CAMPANA’S ABELIANITY CONJECTURE FOR PROJECTIVE
ORBIFOLDS

ABSTRACT. We prove that the orbifold fundamental group of a special smooth projective orbifold
pair is virtually abelian. This answers a conjecture of Campana and extends a recent result of
OpenAl to the orbifold projective case.
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1. INTRODUCTION

We work over the field of complex numbers C.

The goal of this paper is to prove the following theorem on the orbifold fundamental group of
Campana special orbifold pairs, in the projective case. We refer the reader to Definition 2.6 for
the definition of special orbifolds in the sense of Campana.

Theorem 1.1. Let (X,B = Y., (1 — 1/m;)D;) be a projective orbifold pair, special in the
sense of Campana, such that D; are the irreducible components of B. Let D := Supp B. Pick
xg € X\D and let v; be a positively oriented meridian about D; transported to xo. Then the
orbifold fundamental group

(X, Bs o) := i (X\D, x) /(7] | 1 < i <)
1s virtually abelian, i.e. it contains an abelian subgroup of finite index.

Theorem 1.1 proves the projective case of [Camlla, Conjecture 13.10(1)] and generalizes
[Ope26b, Theorem 1.1] to the projective orbifold case. We remark that [Ope26a, Theorem 1.3]
proved Theorem 1.1 for the special case when r = 1 and m; = 2. The key new geometric
ingredient is the following proposition.

Proposition 1.2. Let (X,B=>,_,(1— m%)Dl) be a projective orbifold pair of dimension n > 1
and D := Supp B. Then there exist a smooth projective variety Y and a surjective morphism
g:Y — X satisfying the following.

(1) For each i, there exists an effective Weil divisor C; on'Y such that
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2 CAMPANA’S ABELIANITY CONJECTURE FOR PROJECTIVE ORBIFOLDS

(2) There exists a nonempty open subset U C X \ D such that g|g-1(yy : g (U) = Uisa
holomorphically locally trivial fiber bundle whose fiber F' is an abelian variety.

(38) For any prime divisor P on X such that P # D; for every i, there exists a nonempty
open subset P° C P such that g is smooth at some point of g~'(x) for every x € P°.

(4) For each i, there exists a nonempty open subset DY C D; \ Uk# Dy, such that for every

x € D7, there ewists y € g1 (x) such that some local lift of g to the root chart at  is a
submersion at y.

Moreover, we may take F with

. n+1
1.2 dim F' = mz< )
(1.2) ; )

Proposition 1.2 is the analogue of [Ope26a, Proposition A.3|, which treats the case when
n =4, r =1, and m; = 2. The main difficulty is to deal with boundary components of
arbitrary multiplicities and their intersections. To this end, we replace the involutions on elliptic
curves used in [Ope26a] by permutation-translation actions of Z/mZ on products of elliptic
curves (Lemma 5.3), and we obtain the smooth points of g over the auxiliary branch divisors by
extracting suitable divisorial valuations on the quotient (Proposition 6.3) instead of blowing up
the fixed loci.

We briefly explain how Theorem 1.1 follows from Proposition 1.2. Let @w : R — X be the
root orbifold of (X, B) (Definition 2.3). By Proposition 3.2(4), (X, B) is special in the sense of
Campana if and only if R is special in the sense of [Ope26b] (Definition 2.7). By Proposition 4.3,
which follows [Ope26a, Proposition 3.1], the latter condition implies that Y is special. Hence
m1(Y) is virtually abelian by [Ope26b, Theorem 1.1]. Finally, by Proposition 8.3, 7$""(X, B; x)
is a quotient of 71 (Y'), and Theorem 1.1 follows.

Structure of the paper. In Section 2, we recall the definitions of orbifold fundamental groups,
root orbifolds, and special orbifold pairs, and the results from [Camlla, Ope26b] that we use.
In Section 3, we compare specialness of (X, B) with specialness of its root orbifold and prove
Proposition 3.2. In Section 4, we prove Proposition 4.3. In Sections 5 and 6, we construct the
abelian cover S — X, the abelian variety F' with its group action, the quotient Q = (S x F)/A,
and the divisorial valuations on @) that we need. In Section 7, we prove Proposition 1.2. In
Section 8, we prove Proposition 8.3 and Theorem 1.1.

2. PRELIMINARIES

In this section, we fix notation and recall the definitions and results that we use in the rest of
the paper.

All varieties are defined over C and are integral. We identify a variety with its associated
complex analytic space whenever we use the analytic topology. A prime divisor on a variety X
is an integral closed subvariety of X of codimension one. For a divisor B on X, we denote by
Supp B the support of B. We denote by C(X) the function field of X. For a prime divisor E on
a normal variety W, we denote by Ow g the local ring of W' at the generic point of E, which is a
discrete valuation ring, and by ordg the corresponding valuation of C(W). For a positive integer
m, we denote by p, := {¢ € C | ("™ = 1} the group of mth roots of unity. Let A be a finite
group acting on a variety V. For a € A, we denote by V% :={v € V | av = v} the fixed locus
of a with its reduced structure. We also write Fix(a) for V® when V is clear from the context.
For a subgroup H C A, we write VH := MNacr V¢ A holomorphic map g : Y — X between
complex manifolds is a submersion at a point y € Y if the differential dg, : T,Y — Ty, X is
surjective. A morphism ¢ :Y — X between smooth varieties is smooth at a point y € Y if g is a
submersion at y. Let g : Y — X be a morphism between varieties and F' a variety. We say that
g is a holomorphically locally trivial fiber bundle with fiber F if every point of X has an open
neighborhood W in the analytic topology such that g~!(W) is biholomorphic to W x F over W.
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Definition 2.1. Let X be a smooth projective variety of dimension n. Let » > 0 be an integer,
Dy, ..., D, distinct smooth prime divisors on X such that D := Y/ | D; is a simple normal
crossing divisor, and my, ..., m, > 2 integers. The pair (X, B) with

.
1
B:=)" <1— W) D;
1=1

is called a projective orbifold pair. Then Dy,..., D, are the irreducible components of B and
D = Supp B. The integer m; is the multiplicity of D; in (X, B). In the terminology of [Cam11a,
Definition 2.1], (X, B) is a smooth, finite, and integral geometric orbifold. If » = 0, then B =0
and D = 0.

Definition 2.2. Let (X, B) be a projective orbifold pair as in Definition 2.1 and zp € X \ D a
point. Fix 1 <i <r. Let z; € D; \ Uk# D;. be a point. Let A; C X be a closed holomorphic
disc such that A; N D = {x;} and A; is transverse to D; at ;. Let 9A; be the boundary circle
of A; with the orientation induced by the complex orientation of A;. Let ; be a path in X \ D
from xg to a point of 0A;. The loop ; := B; - 04; -ﬂi_l in X \ D based at z is called a positively
oriented meridian about D; at xg. The conjugacy class of 7; in 71 (X \ D, zg) does not depend
on the choices of z;, A;, and 3; (cf. Lemma 8.2(3)). The orbifold fundamental group of (X, B)
at xq is
#B(X, Byag) = m (X \ D, w0)/ (2" | 1< i <)

[Cam1la, Definition 12.2]. Here (7;" | 1 <4 <) denotes the normal subgroup of 71 (X \ D, o)
generated by 7", ..., . A group is virtually abelian if it has an abelian subgroup of finite
index.

Definition 2.3. Let (X, B) be a projective orbifold pair as in Definition 2.1 and z € X a point.
Reordering the indices, we may assume that Dq,..., D, are the components of D containing
x, where 0 < s < r. An adapted coordinate neighborhood of x is an open neighborhood W of
2 in the analytic topology with holomorphic coordinates z1, ..., z, centered at = satisfying the
following. The set W is a polydisc in these coordinates. We have D;NW = (z; =0) for 1 <i < 's
and D;NW =0 for i > s.

Let W be the set of (w1, . .., ws, Zs41, - - ., 2n) € C" such that (wi™, ..., Wi, 2541,...,2n) € W.
Then W is a polydisc. The root chart of (X, B) over W is the finite surjective holomorphic map
oW W= Ww together with the action of fi;m, X -+ X iy, on 1% given by

(2.1) zioww =w; " (1 <i<s), zioww = 2; (s <i<n),

' (Clyee Go) rwi = Guy (1 <i < 0s)), (ClyevesCs) i =2 (s <i<n).
The map @y identifies W with the quotient W [ (fmy X+ X i, ). We also call W a root chart
of (X, B) at z.

The root orbifold R of (X, B) is the orbifold with underlying space X whose orbifold charts
are the root charts of (X, B), and w : R — X is the natural morphism given by wy on each
root chart (cf. [Camlla, Remark 2.9(2)]). An orbifold line bundle on R iS & fim, X =+ X fim,-
equivariant holomorphic line bundle on each root chart W, compatible with the identifications
on overlapping charts (cf. [Ope26a, Section 1]). An orbifold vector bundle on R and a morphism
of orbifold bundles on R are defined in the same way. A section of an orbifold line bundle L on
R is a i, X -+ X m,-invariant holomorphic section of L on each root chart, compatible on
overlapping charts. We denote by H°(R, L) the space of sections of L. We denote by Ox the
orbifold line bundle given by the trivial line bundle on each root chart. We denote by Qf,’a the

orbifold vector bundle given by Q%V on each root chart W with the action induced by (2.1). For
1 < <, the root divisor R; is the orbifold divisor on R given by (w; = 0) on each root chart
at a point of D; and by 0 on each root chart at a point outside D;. By (2.1),

(2.2) w*Di = mzRZ
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For integers bi,...,b,, we denote by Og(>.;_,biR;) the orbifold line bundle given by
O (3251 bi(w; = 0)) on each root chart W at a point of D1 N ---N D;.

Let g: Y — X be a morphism from a variety Y and y € Y a pomt and let = := g(y). Let
ww : W — W be a root chart of (X,B) at z and V C ¢g~*(W) a connected open neighborhood
of y in the analytic topology. A local lift of g to the root chart at x is a holomorphic map
g: V — W such that ww © g = gly- Two local lifts of g on the same neighborhood V differ by
the action of an element of i, X -+ X fy,, in (2.1).

Definition 2.4. Let M be a connected compact complex manifold and L a line bundle on M.
For a positive integer k, we write L¥F := L®* If HO(M,LF) = 0 for every positive integer k,
then we define x(M, L) := —oco. Otherwise, for every positive integer k with HO(M, L*) # 0,
let ¢y : M --» PNk be the meromorphic map defined by a basis of H°(M, L), where Nj :=
dim H°(M, L*) — 1. We define (M, L) to be the maximum of the dimensions of the closures of
the images of these maps ¢r. We call k(M, L) the Iitaka dimension of L.

Let (X, B) be a projective orbifold pair as in Definition 2.1 and L an orbifold line bundle on R.
We define x(R, L) in the same way, where H(R, L¥) is the space of sections of L* in the sense
of Definition 2.3 and ¢y : X --» PV is the meromorphic map defined by a basis of H°(R, L¥).
Here HO(R, L¥) is finite dimensional, since it is the space of global sections of a coherent analytic
sheaf on the compact space X (see Proposition 3.2(3)). This map is well defined because the
quotient of two sections of L* is a meromorphic function on X.

Let A = €P,> Aq be a graded C-algebra which is an integral domain such that dim¢ A < +00
for every ¢. If A, = 0 for every ¢ > 0, then we define k(A) := —oo. Otherwise, we define
k(A) := trdegc Frac(A) — 1. We also call k(A) the Iitaka dimension of A. Proposition 3.2 shows
that these conventions agree for the line bundles considered in this paper.

Definition 2.5. Let (X, B) be a projective orbifold pair as in Definition 2.1, 1 < p < n an
integer, and ¢ > 0 an integer. We denote by

Cpq = SUOP(X|B)

the subsheaf of Sym? Q% (log D) defined as follows [Cam11la, Section 2.5]. Let W be an adapted
coordinate neighborhood of a point of X with coordinates z1, ..., 2z, as in Definition 2.3. Then
Chp.qlw is the free Oy-module with basis

S
—[ti(1—-)]
(2.3) <H z; : > dzp, © - ©dzp,.
i=1

Here (I1,...,1;) runs over the non-decreasing sequences, in the lexicographic order, of subsets
of {1,...,n} with p elements. For I = {j; < --- < jp}, we write dzy := dz;; A--- ANdzj,. The
symbol ® denotes the symmetric product, and ¢; := #{a | i € I,}. In particular, Cp o = Ox and
Cp1 = Q%. The symmetric product induces morphisms Cp, , @ Cp o — Cp gtq'-

We denote by QF. cx)/C = =AP Q x)/c the C(X)-vector space of rational p-forms on X. Let
lC Qé( X)/C be a one-dimensional C( )-subspace. We define F := £ N Q% to be the subsheaf of

QF of sections which lie in ¢. For every integer ¢ > 0, we define

(2.4) Fop =170 Cpy,  Ap(F):=EPH"X,Fyn)
q=>0

Here (®9 C Symg:(X) Q;(l():(x)
Cp,q of sections which lie in £9%. Then Ap(F) is a graded C-algebra which is an integral domain.

We define

/C is the gth symmetric power of ¢, and (27N C,, is the subsheaf of

K(X|B, F) := r(Ap(F)).
More generally, let G C Q% be a coherent subsheaf of rank one. We let £ C Qfé( X)/C be the
C(X)-subspace generated by G and define k(X|B,G) := x(X|B,{NQ%). The sheaf F, p is the
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saturation in C, , of the image of G®?. Thus x(X|B,G) is the A-dimension of G in [Camlla,
Section 3.1 and Definition 3.2] with A = B.

Definition 2.6. Let (X, B) be a projective orbifold pair as in Definition 2.1. A Bogomolov
sheaf of (X, B) is a coherent subsheaf 7 C QF of rank one for some integer 1 < p < n such
that x(X|B,F) = p [Camlla, Definition 9.8]. We say that (X, B) is special (in the sense of
Campana) if (X, B) has no Bogomolov sheaf. By [Camlla, Theorem 9.9], this is equivalent
to Campana’s original definition by fibrations of general type [Camlla, Definition 8.1]. In the
latter, the multiplicities of the orbifold base of a fibration are defined by the infimum convention
[Cam1la, Definition 4.2].

