
CAMPANA’S ABELIANITY CONJECTURE FOR PROJECTIVE

ORBIFOLDS

Abstract. We prove that the orbifold fundamental group of a special smooth projective orbifold
pair is virtually abelian. This answers a conjecture of Campana and extends a recent result of
OpenAI to the orbifold projective case.
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1. Introduction

We work over the field of complex numbers C.
The goal of this paper is to prove the following theorem on the orbifold fundamental group of

Campana special orbifold pairs, in the projective case. We refer the reader to Definition 2.6 for
the definition of special orbifolds in the sense of Campana.

Theorem 1.1. Let (X,B =
∑r

i=1(1 − 1/mi)Di) be a projective orbifold pair, special in the
sense of Campana, such that Di are the irreducible components of B. Let D := SuppB. Pick
x0 ∈ X\D and let γi be a positively oriented meridian about Di transported to x0. Then the
orbifold fundamental group

πorb1 (X,B;x0) := π1(X\D,x0)/⟨γmi
i | 1 ≤ i ≤ r⟩

is virtually abelian, i.e. it contains an abelian subgroup of finite index.

Theorem 1.1 proves the projective case of [Cam11a, Conjecture 13.10(1)] and generalizes
[Ope26b, Theorem 1.1] to the projective orbifold case. We remark that [Ope26a, Theorem 1.3]
proved Theorem 1.1 for the special case when r = 1 and m1 = 2. The key new geometric
ingredient is the following proposition.

Proposition 1.2. Let (X,B =
∑r

i=1(1−
1
mi

)Di) be a projective orbifold pair of dimension n ≥ 1
and D := SuppB. Then there exist a smooth projective variety Y and a surjective morphism
g : Y → X satisfying the following.

(1) For each i, there exists an effective Weil divisor Ci on Y such that

(1.1) g∗Di = miCi.
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2 CAMPANA’S ABELIANITY CONJECTURE FOR PROJECTIVE ORBIFOLDS

(2) There exists a nonempty open subset U ⊂ X \D such that g|g−1(U) : g
−1(U) → U is a

holomorphically locally trivial fiber bundle whose fiber F is an abelian variety.
(3) For any prime divisor P on X such that P ≠ Di for every i, there exists a nonempty

open subset P ◦ ⊂ P such that g is smooth at some point of g−1(x) for every x ∈ P ◦.
(4) For each i, there exists a nonempty open subset D◦

i ⊂ Di \
⋃

k ̸=iDk such that for every

x ∈ D◦
i , there exists y ∈ g−1(x) such that some local lift of g to the root chart at x is a

submersion at y.

Moreover, we may take F with

(1.2) dimF =

r∑
i=1

mi

(
n+ 1

2

)
.

Proposition 1.2 is the analogue of [Ope26a, Proposition A.3], which treats the case when
n = 4, r = 1, and m1 = 2. The main difficulty is to deal with boundary components of
arbitrary multiplicities and their intersections. To this end, we replace the involutions on elliptic
curves used in [Ope26a] by permutation-translation actions of Z/mZ on products of elliptic
curves (Lemma 5.3), and we obtain the smooth points of g over the auxiliary branch divisors by
extracting suitable divisorial valuations on the quotient (Proposition 6.3) instead of blowing up
the fixed loci.

We briefly explain how Theorem 1.1 follows from Proposition 1.2. Let ϖ : R → X be the
root orbifold of (X,B) (Definition 2.3). By Proposition 3.2(4), (X,B) is special in the sense of
Campana if and only if R is special in the sense of [Ope26b] (Definition 2.7). By Proposition 4.3,
which follows [Ope26a, Proposition 3.1], the latter condition implies that Y is special. Hence
π1(Y ) is virtually abelian by [Ope26b, Theorem 1.1]. Finally, by Proposition 8.3, πorb1 (X,B;x0)
is a quotient of π1(Y ), and Theorem 1.1 follows.

Structure of the paper. In Section 2, we recall the definitions of orbifold fundamental groups,
root orbifolds, and special orbifold pairs, and the results from [Cam11a, Ope26b] that we use.
In Section 3, we compare specialness of (X,B) with specialness of its root orbifold and prove
Proposition 3.2. In Section 4, we prove Proposition 4.3. In Sections 5 and 6, we construct the
abelian cover S → X, the abelian variety F with its group action, the quotient Q = (S × F )/A,
and the divisorial valuations on Q that we need. In Section 7, we prove Proposition 1.2. In
Section 8, we prove Proposition 8.3 and Theorem 1.1.

2. Preliminaries

In this section, we fix notation and recall the definitions and results that we use in the rest of
the paper.

All varieties are defined over C and are integral. We identify a variety with its associated
complex analytic space whenever we use the analytic topology. A prime divisor on a variety X
is an integral closed subvariety of X of codimension one. For a divisor B on X, we denote by
SuppB the support of B. We denote by C(X) the function field of X. For a prime divisor E on
a normal variety W , we denote by OW,E the local ring of W at the generic point of E, which is a
discrete valuation ring, and by ordE the corresponding valuation of C(W ). For a positive integer
m, we denote by µm := {ζ ∈ C | ζm = 1} the group of mth roots of unity. Let A be a finite
group acting on a variety V . For a ∈ A, we denote by V a := {v ∈ V | av = v} the fixed locus
of a with its reduced structure. We also write Fix(a) for V a when V is clear from the context.
For a subgroup H ⊂ A, we write V H :=

⋂
a∈H V a. A holomorphic map g : Y → X between

complex manifolds is a submersion at a point y ∈ Y if the differential dgy : TyY → Tg(y)X is
surjective. A morphism g : Y → X between smooth varieties is smooth at a point y ∈ Y if g is a
submersion at y. Let g : Y → X be a morphism between varieties and F a variety. We say that
g is a holomorphically locally trivial fiber bundle with fiber F if every point of X has an open
neighborhood W in the analytic topology such that g−1(W ) is biholomorphic to W × F over W .
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Definition 2.1. Let X be a smooth projective variety of dimension n. Let r ≥ 0 be an integer,
D1, . . . , Dr distinct smooth prime divisors on X such that D :=

∑r
i=1Di is a simple normal

crossing divisor, and m1, . . . ,mr ≥ 2 integers. The pair (X,B) with

B :=

r∑
i=1

(
1− 1

mi

)
Di

is called a projective orbifold pair. Then D1, . . . , Dr are the irreducible components of B and
D = SuppB. The integer mi is the multiplicity of Di in (X,B). In the terminology of [Cam11a,
Definition 2.1], (X,B) is a smooth, finite, and integral geometric orbifold. If r = 0, then B = 0
and D = 0.

Definition 2.2. Let (X,B) be a projective orbifold pair as in Definition 2.1 and x0 ∈ X \D a
point. Fix 1 ≤ i ≤ r. Let xi ∈ Di \

⋃
k ̸=iDk be a point. Let ∆i ⊂ X be a closed holomorphic

disc such that ∆i ∩D = {xi} and ∆i is transverse to Di at xi. Let ∂∆i be the boundary circle
of ∆i with the orientation induced by the complex orientation of ∆i. Let βi be a path in X \D
from x0 to a point of ∂∆i. The loop γi := βi · ∂∆i ·β−1

i in X \D based at x0 is called a positively
oriented meridian about Di at x0. The conjugacy class of γi in π1(X \D,x0) does not depend
on the choices of xi, ∆i, and βi (cf. Lemma 8.2(3)). The orbifold fundamental group of (X,B)
at x0 is

πorb1 (X,B;x0) := π1(X \D,x0)/⟨γmi
i | 1 ≤ i ≤ r⟩

[Cam11a, Definition 12.2]. Here ⟨γmi
i | 1 ≤ i ≤ r⟩ denotes the normal subgroup of π1(X \D,x0)

generated by γm1
1 , . . . , γmr

r . A group is virtually abelian if it has an abelian subgroup of finite
index.

