FINITE DEGREE FORMULAS FOR FROBENIUS VOLUMES OF PAIRS

ABSTRACT. In this paper we study the Frobenius volumes, an analogue of local volumes
for strongly F-regular singularities over an algebraically closed field of characteristic p > 0.
We prove the finite degree formula for Frobenius volumes, and show that the Hilbert—-Kunz
Frobenius volume equals the Frobenius volume divided by n!, where n is the dimension of the
ambient variety. This gives a positive answer to Problem 49 in Xu-Zhuang’s open problem list
in K-stability of Fano varieties.
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1. INTRODUCTION

We work over an algebraically closed field k of characteristic p > 0.

The concept of local volumes [Lil18] plays a crucial role in K-stability theory for Fano varieties
and in singularity theory in characteristic 0; we refer the reader to [LLX20] for a survey. By
considering the equivalent definitions of local volumes in [Liul8], it is natural to define the
counterparts of local volumes in characteristic p > 0, the Frobenius volume and the Hilbert—
Kunz Frobenius volume, in the following way [LLX20, XZ26].

Definition 1.1 (Frobenius volume). Let (R,m,k) be an F-finite normal local ring of
characteristic p > 0 and dimension n > 1, and let A > 0 be a Q-divisor on Spec R such
that (R, A) is strongly F-regular (Definition 2.1). For a nonzero ideal I C R, write

cra(l) =sup{t >0: (R, A, I') is strongly F-regular}.

For an m-primary ideal I, let eg(I) and ¥ (I) denote its Hilbert-Samuel and Hilbert-Kunz
multiplicities. Define
Fvol(R,A) = inf er(Dcra()”,  Fvolgk(R,A) = inf  eB¥(Dera(l)™
I m-primary ’ I m-primary ’
We call Fvol(R,A) and Fvolyk(R,A) the Frobenius volume and the Hilbert-Kunz Frobenius
volume of (R, A) respectively. For a closed point = of a normal k-variety X and a Q-divisor
A >0 on X such that (Ox,,A) is strongly F-regular, we write

Fvol(X 5 z,A) = Fvol(Ox,A) and Fvolgk (X 3 z,A) = Fvoluk (Ox 4, A),
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2 FINITE DEGREE FORMULAS FOR FROBENIUS VOLUMES OF PAIRS

where A also denotes its restriction to Spec Ox . We omit the boundary A from the notation
when it is zero.

A natural question about (Hilbert—Kunz) Frobenius volumes is the finite degree formula [X726,
Problem 49|, as cyclic covers are basic operations in birational geometry. In characteristic 0,
such a formula was proved for finite Galois morphisms in [XZ21, Theorem 1.3], and for arbitrary
finite crepant morphisms, not necessarily Galois, in [Liu26, Theorem 1.1]. In characteristic
p > 0, finite degree formulas are known for the F-signature [CRST18, Theorem 3.1] and for the
Hilbert—Kunz multiplicity [WYO00] (see also [Hun13]). The goal of this paper is to prove the
finite degree formula for (Hilbert—Kunz) Frobenius volumes. We state it for local rings.

Theorem 1.2. Let (R,mp, k) C (S,mg, k) be a finite local quasi-étale inclusion of normal local
rings of k-varieties at closed points, both of dimension n > 1. Let A > 0 be a Q-divisor on
Spec R such that (R,A) is strongly F-regular, let Ag be its pullback to Spec S (Notation 2.5),
and let 0 = [Frac S : Frac R|. Then (S, Ag) is strongly F-regular and

Fvol(S, Ag) = d Fvol(R, A), Fvolpk (S, Ag) = 0 Fvolpk (R, A).
Taking A = 0, we obtain a positive answer to [XZ26, Problem 49].

Corollary 1.3. Let f : (Y > y) — (X > x) be a finite quasi-étale morphism of germs of
positive-dimensional normal k-varieties at closed points, corresponding to a finite local inclusion
Ox.» C Oyy. Assume that X > x is strongly F-regular, and let § = [Frac Oy, : Frac Ox ).
Then'Y >y is strongly F-reqular and

Fvol(Y 3 y) = 0 Fvol(X > x), Fvolpk (Y 2 y) = 6 Fvoluk (X > x).
Theorem 1.2 is deduced from the following statement for complete local rings.

Theorem 1.4. Let (A,ma,k) C (B,mp,k) be a finite local quasi-étale inclusion of complete
Noetherian normal local k-domains of dimension n > 1 such that Frac B/ Frac A is Galois with
group G and A = BY. Let d = |G|, let A > 0 be a Q-divisor on Spec A such that (A, A) is
strongly F-regular, and let Ap be its pullback to Spec B. Then (B,Ap) is strongly F-regular,
ptd, and

Fvol(B, Ap) = d Fvol(A, A).

We also prove the following theorem which shows that the two Frobenius volumes differ by
the factor n!. Therefore, they essentially play the same role in applications.

Theorem 1.5. Let R be the normal local ring of a k-variety at a closed point, of dimension
n > 1, and let A >0 be a Q-divisor on Spec R such that (R, A) is strongly F-regular. Then

EFvol(R, A)

FVOIHK(R, A) = ol

We now explain the proof of Theorem 1.4. It is not known whether the infimum defining
Fvol(B, Ap) is attained, so we work with linearly bounded filtrations (Definition 2.4) rather
than with ideals. The threshold ca , (F) of such a filtration F (Theorem 4.3(1)) is convex along
intersection geodesics (Theorem 4.7); the proof uses test ideals and Takagi’s summation formula
[Tak06]. Let V' = Fvol(B,Ap), and let F be a filtration with ca,(F) = 1 and multiplicity
E = E(F) close to V. By convexity, the midpoint of F and gF has multiplicity at least V for
every g € G. The homogeneous measure of Blum, Liu, and Qi [BL(Q24] then gives

E(( ¢F) <E+ (G| - )WE*=V?
geG

(Proposition 5.4). Letting E — V, we obtain G-invariant mp-primary ideals [ with
er(I)cp.a, ()" arbitrarily close to V' (Theorem 7.1). For such I, let D = lem(1,...,d) and
a=1IP N A. Then aB = IP (Proposition 6.3), and c4 a(a) = cp.a,(aB) by the transformation
rule for test ideals under finite maps [ST14]. Hence dea(a)caa(a)” = ep(I)cpa,(I)"
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(Theorem 6.4), which proves Theorem 1.4. For Theorem 1.2, completion preserves both
Frobenius volumes (Proposition 8.2), and we apply Theorem 1.4 to R C C and S C C for

a Galois closure C (Proposition 8.3). Theorem 1.5 follows by comparing ca and e"¥ along the
powers I" of a fixed ideal [WYO01].

Structure of the paper. Section 2 fixes the notation, and Section 3 proves Theorem 1.5.
Sections 4-7 prove Theorem 1.4, and Section 8 proves Theorem 1.2.

2. NOTATION AND CONVENTIONS

Throughout this paper, p > 0 is a prime number, and ¢ := p® for an integer e > 0. In
this section, (R, m) is an F-finite normal local domain of characteristic p and dimension n > 1,
and A > 0 is a Q-Weil divisor on Spec R. For a Weil divisor D on Spec R, let R(D) :=
['(Spec R, O(D)). Every ring to which we apply the results of [ST14] is an F-finite local ring;
such a ring has a dualizing complex by a theorem of Gabber [ST14, Section 2.1], hence a canonical
module, and satisfies condition (!) of [ST14, Section 2.5]. We use the results of [ST14] without
further comment on this condition.