Definition 2.7. Let M be a connected compact Kahler manifold. We say that M is special if
there do not exist an integer 1 < p < dim M, a line bundle L on M, and a nonzero morphism of
sheaves L — QF, such that x(M, L) = p [Ope26b, Section 1]. In particular, a point is special.
Let (X, B) be a projective orbifold pair as in Definition 2.1. We say that R is special if there
do not exist an integer 1 < p < n, an orbifold line bundle L on R, and a nonzero morphism of
orbifold bundles L — Q% such that (R, L) = p. If B =0, then R = X, and X is special if and
only if (X, 0) is special in the sense of Definition 2.6 (see Proposition 3.2(4)).

Theorem 2.8 ([Camlla, Theorem 3.12]). Let Z be a connected compact Kdihler manifold, D a
simple normal crossing divisor on Z, 1 < a < dim Z an integer, and H C Q% (log D) a coherent
subsheaf of rank one. For every integer ¢ > 0, let H!9 be the saturation of the image of H®? in
Sym? Q% (log D), that is, the largest coherent subsheaf of rank one of Sym? Q% (log D) containing
this image. Then

KZH) = r | P H (Z,’H[‘ﬂ) <a.

q>0

Theorem 2.9 ([Ser56, Section 12, Theorems 1-3]). Let X be a projective variety. Then
analytification induces an equivalence between the category of coherent algebraic sheaves on X
and the category of coherent analytic sheaves on X. Moreover, it induces isomorphisms on all
cohomology groups.

Theorem 2.10 ([Wl1o05, Theorem 1.0.2], see also [BM97, Theorem 1.6] and [Kol05, arXiv
version 3, Theorem 27)). Let Z be a projective variety. Then there exists a projective birational

morphism ZZ from a smooth projective variety Z which is an isomorphism over the smooth
locus of Z.

Theorem 2.11 ([Ope26b, Theorem 1.1]). Let M be a connected compact Kihler manifold. If M
is special in the sense of Definition 2.7, then m (M) is virtually abelian.

3. COMPARISON OF DIFFERENTIAL CONVENTIONS
In this section, we prove Proposition 3.2.

Lemma 3.1. Let W be a connected complex manifold, M(W) its field of meromorphic functions,
E a holomorphic vector bundle on W, and { a one-dimensional M(W)-subspace of the space
of meromorphic sections of £, generated by v. Let £ NE C & be the subsheaf whose sections
over an open subset W' C W are the holomorphic sections s of € on W' with s = fulw: for
a meromorphic function f on W'. For every integer q¢ > 1, let {29 and (9 be the subspaces
generated by v®1 and v®9. Then:

(1) ¢NE is invertible. A section of £ N E near x € W generates (( N E), if and only if its
coordinates in a frame of € at x have no common prime factor in Oy ,,.

(2) ((NE)PI=4PINE® and SymI((NE) = (21N SymIE for every integer ¢ > 1.

(3) If a finite group acts on W and on € compatibly and ¢ is stable under this action, then
soislNE.
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The invertibility in (1) and the assertion on tensor powers in (2) are [Ope26a, Lemma 2.2].

Proof. Let x € W, T := Oy, and 1 a generator of (¢ N E), with coordinates ny,...,m € T.
If a prime 7 of the factorial ring T" divides every n;, then n/m € ((NE), = Tn, so 7 is a unit.
Conversely, let u € (¢NE), have coordinates uq, .. ., u, with no common prime factor, and n = au
with a € Frac(T'). For every height one prime P of T', some u; is a unit in Tp and au; =n; € T,
so a € Tp. Since T is normal, a € T, so u generates (¢ N E),. This proves (1). The coordinates
of 4 in the monomial frame of Sym? & include n{, ..., nf, so n®7 generates (¢“9 N Sym?E), by
(1). This proves (2). For (3), an element g of the group preserves holomorphic sections of £ and
satisfies gv = cv for a meromorphic function ¢ # 0, so g(¢NE) =L NE. O

Proposition 3.2. Let (X, B) be a projective orbifold pair as in Definition 2.1, 1 < p <n an

integer, £ C Qé(X)/(C a one-dimensional C(X)-subspace, and F := LN Q% , F, p, and Ag(F) as

in Definition 2.5. Let M :=lem(my,...,m,) (M =1 ifr =0). For an orbifold vector bundle G
on R, let w,G be the sheaf on X whose sections over an analytic open subset W C X are the
sections of G on the root charts over W. For a line bundle A on X, let w* A be the orbifold
line bundle on R given by wy, A on each root chart, with the action fizing the pullbacks of the

sections of A. For a root chart wyy : W — W, let @y L be the subspace of meromorphic p-forms
on W generated by the pullback of ¢, and wyy, £ N Q?W the subsheaf of Lemma 3.1. Then:

(1) The subsheaves @y, £ N QPW form an orbifold line bundle M, C QF,, and for every integer
q=0,

(3.1) w, Sym? Qf, = Cp g and  w.M] = Fy B,
where a section of Cp 4 over W is identified with its pullback to the root charts over W.
Moreover, @ > HO(R,M]) = Ag(F) as graded C-algebras, and

(3.2) k(R, My) = k(X|B,F).

(2) F is invertible. For 1 <i <r, let ¢; := 1 if the composition F — Q% — QF, is zero at
the generic point of D;, and €; :== 0 otherwise. Then

T

(3.3) My=w'F® OR(Z ei(mi — 1)Ri>7
=1
(3.4) fq,BZf""@OX(zT:EiLq(l_nlL.)JDZ)
i=1 !

for every integer ¢ > 0, and

(3.5) MM =4, A=FMg Ox<zr:e,-M(1 - i)Di).

e
i=1 v

(8) For every orbifold line bundle L on R, there exists a line bundle Ar, on X with LM =
w* Ay, such that the pullback identifies HO(X, A%) with HO(R, L*M) for every integer
k > 0. Moreover,

(3.6) K(R,L) = H(@HO(R, Lq)).

q>0

If j: L — Q% is a nonzero morphism of orbifold bundles, then there exists a unique

one-dimensional C(X)-subspace ¢! C Qf:(x)/c such that j factors through an injective

morphism L — My, and

(37) K’(Rv L) < H(Ra Mf’) = H(X’ngl N Qg() <p.
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(4) (X, B) is special if and only if R is special. Moreover, R is special if and only if

k(R, ]\4/@) < p' —1 for every integer 1 < p’ < n and every one-dimensional C(X)-subspace

U C Qf:( x)/c-
Proof. We use the notation of Definitions 2.3 and 2.5 and identify coherent algebraic and analytic
sheaves on X by Theorem 2.9. Let x € X, Dy,...,Ds the components of D containing =z,
oW - W — W aroot chart at = with coordinates Z1y...y2non W and wy, ..., Ws, Zs41,---,2n ON
W, 0 € W the point OVer T, fi 1= fimy X+ X iy, wj = z; for j > s, and dw; := dwj, A--- Adw;,
for I ={j1 <--- <jp} C{L,...,n}. By (2.1), (= (C1,-..,(s) € pmultiplies dwr by [[;c; <5 G
and

(3.8) wy(der, ©---Odzp,) = (Hm’l‘fiwfi(mi_l))dwh ©- ©dwy, ti:=#{a|ie€l,}.
i=1

Step 1. In this step, we prove (1).

Let v generate £. A holomorphic section s = fv® of Cp 4 near x with f meromorphic lies
in F, g. Indeed, for a nonzero g = hv®? € (F, ), with h rational and f/h = a/b with a,b
holomorphic near  and b # 0, the section bs = ag lies in F, g. Since (97 is a C(X)-subspace,
Chp.q/ Fq B is torsion-free, hence locally a subsheaf of a free sheaf, so its analytification is torsion-
free by the exactness in Theorem 2.9, and s € F, p. The same holds for F and ¢ N QX (log D).
Since X is irreducible, it is a connected complex manifold [Har77, Appendix B, Section 1], and
Lemma 3.1 applies with W = X to these three sheaves and the subspaces generated by ¢ and
¢4 over the meromorphic functions on X.

Let cq,..., Cs be integers, 0 < a; < m; — 1 the residue of ¢; modulo m;, and b a holomorphic
function on W, expanded as a power series in wi,...,ws with coefficients holomorphic in
Zog1s -5 Zn. Then b(¢-w) =[], (;*b(w) for every ¢ € p if and only if only monomials w(* - - - wg*
with e; = ¢; (mod m;) occur in b, if and only if b = wj" - - - w$* h(z) with h holomorphic on W.

Since wyw o ¢ = wyw, the subspace wy, £ is p-stable, so @i, £ N Q% is an invertible p-stable
subsheaf of QEW by Lemma 3.1(1) and (3). The identifications of overlapping root charts
preserve pulled back forms, so these subsheaves form the orbifold line bundle M,, and M, f =
(o 0)®1 N Sym? Q’;NV on W by Lemma 3.1(2).

Let 6 = > ;) by dwy, © - © dwy, be a holomorphic section of Sym? Q%, where (/) runs over

the index sequences of Definition 2.5. Since ¢ multiplies the monomial indexed by (1) by [], Qf",
0 is invariant if and only if by = w{* - - - wi*h(p)(2) for every (I), where a; is the residue of —t;
and h(py is holomorphic on W. Since t;(m; — 1) — a; = m;[t;(1 — L)1, (3.8) gives
- Tl
wit - wgt dwr, © -+ © dwy, = (1_[771;132)731"}/(l_IzZ " dz, @0 O dzlq).
i=1 i=1

Thus the invariant holomorphic sections of Sym? QP are the pullbacks of the sections of Cp,
over W by (2.3). This proves the first identity in (3.1).

Let 0 = Z(]) o(rydzn ©---©dzy, be a section of Cp 4 over W and ¢(ry the coeflicients of V@4, If
o € Fq,B, then w0 is an invariant section of M]. Conversely, an invariant section of M/ on w
is @iy, o for such a o by the first identity, and equals f(cwj;,v)®? with f meromorphic. Comparing
the coefficients of dwy, ©® -+ © dwy, for an (I) with ¢y # 0 in (3.8) gives f = wyy (o) /),
so o = (o(1)/¢(n))v®¥? € Fg . This proves the second identity in (3.1). Both identities respect
symmetric products, so @, 5o H* (R, M) = Ap(F), and (R, M) is the maximal dimension
of the closures of the images of the rational maps defined by bases of H°(X, F, p), which is
k(X|B,F) by [Camlla, Lemma 3.1]. This proves (3.2).

Step 2. In this step, we prove (2).
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By Lemma 3.1(1), F is invertible, and the pullbacks of its sections define an injective morphism
w*F — M, of orbifold line bundles which is an isomorphism over X \ D. Let x be a general
point of D;, so that s = 1, 21 = wi", R; = (w1 = 0), and g = fi,, and let v, = Z\IIZP frdzr
generate F near x, so that minyordp,(fr) = 0. By (3.8), the coefficient of dw; in wy,v, has
order m; ordp,(fr) +m; —1 along R; if 1 € I, and m; ordp, (fr) otherwise. Let ¢ be the minimum
of these orders, u a generator of M, at a point of R;, and wy,v, = gu with g holomorphic.
By Lemma 3.1(1), the coefficients of u have no common prime factor, so ordg,(g9) = 6. If
ordp,(fr) = 0 for some I Z 1, then § = 0, and otherwise some I > 1 has ordp,(fr) = 0
and § = m; — 1. Since vz|p, = Zl;él f1lp, dz1|p,, these cases are ¢; = 0 and ¢; = 1. Hence
w* F @ Or (>, €i(m; — 1)R;) — M, is an isomorphism outside a closed subset of codimension at
least two of every root chart, so its determinant is a unit. This proves (3.3).

Let b1, ...,b, be integers. The sections of Or (>, b;R;) on W are the functions fwl_b1 el
with f holomorphic, and such a function is invariant if and only if f((-w) =[], Cf ‘ f(w) for every
¢ € p, that is, f = w{" -+ - wh(z) with a; = b; (mod m;) by Step 1. Then fwfb1 el =

zl_ Lb1/m1j L. Zs_ LbS/WSJ h)

*
oy ( , hence

(39) =03 nn) = 0x( 3|35 m0)

i—1 7

For € X and a generator v, of F near z, (wj,v;)®? is an invariant frame of @*F4, so (3.1),
(3.3), and (3.9) give

Fu = =M = P10 2,00 (3 geslm — DR) = 16 0x (3 alo(1- =) D).
i=1 i=1 ¢

which is (3.4). Finally, M (1 — m%) is an integer, so Or(Me;(m; —1)R;) = w*Ox (e, M (1 — m%)DZ)
by (2.2), and (3.5) follows from (3.3).

Step 3. In this step, we prove (3.6) and the first assertion of (3).

Let L be an orbifold line bundle on R, x the character of i on the fiber of L over 0, and
e a frame of L near 0. Replacing e by ﬁ > cen x(¢)7I¢ - e, which takes the value e(0) at 0,
and shrinking W, we may assume that ¢ - e = x(()e for every ¢ € p. Write x(¢{) = [[, ¢
and let a; be the residue of ¢; modulo m;. A section fe of L on W is invariant if and only if
f(C-w) = x(C)f(w) for every (, that is, f = w{" -+ w%h(z) with h holomorphic on W by Step
1. Hence w, L is invertible, generated over W by wj* - --w%se, and so is every w,L?. Since the
exponent of p divides M, M =1, so Ap, := w,.L™ is a line bundle on X generated over W
by the invariant frame e, and LM = w*A. By Step 1, the sections of L*M = o* Ak on w
are the products of e* with the holomorphic functions on W, which identifies H°(X, .Alz) with
HO(R, L*™) compatibly with products.

Let 8 := @0 H(R, L) and M) = @,  H'(R, L") = @, H'(X, A}). By the
identity theorem, a nonzero section of L? is nonzero on every root chart, so S is an integral domain,
and S; = H°(X, w,LY) is finite-dimensional since @, L? is invertible [Har77, Theorem II.5.19)].
Every homogencous s € S satisfies s™ € SM) | so Frac(S) is algebraic over Frac(S™)), and
S, = 0 for every ¢ > 0 if and only if S,gM) = 0 for every k > 0. Thus x(S) = x(S™M)), and (3.6)
follows from

(3.10) K(R,L) = (X, Ar) = k(SM).