Definition 2.3. Let (X,B) be a projective orbifold pair as in Definition 2.1 and x ∈ X a point.
Reordering the indices, we may assume that D1, . . . , Ds are the components of D containing
x, where 0 ≤ s ≤ r. An adapted coordinate neighborhood of x is an open neighborhood W of
x in the analytic topology with holomorphic coordinates z1, . . . , zn centered at x satisfying the
following. The set W is a polydisc in these coordinates. We have Di∩W = (zi = 0) for 1 ≤ i ≤ s
and Di ∩W = ∅ for i > s.

Let W̃ be the set of (w1, . . . , ws, zs+1, . . . , zn) ∈ Cn such that (wm1
1 , . . . , wms

s , zs+1, . . . , zn) ∈W .

Then W̃ is a polydisc. The root chart of (X,B) over W is the finite surjective holomorphic map

ϖW : W̃ →W together with the action of µm1 × · · · × µms on W̃ given by

(2.1)
zi ◦ϖW = wmi

i (1 ≤ i ≤ s), zi ◦ϖW = zi (s < i ≤ n),

(ζ1, . . . , ζs) · wi = ζiwi (1 ≤ i ≤ s), (ζ1, . . . , ζs) · zi = zi (s < i ≤ n).

The map ϖW identifies W with the quotient W̃/(µm1 × · · · × µms). We also call W̃ a root chart
of (X,B) at x.

The root orbifold R of (X,B) is the orbifold with underlying space X whose orbifold charts
are the root charts of (X,B), and ϖ : R → X is the natural morphism given by ϖW on each
root chart (cf. [Cam11a, Remark 2.9(2)]). An orbifold line bundle on R is a µm1 × · · · × µms-

equivariant holomorphic line bundle on each root chart W̃ , compatible with the identifications
on overlapping charts (cf. [Ope26a, Section 1]). An orbifold vector bundle on R and a morphism
of orbifold bundles on R are defined in the same way. A section of an orbifold line bundle L on
R is a µm1 × · · · × µms-invariant holomorphic section of L on each root chart, compatible on
overlapping charts. We denote by H0(R, L) the space of sections of L. We denote by OR the
orbifold line bundle given by the trivial line bundle on each root chart. We denote by Ωp

R the

orbifold vector bundle given by Ωp

W̃
on each root chart W̃ with the action induced by (2.1). For

1 ≤ i ≤ r, the root divisor Ri is the orbifold divisor on R given by (wi = 0) on each root chart
at a point of Di and by 0 on each root chart at a point outside Di. By (2.1),

(2.2) ϖ∗Di = miRi.
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For integers b1, . . . , br, we denote by OR(
∑r

i=1 biRi) the orbifold line bundle given by

O
W̃
(
∑s

i=1 bi(wi = 0)) on each root chart W̃ at a point of D1 ∩ · · · ∩Ds.
Let g : Y → X be a morphism from a variety Y and y ∈ Y a point, and let x := g(y). Let

ϖW : W̃ →W be a root chart of (X,B) at x and Ṽ ⊂ g−1(W ) a connected open neighborhood
of y in the analytic topology. A local lift of g to the root chart at x is a holomorphic map

g̃ : Ṽ → W̃ such that ϖW ◦ g̃ = g|
Ṽ
. Two local lifts of g on the same neighborhood Ṽ differ by

the action of an element of µm1 × · · · × µms in (2.1).

Definition 2.4. Let M be a connected compact complex manifold and L a line bundle on M .
For a positive integer k, we write Lk := L⊗k. If H0(M,Lk) = 0 for every positive integer k,
then we define κ(M,L) := −∞. Otherwise, for every positive integer k with H0(M,Lk) ̸= 0,
let ϕk : M 99K PNk be the meromorphic map defined by a basis of H0(M,Lk), where Nk :=
dimH0(M,Lk)− 1. We define κ(M,L) to be the maximum of the dimensions of the closures of
the images of these maps ϕk. We call κ(M,L) the Iitaka dimension of L.

Let (X,B) be a projective orbifold pair as in Definition 2.1 and L an orbifold line bundle on R.
We define κ(R, L) in the same way, where H0(R, Lk) is the space of sections of Lk in the sense
of Definition 2.3 and ϕk : X 99K PNk is the meromorphic map defined by a basis of H0(R, Lk).
Here H0(R, Lk) is finite dimensional, since it is the space of global sections of a coherent analytic
sheaf on the compact space X (see Proposition 3.2(3)). This map is well defined because the
quotient of two sections of Lk is a meromorphic function on X.

Let A =
⊕

q≥0Aq be a graded C-algebra which is an integral domain such that dimCAq < +∞
for every q. If Aq = 0 for every q > 0, then we define κ(A) := −∞. Otherwise, we define
κ(A) := trdegC Frac(A)− 1. We also call κ(A) the Iitaka dimension of A. Proposition 3.2 shows
that these conventions agree for the line bundles considered in this paper.

Definition 2.5. Let (X,B) be a projective orbifold pair as in Definition 2.1, 1 ≤ p ≤ n an
integer, and q ≥ 0 an integer. We denote by

Cp,q := SqΩp(X|B)

the subsheaf of Symq Ωp
X(logD) defined as follows [Cam11a, Section 2.5]. Let W be an adapted

coordinate neighborhood of a point of X with coordinates z1, . . . , zn as in Definition 2.3. Then
Cp,q|W is the free OW -module with basis

(2.3)

(
s∏

i=1

z
−⌊ti(1− 1

mi
)⌋

i

)
dzI1 ⊙ · · · ⊙ dzIq .

Here (I1, . . . , Iq) runs over the non-decreasing sequences, in the lexicographic order, of subsets
of {1, . . . , n} with p elements. For I = {j1 < · · · < jp}, we write dzI := dzj1 ∧ · · · ∧ dzjp . The
symbol ⊙ denotes the symmetric product, and ti := #{a | i ∈ Ia}. In particular, Cp,0 = OX and
Cp,1 = Ωp

X . The symmetric product induces morphisms Cp,q ⊗ Cp,q′ → Cp,q+q′ .
We denote by Ωp

C(X)/C :=
∧pΩ1

C(X)/C the C(X)-vector space of rational p-forms on X. Let

ℓ ⊂ Ωp
C(X)/C be a one-dimensional C(X)-subspace. We define F := ℓ ∩ Ωp

X to be the subsheaf of

Ωp
X of sections which lie in ℓ. For every integer q ≥ 0, we define

(2.4) Fq,B := ℓ⊙q ∩ Cp,q, AB(F) :=
⊕
q≥0

H0(X,Fq,B).

Here ℓ⊙q ⊂ Symq
C(X)Ω

p
C(X)/C is the qth symmetric power of ℓ, and ℓ⊙q ∩ Cp,q is the subsheaf of

Cp,q of sections which lie in ℓ⊙q. Then AB(F) is a graded C-algebra which is an integral domain.
We define

κ(X|B,F) := κ(AB(F)).