Definition 2.1. For e > 0, let
C2(R) := Hompg (FYR([(q — 1)A]), R),

regarded as a subset of Hompg(FfR, R) by restriction along R C R([(¢ — 1)A]). Let I C R
be a nonzero ideal and t > 0. The triple (R, A,I*) is strongly F-regqular if for every nonzero
¢ € R, there exist e > 1, ¢ € C2(R), and a € I™9D1 such that ¢(F(ca)) = 1 (cf. [ST14,
Definition 6.14]). The pair (R, A) is strongly F-regular if so is (R, A, R%), and the ring R is
strongly F-regular if so is the pair (R,0). We define

cra(l) :==sup{t > 0| (R, A, I') is strongly F-regular}.

The big test ideal ,(R; A, I?) is the smallest nonzero ideal J C R with ¢(Fe(IT@=D17)) ¢ J
for all e > 0 and ¢ € C2(R) [ST14, Definition 6.3].

Since CO(R) = Hompg(FEfR, R) and C2(R) C CO(R), if (R, A, I') is strongly F-regular, then
so is (R,0,1'). In particular, if (R, A) is strongly F-regular, then R is strongly F-regular. In
the definition of a strongly F-regular pair one may take a = 1, after replacing ¢ by the map
Féx — ¢(F¢(ax)), which again lies in C2(R). By [ST14, Proposition 6.18(iv)], where C2(R) is
denoted by Ia . [ST14, Definition 6.8], the triple (R, A, I') is strongly F-regular if and only if
m(R; A, I') = R. If I C J are nonzero ideals, then cg (1) < cpa(J) by definition (cf. [TWO04,
Proposition 2.2]).

Definition 2.2. Let I C R be an m-primary ideal. We write Il9 := (a? | @ € I) and let T be
the integral closure of I. For (R, A) strongly F-regular, let ®p A (1) := er(L)cpa(L)", so that
EFvol(R, A) = inf; ®p A(I) by Definition 1.1. We omit the subscript R when R is fixed.

Lemma 2.3. Let K Cm be a nonzero ideal generated by b elements, and let e > 1.
(1) KMa=D+1 € Kld € mld| and ¢(Femle)) C m for every ¢ € Homp(FCR, R).

(2) cra(K) < b. In particular, if (R, A) is strongly F-regular, then Fvol(R,A) < ®p a(m) <
0.

Proof. Every monomial of degree b(qg—1)+1 in b generators of K has an exponent at least ¢, which
gives the first inclusion in (1), and the second inclusion holds as K C m. For ¢ € Homg(F¢R, R),
z €m, and u € R, we have ¢(F¢(29u)) = z¢(Ffu) € m. This proves (1). For (2), let ¢ > b. Then
[t(g—1)] > b(g—1) + 1, s0 by (1), ¢(F(ca)) € m for all ¢ € C2(R), ¢ € R, and a € K4~V
Thus (R, A, K') is not strongly F-regular, and cga(K) < b. The last assertion follows from
Evol(R,A) < ®p a(m) = ep(m)cr a(m)™. O
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Definition 2.4. Let (R, m) be a Noetherian local ring of dimension n. A linearly bounded
filtration of R (cf. [BLQ24, Section 2.1]) is a family F = (Fy)xer of ideals of R such that

(1) Fx = R for A <0 and F) is m-primary for A > 0,

(2) Fr D Fy for M < pand FaF, C Faqy for A, >0,

(3) Fa_e = F) for every A >0 and 0 < e < 1, and

(4) there exists b > 0 such that Fy C m/®!l for every A > 0.

The multiplicity of F is
! ,
ER(F):= lim M
j—+oo g
whenever this limit exists. For an automorphism g of R, let (9.F)x := g(Fy). For filtrations F g
Of R, let (ﬂz ..FZ))\ = nz f;\

Notation 2.5. A finite morphism of normal integral schemes is quasi-étale if it is étale in
codimension one. A finite local inclusion is an inclusion R C S of normal local domains with
S finite over R. Its degree is [Frac S : Frac R]. It is quasi-étale if so is Spec S — Spec R, and
Galois if Frac S/ Frac R is a Galois extension. The divisorial pullback Ag of A is its pullback
along Spec S — Spec R [ST14, Section 2.2]; the coefficient of Ag at a prime divisor of Spec S
is the coefficient of A at its image times the ramification index. If R C S is quasi-étale, then
all ramification indices are one, so Ag > 0 has the same coefficients as A. We use the germ
notation Fvol(X > z,A) and Fvolgk (X > z,A) of Section 1.

3. COMPARISON OF THE TWO FROBENIUS VOLUMES
In this section, we prove Theorem 1.5. We need the following lemma.

Lemma 3.1. Let R be an F-finite normal local domain and A an effective rational Weil divisor
on Spec R such that (R, A) is strongly F-regular. Let I be a nonzero proper ideal of R and r > 1
an integer. Then
cra(lT) = CR,A(I)'
r

Proof. Fixt > 0. For ¢ = p°, put A, = [rt(¢—1)] and By, = r[t(¢—1)], so that A; < By < Ag+r.
Suppose first that (R, A, (I")?) is strongly F-regular, and let 0 # ¢ € R. By Definition 2.1, there
exist e > 1, ¢ € C2(R), and a € (I")[*@=D] = [Ba such that ¢(F¢(ca)) = 1. Since [P C [4a =
IIma=11 the same e, ¢, and a show that (R, A, I"™) is strongly F-regular. Conversely, suppose
that (R, A, I™) is strongly F-regular, and choose 0 # b € I". Let 0 # ¢ € R. Since R is a
domain, cb # 0, so there exist e > 1, ¢ € C2(R), and a € I such that ¢(F¢(cba)) = 1. Since
ba € T4t C [Ba = (1")[Ha=D1 the triple (R, A, (I")?) is strongly F-regular. Thus (R, A, (I")!)
is strongly F-regular if and only if (R, A, I™) is strongly F-regular. Taking the supremum over
t, we obtain cg A(I") = cpa(l)/r. O

We also need the following special case of a theorem of Watanabe and Yoshida.

Proposition 3.2 ([WYO01, Theorem 1.1]). Let (R, m, ) be a Cohen—Macaulay Noetherian local
ring of characteristic p > 0 and dimension n > 1 such that k is infinite. Then for every
m-primary ideal I and every integer r > 1, we have

er(l) _ (") _ er(d) <r+n - 1>‘

nl — rn r" n
In particular, lim, o €K (I7) /r™ = er(I)/n!.

Proof of Theorem 1.5. Since k is perfect and R is essentially of finite type over k, R is F-finite.
The residue field of R is k, which is infinite. Since R is a localization of a finitely generated
k-algebra, R is a homomorphic image of a regular local ring. The ring R is strongly F-regular
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(Definition 2.1), hence Cohen-Macaulay by [HH89, Theorem 3.1(d) and Corollary 2.5]. Thus
Lemma 3.1 and Proposition 3.2 apply to R.
Put V = Fvol(R,A) and W = Fvoluk (R, A). For every m-primary ideal I, Proposition 3.2
with 7 = 1 gives
er(l)c n* o 1
€%K(I)CR7A(I)n > R( );;,A( ) _ R;ﬁ( ) Z%
Taking the infimum over I, we obtain W > V/nl.
For the reverse inequality, fix an m-primary ideal /. By Lemma 2.3, cg a(I) < co. For every

integer 7 > 1, the ideal I" is m-primary, so Lemma 3.1 gives

< HK Ir Ir n __ egK(Ir) I n
W seg (INepall’)" = ——cpall)".

Letting » — oo and using Proposition 3.2, we obtain W < er(I)cpa(I)"/n! = ®ra(l)/n!.
Taking the infimum over I, we obtain W < V/n!. The theorem follows.

4. THRESHOLDS OF REAL FILTRATIONS ON PAIRS

In this section, we extend ca from ideals to linearly bounded filtrations (Theorem 4.3) and
prove that it is convex along intersection geodesics (Theorem 4.7).

