E) is a point, Theorem 11.17
gives |H| < Cpi(m,a). If h(E) is a curve, Theorem 14.2 gives |H| < Ceyr(m, a). In both cases
the bound is for the same full stabilizer H. The orbit bound and these two alternatives therefore
give

ind,(Kx 4+ B) < mCop(a) max{Cpt(m, a), Ceur(m, a)}.
We take the right-hand side as Cs3(a,I") in this range.

Step 3. In this step, we bound the index for 1 < a < 2 by the middle-range theorem. Our
choice of m satisfies both hypotheses on denominators in Theorem 16.8. Applying it directly to
(X >z, B) gives

ind,(Kx + B) < mC(m,a).
We take C5(a,T') = mC(m,a) in this range.

Step 4. In this step, we bound the index for a > 2 by the large-range theorem. Theorem 16.11
applies directly and gives

indx(KX + B) < RZQ(F).
We take C3(a,I") = R>o(T), including at a = 2.
These ranges exhaust the positive rational minima. Each chosen bound is a positive integer

depending only on I" and a. All the invoked bounds hold over every algebraically closed field of
characteristic zero and assume only that the total divisor Kx + B is Q-Cartier, as required. [J

For the klt pairs in Theorem 17.1, the integer r = lem(1,...,C3(a,I")) is a uniform Cartier
multiple: each integer ind,(Kx + B) < Cs(a,I') divides r, so r(Kx + B) is Cartier near x.

Corollary 17.2. For every real a > 0, there is a positive integer Cs(a) such that every three-
dimensional klt germ X > x over an algebraically closed field of characteristic zero with mld(X >
x) = a satisfies ind, (Kx) < Cs(a).

Thus the exact positive minimal log discrepancy bounds the canonical index of a kit threefold
germ.

Proof. Apply Theorem 17.1 with B =0 and I" = {0}, and set C5(a) = Cs(a, {0}). O
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