More generally, let G ⊂ Ωp
X be a coherent subsheaf of rank one. We let ℓ ⊂ Ωp

C(X)/C be the

C(X)-subspace generated by G and define κ(X|B,G) := κ(X|B, ℓ ∩ Ωp
X). The sheaf Fq,B is the
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saturation in Cp,q of the image of G⊗q. Thus κ(X|B,G) is the ∆-dimension of G in [Cam11a,
Section 3.1 and Definition 3.2] with ∆ = B.

Definition 2.6. Let (X,B) be a projective orbifold pair as in Definition 2.1. A Bogomolov
sheaf of (X,B) is a coherent subsheaf F ⊂ Ωp

X of rank one for some integer 1 ≤ p ≤ n such
that κ(X|B,F) = p [Cam11a, Definition 9.8]. We say that (X,B) is special (in the sense of
Campana) if (X,B) has no Bogomolov sheaf. By [Cam11a, Theorem 9.9], this is equivalent
to Campana’s original definition by fibrations of general type [Cam11a, Definition 8.1]. In the
latter, the multiplicities of the orbifold base of a fibration are defined by the infimum convention
[Cam11a, Definition 4.2].

Definition 2.7. Let M be a connected compact Kähler manifold. We say that M is special if
there do not exist an integer 1 ≤ p ≤ dimM , a line bundle L on M , and a nonzero morphism of
sheaves L → Ωp

M such that κ(M,L) = p [Ope26b, Section 1]. In particular, a point is special.
Let (X,B) be a projective orbifold pair as in Definition 2.1. We say that R is special if there
do not exist an integer 1 ≤ p ≤ n, an orbifold line bundle L on R, and a nonzero morphism of
orbifold bundles L→ Ωp

R such that κ(R, L) = p. If B = 0, then R = X, and X is special if and
only if (X, 0) is special in the sense of Definition 2.6 (see Proposition 3.2(4)).

Theorem 2.8 ([Cam11a, Theorem 3.12]). Let Z be a connected compact Kähler manifold, D a
simple normal crossing divisor on Z, 1 ≤ a ≤ dimZ an integer, and H ⊂ Ωa

Z(logD) a coherent

subsheaf of rank one. For every integer q ≥ 0, let H[q] be the saturation of the image of H⊗q in
Symq Ωa

Z(logD), that is, the largest coherent subsheaf of rank one of Symq Ωa
Z(logD) containing

this image. Then

κ(Z,H) := κ

⊕
q≥0

H0
(
Z,H[q]

) ≤ a.

Theorem 2.9 ([Ser56, Section 12, Theorems 1–3]). Let X be a projective variety. Then
analytification induces an equivalence between the category of coherent algebraic sheaves on X
and the category of coherent analytic sheaves on X. Moreover, it induces isomorphisms on all
cohomology groups.

Theorem 2.10 ([Wlo05, Theorem 1.0.2], see also [BM97, Theorem 1.6] and [Kol05, arXiv
version 3, Theorem 27]). Let Z be a projective variety. Then there exists a projective birational

morphism Z̃ → Z from a smooth projective variety Z̃ which is an isomorphism over the smooth
locus of Z.

Theorem 2.11 ([Ope26b, Theorem 1.1]). Let M be a connected compact Kähler manifold. If M
is special in the sense of Definition 2.7, then π1(M) is virtually abelian.

3. Comparison of differential conventions

In this section, we prove Proposition 3.2.

Lemma 3.1. Let W be a connected complex manifold, M(W ) its field of meromorphic functions,
E a holomorphic vector bundle on W , and ℓ a one-dimensional M(W )-subspace of the space
of meromorphic sections of E, generated by v. Let ℓ ∩ E ⊂ E be the subsheaf whose sections
over an open subset W ′ ⊂ W are the holomorphic sections s of E on W ′ with s = fv|W ′ for
a meromorphic function f on W ′. For every integer q ≥ 1, let ℓ⊗q and ℓ⊙q be the subspaces
generated by v⊗q and v⊙q. Then:

(1) ℓ ∩ E is invertible. A section of ℓ ∩ E near x ∈ W generates (ℓ ∩ E)x if and only if its
coordinates in a frame of E at x have no common prime factor in OW,x.

(2) (ℓ ∩ E)⊗q = ℓ⊗q ∩ E⊗q and Symq(ℓ ∩ E) = ℓ⊙q ∩ Symq E for every integer q ≥ 1.
(3) If a finite group acts on W and on E compatibly and ℓ is stable under this action, then

so is ℓ ∩ E.
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The invertibility in (1) and the assertion on tensor powers in (2) are [Ope26a, Lemma 2.2].

Proof. Let x ∈ W , T := OW,x, and η a generator of (ℓ ∩ E)x with coordinates η1, . . . , ηb ∈ T .
If a prime π of the factorial ring T divides every ηj , then η/π ∈ (ℓ ∩ E)x = Tη, so π is a unit.
Conversely, let u ∈ (ℓ∩E)x have coordinates u1, . . . , ub with no common prime factor, and η = au
with a ∈ Frac(T ). For every height one prime P of T , some uj is a unit in TP and auj = ηj ∈ T ,
so a ∈ TP . Since T is normal, a ∈ T , so u generates (ℓ ∩ E)x. This proves (1). The coordinates
of η⊙q in the monomial frame of Symq E include ηq1, . . . , η

q
b , so η

⊙q generates (ℓ⊙q ∩ Symq E)x by
(1). This proves (2). For (3), an element g of the group preserves holomorphic sections of E and
satisfies gv = cv for a meromorphic function c ̸= 0, so g(ℓ ∩ E) = ℓ ∩ E . □

Proposition 3.2. Let (X,B) be a projective orbifold pair as in Definition 2.1, 1 ≤ p ≤ n an
integer, ℓ ⊂ Ωp

C(X)/C a one-dimensional C(X)-subspace, and F := ℓ ∩ Ωp
X , Fq,B, and AB(F) as

in Definition 2.5. Let M := lcm(m1, . . . ,mr) (M := 1 if r = 0). For an orbifold vector bundle G
on R, let ϖ∗G be the sheaf on X whose sections over an analytic open subset W ⊂ X are the
sections of G on the root charts over W . For a line bundle A on X, let ϖ∗A be the orbifold
line bundle on R given by ϖ∗

WA on each root chart, with the action fixing the pullbacks of the

sections of A. For a root chart ϖW : W̃ →W , let ϖ∗
W ℓ be the subspace of meromorphic p-forms

on W̃ generated by the pullback of ℓ, and ϖ∗
W ℓ ∩ Ωp

W̃
the subsheaf of Lemma 3.1. Then:

(1) The subsheaves ϖ∗
W ℓ ∩ Ωp

W̃
form an orbifold line bundle Mℓ ⊂ Ωp

R, and for every integer

q ≥ 0,

(3.1) ϖ∗ Sym
q Ωp

R = Cp,q and ϖ∗M
q
ℓ = Fq,B,

where a section of Cp,q over W is identified with its pullback to the root charts over W .
Moreover,

⊕
q≥0H

0(R,M q
ℓ ) = AB(F) as graded C-algebras, and

(3.2) κ(R,Mℓ) = κ(X|B,F).