Let R be an F-finite normal local domain of characteristic p > 0 and A an effective rational
Weil divisor on Spec R. Let ¢ € R be a big sharp test element of (R, A) [BSTZ10, Definition 3.1];
such elements exist [ST21, Remark 2.11]. For nonzero ideals Ji,...,Js and real numbers
Ui, ...,us > 0, the test ideal of [ST21, Definition 2.10] is

(4.1) Tb<R;A,1:[Ji“i> >y ¢<F8<6Hﬂu1p1>>

e>0 ¢cCA(R)

by [ST21, Remark 2.11]. For s = 1, the right side of (4.1) equals the sum with the exponents
[ui(p® —1)] and a big sharp test element of the triple in [BSTZ10, Definition-Proposition 3.3],
by [ST21, Remark 2.11], and that sum is the big test ideal m,(R; A, J;"") of Definition 2.1 (see
[ST14, Proposition 6.9] and Theorem 8.1). A nonzero multiple hc of ¢ is again a big sharp test
element of (R, A), because the defining condition in [BSTZ10, Definition 3.1] is preserved under
multiplication by h (cf. [ST14, Remark 6.6]). Hence (4.1) also holds with hc in place of c. We
fix such a c.

Lemma 4.1. Let R be an F-finite normal local domain of characteristic p > 0, A an effective
rational Weil divisor, and Jq,. .., Js nonzero ideals, where s > 1.

(1) For every real number u > 0,

(R A, (J1+ -+ Js)") = Z N (R;A,HJ;“) )

u; >0

Zi Ui=u

(2) Let B be a nonzero ideal, r1,...,rs positive integers with J;* C B, and uy,...,us > 0 real
numbers. Put v =73, u;/r;. Then

T (R;A,HJQ“) C n(R; A, BY).
i
For A =0 and s = 2, Lemma 4.1(1) is [Tak06, Theorem 3.1], where 7, is denoted by 7 [Tak06,
Definition 1.4]. See also [Tak06, Proposition 4.9].
Proof. Fix g = p°. For (1), write
@/ S LI W | A

ki;eN i

Z¢ ki=[uq]
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Given (k;), put 0 = [ugq] —ug € [0,1), choose j with k; > 0, and put u; = (k; — 6)/q and
u; = ki/q for i # j. Then u; > 0, >, u; = u, and [u;q] = k; for every i. Hence the degree
e terms of (4.1) for the left side of (1) lie in the right side of (1). Conversely, if u; > 0 and
> ui = u, then Y, [uiq] > [uq], so []; Ji[u“ﬂ C (Jy +---+ Js)[“al. This proves (1) by (4.1).
For (2), put N, = > ;|[uiq]/ri]. Then []; Ji[uiq] C BNe and N, > qu — s. Choose a nonzero
h € B5*1. Then hIJ; JJWﬂ C Bl for every q. Computing the left side of (2) by (4.1) with he
in place of ¢, and the right side with ¢, we obtain (2). O

Lemma 4.2. Let (R,m) be an F-finite normal local domain of characteristic p > 0 and
dimension n > 1, and A an effective rational Weil divisor such that (R,A) is strongly F-
regular. Let (Aj)j>o0 be a decreasing sequence of ideals such that Ag = R, A; is m-primary for
Jj =1, and A;A; C Ay for all i,j > 0. Assume that A; C w7l for some b > 0 and every
j > 1. Then
0 < lim jea(Aj) =supjea(4;) < oo.
j—oo i>1
Proof. Let hg be the number of elements of a generating set of m. We first show that 0 <
ea(I) < hg for every nonzero ideal I C m. Choose a nonzero h € I. Since (R, A) is strongly
F-regular, there exist e > 1 and ¢ € C2(R) with ¢(F¢(ch)) = 1 (Definition 2.1 and the remark
after it). For u = 1/p®, the degree e term of (4.1) gives 1 € 1,(R; A, I"), so ca(I) > u > 0 by
[ST14, Proposition 6.18(iv)]. By monotonicity and Lemma 2.3, ca(I) < ca(m) < ho.
Fix 7 > 1 and r > 1, and put k = [r/j]. Since A? CAp CAC m/1 Lemma 3.1 gives
r rea(m) _ ca(m)

o] ) S reald) = T =
Letting r — oo, liminf, rca(A,) > jea(A;) for every j, so liminf, rea(Ay) > sup; jea(A;) >
lim sup, rca (Ay). Thus the limit exists and equals the supremum, which lies between ca (A1) > 0
and ca(m)/b < oo. O

Theorem 4.3. Let (R,m) be an excellent F-finite normal local domain of dimension n > 1,
A an effective rational Weil divisor such that (R,A) is strongly F-regular, and F a linearly
bounded filtration.

(1) The number
ca(F) = lim jea(Fj) = sup jea(Fj) =sup Aea(Fy) = lim Aea(Fy)
Jre0 i=1 A>0 A—o0
is well defined, finite, and positive.
(2) The multiplicity E(F) = lim;_o e(F;)/j" is finite and positive, and Fvol(R,A) <
E(F)ea(F)".
(3) For s > 0, the family .7-'>(\S) := Fax is a linearly bounded filtration with ca(F®)) = ca(F)/s
and E(F®)) = s"E(F).
(4) For every m-primary ideal I, the family Fi := I1eaAT for X > 0 and Fl:=R forx<0
is a linearly bounded filtration with ca(F') =1 and E(F') = ®A(1).
(5) We have

Fvol(R,A) = 1IJ1EfE(]:)cA(]:) = Cir(ljfr):1 E(F),

where the infima run over all linearly bounded filtrations.

Proof. Let a = sup;>; jea(Fj), and let b > 0 be a constant with F) C m/PA for all A > 0. By
Lemma 4.2, 0 < a < 0o and a = limj_,o jea(Fj).

Step 1. In this step, we prove (1) and the formula ca(F®)) = ca(F)/s in (3).
Let A > 0 and p > 1, and put k = [p/A]. Since F¥ C Fyr C F,, Lemma 3.1 gives pca(F,) >
pea(Fa)/Tp/A]. Letting p — oo through the integers gives a > Aca (Fy), 80 supysg Aca(Fa) = a.
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Letting p — oo through the reals gives liminf, pca(F,) > Aca(Fy) for every A > 0, hence
liminf, pca(F,) > a > limsup, pca(Fp). Thus lim, o pca(F,) = «. The family FG) s
decreasing, multiplicative, and left continuous with }")(\S) C ml?* | 50 it is a linearly bounded

filtration, and ca (F®)) = supyso Aea(Far) = a/s.
Step 2. In this step, we prove (2) and the formula E(F®) = s"E(F) in (3).

The completion of R is normal [Sta26, Tag 0C23], so R is analytically unramified, and [Cut14,
Theorem 6.5] applied to (F;);>0 shows that both limits in

| . .
E(F)= lim %}E/}-j) = lim L];])
J—00 J j—oo ]

exist and are equal. Since .7-"{ CF;C m/%1 the Hilbert—Samuel polynomials of F; and m [Sta26,
Tags 00K8 and 00L8] give 0 < b"e(m) < E(F) < e(F1) < co. By definition of Fvol(R, A),

e(F;) , .