If HO(R, L%) = 0 for every g > 0, then all terms of (3.10) are —oo. Otherwise, for H°(R, L?) # 0,
the composition of the map ¢, of Definition 2.4 with the Veronese embedding v of degree M is
defined by the monomials of degree M in a basis of H(R, L?), which span a nonzero subspace of
HOY(R,L™M) = HO(X, A?), hence is the composition of ¢4ps with a linear projection. Since v is
a closed embedding, the closure of ¢4(X) has dimension at most that of the closure of ¢4n/(X),
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and ¢y is defined by a basis of HO(X, A%), so k(R, L) = k(X,.AL). Finally, let K} C C(X) be
the field generated by the quotients of the nonzero elements of H(X, .Alz), and K := U~ K,
a field since K}, C Kj,. For tg,...,t. € HO(X, .A’z) with tg # 0 and Ty, ..., T, the homogeneous
coordinates of P¢, the closure of the image of the rational map X --+ P¢ defined by tq,..., .
meets (Tp # 0) in an affine variety with coordinate ring Clt /to, . .., t./to] C C(X), so this closure
has dimension trdegc C(t1/%o,...,t./to) [Har77, Proposition 1.1.7 and Theorem I1.1.8A], and
k(X, AL) = trdege K. For 0 # t € H°(X, A%) and an indeterminate u, sending s € H%(X, .A]Ld)
to (s/t7)u/ embeds D,>o HO(X, .Aid), over which SM) is integral, into K[u]. The image contains
u, and the quotients s/t/ generate K = | J ;>1 Kja, so the fraction field of the image is K'(u) and
k(SM)) = trdege K (u) — 1 = trdege K.
Step 4. In this step, we prove the last assertion of (3).

Let j: L — Q% be a nonzero morphism of orbifold bundles, injective on every root chart by

the identity theorem, so that invariant sections give an injective morphism wyL — w*Q% =05

by (3.1), with @, L invertible by Step 3. Let ¢/ C Q%(X)/C be the C(X)-subspace generated
by its generic stalk. In the notation of Step 3, j(wj*---w%e) is an invariant holomorphic
p-form on W, hence the pullback of a section of w,L, which lies in ¢'. Thus j(e) € @i} ¢' and

j(L) C My on /I/I\?, so j factors through an injective morphism L — M. If j factors through
My, then w,L C w,Mp =" NQL by (3.1), so ¢’ = . The injective morphisms L9 — M},
identify H°(R, L?) with subspaces of HY(R, M, ), so each ¢g of L is a linear projection of that
of My, and k(R,L) < k(R, My) = k(X |B, ' N Q%) by (3.2).

Let 7' := ' N Q% and H := ¢ N Q% (log D). By Lemma 3.1(1) and (2), H is invertible
and Sym?H = ¢'®1 N Sym? Q% (log D), which is the saturation 14 of Theorem 2.8, since every
coherent subsheaf of rank one of Sym? Q% (log D) containing the image of H®? lies in £/®?. Since
Cp.q C Sym? Q% (log D), we have FoB = 911 C,, C HY, 50 Ap(F') is a graded subalgebra of
@q>0 HO(X,#)), and

K(X|B,F) < k(X,H)<p
by Theorem 2.8, as X is a connected compact Kéhler manifold and D is a simple normal crossing
divisor. This proves (3.7).

Step 5. In this step, we prove (4).

Let 1 < p’ < n be an integer and ¢ C Q%(X)/tc a one-dimensional C(X)-subspace. By (3.7)
applied to the inclusion My — Q%, K(R,My) = k(X|B,¢ N QI)’;) < p'. By Definition 2.5,
every coherent subsheaf G C Qg; of rank one generating ¢, such as ¢' N Qz)’é, has k(X |B,G) =
k(X |B,¢ N Qg;) Thus, by Definition 2.6, (X, B) is not special if and only if x(R, My) = p’ for

some p’ and ¢/, and then the inclusion My — Q% shows that R is not special (Definition 2.7).
Conversely, if R is not special, then there exist p’, an orbifold line bundle L, and a nonzero

morphism j : L — Q% with kK(R, L) = p/, and (3.7) gives k(R, My) = p’ for the ¢’ given by (3).
This proves (4). O

4. TRANSFER OF SPECIALNESS

In this section, we prove Proposition 4.3.

Lemma 4.1 ([Ope26a, Lemma 2.1]). Let Z be a smooth projective variety, 1 < p < dim Z an
integer, L a line bundle on Z, and i : L — QY a nonzero morphism. Let { C Q{(J:(Z)/(C be the

one-dimensional C(Z)-subspace generated by i(L). Let q be a positive integer, ¢ > 0 an integer,
and s, . ..,s. € HY(Z, L9) sections such that so # 0. Then

(4.1) d(sq/s0) A\w =0 in Q&Lé)/c
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for every 0 < a < ¢ and every w € £. In particular, k(Z,L) < p. If k(Z,L) = p, then there exist
a positive integer q¢ and so, ..., Sy € H°(Z, L) with sq # 0 such that the form

(4.2) d(s1/so) A -+ ANd(sp/so) € Qfé(z)/(c
s nonzero and generates (.

Lemma 4.2 ([Ope26a, Lemma 2.4]). Let g : Y — X be a dominant morphism of smooth
projective varieties and Uy C X a nonempty open subset such that g~'(z) is connected for every
x € Uy. Let u € C(Y) be a rational function. Assume that there exists a nonempty open subset
Uy C Uy such that for every x € Uy, the function u is constant on the set of points of g~ () at
which it is defined. Then u = g*v for some v € C(X).

Proposition 4.3. Let (X, B) be a projective orbifold pair as in Definition 2.1 and g: Y — X a
surjective morphism from a smooth projective variety Y. Assume the following.

(1) For each i, there exists an effective Weil divisor C; on'Y such that g*D; = m;C;.

(2) There exists a nonempty open subset U C X \ D such that g is smooth at every point of
g Y (U), the fiber g~1(x) is connected for every x € U, and the cotangent bundle Q;_l(a:)
is trivial for every x € U.

(8) For any prime divisor P on X such that P # D; for every i, there exists a nonempty
open subset P° C P such that g is smooth at some point of g~'(x) for every x € P°.

(4) For each i, there exists a nonempty open subset DY C D; \ Uk# Dy, such that for every
x € D7, there ewists y € g~ (x) such that some local lift of g to the root chart at z is a
submersion at y.

If R is special, then Y is special.

Proposition 4.3 generalizes [Ope26a, Proposition 3.1] to arbitrary multiplicities and several
boundary components.

Proof. Suppose that Y is not special. By Definition 2.7, there exist 1 < p < dimY, a line bundle
L on Y, and a nonzero morphism ¢ : L — Q’;, with (Y, L) = p. We construct an orbifold line
bundle £ on R with a nonzero morphism K — Q% and x(R,K) = p. Throughout, W is an

adapted coordinate neighborhood of a point g € X and wyy : W — W the root chart over W,
with the notation of Definition 2.3.

Step 1. In this step, we construct local lifts of g and pullbacks of orbifold bundles to Y.

Let y € Y, 29 := g(y), and ¢; a local equation at y of the Cartier divisor C; [Har77,
Proposition 1I.6.11 and Remark I1.6.11.1A] for 1 < ¢ < s. By (1), u; = (250 g)/c;" is
holomorphic and nowhere zero near y. Let vV C g (W) be a polydisc neighborhood of y on
which every w; has a holomorphic m;th root u;/ " By (2.1),

1/my 1/mes .17 W
9= <’U,1/ Cla'-'vus/mCsazs+log>"'7znog)'V_>W

is a local lift of g. Two local lifts of g on a connected open subset V' C g~ Y(W) differ by a
unique element of fi,,, X -+ X fip,,, as (w; 0§ )™ = z;0g %0 on V' for every local lift § by the
surjectivity of g. We write f : Y — R for the collection of local lifts, so that wo f = g.

For an orbifold line bundle M on R, the pullbacks §*(M|;) glue along these unique elements,
which satisfy the cocycle condition, by the equivariant structure of M to a line bundle f*M on
Y. Likewise, a section ¢ of M and a morphism M — Q% pull back to a section f*¢ of f*M and a

morphism f*M — Q. the latter given on V by g (M) — g*QPW — Q. Over X \ D, the local
lifts are the restrictions of g, so f*M = ¢*M, f*s = g*c, and f*M — Q. is g*M — g* Q% — QF..
Step 2. In this step, we descend ratios of sections of a power of L to X.

By Lemma 4.1, there exist a positive integer ¢ and sq,...,s, € HO(Y, L9) with sq # 0 such
that (4.2) is nonzero and generates ¢ as in Lemma 4.1. Let u, := s4/s0 € C(Y) for 0 < a < p,
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so that (4.2) is the form duj A --- A duy,. The functions uy, ..., u, are algebraically independent
over C. Otherwise, let G € C[T1,...,T},] be a nonzero polynomial of minimal degree such that
G(u1,...,up) =0. Then Z?:l g—g(ul, oy Uup)duj =0 in Q(lc(y)/(c with some nonzero coefficient,

by the minimality of degG and since C has characteristic zero, so du; A --- Adu, = 0, a
contradiction. By [Har77, Exercise 11.3.19], there exists a nonempty open subset U; C U such
that i € HY(Y,L™! ® Q) and sy do not vanish identically on F := g~'(z) for every z € U;. Fix
xz € U;. By (2), F is a connected compact complex manifold, hence irreducible, and

(4.3) 0—T%,®O0r = Qylp = Qp >0

is an exact sequence of vector bundles on F. For 0 < k < p, let GF C OV |F be the image of
/\k(T)*(I ® Op) ® AP *(2,|r) under the wedge product via (4.3), and GPT' := 0. These are
subbundles with

GH/G = N T, o NP (0<k <),
which are trivial by (2). Let k be the largest integer such that i| ¢ factors through G*. Then some
coordinate of the nonzero morphism L|p — GF/GFF! = O%N is a nonzero section 1 of L™ .
Since F' is irreducible, compact, and connected, the holomorphic functions n9s,|r are constant

and n9so|p # 0, 80 ug|r = (n%sa|F)/(n%s0|F) is defined and constant on F. By Lemma 4.2, there
exist v, € C(X) with

(4.4) Ug = § Vg (0<a<p).
Since g* : C(X) — C(Y') is injective, v1,...,v, are algebraically independent over C. Let

(4.5) o:=dvi A---ANdv, € Q%():(X)/(C‘

Then g*o = dui A- - -Aduy, # 0 generates £, and p < n = dimgx) Q}C(X)/C [Har77, Theorems 1.4.8A
and I1.8.6A].
Step 3. In this step, we descend the coefficients of i®%(s,) to X.

Let 0, :=i®(s,) € HO(Y, (2))%9) for 0 < a < p. Since g*o generates ¢, there exist h, € C(Y)
with
(4.6) Oy = ha (g70)®1 (0<a<p).
Since i is generically injective and s, = uqs0, we have hg # 0 and h, = ughg. Let U’ C U be a
nonempty open subset on which o is a nowhere vanishing regular section of Q%.. Since g is a
submersion on ¢~!(U’), g*o vanishes nowhere there, so h, is holomorphic on g~ (U’) by (4.6),

hence constant on the compact connected fiber g~1(x) for every x € U’. By Lemma 4.2, there
exist b, € C(X) with

(4'7) he = g*ba (0 <a< p)'
Since g* is injective, by # 0 and b, = v,by by (4.4).
Step 4. In this step, we construct K and sections Ty, ..., T, of K1.
Let 55 Q%)% and Ag := b, 0®? for 0 < a < p. Let 7 := wj;,0, an invariant meromorphic p-
form on W, and £; the space of its meromorphic multiples. By Lemma 3.1(1)—(3), Ky := £+ OQEW

is an invariant invertible subsheaf of Q£ with IC%I7 = (290 (Q%)(@q . These subsheaves are

compatible on overlapping root charts, as 7 is defined by wy, and define an orbifold line bundle
K on R with a nonzero morphism K — QF,. Let

(4.8) T, = wiyAe = (wiybs) 79 (0<a<p),

an invariant meromorphic section of (QEW)@”I compatible on overlapping root charts. By (4.6)

and (4.7), 6, = g*A,, and if T} is holomorphic on every root chart, then T, € H(R,K?). Fix
0<a<nyp.
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For a prime divisor P on X, let ordp A, be the minimum order along P of the coordinates
of A, in a frame of £ at the generic point of P. We claim that ordp A, > 0if P # Dy,..., D,.
Otherwise, let e := —ordp A, > 0 and ¢ a local equation of P at its generic point. Shrinking P°
in (3), we may assume that ¢ and A’ := (A, are regular on an open neighborhood X’ of P° and
A’ vanishes nowhere on P°. By (3) and the implicit function theorem, g has a holomorphic section
t : W, — Y on an analytic open neighborhood W, of some x € P°. Pulling back (0g)®0, = g*/A’,
an equality of holomorphic sections on g~!(X’), by t gives (¢t*6, = A’ on W, N X', whose left
side vanishes at x while A’(z) # 0, a contradiction.

Let e; := max{0, —ordp, A} for 1 <i <rand E:=)._, e;D;. By the claim, A, is a regular
section of £ ® Ox(FE) [Har77, Proposition I11.6.3A], so by (2.2)

s

0= Hw}njej T,

J=1

is a holomorphic section of (Q%/)@q, with coordinates ©; in the coordinate frame. Since the

Taylor series of O at the origin converges on the polydisc W, the order of ©; along (w; = 0) is
constant along (w; = 0). Hence it suffices to show that for 1 <i < s with e; > 0, every © is
divisible by w;"*“* on some open subset W° C W meeting (w; = 0).