(2) F is invertible. For 1 ≤ i ≤ r, let ϵi := 1 if the composition F → Ωp
X → Ωp

Di
is zero at

the generic point of Di, and ϵi := 0 otherwise. Then

Mℓ = ϖ∗F ⊗OR

( r∑
i=1

ϵi(mi − 1)Ri

)
,(3.3)

Fq,B = Fq ⊗OX

( r∑
i=1

ϵi

⌊
q
(
1− 1

mi

)⌋
Di

)
(3.4)

for every integer q ≥ 0, and

(3.5) MM
ℓ = ϖ∗A, A := FM ⊗OX

( r∑
i=1

ϵiM
(
1− 1

mi

)
Di

)
.

(3) For every orbifold line bundle L on R, there exists a line bundle AL on X with LM =
ϖ∗AL such that the pullback identifies H0(X,Ak

L) with H0(R, LkM ) for every integer
k ≥ 0. Moreover,

(3.6) κ(R, L) = κ
(⊕

q≥0

H0(R, Lq)
)
.

If j : L → Ωp
R is a nonzero morphism of orbifold bundles, then there exists a unique

one-dimensional C(X)-subspace ℓ′ ⊂ Ωp
C(X)/C such that j factors through an injective

morphism L→Mℓ′, and

(3.7) κ(R, L) ≤ κ(R,Mℓ′) = κ(X|B, ℓ′ ∩ Ωp
X) ≤ p.
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(4) (X,B) is special if and only if R is special. Moreover, R is special if and only if
κ(R,Mℓ′) ≤ p′−1 for every integer 1 ≤ p′ ≤ n and every one-dimensional C(X)-subspace

ℓ′ ⊂ Ωp′

C(X)/C.

Proof. We use the notation of Definitions 2.3 and 2.5 and identify coherent algebraic and analytic
sheaves on X by Theorem 2.9. Let x ∈ X, D1, . . . , Ds the components of D containing x,

ϖW : W̃ →W a root chart at x with coordinates z1, . . . , zn on W and w1, . . . , ws, zs+1, . . . , zn on

W̃ , 0 ∈ W̃ the point over x, µ := µm1 ×· · ·×µms , wj := zj for j > s, and dwI := dwj1 ∧· · ·∧dwjp

for I = {j1 < · · · < jp} ⊂ {1, . . . , n}. By (2.1), ζ = (ζ1, . . . , ζs) ∈ µ multiplies dwI by
∏

j∈I, j≤s ζj ,
and

(3.8) ϖ∗
W (dzI1 ⊙ · · · ⊙ dzIq) =

( s∏
i=1

mti
i w

ti(mi−1)
i

)
dwI1 ⊙ · · · ⊙ dwIq , ti := #{a | i ∈ Ia}.

Step 1. In this step, we prove (1).
Let v generate ℓ. A holomorphic section s = fv⊙q of Cp,q near x with f meromorphic lies

in Fq,B. Indeed, for a nonzero g = hv⊙q ∈ (Fq,B)x with h rational and f/h = a/b with a, b
holomorphic near x and b ̸= 0, the section bs = ag lies in Fq,B. Since ℓ

⊙q is a C(X)-subspace,
Cp,q/Fq,B is torsion-free, hence locally a subsheaf of a free sheaf, so its analytification is torsion-
free by the exactness in Theorem 2.9, and s ∈ Fq,B. The same holds for F and ℓ ∩ Ωp

X(logD).
Since X is irreducible, it is a connected complex manifold [Har77, Appendix B, Section 1], and
Lemma 3.1 applies with W = X to these three sheaves and the subspaces generated by ℓ and
ℓ⊙q over the meromorphic functions on X.

Let c1, . . . , cs be integers, 0 ≤ ai ≤ mi − 1 the residue of ci modulo mi, and b a holomorphic

function on W̃ , expanded as a power series in w1, . . . , ws with coefficients holomorphic in
zs+1, . . . , zn. Then b(ζ ·w) =

∏
i ζ

ci
i b(w) for every ζ ∈ µ if and only if only monomials we1

1 · · ·wes
s

with ei ≡ ci (mod mi) occur in b, if and only if b = wa1
1 · · ·was

s h(z) with h holomorphic on W .
Since ϖW ◦ ζ = ϖW , the subspace ϖ∗

W ℓ is µ-stable, so ϖ
∗
W ℓ ∩ Ωp

W̃
is an invertible µ-stable

subsheaf of Ωp

W̃
by Lemma 3.1(1) and (3). The identifications of overlapping root charts

preserve pulled back forms, so these subsheaves form the orbifold line bundle Mℓ, and M
q
ℓ =

(ϖ∗
W ℓ)

⊙q ∩ Symq Ωp

W̃
on W̃ by Lemma 3.1(2).

Let θ =
∑

(I) b(I) dwI1 ⊙ · · · ⊙ dwIq be a holomorphic section of Symq Ωp

W̃
, where (I) runs over

the index sequences of Definition 2.5. Since ζ multiplies the monomial indexed by (I) by
∏

i ζ
ti
i ,

θ is invariant if and only if b(I) = wa1
1 · · ·was

s h(I)(z) for every (I), where ai is the residue of −ti
and h(I) is holomorphic on W . Since ti(mi − 1)− ai = mi⌊ti(1− 1

mi
)⌋, (3.8) gives

wa1
1 · · ·was

s dwI1 ⊙ · · · ⊙ dwIq =
( s∏

i=1

m−ti
i

)
ϖ∗

W

( s∏
i=1

z
−⌊ti(1− 1

mi
)⌋

i dzI1 ⊙ · · · ⊙ dzIq

)
.

Thus the invariant holomorphic sections of Symq Ωp

W̃
are the pullbacks of the sections of Cp,q

over W by (2.3). This proves the first identity in (3.1).
Let σ =

∑
(I) σ(I) dzI1 ⊙· · ·⊙dzIq be a section of Cp,q overW and c(I) the coefficients of v⊙q. If

σ ∈ Fq,B, then ϖ
∗
Wσ is an invariant section of M q

ℓ . Conversely, an invariant section of M q
ℓ on W̃

is ϖ∗
Wσ for such a σ by the first identity, and equals f(ϖ∗

W v)
⊙q with f meromorphic. Comparing

the coefficients of dwI1 ⊙ · · · ⊙ dwIq for an (I) with c(I) ̸= 0 in (3.8) gives f = ϖ∗
W (σ(I)/c(I)),

so σ = (σ(I)/c(I))v
⊙q ∈ Fq,B. This proves the second identity in (3.1). Both identities respect

symmetric products, so
⊕

q≥0H
0(R,M q

ℓ ) = AB(F), and κ(R,Mℓ) is the maximal dimension

of the closures of the images of the rational maps defined by bases of H0(X,Fq,B), which is
κ(X|B,F) by [Cam11a, Lemma 3.1]. This proves (3.2).