I3 ety
for every j > 1, and letting j — oo gives Fvol(R,A) < E(F)ca(F)". Let s > 0. Since Fy;1 C
Fsj © Flsj), the quantity nllg(R/Fs;)/j" lies between nWr(R/F;))/i" and nr(R/Fis51)/3",
which tend to s"E(F). Thus E(F®)) = s"E(F).
Step 3. In this step, we prove (4) and (5). '

Let I be an m-primary ideal and a = ca(l). By Lemma 3.1, jea(l?) = a for j > 1, so
Lemma 4.2 applied to (I7),>0 gives 0 < a < oo. The family F7 is decreasing and left continuous,
[aX] + [ap] > [a(A + p)] gives ]-"/{.7-"/{ C ]-"/{Jr“, and F{ C ml®*. Thus F! is a linearly bounded
filtration. By Lemma 3.1, Step 2, and e(I¥) = k"e(I),

Evol(R, A) < e(Fj)ea(F;)" =

eaF) = tim 2% =1, BEF) = tim D ey = a0(D).

j—oo [aj] j—oo gn

Let V7 and V3 be the two infima in (5). Then V; < Vs, since the second infimum runs over fewer
filtrations. By Step 2, Fvol(R,A) < Vj. By the filtrations F!, Vo < inf; ®a(I) = Fvol(R, A).
The theorem follows. ]

Definition 4.4. Let F,H be linearly bounded filtrations and 0 < ¢t < 1. The intersection
geodesic of F and H is the family

K:)\’t = Z (‘FM N HV) ()\ > 0), ]C)\’t =R (A < 0)

u,veER
(I—t)pt+tr=X

We set Koo :=F and Ke 1 := H. The midpoint of F and H is ]C.71/2.

Lemma 4.5. Let (R,m) be a Noetherian local ring, F,H linearly bounded filtrations of R, and
0 <t <1. Then Koy is a linearly bounded filtration, and for A > 0,

Kae= Y. (FunHy).
w,v>0
(I-t)pt+tv=X
Proof. Write a =1 —1t,b=1t, and K = K.y, and let bp,bg > 0 be constants with Fy C mlbrAl
and H, € mlb#A] for A > 0. For A\ > 0, we call (i, ) an admissible pair for X if u,v > 0 and
ap+ bv = .

Step 1. In this step, we prove the displayed formula, that K is decreasing and multiplicative,
and that Ky is m-primary with Ky € m/?A1 for X > 0, where b; = min(bg, by).

If p <0and ap+bv =X >0, then v > \/b,so F;,NH, = H, € FoNHy . Thecase v <0is
symmetric. Thus ICy is the sum of F,,NH, over the admissible pairs (p1, ) for \. If0 < A < X and
(¢, V") is admissible for X', then (A/X) (1, V') is admissible for A and FyNH,r C Fyr/n N Howrjx-
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Thus Ky C Ky. If (u,v) and (1, v') are admissible for A and p, then (u+p/, v +1') is admissible
for X+ p and (F, N H,)(Fw NHy) © Fupw N Hyqr. Thus KK, C Kygp, also when A = 0
or p = 0 since Ko = R. If (u,v) is admissible for \, then max(,v) > A, so F, N H, C mlb1Al,
Since (), \) is admissible for A, we have Fy NHy C Ky € m/®A1 and the left ideal is m-primary.

Step 2. In this step, we prove that K is left continuous.

Fix A9 > 0, a real number M > (g + 1)/ min(a,b), and an integer Ny > 1 with m™o C
Fu N Har. For 0 < A < Ag + 1, every admissible pair (u,v) for A satisfies p,v < M, so Fy,, H,,
and K, contain mNo. Put U, = F,/m™ and V,, = H, /m™ for 0 < pu,v < M. Since (U,) and
(V,)) are chains of submodules of the finite-length module R/m™o, they take finitely many values.
For a value P of (U,) and a value Q of (V,) put

up = max{u € [0, M]| P CU,}, vg =max{r € [0,M] | Q CV,}.

These maxima exist, as each set is an initial interval of [0, M] which contains its supremum by
left continuity. We claim that for 0 < A < Ao + 1,

(4.2) Ky/m = 3" (PnQ),

AZaup+bvg

the sum running over all pairs of values (P, Q). If (11, v) is admissible for A, then P = U, and
Q =V, satisfy up > p and vg > v, so A < aup + bvg, and (F, N H,)/mNo = PN Q since both
ideals contain m™o. Conversely, if A\ < aup + bvg, then o = A/(aup + bvg) € (0,1], the pair
(oup,ovq) is admissible for A\, and P C Uy, € Usup and Q C Vg, 0 PNQ C KCx/mMNo. This
proves (4.2). There are finitely many numbers aup + bvg, so for 0 < € < 1 the right side of

(4.2) is the same for all A € (A\g — ¢, \g]. Since every Ky contains m™°, we have K, = Ky, for all
AE (/\0 — €, )\0].

By Steps 1 and 2, K satisfies the conditions of Definition 2.4. O

Lemma 4.6. Let (R,m) be an F-finite normal local domain of characteristic p > 0 and
dimension n > 1, and A an effective rational Weil divisor such that (R,A) is strongly F-
reqular. Let (A;)i>0 and (B;)i>o be decreasing sequences of ideals such that Ao = By = R, A,
and B; are m-primary fori > 1, A;A; C Aiyj and B;B; C By for alli,j > 0, and

A; C m’—bAﬂ’ B; C mloBil (i>1)
for some ba,bp > 0. Put
T
a = supica(4;), B = supica(B;), D.=)» (AinB,—;) (r>0).
i>1 i>1 i=0

Then (D, )r>o satisfies the hypotheses of Lemma 4.2, and
Jim rea(Dy) <a+ 6.
Lemma 4.6 is an analogue of [Tak06, Proposition 4.9], with intersections in place of products.

Proof. For 1 < i < r+1 we have A; N Byy1—; € A;—1 N Bry1—4, and Ag N B4 € Ag N B,.
Thus D41 € D,.. Since (A; N By—;)(A; N Bs—j) € Ajrj N Brys—i—j, we have D, Dy C D, . For
0 <i<r,oneof iand r —iis at least /2, so A; N B,_; C mlbrl with by = min(ba, bp)/2.
Hence A, C D, C m/%"1 for r > 1, so D, is m-primary, and Dy = R. Thus (Dy)r>0 satisfies the
hypotheses of Lemma 4.2.

Fix r > 1 and a real number v > (a + )/r, and put J; = A; N B,—; 2 A;B,_; # 0 for
0 <i<r. Letug,...,ur >0 with >, u; = u, and put x = >, iu; and y = Y ,;(r — 7)u;. Then

r+y=ru>a+p,sox>aory>p Put N=rl ThenJiN/iQANforlgigr,and
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JZ-N/(T_i) C By for 0 <i <r — 1. Since omitting the factor Jj° or J¥~ enlarges the left side of
(4.1), Lemma 4.1(2) gives

,
T (R; A, H Jl"l> C (R A, A:f\,/N) N1 (R; A, B?V/N).
=0
By definition of o and 8, ca(An) < /N and ca(By) < /N. Thus z/N > ca(An) or y/N >
ca(By), and the corresponding ideal on the right is proper by [ST14, Proposition 6.18(iv)].
Hence m,(R; A, [1; J;) € m. Since D, = Jy + -+ + J», Lemma 4.1(1) gives 1,(R; A, DY) C m,
so (R, A, DY) is not strongly F-regular by [ST14, Proposition 6.18(iv)]. Thus rca(D,) < a+
for every r > 1, and the lemma follows. O

Theorem 4.7. Let (R, m) be an excellent F-finite normal local domain of dimension n > 1 and
A an effective rational Weil divisor such that (R,A) is strongly F-reqular. Let F,H be linearly
bounded filtrations and 0 <t < 1. Then Ke; is a linearly bounded filtration and

cA(Ket) < (1 —t)ea(F) +tea(H).