Fix such an i and z € W N D7, nonempty as D is dense in D;. Let W' C W\ Uy; Dk
be an adapted coordinate neighborhood of = with coordinates z; and z; — z;(x) for j # ¢, and
@y : W — W the root chart over W', with coordinate w; over z;. Then p := (w;, (z; — zj(x)) o
ww)]7£2 @y (W) — W' satisfies @y 0 p = wyw. Since wj # 0 on wyy (W) for j <s,j#i, p
is the quotient by the free action of HJ< 5, i Pmy s hence a covering map, so it is blholomorphlc
on every connected component of wy; Low! ) as W' is simply connected. Since root charts at x
are locally identified by biholomorphisms commuting with , (4) gives y € g~!() and a local
lift ¢ : V — W' of g which is a submersion at y. Then § := plog V= W, for the inverse of
p on one component, is a local lift of g which is a submersion at y.

Let & := g(y), so that w;(#)™ = zi(z) = 0. By the implicit function theorem, g has a
holomorphic section £ : W° — V on an open neighborhood We C W of . Since ww o g = g,
we have §*T, = §*wjyAa = "Ny = 0, and O = HJ 1 (wj 0 §)™i% 6, on V \ g Y(D), which
is dense in V by the surjectivity of g, hence on 1% by continuity. Pulling back by t gives
=]l w ;n] 70, so every O is divisible by w!"** on W°, which meets (w; = 0) at . Thus

T, is holomorphic on W.

Step 5. In this step, we compare (R, K) with x(Y, f*K) and conclude.

By Step 4, Ty, ..., T, € H'(R,K9), and by (4.8) and (4.7), Ty # 0 and T, /Ty = w*v,. Since
1,v1,...,v, are linearly independent over C, we extend Ty, ..., T, to a basis of HY(R, K?). The
map X --» PNe defined by this basis (Definition 2.4) followed by the projection to the first p + 1
coordinates is ¢ — (1 : v1(z) : --- : vp(x)), whose image is dense in PP because v1,...,v, are
algebraically independent, so k(R,K) > p.

By Step 1 and Theorem 2.9, f* is an algebraic line bundle on Y with an algebraic morphism
K= Q). OnU' c X\ D, K= 0Oxo as o vanishes nowhere there, so f*K — QF. sends the
generator g*o of f*K|,-1(yr) to g*o, which vanishes nowhere by Step 3, so f*K — Qf, is nonzero
and k(Y, f*K) < p by Lemma 4.1.

Let k be a positive integer with H°(R, K*) # 0. Since a nonzero section s of K is nonzero
at some point of X \ D, where f*¢ = g*¢ and g is surjective, f* : HO(R,KF) — HO(Y, (f*K)*)
is injective. Let ¢ : X --» PNV and ¢ : Y --»> PV’ be defined by a basis <, . .., sy of HO(R,KF)
and by a basis of H(Y, (f*K)*) extending f*<p,..., f*sy. Since g is surjective, ¢’ followed
by the projection to the first NV 4+ 1 coordinates is ¢ o g, which has the same image as ¢, so
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(Y, f*K) > k(R,K) and

p < K(R,K) < s(Y, fK) <p.
Since 1 < p < n by Step 2, this contradicts the assumption that R is special. The proposition
follows. O

5. AUXILIARY COVERS AND AFFINE ACTIONS

The goal of this section is to construct the cover w: S — X and the quotient @ = (S x F')/A
used in the proof of Proposition 1.2.

5.1. Quotients by finite groups.

Lemma 5.1. Let W be a normal projective variety and A a finite group acting on W. Then
there exist a normal projective variety W/A and a finite surjective morphism p : W — W/A
satisfying the following.

(1) The fibers of p are the A-orbits, Oy 4 = (p«Ow)?, and every A-invariant morphism
from W to a wvariety factors uniquely through p. For every A-invariant affine open
subset Z C W, p(Z) is an affine open subset of W/A with Oy 4(p(Z)) = Ow(2)4. In
particular, C(W/A) = C(W)A.

(2) Let we W, H C A the stabilizer of w, and N an H-invariant analytic neighborhood of
w with aN' NN =0 for every a € A\ H. Then p(N) is an analytic neighborhood of p(w),
the fibers of p|n are the H-orbits in N, and every H-invariant holomorphic function on
N is of the form ¢ o p|n for a unique holomorphic function ¢ on p(N). In particular, if
H is trivial, then p|n : N — p(N) is a biholomorphism.

Proof. Let Lo be an ample line bundle on W and L := @ .4 a"Lo. Then L is ample, and A
acts on R := Py HO(W, L*) by permuting the factors of L. Let k > 0 be such that L* is very

ample. For every finite subset ¥ C W, there exists a section of L* vanishing at no point of AY,
and the product of its A-translates is an A-invariant section of LFI4! vanishing at no point of
AY.. Hence every A-orbit lies in an A-invariant affine open subset of W. By [SGA1, Exposé V,
Proposition 1.1, Corollaires 1.2 and 1.5, and Proposition 1.8], there exists a finite surjective
morphism p : W — W/A to a scheme such that the fibers of p are the A-orbits, Owya = (p« (’)W)A
every A-invariant morphism from W factors uniquely through p, and p(Z) = Spec Ow (Z )A
is open for every A-invariant affine open subset Z C W. Since Oy (Z) is a normal domain,
so is Ow(Z)4, and Frac(Ow (Z)4) = Frac(Ow(Z))A. Thus W/A is a normal variety with
C(W/A) = C(W)A. The graded C-algebra R is finitely generated with W = Proj R (cf. [Har77,
Exercise I1.5.14]), and R# is finitely generated since R is integral over R4. The affine open
subsets D, (f) for homogeneous f € R* of positive degree are A-invariant and cover W, and
Ow (D4 (f)* = (R(p))* = (R*)(s). Hence W/A = Proj R* is projective. This proves (1).

Let w, H, and N be as in (2). Since p is finite, it is proper, so p is a closed map in the
analytic topology [SGA1, Exposé XII, Proposition 3.2(v)]. Hence p(N) = (W/A) \ p(W \ AN)
is open, and p~' (p(N)) = AN = [ 4/ aN by (1), so the fibers of p|y are the H-orbits in
N. The same holds for every H-invariant open subset N/ C A. By (1), [SGA1, Exposé XII,
Théoreme 4.2] applied to the proper morphism p and the coherent sheaf Oy, and the exactness
of analytification, the holomorphic functions on p(N”) are the A-invariant holomorphic functions
on AN, that is, the H-invariant holomorphic functions on N’. This gives ¢. If H is trivial,
then p|ar is a bijective holomorphic map inducing an isomorphism of the sheaves of holomorphic
functions, hence a biholomorphism. This proves (2). O

)

Lemma 5.2. Let F be a smooth variety, H a finite group acting on F, and f € FH a point.
Then there exist holomorphic coordinates centered at f on an H-invariant analytic neighborhood
of f in which every h € H acts by the linear map dhy : Ty F' — Ty F'. In particular, FH s smooth
near f and Tp(FH) = (TyF)H.
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Proof. Let d := dim F, ¢ : Ny — C? holomorphic coordinates centered at f on an analytic
neighborhood Ny of f, and N := (), hNo. We identify T¢F with C? by d¢; and write
p(h) := dhy, so that p(hh') = p(h)p(h') for h,h' € H. Let

<I>:—|;I|Zp(h)10¢oh:./\/’—>(cd.

The substitution h — hh' gives ®oh’ = p(h') o ® for K’ € H, and d®; = ﬁ Shen P(h)"todgso
dhy = d¢y is invertible. By the inverse function theorem, ® restricts to holomorphic coordinates

centered at f on an H-invariant analytic neighborhood of f, in which b’ acts by p(h') and F is
the linear subspace (C%)H. O

5.2. Affine actions of arbitrary order.

Lemma 5.3. Let m, N > 2 be integers, £ an elliptic curve, and t € £ a point of order m. We
index the coordinates of E™ by k € Z/mZ and define automorphisms 0,9 of the variety E™ by

(5.1) 0(z), = Tp—1, c:=(t,...,.t) €&, Iz) =07 (z) +c
Let
(5.2) Fon:=[[ &  Amn:=(2/mL)",
1<i<j<N
where each & is a copy of E™, and let e1,...,eN be the standard generators of Apn. For

1<i<j<N,lete act on & by 0, e; by J, and ey trivially for k #£14,5. Then the following
hold.
(1) This defines a faithful action of Ay N on the abelian variety F,, v of dimension m(g]) by
automorphisms of varieties, and for all integers u,v,

(5.3) 0“9" (x) = 6" (z) + ve.
2) For each i, the fized locus FS , is a translate of an abelian subvariety isomorphic to %,
m,N
where
N -1
(5.4) d::(N—1)+m< 5 >,

so it is nonempty, smooth, connected, and of codimension (m —1)(N —1). At every point
of Frl . the eigenvalue 1 of the differential of e; has multiplicity d and every other mth

root of unity has multiplicity N — 1. Fori # j, Fi' N F;jN = 0.

(8) Let T :=e1+---+en and I C {1,..., N} with |I| < N-2. Everyh € Hr:=(r,e; |i€1)
can be written uniquely as

(5.5) h=ar+ Zbiei, a,b; € Z/mZ.
i€l

If a # 0, then h has no fized point on Fy, n. Consequently, the stabilizer in Hr of every
point of Fip, N is contained in (e; | i € I), the kernel of the character x; : Hf — C*,
h — exp(2myv/—1a/m).

(4) Let r > 1 and my, ..., m, > 2 be integers. For each a, let &, be an elliptic curve, to € &,
a point of order mq, and Fy,, N the abelian variety (5.2) with the action of Ay, n defined
from Ey and to. Let F =[] _ Fm, .~ with the product action of A := [].,_; Am..N,
and eq1,...,eqN the standard generators of Ap,, n. If a € A has two equal nonzero
coordinates in one factor Ap,, N, then a has no fized point on F'. For every o and j, the

fized locus Fexi = F;C;jN X H/#a Fing,N ts nonempty, smooth, and connected.

Lemma 5.3 generalizes [Ope26a, Lemma A.2] to arbitrary orders.
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Proof. Since 6 is a group automorphism with 6(c) = ¢, induction on v > 0 gives ¥’ (z) =
6% (x) + ve, the identity 9~ (x) = 6(z) — c gives the same for v < 0, and applying 6 yields (5.3).
Thus 09 = 96 and 9™ (z) = = + mc = x, so the assignments in the statement define an action of
Apm n on Fp, n. Suppose that u =), upey acts trivially, and let i < j. By (5.3), u acts on &
by & — 0%“~" (x) + ujc. Evaluating at x = 0 gives u;t = 0, so u; = 0, and then §* = id gives
u; = 0. This proves (1).

The fixed locus of 6 on €™ is the diagonal Ag := {(z,...,z) | x € £}, and the fixed locus of ¥
is {(z,z —t,....,.o = (m—1)t) |z € &} = Ag — (0,2,...,(m — 1)t), as mt = 0. Hence I’ \ is
the product of translates of Ag on the N — 1 factors & with j # ¢ and of the remaining (N 95 1)
factors, a translate of an abelian subvariety isomorphic to EV =1 x (Em)(N; ") = gd. This gives
(5.4) and the codimension m(g]) —d=(m—1)(N —1). We identify the tangent space of £™ at
every point with C'™ by translation. The differential of e; at a point of Fﬁ: N is df or d9~! on the
N — 1 factors 5{}1 and the identity on the other factors, where df is the cyclic permutation of the
coordinates of C™. For A € p,, the vector (A™%) ey /mz 18 an eigenvector of df with eigenvalue
A, and these m vectors form a basis of C"™ by the Vandermonde determinant, which gives the
multiplicities. If i < j and x € Fﬁ;N N F;{N, then e; + e; fixes z, but by (5.3) it acts on &7 by
the translation by ¢ # 0. This proves (2).

Fix j ¢ I. The coordinate of h = at + Zie 7 bie; at j is a, which determines a and then the b;.
If a # 0, then since |I| < N — 2 there exist j < kin {1,..., N} \ I, and the coordinates of h at j
and k are both a. By (5.3), h acts on & by the translation by ac, which has no fixed point as
at # 0. Hence the stabilizers in H; are contained in {a = 0} = (e; | i € I) = ker x7. This proves

(3).

Let a = (aq)a € A have coordinates u # 0 at j < k in A,,, n. By (5.3) for &, and t,, a acts
on the factor 5;.’;“ of F,,, ~ by the translation by wuc, which has no fixed point. The assertion on
Feei follows from (2). This proves (4). O

5.3. Cyclic covers.
Proposition 5.4. Let (X, B) be a projective orbifold pair as in Definition 2.1 with n > 1, and

N :=n+ 1. Then the following hold.
(1) There exist line bundles Hi, ..., H, on X and nonempty smooth divisors
(5.6) Gij € 1M (=Di)|, 1<i<r, 1<j<N,
such that D + G is a reduced simple normal crossing divisor, where G := Z” Gij-
Fiz H; and G;; as in (1), and let sp, and sg,; be sections of Ox(D;) and H;"(—D;) with
divisors D; and G; ;. Let

mi—l
(5.7) Sij = Specx @ H, = X, Yi i = SD;SGy 5

a=0
be the cyclic cover of degree m; branched along D; + G j, with algebra structure induced by
$D;SG;; € HO(X,H™), and y;; the section of the pullback of H; to S;; given by ’Hi_l —
@ZZO_I H;“. Let T be the fiber product over X of the S;;, m:S — X the normalization of T,
and

(5.8) A= ﬁ(Z/miZ)N
=1

with standard generators e; j. Fix a primitive m;ith root of unity ¢; for each i, and let e; ; act on
T over X by yij — Gvij and yy j — yi jo for (7', 5) # (i,7). Forx € X, let

(5.9) K(z):={i|x € D;}, Ji(z) ={j |z € Gi;}, P(z):={(,J) | j € Ji(x)},

and T; 1= Zjvzl €ij € A.
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(2) S is a smooth projective variety, w is finite and surjective, the action of A on T extends
to a faithful action on S, 7 identifies X with the quotient S/A of Lemma 5.1, and the
fibers of ™ are the A-orbits.