Step 2. In this step, we prove (2).
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By Lemma 3.1(1), F is invertible, and the pullbacks of its sections define an injective morphism
ϖ∗F → Mℓ of orbifold line bundles which is an isomorphism over X \D. Let x be a general
point of Di, so that s = 1, z1 = wmi

1 , Ri = (w1 = 0), and µ = µmi , and let vx =
∑

|I|=p fIdzI
generate F near x, so that minI ordDi(fI) = 0. By (3.8), the coefficient of dwI in ϖ∗

W vx has
order mi ordDi(fI)+mi−1 along Ri if 1 ∈ I, and mi ordDi(fI) otherwise. Let δ be the minimum
of these orders, u a generator of Mℓ at a point of Ri, and ϖ∗

W vx = gu with g holomorphic.
By Lemma 3.1(1), the coefficients of u have no common prime factor, so ordRi(g) = δ. If
ordDi(fI) = 0 for some I ̸∋ 1, then δ = 0, and otherwise some I ∋ 1 has ordDi(fI) = 0
and δ = mi − 1. Since vx|Di =

∑
I ̸∋1 fI |Di dzI |Di , these cases are ϵi = 0 and ϵi = 1. Hence

ϖ∗F ⊗OR(
∑

i ϵi(mi − 1)Ri) →Mℓ is an isomorphism outside a closed subset of codimension at
least two of every root chart, so its determinant is a unit. This proves (3.3).

Let b1, . . . , br be integers. The sections of OR(
∑

i biRi) on W̃ are the functions fw−b1
1 · · ·w−bs

s

with f holomorphic, and such a function is invariant if and only if f(ζ ·w) =
∏

i ζ
bi
i f(w) for every

ζ ∈ µ, that is, f = wa1
1 · · ·was

s h(z) with ai ≡ bi (mod mi) by Step 1. Then fw−b1
1 · · ·w−bs

s =

ϖ∗
W (z

−⌊b1/m1⌋
1 · · · z−⌊bs/ms⌋

s h), hence

(3.9) ϖ∗OR

( r∑
i=1

biRi

)
= OX

( r∑
i=1

⌊ bi
mi

⌋
Di

)
.

For x ∈ X and a generator vx of F near x, (ϖ∗
W vx)

⊙q is an invariant frame of ϖ∗Fq, so (3.1),
(3.3), and (3.9) give

Fq,B = ϖ∗M
q
ℓ = Fq ⊗ϖ∗OR

( r∑
i=1

qϵi(mi − 1)Ri

)
= Fq ⊗OX

( r∑
i=1

ϵi

⌊
q
(
1− 1

mi

)⌋
Di

)
,

which is (3.4). Finally, M(1− 1
mi

) is an integer, so OR(Mϵi(mi−1)Ri) = ϖ∗OX(ϵiM(1− 1
mi

)Di)

by (2.2), and (3.5) follows from (3.3).

Step 3. In this step, we prove (3.6) and the first assertion of (3).
Let L be an orbifold line bundle on R, χ the character of µ on the fiber of L over 0, and

e a frame of L near 0. Replacing e by 1
|µ|
∑

ζ∈µ χ(ζ)
−1ζ · e, which takes the value e(0) at 0,

and shrinking W , we may assume that ζ · e = χ(ζ)e for every ζ ∈ µ. Write χ(ζ) =
∏

i ζ
ci
i

and let ai be the residue of ci modulo mi. A section fe of L on W̃ is invariant if and only if
f(ζ · w) = χ(ζ)f(w) for every ζ, that is, f = wa1

1 · · ·was
s h(z) with h holomorphic on W by Step

1. Hence ϖ∗L is invertible, generated over W by wa1
1 · · ·was

s e, and so is every ϖ∗L
d. Since the

exponent of µ divides M , χM = 1, so AL := ϖ∗L
M is a line bundle on X generated over W

by the invariant frame eM , and LM = ϖ∗AL. By Step 1, the sections of LkM = ϖ∗Ak
L on W̃

are the products of ekM with the holomorphic functions on W , which identifies H0(X,Ak
L) with

H0(R, LkM ) compatibly with products.

Let S :=
⊕

q≥0H
0(R, Lq) and S(M) :=

⊕
k≥0H

0(R, LkM ) =
⊕

k≥0H
0(X,Ak

L). By the
identity theorem, a nonzero section of Lq is nonzero on every root chart, so S is an integral domain,
and Sq = H0(X,ϖ∗L

q) is finite-dimensional since ϖ∗L
q is invertible [Har77, Theorem II.5.19].

Every homogeneous s ∈ S satisfies sM ∈ S(M), so Frac(S) is algebraic over Frac(S(M)), and

Sq = 0 for every q > 0 if and only if S(M)
k = 0 for every k > 0. Thus κ(S) = κ(S(M)), and (3.6)

follows from

(3.10) κ(R, L) = κ(X,AL) = κ(S(M)).

If H0(R, Lq) = 0 for every q > 0, then all terms of (3.10) are −∞. Otherwise, for H0(R, Lq) ̸= 0,
the composition of the map ϕq of Definition 2.4 with the Veronese embedding ν of degree M is
defined by the monomials of degree M in a basis of H0(R, Lq), which span a nonzero subspace of
H0(R, LqM ) = H0(X,Aq

L), hence is the composition of ϕqM with a linear projection. Since ν is
a closed embedding, the closure of ϕq(X) has dimension at most that of the closure of ϕqM (X),
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and ϕkM is defined by a basis of H0(X,Ak
L), so κ(R, L) = κ(X,AL). Finally, let Kk ⊂ C(X) be

the field generated by the quotients of the nonzero elements of H0(X,Ak
L), and K :=

⋃
k≥1Kk,

a field since Kk ⊂ Kjk. For t0, . . . , tc ∈ H0(X,Ak
L) with t0 ̸= 0 and T0, . . . , Tc the homogeneous

coordinates of Pc, the closure of the image of the rational map X 99K Pc defined by t0, . . . , tc
meets (T0 ̸= 0) in an affine variety with coordinate ring C[t1/t0, . . . , tc/t0] ⊂ C(X), so this closure
has dimension trdegCC(t1/t0, . . . , tc/t0) [Har77, Proposition I.1.7 and Theorem I.1.8A], and

κ(X,AL) = trdegCK. For 0 ̸= t ∈ H0(X,Ad
L) and an indeterminate u, sending s ∈ H0(X,Ajd

L )

to (s/tj)uj embeds
⊕

j≥0H
0(X,Ajd

L ), over which S(M) is integral, into K[u]. The image contains

u, and the quotients s/tj generate K =
⋃

j≥1Kjd, so the fraction field of the image is K(u) and

κ(S(M)) = trdegCK(u)− 1 = trdegCK.

Step 4. In this step, we prove the last assertion of (3).
Let j : L→ Ωp

R be a nonzero morphism of orbifold bundles, injective on every root chart by
the identity theorem, so that invariant sections give an injective morphism ϖ∗L→ ϖ∗Ω

p
R = Ωp

X
by (3.1), with ϖ∗L invertible by Step 3. Let ℓ′ ⊂ Ωp

C(X)/C be the C(X)-subspace generated

by its generic stalk. In the notation of Step 3, j(wa1
1 · · ·was

s e) is an invariant holomorphic

p-form on W̃ , hence the pullback of a section of ϖ∗L, which lies in ℓ′. Thus j(e) ∈ ϖ∗
W ℓ

′ and

j(L) ⊂ Mℓ′ on W̃ , so j factors through an injective morphism L → Mℓ′ . If j factors through
Mℓ′′ , then ϖ∗L ⊂ ϖ∗Mℓ′′ = ℓ′′ ∩ Ωp

X by (3.1), so ℓ′′ = ℓ′. The injective morphisms Lq → M q
ℓ′

identify H0(R, Lq) with subspaces of H0(R,M q
ℓ′), so each ϕq of L is a linear projection of that

of Mℓ′ , and κ(R, L) ≤ κ(R,Mℓ′) = κ(X|B, ℓ′ ∩ Ωp
X) by (3.2).