Proof. Write a =1—1t,b=1t, and K = K.;. By Lemma 4.5, K is a linearly bounded filtration.
Put A; = ]-"Z-(l/a) = Fi/q and B;j = H§1/b) = H,p for integers 7, j > 0, and D, = o(AiNB,_y).
By Theorem 4.3(1) and (3), (A4;) and (B;) satisfy the hypotheses of Lemma 4.6, with
o = supica(4;) = ca(FYY)) = aca(F), f = sup jea(Bj) = bea(H).
i>1 j>1

Each summand F;/, N H(_s)/p of D, is a summand of Ky, so D, C K. Conversely, let r > 1
and p,v > 0 with ap + bv = r, so that K, is the sum of the ideals F, NH, over such pairs by
Lemma 4.5, and put ¢ = min{|ap|,r — 1} and j = r —1 —i. Then i < ap. If [ap] < r —1,
then j =r —1—|ap] <r—ap = bv. Otherwise au =r, i =r—1, and j = 0 = bv. Hence
Fu.NH, CANB; € D,_y. Thus D, C K, € D,_; for r > 1, and for r > 2,

—(r = Dea(Dy-).

rea(Dy) < rea(Kr) <

By Lemma 4.2, both outer terms tend to lim, o, rea(D,). Since K is a linearly bounded
filtration, the middle term tends to ca () by Theorem 4.3(1). By Lemma 4.6,

ca(K) = lim rea(Dr) < a+ B = (1—t)ea(F) + tea(H).
This finishes the proof. (I

5. A QUANTITATIVE INTERSECTION ESTIMATE
A Noetherian local ring is analytically irreducible if its completion is a domain.

Theorem 5.1 ([BLQ24, Definition 4.1, Propositions 4.6, 4.7 and 4.9, and Lemma 4.11]). Let
(R,m) be an analytically irreducible Noetherian local domain containing a field, of dimension
n > 1, let F,’H be linearly bounded filtrations, and let Ko; be their intersection geodesics
(Definition 4.4 and Lemma 4.5). Then there exist a positive Radon measure p on R2>0 and a
real number D > 1 satisfying the following. a

(1) p has no mass on the azes, supp u C {z/D <y < Dz}, and u(sU) = s"u(U) for all Borel
UQRQZO and s > 0.

(2) For0<t <1 anda,b>0,
pll =tz +ty <ap =a"E(Key),  p({z <aj Uiy <b}) = E((Fax N Haa)a)-
(3) The measure p(U) = p{(z,y) € R2y iz +y <1, z/(z +y) € U} on (0,1) is finite with
compact support, and for 0 <t <1,

E(Kay) = / (1= )z +t(1 — 2)) " dp(2).
01)



10 FINITE DEGREE FORMULAS FOR FROBENIUS VOLUMES OF PAIRS

Lemma 5.2. Let (R,m) be an analytically irreducible Noetherian local domain containing a
field, of dimension n > 1, and let By, ..., By be linearly bounded filtrations. Then A = ﬂle B;
is a linearly bounded filtration, E(A) ezists, and 0 < E(A) < oc.

Proof. For A > 0, A, is a finite intersection of m-primary ideals, hence m-primary. For A\;n > 0,
AxAy € N (B)A(Bi)y © Axiy. I (Bi)a—e = (Bi)a for every 4, then Ay_ = Ay. If (By)y C
ml®A for all A > 0, then Ay C ml/®}. Thus A is linearly bounded. Choose an integer £ > 1
with m* C A;. Then

mb C (Al)j - Aj - mlail

for every integer 7 > 1. Since R is analytically irreducible, hence analytically unramified, FE(.A)
exists by [Cut14, Theorem 6.5]. By the Hilbert—Samuel polynomial [Sta26, Tags 00K8 and 00L8§],
aerp(m) < E(A) < (Mep(m). O

Theorem 5.3. Let (R,m) be an analytically irreducible Noetherian local domain containing a
field, of dimensionn > 1, and let F,H be linearly bounded filtrations. Let A = E(F), B = E(H),
and P = E(K,1/2). Then

T _Ap?
(5.1) P <VAB and max{A4,B} < E(FNH) < Ar B+ \/(é—F B) —4P .

In particular, if A= B = FE, then

(5.2) 0< E(FNH)— E<VE?—P?2<\/2E(E - P).

Proof. By Lemma 5.2, A, B, and E(F N H) are positive and finite. Let p and p be as in
Theorem 5.1 and C, C (0, 1) the support of p. On R, write r =z +y and z = z/(z + y). For
a Borel set U C (0,1) and s >0, {z€ U, 0<r<s}=s{ze€U, 0<r <1}, so Theorem 5.1(1)
gives

(5.3) p{z €U, 0 <r<s}=s"pU).

With U = (0,1) \ C, and s — o0, (5.3) shows that p is concentrated on {z € C,}. We claim
that for every positive continuous function 7" on C),,

(5.4) p{zeC, 0<r<T(2)}= /C T(z)"dp(z).

For a positive Borel simple function 7', (5.4) is (5.3) summed over the level sets of T'. In general,
choose positive Borel simple functions T}, < T < T}, converging uniformly to 7. Since p is finite,
[T} dp and [T} dp converge to [ T™dp, and the claim follows.

On R%,, the condition x < 1 or y < 1 reads 7 < max{z~!, (1 — 2)~'}, and the right-hand
side is positive and continuous on C),. Since p has no mass on the axes and is concentrated on
{z € C,}, (5.4) and Theorem 5.1(2) with a = b =1 give

(5.5) E(FNH) = max{z" ", (1 —z) "}dp(z).
(0,1)

Write a(z) = z=™ and b(z) = (1 — 2)~", and integrate over (0, 1) against p. Theorem 5.1(3) at
t=0,1,1/2 gives

(5.6) A= /adp, B= /bdp, P = 27p((0,1)).

Since A >0, p # 0 and P > 0. Let Q = [Vabdp. Since z(1 — 2) < 1/4, Vab > 2", s0 Q > P.
By the Cauchy—Schwarz inequality,

(5.7) PSQg(/adp)1/2</bdp)1/2:@.
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Let V = [|a — bl dp < oc. Since |a — b| = |v/a — Vb|(v/a + v/b), the Cauchy-Schwarz inequality
and (5.7) give

V2s/(\f—\/B)zdp/(\/ﬂx/B)?dp:(A+B>2_4Q2g (A+ B)? —4P2.

Since max{a,b} = (a + b+ |a — b|)/2 and max{a,b} > a,b, (5.5) and (5.6) give
A+B+V _ A+ B+ /(A+ B)?—4P?

max{A,B} < E(FNH)=

2 - 2
This proves (5.1). If A = B = FE, the upper bound is F + vE? — P?, and 0 < P < E gives
E? - P2 = (E — P)(E + P) <2E(E — P). This proves (5.2). O

Proposition 5.4. Let (R, m) be an analytically irreducible Noetherian local domain containing
a field, of dimension n > 1, let G be a finite group of local automorphisms of R, and let F
be a linearly bounded filtration. Let E = E(F) and L = Ngec 9F and for g € G let Py be
the multiplicity of the midpoint (Definition 4.4) of F and gF. Then L is a linearly bounded
filtration, hL = L for every h € G, and

(5.8) 0<E(L)-E<> /E*>- P2

g#1
If0 <v < E and Py > v for every g # 1, then E(L) < E + (|G| — 1)V E? —v%.
Proof. Let g € G. Since g(m) = m, g maps each m* onto itself and a composition series of
R/I to one of R/g(I). Hence ¢gF is linearly bounded, ¢r(R/g(Fy)) = Lr(R/F)) for all A\, and
E(gF) = E. By Lemma 5.2, L is linearly bounded and 0 < E(L) < oo. For h € G, since g — hg

permutes G, h(Ly) = Nyeq(hg)(Fr) = L.
Fix A > 0. The R-linear map

FA/Lx = @D F/(Fang(Fr),  [u] = ([ul)g1,
g#1
is injective, since F N[N,z g(Fx) = L. Taking lengths gives
CR(R/L)) = Lr(R/F)) <D (Lr(R/(FANg(F)) — Lr(R/Fr)).
g#1

Set A = j, multiply by n!/j", and let j — co. By Lemma 5.2 and (5.2) applied to F and g.F,

E(L)—-E<Y (E(FNgF)—E) <> /E*- P2

g#1 g#1

Since £, C F) for all A\, E(L) > E. This proves (5.8). Finally, if 0 < v < P, for every
g # 1, then P, < E by (5.1), so \/E?* — P2 < vE? —v?. Summing over g # 1 gives the last

assertion. N

6. FINITE COVERS AND INVARIANT IDEALS
In this section, we prove Theorem 6.4.

Theorem 6.1 ([ST14, Setting 6.27, Corollaries 6.30, 6.31, and 7.7]). Let R C S be a finite
separable inclusion of F-finite normal local domains. Let f : SpecS — Spec R be the induced
morphism and Ramy its ramification divisor. Let A be an effective rational Weil divisor on
Spec R and Ag := f*A — Ramy. Assume that As > 0. Then the following hold.