(3) Let x € X with K(z) ={1,...,s}, and W an adapted coordinate neighborhood of x with
coordinates zi, ...,z such that G;; N W = (z;; = 0) for (i,j) € P(x), where the z; ;
are distinct coordinates among zsy1,...,%n, and G;; "W =0 for (i,j) ¢ P(x). Then,
possibly shrinking W, 7=1(W) is the disjoint union of

] m @t T e

€K (x) ¢ K (x)

open subsets, the charts of S over W, each biholomorphic over W to the polydisc W with
coordinates u; (i € K(z)), vi; ((i,7) € P(x)), and 2 for the remaining indices I, such
that

(5.10) zom=u" (i € K(z)), zijom=u;7 ((i,7) € P(z)), ziom = z (otherwise).

If ¢ DUG, then m=Y(W) is the disjoint union of |A| charts, each mapped
biholomorphically onto W by w, and A permutes them simply transitively. Moreover, 7 is
étale over X \ (D UG).

(4) Let x € X and I, C A the stabilizer of a point of 7= 1(x). Then I, does not depend on
the point, and

(5.11) I, = @ (Ti) ® EB (€ig)-

€K (x) (4,7)EP(x)

FEvery h € I, can be written uniquely as h = ZieK(x) a;7; + Z(i,j)ep(x) bijei; with
a;,bij € Z/m;Z, and I, preserves every chart of S over W, on which h acts by

. bi i
(5.12) wi = Glug, vig = G g,

and trivially on the remaining coordinates. Moreover, |J;(x)| < N —2 for every i € K(x).

(5) For every i and j, 7*D; = mi(m Y(D;))rea and 7*Gij; = m;S%i, where S¢i =
(ﬂfl(GiJ))red is a smooth divisor each of whose irreducible components dominates an
irreducible component of G; ;. If v € G; j lies on no other irreducible component of D+ G,
then I, = (e; ;). For every irreducible component T' of S¢i with mazimal ideal mp: of
Og 17, we have ordp (7*G; ;) = my, the subgroup of A fizing T' pointwise is (e; j), and
e;,j acts on mT//m%, by multiplication by ;.

Proposition 5.4 generalizes [Ope26a, Lemma A.1] to arbitrary multiplicities and several
boundary components.

Proof. If r =0, then A is trivial, T'= 5 = X, and all assertions hold. Assume that » > 1. Let
v : S — T be the normalization and X° := X \ (DUG).

Step 1. In this step, we prove (1).

Let M be an ample line bundle on X. By [Har77, Theorem I1.5.17 and Exercise 11.7.5(d),(e)],
there exists an integer & > 0 such that M; := M*™i(—D;) is very ample for every i. Let
H; := M*, and choose the G j successively. Suppose that the Gy j already chosen are such that
D' := D+ %" Gy j is a reduced simple normal crossing divisor. Let Z be X or an irreducible
component of an intersection of irreducible components of D’, which is smooth. By Bertini’s
theorem [Sta26, Tag OFDG6], a general member G ; of |M;| meets every such Z in a smooth
subscheme and contains none of them, as there are finitely many Z and the members containing
Z form a proper linear subspace. Then Gj ; is smooth, and nonempty as n > 1. Let z € G; ; and
21,...,2q local equations at x of the irreducible components of D’ through z, which are part of
a system of local coordinates. Let Z be the irreducible component of their intersection through
z and /£ a local equation of G ;. Since G;j N Z is a smooth divisor on Z near z, the differential
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of |7 at x is nonzero, so z1, ..., z,, ¢ are part of a system of local coordinates, and D’ + G, ; is a
reduced simple normal crossing divisor. This proves (1).

Step 2. In this step, we prove that T is integral and that .S is a normal projective variety with
a faithful action of A such that 7 identifies X with S/A.

The fiber product 7" is Specy A, where A := ), ; @T:io_l M, is a locally free Ox-algebra of
rank |A| on which A acts by Ox-algebra automorphisms. Let o; be a nonzero rational section of
Hi, fij = sp;5c,,;/0;" € C(X), and K the field obtained from C(X) by adjoining roots y; ; of
t™ — f; j in an algebraic closure. We claim that [IC : C(X)] = |A|. Order the pairs (¢, j), fix one, let
K’ be the field generated over C(X) by the y; j with (i, j') preceding (i, j), and C' an irreducible
component of G; ;. Replacing fi j» by fi 4™ and y; j» by yy jy for v € C(X)* changes neither
K’ nor I, so we may assume that ordc(f; ;) = 1 and orde(fy j) = 0 for (¢, 5') # (4,7), as C has
multiplicity one in D; + G; ; and zero in Dy + Gy jr. Let w be a valuation of K’ extending ordc.
Since K’ is obtained by successively adjoining roots of polynomials t™ — f with w(f) = 0, which
remain separable over the residue field of w, the valuation w is unramified over ordc. Hence
t™i — f; ; is an Eisenstein polynomial over the valuation ring of w, so [K'(y; ;) : K'] = m;, and
the claim follows by induction.

The generic fiber A ®p, C(X) is generated by the y; j/o; subject to (y;;/0:)™ = fi;, has
dimension |A|, and surjects onto C, hence equals K. Since A is locally free, T' is integral with
C(T) = K. The normalization v is ﬁnite [Sta26, Tag 035S], so S is a normal projective variety
and 7 is finite and surjective, and the action of A on T lifts to S [Har77, Exercise 11.3.8]. Since
A acts faithfully on K = C(S) over C(X), as y;; # 0, and |A| = [K : C(X)], the extension is
Galois with group A, C(S)4 = C(X), and A acts faithfully on S. By Lemma 5.1(1), 7 induces a
morphism 7 : S/A — X. Let Wy C X be an affine open subset. Then 7—1(W)p) is an A-invariant
affine open subset whose coordinate ring R is integral over Ox (W), and 7~ 1(Wy) = p(7—H(Wh))
is affine with coordinate ring R4 ¢ C(X) by Lemma 5.1(1). Since X is normal, R* = Ox (Wp).
Hence 7 is an isomorphism, and the fibers of 7 are the A-orbits.

Step 3. In this step, we prove (3) and that S is smooth.

Let  and W be as in (3). Since D+ G is a simple normal crossing divisor, |K (z)|+|P(z)| < n,
so |Ji(z)| < |P(x)] < N —2 for i € K(x), and we fix jo(i) ¢ J;(x) for every i € K(x). Shrinking
W, we may assume that W is contained in an affine open subset Wy C X on which every H;
is trivial and Gj; N Wy = 0 for (i,7) ¢ P(x). Trivializing the H; on Wy, T'|w, is the spectrum
of OX(WO)[&,]]/(f — fi,j), where f;; € Ox(Wp) is a local equation of D; + G, ; and &J
corresponds to y; j, and ¢ = (c; j) € A acts by & j — ¢7& ;. On W we have f; j = 17” 2,
where 0; = 1 if i € K(z) and 6; = 0 otherwise, 6; ; = 1if (¢,j) € P(xz) and 6; ; =0 other\mse and
7;,j is a nowhere vanishing holomorphic function on W, with a holomorphic m;th root nlé ‘ on
the polydisc W. The rational functions &; ; ;) and &; ;/&; j,) for i € K (), and &; ; for i ¢ K (=),
are integral over Ox (W), as their m;th powers f; ; i), fi.j/fijo@), and fi; are regular on Wy,
so they are regular on the normal variety 7 —!(Wjy). Define holomorphic functions on 7=(W) by

nl/mi ¢

1/my i.jo(i ij )

wE G Gt V= i e (1€ K (@)
i,j 17]0(7’)

Vg = U;-l/miﬁi,j (i ¢ K(z))

for (i,j) € P(x), and define ¢; ; by the formula for Ui for (i,5) ¢ P(x), where j # jo(i) when
i € K(z). Then u" = z;om, v” zjj o, and e” = 1. Thus every ¢; ; is locally constant

with values in ji,,,, and 7=1(W) is the disjoint union of the open and closed subsets S, on which
(€i5)i,; takes a given value e. The number of possible values of € is the number in (3). Let
U, = (uj,vi5,z10m) 1 Se = W. Tt remains to show that each Se is nonempty and each V. is a
biholomorphism, since then (5.10) holds by construction.
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Let <Z>E W > T lw be the holomorphic map over W defined by & ;o) = n;é;’é?)ui,
&= 77” ‘uiv; j or nlé ‘e;,ju; for i € K(x) and j # jo(i) according to Whether (i,7) € P(x) or

not, and by & ; = nlé ‘v;; or nzé ‘e;,j for i ¢ K( ) according to whether (i,j) € P(z) or not,

so that ¢ o ¥ = v|g,. Let W°:= W N X° and We its preimage in w. Every f; ; is a unit on
X°, so T is étale over X°, v is an isomorphism over T'|xo, 7 is étale over X°, and T'|yyo — W?°

by

is a local biholomorphism. Since ¢. commutes with the local biholomorphisms W° — W*° and
T|weo — W°, it is a local biholomorphism on WO, and [, we - T|we is bijective, as a point of
T|wo determines u, v, and e. Hence W, restricts to a biholomorphism S, N7 ~1(W°) — We with
inverse v~ ! o ¢, and S, # 0.

Since v is finite and ¢, o ¥, = v|g,, the le map v, is proper with finite fibers, and surjective
because its image is closed and contains We. Let Q C W be a connected open subset and v a
holomorphic function on W-1(Q). Then 1o ¥ ! is holomorphic on N WO, the complement in €2
of the zero locus of [ [, u; HZ ; Vi and locally bounded near 2\ W° as W, is proper, so it extends
to a holomorphic function ¢ on Q [Dem12, Chapter II, Remark 4.2]. The continuous functions
¢ and v o ¥, agree on U= 1(QN W"), which is dense in U_1(Q) as its complement lies in the
proper closed subvariety 7=1(D U Q) of S, so ¢ = ¥ o U,. Suppose that a point w € W has two
preimages under ¥.. For a small polydisc 2 around 0, the set ¥-1(€2) is the disjoint union of
neighborhoods of the finitely many points of ¥-1(«). The function equal to 1 on one of them
and to 0 on the others is holomorphic but not of the form z/; o ¥, a contradiction. Thus W, is a
homeomorphism, and every holomorphic function on ¥_1(Q) for a polydisc € is the pullback of
a holomorphic function on €2, so ¥, is a biholomorphism. Consequently S is a complex manifold
near 7~ '(z), hence smooth [Har77, Appendix B, Section 1]. If z € X°, then K(z) = P(x) =0
and W = W, so the |A| charts S map biholomorphically onto W. Since the fibers of 7 are the
A-orbits by Step 2 and each chart contains one point of every fiber, A permutes the charts
simply transitively. This proves (3).

Step 4. In this step, we prove (4) and (5).

Let z, W, S, ui, v j, and €; ; be as in Step 3. An element ¢ = (¢; ;) € A acts on 7~ }(W) by
u; — ¢ Ciao(® Ui, vij = CC” ¢ v; 5, and € ; — g‘c” Cido(i >e” for i € K(z), by v;; — Cfi’jvm
and €;; — ("¢ j for i ¢ K(z), and it fixes the z o 7. Each S, contains exactly one point of
7~ 1(z), the point u = v = z = 0. Hence c fixes a point of 7=!(z) if and only if ¢ preserves its S,
if and only if ¢; j = ¢; j ;) for i € K(z) and j ¢ Ji(z) and ¢;; = 0 for i ¢ K(z) and j ¢ Ji(x).
Such ¢ equals ZiGK(I) a; T + Z(i,j)eP(a:) bijeij wWith a; := ¢; jo), bij == cij — a; for i € K(x),
and b; j := ¢; ; for i ¢ K(z), uniquely since a; is the coordinate of ¢ at (4, jo(¢)). Thus I, does
not depend on the point, (5.11) holds, the action of ¢ is (5.12), and |J;(z)| < N — 2 by Step 3.
This proves (4).

By (5.10), 7*D; and 7*G; j are m; times the reduced smooth divisors (u; = 0) and (v; ; = 0) in
every S.. For i € K(z) there are at least two indices j ¢ J;(xz), so by (5.11), e; ; € I, if and only if
(i,7) € P(x), and then e; j acts on S, by v; j — (v;; with fixed locus (v;; = 0) = 771Gy 5) N Se.
Hence S%i = (771(G; ;))rea is a smooth divisor and 7*G;; = m;S%J. The image under the
finite morphism 7 of an irreducible component of 5% is an irreducible closed subset of G; ; of
dimension n — 1, that is, an irreducible component of G ;. If x € G; ; lies on no other irreducible
component of D + G, then K(z) =0 and P(z) = {(4,7)}, so I, = (e;;) by (5.11).

Let T be an irreducible component of S%i and C := «(T”). Since 7*G;; = m;S%7 with
5S¢ reduced, ordp/ (7*Gj ;) = m;. The element e; ; fixes 7" C S¢7 pointwise. Conversely, let
a € A fix T' pointwise. There exists ' € C lying on no other irreducible component of D + G,
and 7|7 : T — C is surjective, being finite and dominant, so a fixes a point of T' N 71 (z)
and a € Iy = (e; ;). Let Wy be an affine open neighborhood of 2’ on which #; is trivial and
Wo N D; = 0. Trivializing H; on Wy, y;; is a regular function on 71 (Wp) with yi i = fom,

1,50 (1)
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where f € Ox(Wp) is the function sp, s, ;, whose divisor is G ; N Wp. Since 7" N T YW (Wo) # 0,
we have y; ; € Ogp and m;ordy (y; ;) = ordp/(m*G; ;) = m;. Thus y; ; generates myv, and
eijYij = Ciyi; gives the action on mzv/m%,. This proves (5). O

5.4. The quotient.

Proposition 5.5. Let (X,B), N, Hi, Gij, G, sp,, sc,,, Yij, S, @, A, and e;; be as in
Proposition 5.4. Let F' be an abelian variety with an action of A by automorphisms of varieties
such that every a € A which has two equal nonzero coordinates in one of the factors (Z/m;Z)N
of A has no fixed point on F. Let A act diagonally on S x F, let

(5.13) Q:=(SxF)/A, h:Q— X, V:=X\G, U:=X\(DuUQq),

where Q andp : S X F — Q are as in Lemma 5.1 and h is induced by moprg. Then the following
hold.

(1) Q is a normal projective variety and h is surjective.