Let F ′ := ℓ′ ∩ Ωp
X and H := ℓ′ ∩ Ωp

X(logD). By Lemma 3.1(1) and (2), H is invertible

and Symq H = ℓ′⊙q ∩ Symq Ωp
X(logD), which is the saturation H[q] of Theorem 2.8, since every

coherent subsheaf of rank one of Symq Ωp
X(logD) containing the image of H⊗q lies in ℓ′⊙q. Since

Cp,q ⊂ Symq Ωp
X(logD), we have F ′

q,B = ℓ′⊙q ∩ Cp,q ⊂ H[q], so AB(F ′) is a graded subalgebra of⊕
q≥0H

0(X,H[q]), and

κ(X|B,F ′) ≤ κ(X,H) ≤ p

by Theorem 2.8, as X is a connected compact Kähler manifold and D is a simple normal crossing
divisor. This proves (3.7).

Step 5. In this step, we prove (4).

Let 1 ≤ p′ ≤ n be an integer and ℓ′ ⊂ Ωp′

C(X)/C a one-dimensional C(X)-subspace. By (3.7)

applied to the inclusion Mℓ′ → Ωp′

R, κ(R,Mℓ′) = κ(X|B, ℓ′ ∩ Ωp′

X) ≤ p′. By Definition 2.5,

every coherent subsheaf G ⊂ Ωp′

X of rank one generating ℓ′, such as ℓ′ ∩ Ωp′

X , has κ(X|B,G) =
κ(X|B, ℓ′ ∩ Ωp′

X). Thus, by Definition 2.6, (X,B) is not special if and only if κ(R,Mℓ′) = p′ for

some p′ and ℓ′, and then the inclusion Mℓ′ → Ωp′

R shows that R is not special (Definition 2.7).
Conversely, if R is not special, then there exist p′, an orbifold line bundle L, and a nonzero

morphism j : L→ Ωp′

R with κ(R, L) = p′, and (3.7) gives κ(R,Mℓ′) = p′ for the ℓ′ given by (3).
This proves (4). □

4. Transfer of specialness

In this section, we prove Proposition 4.3.

Lemma 4.1 ([Ope26a, Lemma 2.1]). Let Z be a smooth projective variety, 1 ≤ p ≤ dimZ an
integer, L a line bundle on Z, and i : L → Ωp

Z a nonzero morphism. Let ℓ ⊂ Ωp
C(Z)/C be the

one-dimensional C(Z)-subspace generated by i(L). Let q be a positive integer, c ≥ 0 an integer,
and s0, . . . , sc ∈ H0(Z,Lq) sections such that s0 ̸= 0. Then

(4.1) d(sa/s0) ∧ ω = 0 in Ωp+1
C(Z)/C
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for every 0 ≤ a ≤ c and every ω ∈ ℓ. In particular, κ(Z,L) ≤ p. If κ(Z,L) = p, then there exist
a positive integer q and s0, . . . , sp ∈ H0(Z,Lq) with s0 ̸= 0 such that the form

(4.2) d(s1/s0) ∧ · · · ∧ d(sp/s0) ∈ Ωp
C(Z)/C

is nonzero and generates ℓ.

Lemma 4.2 ([Ope26a, Lemma 2.4]). Let g : Y → X be a dominant morphism of smooth
projective varieties and U0 ⊂ X a nonempty open subset such that g−1(x) is connected for every
x ∈ U0. Let u ∈ C(Y ) be a rational function. Assume that there exists a nonempty open subset
U1 ⊂ U0 such that for every x ∈ U1, the function u is constant on the set of points of g−1(x) at
which it is defined. Then u = g∗v for some v ∈ C(X).

Proposition 4.3. Let (X,B) be a projective orbifold pair as in Definition 2.1 and g : Y → X a
surjective morphism from a smooth projective variety Y . Assume the following.

(1) For each i, there exists an effective Weil divisor Ci on Y such that g∗Di = miCi.
(2) There exists a nonempty open subset U ⊂ X \D such that g is smooth at every point of

g−1(U), the fiber g−1(x) is connected for every x ∈ U , and the cotangent bundle Ω1
g−1(x)

is trivial for every x ∈ U .
(3) For any prime divisor P on X such that P ≠ Di for every i, there exists a nonempty

open subset P ◦ ⊂ P such that g is smooth at some point of g−1(x) for every x ∈ P ◦.
(4) For each i, there exists a nonempty open subset D◦

i ⊂ Di \
⋃

k ̸=iDk such that for every

x ∈ D◦
i , there exists y ∈ g−1(x) such that some local lift of g to the root chart at x is a

submersion at y.

If R is special, then Y is special.

Proposition 4.3 generalizes [Ope26a, Proposition 3.1] to arbitrary multiplicities and several
boundary components.

Proof. Suppose that Y is not special. By Definition 2.7, there exist 1 ≤ p ≤ dimY , a line bundle
L on Y , and a nonzero morphism i : L → Ωp

Y with κ(Y, L) = p. We construct an orbifold line
bundle K on R with a nonzero morphism K → Ωp

R and κ(R,K) = p. Throughout, W is an

adapted coordinate neighborhood of a point x0 ∈ X and ϖW : W̃ →W the root chart over W ,
with the notation of Definition 2.3.

Step 1. In this step, we construct local lifts of g and pullbacks of orbifold bundles to Y .
Let y ∈ Y , x0 := g(y), and ci a local equation at y of the Cartier divisor Ci [Har77,

Proposition II.6.11 and Remark II.6.11.1A] for 1 ≤ i ≤ s. By (1), ui := (zi ◦ g)/cmi
i is

holomorphic and nowhere zero near y. Let Ṽ ⊂ g−1(W ) be a polydisc neighborhood of y on

which every ui has a holomorphic mith root u
1/mi

i . By (2.1),

g̃ :=
(
u
1/m1

1 c1, . . . , u
1/ms
s cs, zs+1 ◦ g, . . . , zn ◦ g

)
: Ṽ → W̃

is a local lift of g. Two local lifts of g on a connected open subset Ṽ ′ ⊂ g−1(W ) differ by a

unique element of µm1 × · · · × µms , as (wi ◦ g̃′)mi = zi ◦ g ̸≡ 0 on Ṽ ′ for every local lift g̃′ by the
surjectivity of g. We write f : Y → R for the collection of local lifts, so that ϖ ◦ f = g.

For an orbifold line bundle M on R, the pullbacks g̃∗(M |
W̃
) glue along these unique elements,

which satisfy the cocycle condition, by the equivariant structure of M to a line bundle f∗M on
Y . Likewise, a section ς of M and a morphism M → Ωp

R pull back to a section f∗ς of f∗M and a

morphism f∗M → Ωp
Y , the latter given on Ṽ by g̃∗(M |

W̃
) → g̃∗Ωp

W̃
→ Ωp

Y . Over X \D, the local

lifts are the restrictions of g, so f∗M = g∗M , f∗ς = g∗ς, and f∗M → Ωp
Y is g∗M → g∗Ωp

X → Ωp
Y .