(1) If R C S is quasi-étale and R is strongly F'-regular, then Trpac s/ Frac r(S) = R-
(2) If Trprac 5/ Frac R(S) = R, then for every nonzero ideal I C R and every t > 0,
Tb(S; ASa (IS)t) NR= Tb(R; A) It)v
and (R, A, I') is strongly F-reqular if and only if (S, Ag, (IS)?) is strongly F-regular.
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Proposition 6.2 ([HS06, Theorem 11.2.7]). Let R C S be a finite local inclusion of Noetherian
local domains of the same dimension n > 1 such that R/mgr — S/mg is an isomorphism, and
let d := [Frac S : Frac R]. Then es(IS) = der(I) for every mp-primary ideal I.

Proof. This is [HS06, Theorem 11.2.7] for the local ring S, whose residue field is that of R. O

Proposition 6.3. Let R C S be a finite local inclusion of normal domains such that
Frac S/ Frac R is a Galois extension with group G and R = SY. Let d := |G| and D :=
lem(1,...,d). Then for every G-stable mg-primary ideal I, the ideal a := I” N R is mp-primary
and o

aS =1V,

Proof. Since S is the integral closure of R in Frac.S, every g € G maps S onto itself. Since
R C S islocal, \/Ja = VIPNR=mgNR= mpg, so a is mg-primary. Let z be an indeterminate,
U :=S[Iz], and V := S[az"] = @;5¢(aS) 2P/ C U.
Let z € I and write

[[(T=g(@) =T+ 0T+ + ba.

geG
Since G' permutes the factors and g(x) € I for every g € G, we have b; € I'N SY = I' N R, so
b?/i € I’ N R = a as i divides D. Hence (b;2")P/* = biD/izD €V, so b;z' is integral over V, and

(@2)" + (h12)(z2)" 4 -+ baz? = 0

shows that xz is integral over V[b12,...,bg2%], hence over V. Thus U = V]xz | z € I] is integral
over V.

Let y € IP. Then yzP € U satisfies (yzP)* + vy (yzP)* ' + -+ + vy = 0 for some £ > 1 and
v1,...,u € V. Let v;2P% be the part of v; of degree Di, so v; € (aS)!. Taking the parts of
degree Df gives y* + yy*~ ' + -+, =0. Thus aS C I” C aS, and aS = ID. O

Theorem 6.4. Let k be an algebraically closed field of characteristic p > 0 and (A,ma, k) C
(B,mp, k) a finite local quasi-étale Galois inclusion of complete Noetherian normal local k-
domains of dimension n > 1. Let G := Gal(Frac B/ Frac A) and assume that A = BY. Let
d:= |G| and D :=lem(1,...,d). Let A be an effective rational Weil divisor on Spec A such that
(A, A) is strongly F-regular, and let Ap be its divisorial pullback. Then A and B are F-finite,
(B, Ap) is strongly F-regular, p{d, and the following hold.
(1) can(a) =cpay(aB) for every nonzero ideal a C A.
(2) For every G-stable mpg-primary ideal I, the ideal a := I® N A is ma-primary and
D" ca,(L
eala) = 763(1)’ canla) = ’5(), d®ya(a) = Ppay(l).
(8) We have
inf ®p A, (l) =d Fvol(A, A).
I mp-primary ’
gI=1I (g€q)
Proof. We first verify the hypotheses of Theorem 6.1 for A C B. We then compare aB with P
for a G-stable mp-primary ideal I and a := I” N A. Let 7 : Spec B — Spec A be the induced
morphism.

Step 1. In this step, we prove (1), p 1 d, and the strong F-regularity of (B, Ap).

By [Sta26, Tag 032A], A and B are quotients of power series rings P = k/[[z1,...,z]] over
fields &' ~ k. Since k' is perfect, P = @, ¢, p_1}: 2" PP is F-finite, hence so are A and B.
Since 7 is étale at every prime of height at most one, Frac B/ Frac A is separable, Ram, = 0,
and 7*A — Ram, = 7*A = Ag > 0.

The ring A is strongly F-regular (Definition 2.1). By Theorem 6.1(1), Trpyac B/ Frac A(B) = A.
Since B is the integral closure of A in Frac B, every g € G maps B onto itself and fixes mp. As
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g fixes A and A surjects onto B/mp, g acts trivially on B/mp = k. Hence Trgyac B/ Frac 4(b) =
> gec9(b) = db (mod mp) for b € B. Choosing by € B with Trppac B/ Frac a(bo) = 1 gives
dby=11ink, so p1td.

By Theorem 6.1(2), for every nonzero ideal a C A and t > 0, (4, A, a') is strongly F-regular if
and only if (B, Ap, (aB)!) is. Taking a = A and t = 0 shows that (B, Ap) is strongly F-regular,
and taking the supremum over t gives (1).

Step 2. In this step, we fix a G-stable mp-primary ideal I, let a := I” N A, and prove
eg(aB) = D"epg(I).

By Proposition 6.3, a is m-primary, and J := aB and L := I” satisfy J ¢ L C J. Since
A C B is finite and local, J is mp-primary. Let z be an indeterminate. If y € L satisfies
v + 1y 4+ = 0 with y; € J7, then (y2)° + y12(y2) ™ + - + 2t = 0 with ;2% €
Bl[Jz]. Since L C J is finitely generated, B[Lz] is a finite B[.Jz]-module. Choose homogeneous
generators v,z of this module and let h := max, r,. Taking the parts of degree r + h gives
Lrth =y Jgrth=rvy, c J7 for every r > 1. Hence

(6.1) L'hrcJgcrr (r>1),

and ¢g(B/L") < tg(B/J") < {(B/L""). Dividing by r"/n! and letting r — oo gives eg(J) =
ep(L). Since £g(B/L") = £5(B/IP"), we have eg(L) = D"eg(I), so

(6.2) eg(aB) = D"ep(I).

Step 3. In this step, we prove cp a,(aB) = cpa,(I)/D.
By (6.1) and monotonicity (Definition 2.1), cg A, (L") < cpa,(J7) < cpa, (L") for every
r > 1. Since (B,Ap) is strongly F-regular by Step 1 and J, L are nonzero proper ideals,

Lemma 3.1 gives

,
r+ hCBAE (L) < epag(J) < cepag(l) (r>1).

Since cp A, (L) < 0o by Lemma 2.3, letting r — oo gives cg A, (J) = cp.ay (L), and Lemma 3.1
gives

CB,Ap (I)

(6.3) cpap(aB) = cpa, (I17) = =77

Step 4. We conclude the proof in this step.

Proposition 6.2 applied to A C B gives eg(aB) = de4(a). Together with (6.2), (1), and (6.3),
this proves the first two identities in (2), and their product gives

CB,A I "
194500 = Den(n) (2420) — a0, )

This proves (2). By (2), ®pa,(I) > dFvol(A,A) for every G-stable mp-primary ideal I.
Conversely, for every m 4-primary ideal b, the ideal bB is G-stable and mpg-primary, and (1) and
Proposition 6.2 give ®p A, (b6B) = d®4 A(b). Taking the infimum over b proves (3). O

7. INVARIANT NEAR-MINIMIZERS

In this section, we prove Theorem 7.1 and deduce Theorem 1.4.