(2) Let q € Q, x := h(q), and, for i € K(x), z; a holomorphic function on an analytic
neighborhood of x generating the ideal of D; in the ring O%', of germs of holomorphic
functions at x. Then there exist a connected analytic ﬁez’ghborhood Qq of q and
holomorphic functions r; on Qq for i € K(x) such that

(5.14) h*zi=r"" on Qq (1 € K(z)).

(3) h=Y(V) is smooth, and for every q € h=Y(V) some local lift of h to the root chart at h(q)
18 a submersion at q.

(4) hlp-ry : K1 (U) = U is a holomorphically locally trivial fiber bundle with fiber F .

(5) Let Y be a smooth projective variety, p: Y — @Q a projective birational morphism which
is an isomorphism over h=Y(V'), and g :== h o p. Then for every y € g~1(V) some local
lift of g to the root chart at g(y) is a submersion aty, and gl,—1(yy : g U)—=Uisa
holomorphically locally trivial fiber bundle with fiber F. Let E be a prime divisor on'Y,
y € E a point at which E is smooth, x = g(y), z; for i € K(x) as in (2), and Q4 and r;
given by (2) for q :== p(y). Then

(5.15) ordg(g*z;) = m;ordg(p*r;) (1 € K(x)),

where ordg(v) denotes, for a holomorphic function v near y and a generator t of the
ideal of E in O?}fy, the largest integer k with ¢ € tk(’)il,?y. Hence g*D; = m;C; for an
effective divisor C; on'Y for every i. Moreover, such 'Y and p ezist.
(6) Let &1,...,E be elliptic curves, t; € & a point of order m;, and
T T
(5.16) Fe=]Fun=]] ] &™
i=1 i=11<j<k<N

with the action of A = [[i_y Am;.n of Lemma 5.3(4), where Fy,, n is defined by (5.2)
with € = & and t = t;. Then F satisfies the hypothesis above, dim F =7 m; (];), and
Feii 4s nonempty, smooth, and connected for every i and j.

Propositions 5.5 and 6.3 replace the blowup construction of [Ope26a, Proposition A.3].

Proof. If r = 0, then A is trivial, Q = X x F, h is the projection, and all assertions hold,
with F' a point in (6). Assume that » > 1. We use the notation K(z), Ji(z), P(z), and I, of

Proposition 5.4 and identify every chart of S over W with 1% by Proposition 5.4(3).

Step 1. In this step, we prove (1) and (2).

By Lemma 5.1(1), @ is a normal projective variety, and h is surjective as 7 is. Let ¢, =, and
2; be as in (2), (s0, fo) € p~1(q), and H C A its stabilizer, so that H C I, by Proposition 5.4(4).
Let k = ZieK(x) a;7; + Z(i,j)eP(m) b; jei; € H be as in (5.11). Suppose that a; # 0 for some
i € K(x). Since |J;(z)] < N — 2, there exist j # j' not in J;(z), and the coordinates of k at
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(7,7) and (7, ;') are both a;. By the hypothesis on F, k has no fixed point on F', contradicting
kfo = fo. Hence a; = 0 for every i € K(z) and k € H.

Fix i € K(x) and j ¢ J;(x). Let Wy; be an affine open neighborhood of « on which H; is
trivial and Wo; N G, ; = 0. Trivializing H; on Wo, yi; is a regular function on 7Y (Wo,;) with
y:';l = fiom, where f; € Ox(Wo;) is the function sp,sg, ;, whose divisor is D; N Wy ;. Thus f;
generates the ideal of D; in Ox 4, so df;(x) # 0 as D; is smooth, and f; generates the ideal of
D; in OF,, as D; and (f; = 0) are smooth hypersurfaces through = with D; C (f; = 0). Every
k € H has coordinate a; = 0 at (4, j), as (4,7) ¢ P(z), so ¢; 1= y; joprg is an H-invariant regular
function on 7= (Wo,) x F.

Let Wy C ﬂz‘eK(:c) Wo,; be an adapted coordinate neighborhood of x, shrunk so that z; = w; f;
on W for every i € K(x), where w; is a nowhere vanishing holomorphic function on Wy, with a

holomorphic m;th root wil/mi on the polydisc Wj. Since the points a(sg, fo) for a € A/H are
distinct, there exists an analytic neighborhood Ny of (sg, fo) in 7= (W) x F with aNg NNy = ()
for every a € A\ H. The connected component N of (. kNp containing (so, fo) is a connected
H-invariant analytic neighborhood of (sg, fo) with aN NN = @ for every a € A\ H. By
Lemma 5.1(2), @, := p(N) is a connected analytic neighborhood of ¢ contained in h~1(W;), and

Yiln = ¢i o p|n for a holomorphic function ¢; on Q4. Let r; := (wil/mi o h)¢;. Then

m; my

riop=(wjomoprg)y," = (wifi)omoprg=zohop onN,
and (5.14) follows as p|nr : N — @ is surjective. This proves (2).

Step 2. In this step, we prove (3) and (4).

Let 2 € V. Then P(x) = (), so every nonzero element of I, has some a; # 0 by (5.11) and no
fixed point on F' by Step 1, and the stabilizer of every point of S x F' over x is trivial. Reordering
the indices, let K(x) = {1,...,s}, let W be an adapted coordinate neighborhood of x with
W NG = 0 to which Proposition 5.4(3) applies, and wyy : W — W the root chart (2.1) over W.
Since P(z) = 0, the polydisc W has coordinates ULy e vy Ugy 2541y -+ 2, SO W= W, and by (5.10)
the identification of every chart S’ of S over W with W identifies 7| with wy. Let ¢ € h™(z),
(50, fo) € p~Y(q), S’ the chart containing sq, and A/ a connected analytic neighborhood of (sq, fo)
in 8" x F with aN NN =0 for every a € A\ {1}. By Lemma 5.1(2), Q4 := p(N) is a connected
analytic neighborhood of ¢ and p|y : N — Qg is a biholomorphism, so @ is smooth at ¢ [Har77,
Appendix B, Section 1]. The map h := prg o (p|x) ' : Q, — S’ = W satisfies wyy o h = hlq,, so
it is a local lift of A to the root chart at x, and it is a submersion at g as prg is. This proves (3).

Let x € U, W as above, and S; a chart of S over W. By Proposition 5.4(3), 7|g, : S1 = W
is biholomorphic and 7~!'(W) = [[,c4 aS1. The open subset N := S} x F of S x F satisfies
aN NN =0 for a # 1 and AN = p~t(h~1(W)), and its points have trivial stabilizers. By
Lemma 5.1(2), p|x : S1 x F — h™}(W) is a biholomorphism with h o p|;s = m o prg,, so h ™' (W)
is biholomorphic to W x F over W. This proves (4).

Step 3. In this step, we prove (5) and (6).

Let y € g~ 1(V), and let h be a local lift of & to the root chart at g(y) which is a submersion
at p(y), given by (3). Since p is an isomorphism over h~'(V), the map h o p is a local lift of g
which is a submersion at y, and p identifies g1 (U) with h=1(U) over U, so the bundle assertion
follows from (4). Let E, y, x, z;, ¢, Qq, 7i, and t be as in (5). Since OF /(t) is the ring of
germs of holomorphic functions on E at y, a domain, ordg is additive on products. By (5.14),
g*z = (p*ri)™ on p~1(Q,), which gives (5.15). If g(E) ¢ D;, then E is not a component of
g*D;. If g(E) C D;, then for y € E at which FE is smooth and z := g(y) € D, the divisor g*D; is
the divisor of g*z; near y, so the coefficient of E in ¢*D; is ordg(g*z;) € m;Z by (5.15). Hence
C; = m%_g*Di is an effective divisor. Finally, h~1(V) lies in the smooth locus of Q by (3), so
Theorem 2.10 provides Y and p. This proves (5).
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Since &; is a one-dimensional complex torus, it has points of order m;. By Lemma 5.3(4),
every a € A with two equal nonzero coordinates in one factor A,,, y has no fixed point on F', and
F¢.i is nonempty, smooth, and connected, and by Lemma 5.3(1), dim F = Y;_; m; (g] ) This
proves (6). O

6. DIVISORIAL VALUATIONS
In this section, we prove Proposition 6.3.

Definition 6.1. Let W be a variety of dimension d. For an integral closed subvariety V' C W,
let v be its generic point and Ow,y := Ow,,,. A divisorial valuation of C(W) is a discrete
valuation v of C(W) which is trivial on C, has value group Z, and whose residue field k(v)
satisfies trdegc k(v) =d — 1. Let O, C C(W) be its valuation ring, m, its maximal ideal, and
k(c) the residue field of a point ¢ of a scheme. If W is proper, the center of v on W is the unique
point ey (v) € W such that O, dominates Oy, (») [Har77, Exercise 11.4.5].

If W is normal and E is a prime divisor on W, then ordg has residue field C(E), so ordg is a
divisorial valuation of C(W), with center ng if W is proper.

Lemma 6.2. Let W be a normal projective variety of dimension d, O C W a nonempty open
subset, and vy, ..., vy distinct divisorial valuations of C(W') whose centers on W lie in W \ O.

(1) There exist a normal projective variety W' and a projective birational morphism p: W' —
W which is an isomorphism over O, such that for each i there exists a prime divisor E;
on W' with v; = ordg,.

(2) If O is smooth, then W' in (1) can be chosen to be smooth.

Proof. We first prove (1) for s = 1. Let v := v; and ¢ := ¢y (v). If ¢ = ng for a prime divisor
E, then O, = Ow g [Har77, Theorem 1.6.1A], so v = ordg and W' := W works. Assume that
dim{c} < d — 2. Choose fi1,..., fa—1 € O, with residues in k(v) algebraically independent over
C, an affine open neighborhood Wy = Spec Ry of ¢, and a1, ...,a4-1,b € Ry with f; = a;/b, so
Ry C Ow, C O, and v(a;) = v(b). Let Iy := (b,a1,...,aq—1) C Ro, j : Wy — W the inclusion,
I := ker(Ow — j+(Ow,/10)), a coherent ideal sheaf with I|y, = Iy [Sta26, Tag 01R8], and J the
ideal sheaf of the reduced closed subscheme W\O. Asc € W\O # W, v(J) := min{v(z) | z € J.}
is finite and positive. Choose N with Nv(J) > v(b) and let

(6.1) I'=1+JV.

Then I’|O—Oo, and v(z) > v(b) for z € I..

Let b: W — W be the blowup of I'. As I' > JN £ 0, Wis a projective variety and b
is projective and birational [Har77, Proposition I1.7.16], and an isomorphism over O [Sta26,
Tag 020S]. The subring R C C(W) generated by Ro and the x/b with z € I'(W)) is the affine
blowup algebra Ro[I'(Wy)/b], so Spec R is an open subset of W [Sta26, Tag 0804]. As RC O,
the point ¢ € SpecR corresponding to m, N R is the center of v on W. The fi € R have
algebraically independent residues in k(¢) C k(v), so dim {¢} = trdegc k(¢) > d — 1 [HarT77,
Exercise 11.3.20(b)], and ¢ is not the generic point as @, # C(W). Thus E := {¢} is a prime
divisor. Let v : W/ — W be the normalization, so v is finite and birational, W' is a normal
projective variety [Sta26, Tags 0BXR and 0GK4], and v is an isomorphism over b=1(0) 22 O as O
is normal. For ¢’ := ¢y (v), the inclusion OW,V(C/) C Owr e gives v(d) = ¢, so v maps E' := {c'}
finitely onto E and E’ is a prime divisor [Har77, Exercise I1.3.20(b)]. As O, dominates Ow .,
v = ordg [Har77, Theorem 1.6.1A]. This proves (1) for s = 1 with p :=bov.

In general, we argue by induction on s > 1. Let ps_1: Ws_1 — W and Ey, ..., E;_1 be given
by induction, ¢ := ey, (vs), and Og := Ws_1 \ {cs}. As ps_1(cs) = ew(vs) ¢ O, p;1,(0) C Os.
If ng, ¢ O, then E; C {cs} # Wi 1,50 s = ng; and vy = ordg, = v; [Har77, Theorem 1.6.1A], a
contradiction. The case s = 1 for W,_1, O, vs gives a projective birational morphism Wy — W,_
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from a normal projective variety, an isomorphism over Og, and a prime divisor Es; on W, with
vs = ordg,. As Os D p;ll (O) contains every ng,, the strict transforms E! of E; on Wy satisfy
v; = ordpy. This proves (1) with W' := Wi.

For (2), let O be smooth. By Theorem 2.10, there exists a projective birational morphism
o: W" — W' from a smooth projective variety which is an isomorphism over the smooth locus of
W’. This locus contains p~1(0) 2 O and every ng,, as W’ is normal [Har77, Section I1.6]. Hence
p oo is an isomorphism over O, and v; = ordgy for the strict transform E! of E; on W". O

Proposition 6.3. Let X and S be smooth projective varieties, A a finite group acting faithfully
on S, and 7 : S — X an A-invariant finite surjective morphism which induces an isomorphism
S/A = X. Let F be a smooth projective variety with an action of A, let A act diagonally on
Vo: =8 x F, and let

(6.2) Q=4 p:VN—=0Q, ¢g:Q—X

be the quotient, the quotient morphism, and the morphism induced by mwoprg. Let Pi,..., B
be distinct prime divisors on X. For each A, let Ty be a prime divisor on S with w(Ty) = Py,
my = ordp, (7*Py), Hy := {a € A | a|r, = idp, }, mp, the mazimal ideal of Ogr,, and zx a
uniformizer of Ox p,. Assume that my > 2, that Hy is cyclic of order my and acts faithfully on
the one-dimensional C(Ty)-vector space mr, /m%, and that FH £ 0. Let Zy be an irreducible

component of FHx, Qreg the smooth locus of @, and

(6.3) O = Qreg \ ggl( Lbj PA).
A=1

Then the following hold.

(1) For each A, there exists a divisorial valuation vy of C(Q) whose center on Q is the generic
point of p(Tx x Zy), such that

(6.4) va(g527) =1
and vx|c(x) = ordp,.