Step 2. In this step, we descend ratios of sections of a power of L to X.
By Lemma 4.1, there exist a positive integer q and s0, . . . , sp ∈ H0(Y,Lq) with s0 ̸= 0 such

that (4.2) is nonzero and generates ℓ as in Lemma 4.1. Let ua := sa/s0 ∈ C(Y ) for 0 ≤ a ≤ p,
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so that (4.2) is the form du1 ∧ · · · ∧ dup. The functions u1, . . . , up are algebraically independent
over C. Otherwise, let G ∈ C[T1, . . . , Tp] be a nonzero polynomial of minimal degree such that

G(u1, . . . , up) = 0. Then
∑p

j=1
∂G
∂Tj

(u1, . . . , up) duj = 0 in Ω1
C(Y )/C with some nonzero coefficient,

by the minimality of degG and since C has characteristic zero, so du1 ∧ · · · ∧ dup = 0, a
contradiction. By [Har77, Exercise II.3.19], there exists a nonempty open subset U1 ⊂ U such
that i ∈ H0(Y, L−1 ⊗Ωp

Y ) and s0 do not vanish identically on F := g−1(x) for every x ∈ U1. Fix
x ∈ U1. By (2), F is a connected compact complex manifold, hence irreducible, and

(4.3) 0 → T ∗
X,x ⊗OF → Ω1

Y |F → Ω1
F → 0

is an exact sequence of vector bundles on F . For 0 ≤ k ≤ p, let Gk ⊂ Ωp
Y |F be the image of∧k(T ∗

X,x ⊗ OF ) ⊗
∧p−k(Ω1

Y |F ) under the wedge product via (4.3), and Gp+1 := 0. These are
subbundles with

Gk/Gk+1 ∼=
∧k T ∗

X,x ⊗
∧p−k Ω1

F (0 ≤ k ≤ p),

which are trivial by (2). Let k be the largest integer such that i|F factors through Gk. Then some

coordinate of the nonzero morphism L|F → Gk/Gk+1 ∼= O⊕N
F is a nonzero section η of L−1|F .

Since F is irreducible, compact, and connected, the holomorphic functions ηqsa|F are constant
and ηqs0|F ̸= 0, so ua|F = (ηqsa|F )/(ηqs0|F ) is defined and constant on F . By Lemma 4.2, there
exist va ∈ C(X) with

(4.4) ua = g∗va (0 ≤ a ≤ p).

Since g∗ : C(X) → C(Y ) is injective, v1, . . . , vp are algebraically independent over C. Let

(4.5) σ := dv1 ∧ · · · ∧ dvp ∈ Ωp
C(X)/C.

Then g∗σ = du1∧· · ·∧dup ̸= 0 generates ℓ, and p ≤ n = dimC(X) Ω
1
C(X)/C [Har77, Theorems I.4.8A

and II.8.6A].

Step 3. In this step, we descend the coefficients of i⊗q(sa) to X.
Let θa := i⊗q(sa) ∈ H0(Y, (Ωp

Y )
⊗q) for 0 ≤ a ≤ p. Since g∗σ generates ℓ, there exist ha ∈ C(Y )

with

(4.6) θa = ha (g
∗σ)⊗q (0 ≤ a ≤ p).

Since i is generically injective and sa = uas0, we have h0 ̸= 0 and ha = uah0. Let U
′ ⊂ U be a

nonempty open subset on which σ is a nowhere vanishing regular section of Ωp
X . Since g is a

submersion on g−1(U ′), g∗σ vanishes nowhere there, so ha is holomorphic on g−1(U ′) by (4.6),
hence constant on the compact connected fiber g−1(x) for every x ∈ U ′. By Lemma 4.2, there
exist ba ∈ C(X) with

(4.7) ha = g∗ba (0 ≤ a ≤ p).

Since g∗ is injective, b0 ̸= 0 and ba = vab0 by (4.4).

Step 4. In this step, we construct K and sections T0, . . . , Tp of Kq.
Let E := (Ωp

X)⊗q and Λa := ba σ
⊗q for 0 ≤ a ≤ p. Let τ := ϖ∗

Wσ, an invariant meromorphic p-

form on W̃ , and ℓτ the space of its meromorphic multiples. By Lemma 3.1(1)–(3), K
W̃

:= ℓτ ∩Ωp

W̃

is an invariant invertible subsheaf of Ωp

W̃
with Kq

W̃
= ℓ⊗q

τ ∩ (Ωp

W̃
)⊗q. These subsheaves are

compatible on overlapping root charts, as τ is defined by ϖW , and define an orbifold line bundle
K on R with a nonzero morphism K → Ωp

R. Let

(4.8) Ta := ϖ∗
WΛa = (ϖ∗

W ba) τ
⊗q (0 ≤ a ≤ p),

an invariant meromorphic section of (Ωp

W̃
)⊗q compatible on overlapping root charts. By (4.6)

and (4.7), θa = g∗Λa, and if Ta is holomorphic on every root chart, then Ta ∈ H0(R,Kq). Fix
0 ≤ a ≤ p.
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For a prime divisor P on X, let ordP Λa be the minimum order along P of the coordinates
of Λa in a frame of E at the generic point of P . We claim that ordP Λa ≥ 0 if P ≠ D1, . . . , Dr.
Otherwise, let e := − ordP Λa > 0 and ζ a local equation of P at its generic point. Shrinking P ◦

in (3), we may assume that ζ and Λ′ := ζeΛa are regular on an open neighborhood X ′ of P ◦ and
Λ′ vanishes nowhere on P ◦. By (3) and the implicit function theorem, g has a holomorphic section
t :Wx → Y on an analytic open neighborhoodWx of some x ∈ P ◦. Pulling back (ζ ◦g)eθa = g∗Λ′,
an equality of holomorphic sections on g−1(X ′), by t gives ζe t∗θa = Λ′ on Wx ∩X ′, whose left
side vanishes at x while Λ′(x) ̸= 0, a contradiction.

Let ei := max{0,− ordDi Λa} for 1 ≤ i ≤ r and E :=
∑r

i=1 eiDi. By the claim, Λa is a regular
section of E ⊗ OX(E) [Har77, Proposition II.6.3A], so by (2.2)

Θ :=
s∏

j=1

w
mjej
j Ta

is a holomorphic section of (Ωp

W̃
)⊗q, with coordinates ΘJ in the coordinate frame. Since the

Taylor series of ΘJ at the origin converges on the polydisc W̃ , the order of ΘJ along (wi = 0) is
constant along (wi = 0). Hence it suffices to show that for 1 ≤ i ≤ s with ei > 0, every ΘJ is

divisible by wmiei
i on some open subset W̃ ◦ ⊂ W̃ meeting (wi = 0).

Fix such an i and x ∈ W ∩ D◦
i , nonempty as D◦

i is dense in Di. Let W ′ ⊂ W \
⋃

k ̸=iDk

be an adapted coordinate neighborhood of x with coordinates zi and zj − zj(x) for j ̸= i, and

ϖW ′ : W̃ ′ →W ′ the root chart over W ′, with coordinate w′
i over zi. Then ρ := (wi, (zj − zj(x)) ◦

ϖW )j ̸=i : ϖ
−1
W (W ′) → W̃ ′ satisfies ϖW ′ ◦ ρ = ϖW . Since wj ̸= 0 on ϖ−1

W (W ′) for j ≤ s, j ̸= i, ρ
is the quotient by the free action of

∏
j≤s, j ̸=i µmj , hence a covering map, so it is biholomorphic

on every connected component of ϖ−1
W (W ′) as W̃ ′ is simply connected. Since root charts at x

are locally identified by biholomorphisms commuting with ϖ, (4) gives y ∈ g−1(x) and a local

lift g̃′ : Ṽ → W̃ ′ of g which is a submersion at y. Then g̃ := ρ−1 ◦ g̃′ : Ṽ → W̃ , for the inverse of
ρ on one component, is a local lift of g which is a submersion at y.