Theorem 7.1. Let (R, m) be an excellent F-finite normal local domain of dimension n > 1 and
A an effective rational Weil divisor on Spec R such that (R, A) is strongly F-reqular. Let G be
a finite group of local automorphisms of R with gA = A for g € G. Then

(7.1) Fvol(R,A) = inf ®rA(]).

I m-primary
gl=I (9€G)
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Moreover, let V := Fvol(R,A), I an m-primary ideal, E := ®r A(I), and

Ly = m g (I[CA(I)AU (A>0).

geG

Then for every € > 0 there exists an integer ro such that
(7.2) Pra(ly) <E+ (Gl —1)VE?—-V2+e
for every integer r > rg.

Proof. Let F := FI, so that £ = Ngec 9F- We first show that thresholds and multiplicities are

G-invariant. Let g € G. Since gA = A, g preserves R([(q — 1)A]), so for every ¢ € C2(R) the
map

o(Few) =g (¢ (Fe(a™ (@)))

belongs to C2(R). For a nonzero ideal .J, t > 0, and a nonzero ¢ € R, if $(F£(g7 ' (c)a)) = 1 with
a € JIMa=DI then ¢9(F(cg(a))) = 1 with g(a) € (¢J)[Ma=DI. By Definition 2.1, (R, A, (¢.]))
is strongly F-regular whenever (R, A, J') is. Hence ca(gJ) > ca(J), and the same inequality
for g~! gives equality. Moreover, g maps a composition series of R/.J7 to one of R/(g.J)7, so
er(gJ) = er(J) for m-primary J. Let H be a linearly bounded filtration. Since gm = m, so is
gH, and Theorem 4.3(1) and (2) give ca(gH) = ca(H) and E(gH) = E(H).

We now prove (7.2). By Theorem 4.3(4), ca(F) = 1 and E(F) = E, and 0 <V < E by
the definition of V. For g € G\ {1}, let K9 be the midpoint of F and ¢gF (Definition 4.4) and
P, := E(KY). Since ca(9F) = 1, Theorem 4.7 gives ca(K9) < 1. Thus V' < Pyea(K9)" < P, by
Theorem 4.3(2).

The completion of R is normal [Sta26, Tag 0C23] and local, hence a domain, so R is analytically
irreducible. By Proposition 5.4 with v := V, £ is an invariant linearly bounded filtration with
E(L)<E+ (|G| -1)VE?-V2

Since 1 € GG, we have L) C F),. By Definition 2.1, cp is monotone under inclusion. Thus
Theorem 4.3(1) gives rea(Ly) < ea(L) < cea(F) = 1 for r > 1. Each £, is an invariant
m-primary ideal, and

[fr)

(I)R,A(Er) = GR( (TCA(ET))TL < eR:fT) .

By Theorem 4.3(2), the right-hand side converges to E(L), which proves (7.2).

Finally, the right-hand side of (7.1) is at least V' by definition. For each positive integer s,
choose an m-primary ideal I, with E; := ®pa(Is) <V + 1. By (7.2) with e = 1, there exists
an invariant m-primary ideal Jg with

1
V < @pall) < B+ (Gl - )/E2 - V24—

Since E; — V, we have ®p A(Js) — V, which proves (7.1). O

Proof of Theorem 1.4. By Theorem 6.4, B is F-finite, (B, Ap) is strongly F-regular, p { d, and
inf Op A, (I) =d Fvol(A, A).

I mp-primary
gI=I (g€G)

Since B is the integral closure of A in Frac B, G acts on B by local automorphisms. Since A C B
is quasi-étale, the coefficient of Ap at a prime divisor of Spec B is the coefficient of A at its
image (Notation 2.5). As G permutes the prime divisors of Spec B over each prime divisor of

Spec A, we have gAp = Ap for g € G. Since B is excellent [Sta26, Tag 07QW], Theorem 7.1
applies to (B, Ap) and G, and the left-hand side of the display equals Fvol(B, Ap). O
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8. COMPLETION AND THE FINITE DEGREE FORMULA
In this section, we prove Theorem 1.2 and Corollary 1.3.

Theorem 8.1 ([ST14, Lemma 6.5, Remarks 6.6-6.7, and Proposition 6.9]). Let R be an F-finite
normal local domain, A an effective rational Weil divisor, I C R a monzero ideal, and t > 0.
Let 0 #1 € CeAO (R) for some ey > 0, and let 0 # u € I be such that R,, is regular, Algpec r, = 0,
and v, generates Homp, (FOR,, Ry) as an F£OR,-module. Then

(8.1) n(RATY =3 > ¢ (B (w1
>0 peCA(R)

for every sufficiently large integer a.

Proposition 8.2. Let R be the normal local ring of a k-variety at a closed point, andAA an
effective rational Weil divisor on Spec R such that (R, A) is strongly F-regular. Let A= R. For
a height-one prime Q of A, let the coefficient of @Q in A be the coefficient of QN R in A if QN R

has height one, and 0 otherwise. Then:
(1) (A, 3) is strongly F-regular.
(2) To(A; A, (TA)) = 1o (R; A, I') A for every nonzero ideal I C R and every t > 0.
(3) J = (JNR)A for every my-primary ideal J of A.
(4) Fvol(A,A) = Fvol(R, A) and Fvolyk (A, A) = Fvoluk (R, A).

Proof. The ring R is excellent and F-finite, A is a normal local domain, and R — A is faithfully
flat with geometrically regular fibers [Sta26, Tags 00MC, 07QT, 07QU, 07QW, and 0C23].

Step 1. In this step, we show that A is an effective rational Weil divisor and that
(8.2) CA(R) ®p A = C2(A) C Homy(FEA, A)

for every e > 1.

Let @ be a height-one prime of A and P = @ N R. By going down, P has height at most
one. If P has height one, then Ag/PAg is a zero-dimensional localization of the regular fiber
of R — A over P, so PAg = QAg. Define Z for every integral Weil divisor Z = 3 p zp[P] on
Spec R in the same way. Since a nonzero element of A lies in finitely many height-one primes,
Z and A have finite support, and [aA] = (aﬁ} for a > 0.

By flatness, R(Z) ®r A is a submodule of Frac A, and it is reflexive by [Sta26, Tag 087R]
applied twice to the biduality isomorphism of R(Z). Its localization at a height-one prime @ is
(QAg)~*7 if P = QN R has height one, and Ag if P = 0. Thus R(Z) @ A = A(Z) by [Sta26,
Tag 0AVB].

Let M be a finite R-module and ¢ = p®. The subgroups (m’é)[‘ﬂM of F¢M are cofinal with
the subgroups m3 M, so the completion of FZM is Ff(M ®g A), and [Sta26, Tag 00MA] gives

(8.3) FiM ®@p A=F (M ®p A).
For M = R, this shows that A is F-finite. For M = R([(¢ — 1)A]), together with [Sta26,
Tag 087R] and R(Z) ®r A = A(Z), it identifies C2(R) ®g A with C2(A). Flat base change
preserves the image of the restriction map to Hompg(F¢R, R), which gives (8.2).
Step 2. In this step, we prove (1) and (2).

Fix a nonzero ideal I C R and ¢ > 0. Choose a nonzero ¢ € C{*(R) and a nonzero u € I such

that R, is regular, Alspec r, = 0, and v, generates Hompg, (Fi Ry, Ry) as an Fy, R,-module. Such
u exists because the regular locus of R is open and 1 generates Hompyac R(F Frac R, Frac R).

By [Sta26, Tag OH7S], A, is regular, and A|Spec 4, = 0 by the definition of A. By (8.2) and
(8.3), ¥4 := ¢ @1 lies in CA(A) and (14), generates Homy, (Fix Ay, Ay). By Theorem 8.1 for R
and for A, (8.1) holds for (R, A, I') and for (A, A, (IA)!) with ¢ := u® for some a > 1.
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The degree e summand of (8.1) for R is the image of the evaluation map C>(R) ®g
Fe(cI™P"=D1y — R, whose base change to A is the evaluation map for A by (8.2) and (8.3).
Flat base change preserves images, and summing over e gives (2).