(2) There exist a smooth projective variety Y and a projective birational morphism p: Y — Q
which is an isomorphism over O satisfying the following. Let g := gg o p. Then for each
A, there exist a prime divisor Ex on'Y with vy = ordg, and g(E)) = Py, and nonempty
open subsets ES C Ey and Py C P\ with g(ES) D Py, such that g is smooth at every
point of E.

(8) Let Dq,...,D, be smooth prime divisors on X, none of which equals any Py, and
ly,....0. > 2 integers. An analytic local equation of D, at x € Dy is a holomorphic
function near x which generates the ideal of D, in the ring N of germs of holomorphic
functions at x. Assume that for every o and every x € Dy, there exists an analytic local
equation zq of Dy at x such that for every yg € go_l(x), the function gjza is the Loth
power of a holomorphic function near yg. Then for every «, every x € Dy, every analytic
local equation 2., of Dy at x, and every y € g~ (x), the function g*z., is the Ly th power of
a holomorphic function near y. In particular, ordg(g*Dy) € LoZ for every a and every
prime divisor E on'Y.

(4) Let Uy C X be an open subset such that 7 is étale over Uy and Uy N Py = () for every .
Then 9]971((]0) : g1 (Up) — Uy is a holomorphically locally trivial fiber bundle with fiber
F, and g is smooth at every point of g~1(Up).

Proposition 6.3 replaces the blowup of the fixed loci in [Ope26a, Proposition A.3].

Proof. By Lemma 5.1(1), Q is a normal projective variety, p is finite, C(Q) = L4 where
L :=C(W), and gg exists. We fix A\, write P, T, m, H, Z, z for Py, T\, my, Hx, Zy, zx, and let
d:=dimQ, C:=T x Z, and R := Oy, ¢. Steps 1-3 construct v := v, by restricting to C(Q) a
monomial valuation of L with center n¢, and Steps 4 and 5 prove (2)—(4).
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Step 1. In this step, we construct a regular system of parameters u,aq,...,a, of R consisting
of H-eigenvectors.

Let 1 generate H. As H fixes T pointwise, it acts on Ogr and trivially on C(T'), so 1 acts on
my/mZ by some ¢ € C(T') with ("™ = 1, which lies in p1,, and is primitive by faithfulness. For a
uniformizer ¢ of Og 7, u = L E;,”:_Ol ¢Ini(t) =t (mod m?) is a uniformizer with n(u) = Cu. As
ordp(m*z) = m and 7*z is H-invariant,

(6.5) 'z =u"e

for some H-invariant unit € of Og 7.

By Lemma 5.2, Z is smooth and T;Z = (TyF)* for closed points f € Z. Let a := codimp Z,
my the maximal ideal of Of 7z, and N Vv the conormal sheaf of Z in F', on which H acts Oz-linearly.
By averaging, (NV)H is a direct summand of NV with fiber (NV @ k(f))H = (TyF/T¢Z)7)V =0
at f, so (NV)H =0 and 1 is not an eigenvalue of 7 on NV ® C(Z) = mz/m%. Choose a basis
of this space of eigenvectors of n with eigenvalues ¢**,..., (", 1 < w; < m — 1, lift them to
T1,...,%q € My, and let aj == L Z?:ol ¢~vi'ni(z;). Then n(a;) = (“iaj and a; = z; (mod m%),
SO aq,...,aq generate myz by Nakayama’s lemma. As Vo =S x F and C =T x Z, the ring R is
regular of dimension a + 1 with residue field ky := C(C) and mp = (u,aq,...,a,), and H acts
on R and trivially on ko.

Step 2. In this step, we construct a divisorial valuation v of L with center n¢, v(u) = 1, and
v(aj) =ij. ~

Let R be the completion of R and m its maximal ideal, so L = Frac(R) C Frac(R). By [Sta26,
Tag 0CO0S] and its proof, R contains a subfield &’ mapping isomorphically onto kg, and the
continuous k’-algebra homomorphism

(6.6) K[To,Th, ..., Ta)] = R,  To—u, Tj—aj,
is an isomorphism, as u, ay, ..., a, map to a basis of m/m2. We identify the two sides of (6.6),
and for integers by, ..., b, > 0 call
a
(6.7) bo + Z w;b;
j=1
the weight of the monomial u? alil ---aba. As the weights 1,wy, ..., w, are positive, only finitely

many monomials have a given weight. For 0 # f € }AE, let v(f) be the least weight of a monomial of
fand in(f) € k'[u,a1,...,aq) the sum of the terms of f of weight v(f). Then in(fg) = in(f) in(g),
so v(fg) = v(f) +v(g), and v(f + ¢g) > min{v(f),v(g)}. Hence v extends to a valuation of
Frac(ﬁ), and we also write v for its restriction to L. As units of R have value 0, elements of
m have positive value, and v(u) = 1, the valuation v is trivial on C with value group Z, O,
dominates R, and the center of v on Vj is n¢.

Via residues, we regard kg = k' as a subfield of k(v) and let ¢; € k(v) be the residue of
a;j/u"s € L. We claim that

(68) k‘(’U) = k‘o(tl, e ,ta)

with ¢1,...,t, algebraically independent over ky. Every element of k(v) is the residue of some

f/g with f,g € R and v(f) = v(g) =: e, hence of in(f)/in(g), as v(f/g — in(f)/in(g)) > 0.
Each monomial of weight e equals u®[];(a;/ u®i)%, so in(f)/in(g) is a quotient of polynomials

in the a;/u"i over k’ with denominator of value 0. Thus k(v) = ko(t1,...,t,). For a nonzero
polynomial ¢ in a variables over kg and N > 0, u™N (a1 /u™l, ..., as/u™*) is a nonzero polynomial
in u,aq,...,a, whose monomials all have weight N, so v(¢(aj/u™,...,aq/u"*)) = 0 and

Y(ti,. .., ta) #0. As ko and the t; are residues of elements of L, the residue field of v|, is also
(6.8), and
trdege k(v) = trdegc ko +a =dimC +a=d — 1.
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Step 3. In this step, we restrict v to C(Q) and prove (1).

For e > 0, let I, C R be the ideal generated by the monomials of weight at least e, so
v(f) = max{e | f € I.} for 0 # f € R. The action of H on R extends to R, and n multiplies
each monomial by ( raised to its weight (6.7), so n(Il.) = I.. As ml, C I.11 and H acts trivially
on ko, n acts on I./I.41, which is spanned over ky by the monomials of weight e, by (¢. Hence
m | v(f) for 0 # f € RH | as the class of fin Iypy/Iy(f)+1 is nonzero and H-invariant. For
0# f e LY write f = 2/y with z,y € R. Replacing y by H;”;OI 7 (y) and = by fy, we may
assume that z,y € R¥, so v(f) = v(z) — v(y) € mZ. Thus vy := L v|ps is a valuation of L7
with values in Z, and vy (7*z) = L(m+wv(e)) = 1 by (6.5). As C(Q) = L* C L¥, we may define
(69) V= UH‘C(Q)-

As p*g5z = prm*z, (6.4) holds, and v has value group Z.

For a finite extension L'/K and a valuation v of L', [k(v') : k(v'|g)] < [L' : K]: a nontrivial
relation over K among 1, ...,z € Oy with residues linearly independent over k(v'| ), divided
by a coefficient of minimal value, reduces to a nontrivial relation among the residues. As L is
finite over L4 and k(vy) = k(v|pu), k(v) is finite over k(v). Hence trdege k(v) = d — 1, and v is
a divisorial valuation of C(Q).

As p(ne) is the generic point of p(C), the ring R dominates OQp(ne), and so does O, =
0,NC(Q) by (6.9). Thus the center of v on Q is p(nc). Finally, 7(nr) = np, so Ox.p C Osr C R
and units of Ox p are units of R. As every element of C(X)* is e with j € Z and € a unit of
Ox.p, and v(z) = 1, we obtain

(6.10) V‘(C(X) = OI‘dp .
This proves (1). As the Py are distinct, so are vy,...,v, by (6.10).

Step 4. In this step, we construct Y, p, and Ei,..., Ey by Lemma 6.2 and prove (2).

The open subset O is smooth, and nonempty as go is dominant. By (1), the center of vy on @
lies in g, 1(P)\) C @\ O. Lemma 6.2 gives a smooth projective variety Y, a projective birational
morphism p : Y — @ which is an isomorphism over O, and prime divisors Fy,..., Ey on Y with
vy =ordg,. Let g := goop, fix A, and write P, E, z, v for Py, E), zx, vx. As ng is the center of
vonY, O,NC(X) = Ox p dominates Ox y(,,) C Oy,g by (6.10), so g(ng) = np and g(E) = P.

Let P’ C P be the open subset of points x at which P is smooth and 2z generates the ideal
of P in Ox 4, X1 C X the open subset on which z is regular, so that np € P’ C X, and Egy
the smooth locus of E. As g(ng) = np, g|g.,, : Esm — P is dominant, so Eg, Ng~Y(P") — P"
is smooth for some nonempty open subset P” C P’ [Har77, Corollary I11.10.7], with surjective
differential T)  — T,y P at closed points y [Har77, Proposition 111.10.4]. On g Y(X1) 3 nE, the
regular function g*z has divisor £ + R’ with R’ > 0 and E ¢ Supp R/, as ordg(g*z) = v(z) = 1.
Let

E°:= (BanNg '(P")) \ Supp R,

a nonempty open subset of E containing ng.

Let y € E° be a closed point and x := g(y). As Y is smooth, E has a local equation t € Oy,
[Har77, Proposition I1.6.11 and Remark I1.6.11.1A], and dt, # 0 as E is smooth at y. The
rational function a := g*z/t has order 0 along every prime divisor through y, so a and a~! are
regular at y [Har77, Proposition I1.6.3A]. Thus

(6.11) gz =ta

near y with a(y) # 0, so d(g*z), = a(y)dt, # 0 as t(y) = 0. Since z|pr = 0, dz, vanishes on T, P,
while dz, o dg, = d(g*z), # 0. Hence the image of dg, contains the hyperplane T, P = dg,(T,FE)
and a vector outside it, so g is smooth at y. Finally, g(E°) is constructible [Har77, Exercise 11.3.19]
and contains 7p, so it contains a nonempty open subset P° of P [Har77, Exercise 11.3.18(b)].
This proves (2).



CAMPANA’S ABELIANITY CONJECTURE FOR PROJECTIVE ORBIFOLDS 25

Step 5. In this step, we descend the factorizations gjzq = gbéa and the bundle structure over Uy
to Y, which proves (3) and (4).

For (3), let o, € Dy, 24 be as in (3), 2, an analytic local equation of D, at z, and y € g~ !(x).
Then 2/, = ez, for a holomorphic function € near x with e(z) # 0, which has a holomorphic
l,th root €1 on a polydisc around z where it has no zero. By assumption, g5z, = gbga for a
holomorphic function ¢y near p(y). Hence g*2/, = ¢’ near y with ¢ := (€1 0 g)(¢o © p), which
proves the first assertion of (3).

For the second assertion, let E be a prime divisor on Y. If g(E) ¢ D,, then ordg(g*D,) = 0.
Otherwise, let y € E be a closed point at which E is smooth, z := ¢g(y), and z € Ox , a local
equation of D, [Har77, Proposition I1.6.11 and Remark I1.6.11.1A]. As D, is smooth at x, z is
not in the square of the maximal ideal of Ox z, so dz, # 0 and z is an analytic local equation of
D, at z. By the first assertion, ¢*z = ¢’ for a holomorphic function ¢ near y. Let t € Oy, be
a local equation of E, which is prime in the ring OF7 of germs of holomorphic functions at y, a
unique factorization domain [Dem12; Chapter II, Theorem (2.10)], as E is smooth at y. Write
¢ =trF¢ witht ¢ € O, so g*z = tlakglte with ¢ § ¢'%>. As 0§, is faithfully flat over Oy,
the largest power of ¢ dividing ¢g*z is the same in both rings, so ordg(¢9*Dy) = ordg(g*z) = £ k.

For (4), let z € Uy be a closed point. As A acts faithfully on S and C(S)4 = C(X) by
Lemma 5.1(1), [C(S) : C(X)] = |A|. As 7 is finite, flat, and unramified over U, [Har77,
Exercise I11.10.3], 7~ !(x) is reduced of length |A| and an A-orbit by Lemma 5.1(1), so 7~ !(x) =
Asy for any s1 € 77 1(z), with asy # s1 for 1 # a € A. As 7 is étale at s; and dim S = dim X, dr,
is bijective [Har77, Proposition I11.10.4], and as S is compact, there are analytic neighborhoods
W1 of 81 and W C Uy of z with 7|y, : Wi — W biholomorphic and 7= (W) = [HocaaWi. Let
M :=W;xF. ThenaMNM =0forl+#ac A, and AM :pfl(go_l(W)) as goop = moprg. By
Lemma 5.1(2), p(M) = gy * (W) is open in Q and p|ps : M — g5 '(W) is a biholomorphism with
9o © |y = T o pryy,, SO go_l(W) > W x F over W. In particular, go_l(UO) is smooth and disjoint
from g5 ' (U, Py), 50 p is an isomorphism over g, *(Up) C O. Thus g g-1(Uy) 18 a holomorphically
locally trivial fiber bundle with fiber F, and g is smooth on ¢~ 1(Up) as W x F — W is a
submersion. This finishes the proof. U

7. PROOF OF PROPOSITION 1.2

Proof of Proposition 1.2. If r =0, then Y := X, g :=idx, U := X, and a point F satisfy (1)—(4)
and (1.2). Assume that » > 1. Let N:=n+1, and let G;;, G, S, 7: 5 — X, A, e;;, and (; be
as in Proposition 5.4.

Step 1. In this step, we construct F', Y, and g by Propositions 5.5 and 6.3.

Let &1,...,& be elliptic curves, t; € & a point of order m;, and F' the abelian variety (5.16)
with the action of A of Lemma 5.3(4). By Proposition 5.5(6), F' satisfies the hypothesis of
Proposition 5.5, dim F = "7 ml-(];[), and F%J = () for every i and j. Let Q, p: S x F — Q,
h:Q — X,V,and U be as in (5.13).