By faithful flatness, an ideal J C R satisfies JA = A if and only if J = R. A triple is strongly
F-regular if and only if its big test ideal is the unit ideal [ST14, Proposition 6.18(iv)]. Thus (2)
implies

(8.4) IA) = cpa(l),

¢4 A
and the case I = R, t = 0 gives (1).

Step 3. In this step, we prove (3) and (4).

Let J be an my-primary ideal and v > 1 with m% C J. Since R/mf}% = A/mY [Sta26,
Tag 031C], the ideal I := J N R contains m%, and IA and J have the same image in A/mY.
Thus TA = J, which proves (3). Since R/I' = A/I'A for every mp-primary ideal I’, taking
I' =1 and I' = 19 gives e4(IA) = ep(I) and eI (T A) = eHK(I) for every mp-primary ideal 1.
With (8.4), @, 3(IA) = @ a(I) and K (1A)c ARTA)" = e’ (Depa(I)™. By (3), (4) follows
by taking infima. O

Proposition 8.3. Let (R,mp, k) C (S,mg,k) be a finite local quasi-étale inclusion of normal
local rings of k-varieties at closed points, of dimension n > 1, and A an effective rational
Weil divisor on Spec R such that (R,A) is strongly F-regular. Let 6 = [FracS : FracR],
A= ﬁ, B = §, Ag the divisorial pullback of A to SpecS, and As = A and Ap = ZE as in
Proposition 8.2. Then:

(1) B =S ®g A is a domain, A C B is a finite local quasi-étale inclusion, and [FracB :
Frac A] = 4.

(2) There exists a complete normal local k-domain (C,mec, k) with finite local quasi-étale
Galois inclusions A C C and B C C; the rings A, B, and C are F-finite. For
G = Gal(FracC/Frac A) and H = Gal(FracC/Frac B), we have C¢ = A, CH = B,
|G| =0|H|, and p1|G|.

(8) The divisorial pullbacks of Ax and Ap to SpecC coincide. This divisor Ac is effective
and G-invariant, and (A,Ay), (B,Ap), and (C,A¢) are strongly F-regular.

Proof. Let K = Frac A and L = Frac B. We take C' to be the integral closure of A in a finite
Galois extension of K containing L.

Step 1. In this step, we prove (1) and the strong F-regularity of (A,A4) and (B, Ap).

Since R C S is quasi-étale, it is separable with zero ramification divisor, and R is strongly
F-regular (Definition 2.1). The rings R and S are F-finite, so (S,Ag) is strongly F-regular by
Theorem 6.1. By [Sta26, Tag 0C23] and Proposition 8.2(1), A and B are normal local domains
with residue field k, and (A, A4) and (B, Ap) are strongly F-regular.

Since S/mpgsS is Artinian local, the mpS-adic and mg-adic topologies on S coincide, so B =
S ®@r A [Sta26, Tags 00MA and 07N9], and A C B is finite and local by flatness. Since
B ®4 K = FracS ®macr K is a d-dimensional K-algebra and a localization of the domain
B, it equals L and [L : K| = §. Let Uy C Spec R be an open subset containing every point of
codimension at most one over which Spec S — Spec R is étale, and U its preimage in Spec A. By
going down, U contains every point of Spec A of codimension at most one, and Spec B — Spec A
is étale over U. This proves (1).

Step 2. In this step, we construct C' as in (2).

Let V' = Spec B Xgpec 4 U, an integral scheme finite étale over U. By [Sta26, Tag 03SF,
Section 58.7], there exists a connected finite étale Galois cover W — U factoring through V. Its
function field M is a finite Galois extension of K containing L. The integral closure C' of A in
M is a finite A-module [Sta26, Tags 07QV, 032R, and 032F], a normal domain with FracC' = M
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containing B, and a product of complete local rings [Sta26, Tag 0325], hence complete and local
with residue field k. Thus A C C and B C C are finite local inclusions, and dim C = n.

Since W is normal and finite over U with function field M, it is the preimage of U in Spec C,
so A C C is quasi-étale. Since B ®4 K = L is a field, every height-one prime of B contracts
to a nonzero prime of A, which has height one by going down, so V' contains every height-one
point of Spec B. Since W — V is finite étale and W is the preimage of V in SpecC, B C C'is
quasi-étale. Both inclusions are Galois because M /K and M/L are.

Step 3. In this step, we prove the first two assertions of (3).

Let @ be a height-one prime of B, P=QNA,q=QNS,and p=qN R= PN R. By Step
2 and going down, P has height one and p, q have height at most one. If p = 0, then q = 0
because S ®g Frac R = Frac S is a field, and A4, Ap have coefficient 0 at P, (). If p has height
one, then so does g, and the coefficients of Ay at P and of Ag at @) both equal the coefficient
of A at p because R C S is quasi-étale. Since A C B is quasi-étale, Agp = fE/AAA for the finite
morphism fp,4 : Spec B — Spec A.

Let fc/a and fo/p be the finite morphisms from Spec C' to Spec A and Spec B, and A¢ =
f& / A 4. Since C® 2K = M is a field, every height-one prime of C contracts to height-one primes
of A and of B by going down, and all ramification indices are one. Thus A¢ = f£ /B 5 / AAp =
I& / pAp is effective. Every g € G preserves C' and permutes the height-one primes of C' over
each height-one prime of A, at which A has the same coefficient, so A¢ is G-invariant.

Step 4. In this step, we prove (2) and finish the proof of (3).

By the Cohen structure theorem [Sta26, Tag 032A], each of A, B, and C is a quotient of a
power series ring over k, which is free over its subring of p-th powers, hence F-finite. Since A is
strongly F-regular and A C C is quasi-étale, Theorem 6.1 gives Try; i (C) = A and the strong
F-regularity of (C, A¢).

Since A and B are normal and C is integral over them, C¢ = CNK = Aand C¥ = CNL = B.
Since M /L is Galois with group H, |G| = [M : L][L : K] = 6|H|. Every g € G preserves m¢ and
induces the identity on C/m¢ = k = A/ma. Thus Try g (2) = 3 cq 9(z) = [Glr (mod me)
for every z € C. If p divided |G|, then Trp;/x(C) C mgNA = mg, contradicting Try/ g (C) = A.
This proves (2) and (3). O

Proof of Theorem 1.2. Let A = }A%, B = g, and C, G, H, Ay, Ap, Ac be as in Proposition 8.3.
Since R C S is quasi-étale and R is strongly F-regular, (S,Ag) is strongly F-regular by
Theorem 6.1. By Proposition 8.3(2) and (3), A C C and B C C satisfy the hypotheses of
Theorem 1.4 with the boundaries Ay and Ap, where dim C = n because C is finite over A.
Theorem 1.4 for A C C and for B C C gives

(8.5) Fvol(C, Ac) = |G| Fvol(4, A ) = |H| Fvol(B, Ap).

The three rings are F-finite by Proposition 8.3(2), so the three Frobenius volumes in (8.5)
are finite by Lemma 2.3. Since |G| = 0|H|, (8.5) gives Fvol(B,Ap) = §Fvol(A,A4), and
Proposition 8.2(4) for (R, A) and (S, Ag) gives Fvol(S, Ag) = d Fvol(R, A). By Theorem 1.5 for
(R,A) and (S, Ag),

Fvol(S, A Fvol(R, A
Fyolpk (S, Ag) = —° (3’ s) _ gFvo Ef ) _ 8 Fvoluk (R, A). 0
Proof of Corollary 1.3. This is Theorem 1.2 for A =0, R = Ox,, and § = Oy,. U
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