By Proposition 5.4(1), D+ G is a reduced simple normal crossing divisor. Hence the irreducible
components P, ..., P, of G are distinct prime divisors on X, none of them equals any D;, and
each Py is an irreducible component of a unique Gj ;. Fix A and this (4, j). By Proposition 5.4(5),
S€ii = (Wﬁl(Givj))red is a smooth divisor on S whose irreducible components dominate irreducible
components of G; j. Since 7 is finite, it is closed [Har77, Exercise I1.3.5(b)], so each such component
maps onto an irreducible component of G ;, and these images cover G;; = m(S%7) as 7 is
surjective. Hence Py = w(T)) for some irreducible component T) of S¢-, which is a prime divisor
on S. Let my := ordp, (7*Py), Hy := {a € A | a|r, =idr, }, and mp, the maximal ideal of Og r,.
Since G} ; is reduced and P lies in no other irreducible component of G; j, my = ordr, (7*Gj ;).
By Proposition 5.4(5), my = m; > 2, Hy = (e; j) is cyclic of order m;, and e; ; acts on mp, /m%A
by the primitive m;th root of unity ¢;, so Hy acts faithfully on mp, / m%. Let Z) be an irreducible
component of FIx = Feij £ (),
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By Proposition 5.4(2), the hypotheses of Proposition 6.3 hold for X, S, A, 7, F', P1,..., P,
T\, my, Hy, and Z,, with Vj = S x F and gp = h in (6.2), and the open subset (6.3) is
O = Qreg \ ™ 1(G). By Proposition 6.3(2), there exist a smooth projective variety Y, a projective
birational morphism p : Y — @ which is an isomorphism over O, and for each A a prime divisor
Ey on Y and nonempty open subsets E§ C E) and Py C P, such that g := h o p is smooth at
every point of ES and g(ES) D Py. Since p is proper [Har77, Theorem I1.4.9] and birational, it
is surjective, so g is surjective by Proposition 5.5(1). Since h=1(V) = Q \ h~!(G) is smooth by
Proposition 5.5(3), h=1(V) C O, and p is an isomorphism over h=1(V).

Step 2. In this step, we prove (1)—(4) and (1.2).

By Step 1, Proposition 5.5(5) applies to Y, p, and g = h o p. Hence g*D; = m;C; for an
effective divisor C; on Y for every i, which is (1), and g[g-1(¢y : g1 (U) — U is a holomorphically
locally trivial fiber bundle with fiber the abelian variety F. As D UG # X, the open subset
U C X \ D is nonempty. This proves (2), and (1.2) holds as N =n + 1.

Let P be a prime divisor on X with P # D; for every i. If P = Py for some A, let P° := Py.
By Step 1, every x € P° equals g(y) for some y € EY, and g is smooth at y. Otherwise, P is not
an irreducible component of D+ G, so P ¢ D UG, and P° := PNU is a nonempty open subset
of P. By Proposition 5.4(3), 7 is étale over U, and U N Py = () for every A, so g is smooth at
every point of g~(U) by Proposition 6.3(4). Since g is surjective, g~1(x) # 0 for every x € P°.
This proves (3).

Fix i, and let D} := D; \ (Uy; Dr U G). Since D; lies in no other irreducible component of
D + G, Dy is a nonempty open subset of Di\Uk?éi Dy. Let x € D¢ and y € g~ !(x). Since x € V,
some local lift of g to the root chart at x is a submersion at y by Proposition 5.5(5). This proves
(4), and the proposition follows. O

8. FUNDAMENTAL GROUPS
In this section, we prove Proposition 8.3 and Theorem 1.1.

Definition 8.1. Let M be a smooth quasi-projective variety, 3 a reduced effective divisor on
M, ¥ an irreducible component of ¥, and y € M \ X. Let A C M be a closed holomorphic disc
meeting Y transversally in a single smooth point of ¥ on ¥/, QA its positively oriented boundary
circle, and 8 a path in M \ ¥ from y to a point of A. The loop - JA - B~ is a positively
oriented meridian about ¥’ at y. For M = X and ¥ = D as in Definition 2.1, this is the notion
of Definition 2.2.

Lemma 8.2. Let M be a smooth quasi-projective variety.

(1) Let Z C M be a closed subset in the Zariski topology andy € M\ Z. Then M \ Z is path
connected and 7 (M \ Z,y) — w1 (M, y) is surjective.

(2) Let ¥ be a reduced effective divisor on M with irreducible components ¥q,...,5, y €
M\ X, and pj a positively oriented meridian about ¥; at y for each j. Then the kernel
of (M \ X,y) = m1(M,y) is the normal subgroup generated by 1, ..., fg.

(8) In the situation of (2), any two positively oriented meridians about ¥; at y are conjugate
inm(M\X,y).

Proof. The variety M is a connected complex manifold [Har77, Appendix B, Section 1]. Stratify
Z into finitely many locally closed smooth subvarieties of real codimension at least 2. By
transversality, every path in M with endpoints in M \ Z is homotopic relative to its endpoints
to a path transverse to all strata, hence disjoint from Z. This proves (1).

For (3), let A be as in Definition 8.1 for ¥’ = ¥, and W a coordinate polydisc about AN X
with ¥ N W = (z; = 0). Shrinking A, we may assume A C W. Since z; has a single simple zero
on A and 7 (W \ ) =2 Z via the winding number of z;, OA is freely homotopic in W \ X to the
boundary circle of {(21,0,...,0) | |z1] < €} for 0 < e < 1. The smooth points of ¥ on ¥; form a
nonempty open subset of the smooth locus of ¥;, path connected by (1). Covering a path in it
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between the centers of two such discs by finitely many polydiscs W, their boundary circles are
freely homotopic in M \ ¥. This proves (3).

For (2), let N be the normal subgroup generated by p1,...,u,. Each p; bounds a disc in
M, so N lies in the kernel. Conversely, let 7 be a loop in M \ ¥ at y, null-homotopic in M,
which we may take smooth, and ¢ : D — M a null-homotopy on the closed unit disc with
#(pe>™~17) = 4(7) on the annulus A := {1/2 < p < 1}, so that ¢(A) NS = 0. Since the singular
locus Z’ of ¥ has real codimension at least 4, by smooth approximation and transversality relative
to A we may assume that ¢ is smooth, ¢(D) N Z' = (), and ¢ is transverse to X\ Z’, so that
¢~ () = {p1,...,p} consists of interior points. Removing small discs D, about the p,, we write
~vin m (M \ X,y) as a product of conjugates of the loops ¢(0D;) transported to y along arcs. In
a coordinate polydisc W about ¢(ps) with XNW = (21 = 0), d(21 0 ¢),, is invertible, so ¢(0Ds)
has winding number +1 for Dy small, hence is freely homotopic in W \ ¥ to the boundary circle

of a coordinate disc {(z1,az,...,aq) | |21| < €} or its inverse, so the transported loop is conjugate
to a positively oriented meridian about the component of ¥ through ¢(ps) or its inverse, hence
to ,u]il by (3). Thus v € N. O

Proposition 8.3. Let (X, B) be a projective orbifold pair as in Definition 2.1 and g: Y — X a
surjective morphism from a smooth projective variety Y. Assume that there exists a nonempty open
subset U C X\ D such that g is smooth at every point of g~ (U) with connected fibers over U, and
that for each i there exists an effective Weil divisor C; on'Y with g* D; = m;C;. Let yo € g~ H(U),
w0 = g(v0), ¥ the reduced divisor Suppg*D onY, Y?: =Y\ %, ¢" :=g|lyo: Y’ = X\ D, and
j:YY < Y the inclusion. Let v; be a positively oriented meridian about D; at xq for each i,
[ := 7¢"(X, B;wo) as in Definition 2.2, and q : m(X \ D,x¢) — T the quotient map. Then:
(1) There exists a unique surjective homomorphism ® : w1(Y,yo) — I' such that

(8.1) Doj.,=qog).

(2) Let E be an irreducible component of ¥, ep; := ordg(9*D;), Ig = {i | eg,; > 0}, and
wE a positively oriented meridian about E at yg. Then there exist pairwise commuting
positively oriented meridians v, about D; at xo, i € Ig, such that

(8.2) 92ue) = J] ().
i€l
(3) If H C m1(Y,yo) is an abelian subgroup of finite index d, then ®(H) is an abelian subgroup
of I' of index at most d.

The proof follows [Ope26a, Proposition 3.1].
Proof. Since g is surjective, g* D = >__, m;C; is an effective divisor on Y and Supp ¥ = g~1(D).

Step 1. In this step, we prove (2).

By Lemma 8.2(3), it suffices to prove (8.2) for one ug, since conjugating it by ¢%(6), 6 €
71 (Y9 o), replaces the 4/ by commuting positively oriented meridians about the D;.

Since E ¢ g~ 1(D;) for i ¢ I, there exists a smooth point y € E of ¥ with z := g(y) € D; if
and only if ¢ € Ip. Reordering the D;, we may assume Ip = {1,...,s}. Let W be an adapted
coordinate neighborhood of & with coordinates z1,...,z, (Definition 2.3) and V C ¢~ (W) a
coordinate polydisc about y with coordinates ¢,ts,. .., tqimy and XNV = (¢t =0). For i € Ig,
the divisor of z;0 g on V is e ;(E NV), so after shrinking V' we have

(83) 2;0g = teE’iui (Z € IE)
with u; nowhere vanishing on V.

Let A :={(£,0,...,0) | [t| < e} CV for 0 < e < 1, 8(7) := (ee2™V~17,0,...,0) its boundary
circle, By a path in Y from y to v/ := 6(0), and pug := By - 6 - B;l, a positively oriented
meridian about E. Let w := ¢g(vy') = (wi1,...,wy) and f := go fy. As W\ D is a product
of punctured discs and discs, m1 (W \ D,w) is free abelian on the classes \;, i € Ig, of the
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ni(c)
i€lp )\z
number of z; o c. By (8.3), z; 0 g0 §(7) = €Fie?™V~1r.iTy,(§()) with u; nowhere zero on A, so
ni(god) =eg; and in m (X \ D, xp)

Rpe)=18-(go0) -7 =TI (D™  Ai=B-x-8".

i€l

loops 7 — (wq, .. eIy ,Wp), a loop ¢ having class [] , ni(c) the winding

The 7 commute as the A; do, and are positively oriented meridians about D; at zo, as A; is the
oriented boundary of the closed holomorphic disc {(w1,..., 2, ...,wy) | |zi] < |w;|} € W, which
meets D transversally in one point of D; \ Jy,; Dx. This proves (2).

Step 2. In this step, we prove (1) and (3).

By Lemma 8.2(1) and (2) for M =Y and Z = X, j, is surjective with kernel N the normal
subgroup generated by positively oriented meridians ug,, ..., g, at yo about the irreducible
components E1, ..., Ey of ¥. For E := Ejy and 7} as in (2), eg,; = m; ordg(C;) as ¢g*D; = m;C;
and (7)™ is conjugate to 7, by Lemma 8.2(3) for M = X and ¥ = D, so qo ¢°(ug) = 1 by
(8.2). Thus q o g factors through 1 (Y, y0) = m1(Y%,40)/N, giving ® with (8.1), unique because
J« 18 surjective.

As q is surjective, by (8.1) it suffices that ¢? is surjective, and by Lemma 8.2(1) for M = X \ D,
Z=(X\D)\U and g} (U) C Y?, that gy := g|,~1(7), a proper submersion with connected
fibers, induces a surjection w1 (g~ 1(U),y0) — 71 (U, x0). Let H be the orthogonal complement
of ker(dgy) for a Riemannian metric on g~*(U), so that dgy : Hy — Ty, U is an isomorphism.
Let ¢ : [0,1] — U be a smooth loop at zg. Let { be a smooth time-dependent vector field on
U with &(7,¢(1)) = ¢ (7), obtained by extending ¢/(7) in finitely many charts covering ¢([0, 1])
and gluing by a partition of unity. Let ¢ be the maximal integral curve with ¢(0) = yo of
&(r,y) = (ng|7.[y)_1f(7', g(y)). Then goé and ¢ are integral curves of £ from xg, so goé = ¢, and
¢ is defined on [0, 1] as it stays in the compact set g;;'(c([0,1])). For a path o in the connected
manifold g~1(zg) from &(1) to yo, g o (¢- o) is homotopic to c. As every loop in U is homotopic
to a smooth one, gy, is surjective. This proves (1).

The group ®(H) is abelian, and as ® is surjective, kH — ®(k)®(H) maps 71 (Y, y0)/H onto
I'/J®(H),so [[': ®(H)] < d. This proves (3). O

Proof of Theorem 1.1. If dim X = 0, then r» = 0 and 7™ (X, B;xo) is trivial. Assume that
dim X > 1. Since (X, B) is special, R is special by Proposition 3.2(4). If » = 0, then R = X and
7™ (X, B; o) = m1(X, x0) is virtually abelian by Theorem 2.11, as X is a connected compact
Kahler manifold.

Assume that r > 1, and let g : Y — X, C;, U, and F be as in Proposition 1.2. Then g satisfies
hypotheses (1), (3), and (4) of Proposition 4.3 by Proposition 1.2(1), (3), and (4), and hypothesis
(2) by Proposition 1.2(2), as g is smooth at every point of g~ (U) and the fibers of g over U are
biholomorphic to the abelian variety F', connected with Q}; trivialized by translations of a basis of
Ty F. Thus Y is special by Proposition 4.3, and for yo € g~!(U), Theorem 2.11 gives an abelian
subgroup H C m1(Y,yo) of finite index d. By Proposition 1.2(1) and (2), Proposition 8.3(3)
applies with z) := g(yo), so ®(H) C 7¢™(X, B; x}) is an abelian subgroup of index at most d.

Finally, let o be a path in X \ D from xzj, to o (Lemma 8.2(1)). Conjugation by o is an
isomorphism 71 (X \ D, z() — m1(X \ D, z9) mapping positively oriented meridians about D; at x,
to ones at x, conjugate to 7; by Lemma 8.2(3), hence the normal subgroup defining 7$™ (X, B; x}))
onto (7" | 1 <i <r). Thus 7{™(X, B;zo) & 79*™P(X, B; x{) is virtually abelian. O
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