Let x̃ := g̃(y), so that wi(x̃)
mi = zi(x) = 0. By the implicit function theorem, g̃ has a

holomorphic section t̃ : W̃ ◦ → Ṽ on an open neighborhood W̃ ◦ ⊂ W̃ of x̃. Since ϖW ◦ g̃ = g,

we have g̃∗Ta = g̃∗ϖ∗
WΛa = g∗Λa = θa and g̃∗Θ =

∏s
j=1(wj ◦ g̃)mjej θa on Ṽ \ g−1(D), which

is dense in Ṽ by the surjectivity of g, hence on Ṽ by continuity. Pulling back by t̃ gives

Θ =
∏s

j=1w
mjej
j t̃∗θa, so every ΘJ is divisible by wmiei

i on W̃ ◦, which meets (wi = 0) at x̃. Thus

Ta is holomorphic on W̃ .

Step 5. In this step, we compare κ(R,K) with κ(Y, f∗K) and conclude.
By Step 4, T0, . . . , Tp ∈ H0(R,Kq), and by (4.8) and (4.7), T0 ̸= 0 and Ta/T0 = ϖ∗va. Since

1, v1, . . . , vp are linearly independent over C, we extend T0, . . . , Tp to a basis of H0(R,Kq). The
map X 99K PNq defined by this basis (Definition 2.4) followed by the projection to the first p+ 1
coordinates is x → (1 : v1(x) : · · · : vp(x)), whose image is dense in Pp because v1, . . . , vp are
algebraically independent, so κ(R,K) ≥ p.

By Step 1 and Theorem 2.9, f∗K is an algebraic line bundle on Y with an algebraic morphism
f∗K → Ωp

Y . On U ′ ⊂ X \D, K = OXσ as σ vanishes nowhere there, so f∗K → Ωp
Y sends the

generator g∗σ of f∗K|g−1(U ′) to g
∗σ, which vanishes nowhere by Step 3, so f∗K → Ωp

Y is nonzero
and κ(Y, f∗K) ≤ p by Lemma 4.1.

Let k be a positive integer with H0(R,Kk) ̸= 0. Since a nonzero section ς of Kk is nonzero
at some point of X \D, where f∗ς = g∗ς and g is surjective, f∗ : H0(R,Kk) → H0(Y, (f∗K)k)

is injective. Let ϕ : X 99K PN and ϕ′ : Y 99K PN ′
be defined by a basis ς0, . . . , ςN of H0(R,Kk)

and by a basis of H0(Y, (f∗K)k) extending f∗ς0, . . . , f
∗ςN . Since g is surjective, ϕ′ followed

by the projection to the first N + 1 coordinates is ϕ ◦ g, which has the same image as ϕ, so
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κ(Y, f∗K) ≥ κ(R,K) and

p ≤ κ(R,K) ≤ κ(Y, f∗K) ≤ p.

Since 1 ≤ p ≤ n by Step 2, this contradicts the assumption that R is special. The proposition
follows. □

5. Auxiliary covers and affine actions

The goal of this section is to construct the cover π : S → X and the quotient Q = (S × F )/A
used in the proof of Proposition 1.2.

5.1. Quotients by finite groups.

Lemma 5.1. Let W be a normal projective variety and A a finite group acting on W . Then
there exist a normal projective variety W/A and a finite surjective morphism p : W → W/A
satisfying the following.

(1) The fibers of p are the A-orbits, OW/A = (p∗OW )A, and every A-invariant morphism
from W to a variety factors uniquely through p. For every A-invariant affine open
subset Z ⊂W , p(Z) is an affine open subset of W/A with OW/A(p(Z)) = OW (Z)A. In

particular, C(W/A) = C(W )A.
(2) Let w ∈W , H ⊂ A the stabilizer of w, and N an H-invariant analytic neighborhood of

w with aN ∩N = ∅ for every a ∈ A \H. Then p(N ) is an analytic neighborhood of p(w),
the fibers of p|N are the H-orbits in N , and every H-invariant holomorphic function on
N is of the form ϕ ◦ p|N for a unique holomorphic function ϕ on p(N ). In particular, if
H is trivial, then p|N : N → p(N ) is a biholomorphism.

Proof. Let L0 be an ample line bundle on W and L :=
⊗

a∈A a
∗L0. Then L is ample, and A

acts on R :=
⊕

k≥0H
0(W,Lk) by permuting the factors of L. Let k > 0 be such that Lk is very

ample. For every finite subset Σ ⊂W , there exists a section of Lk vanishing at no point of AΣ,
and the product of its A-translates is an A-invariant section of Lk|A| vanishing at no point of
AΣ. Hence every A-orbit lies in an A-invariant affine open subset of W . By [SGA1, Exposé V,
Proposition 1.1, Corollaires 1.2 and 1.5, and Proposition 1.8], there exists a finite surjective
morphism p :W →W/A to a scheme such that the fibers of p are the A-orbits, OW/A = (p∗OW )A,

every A-invariant morphism from W factors uniquely through p, and p(Z) = SpecOW (Z)A

is open for every A-invariant affine open subset Z ⊂ W . Since OW (Z) is a normal domain,
so is OW (Z)A, and Frac(OW (Z)A) = Frac(OW (Z))A. Thus W/A is a normal variety with
C(W/A) = C(W )A. The graded C-algebra R is finitely generated with W = ProjR (cf. [Har77,
Exercise II.5.14]), and RA is finitely generated since R is integral over RA. The affine open
subsets D+(f) for homogeneous f ∈ RA of positive degree are A-invariant and cover W , and
OW (D+(f))

A = (R(f))
A = (RA)(f). Hence W/A = ProjRA is projective. This proves (1).

Let w, H, and N be as in (2). Since p is finite, it is proper, so p is a closed map in the
analytic topology [SGA1, Exposé XII, Proposition 3.2(v)]. Hence p(N ) = (W/A) \ p(W \AN )
is open, and p−1(p(N )) = AN =

∐
a∈A/H aN by (1), so the fibers of p|N are the H-orbits in

N . The same holds for every H-invariant open subset N ′ ⊂ N . By (1), [SGA1, Exposé XII,
Théorème 4.2] applied to the proper morphism p and the coherent sheaf OW , and the exactness
of analytification, the holomorphic functions on p(N ′) are the A-invariant holomorphic functions
on AN ′, that is, the H-invariant holomorphic functions on N ′. This gives ϕ. If H is trivial,
then p|N is a bijective holomorphic map inducing an isomorphism of the sheaves of holomorphic
functions, hence a biholomorphism. This proves (2). □

Lemma 5.2. Let F be a smooth variety, H a finite group acting on F , and f ∈ FH a point.
Then there exist holomorphic coordinates centered at f on an H-invariant analytic neighborhood
of f in which every h ∈ H acts by the linear map dhf : TfF → TfF . In particular, FH is smooth

near f and Tf (F
H) = (TfF )

H .
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Proof. Let d := dimF , ϕ : N0 → Cd holomorphic coordinates centered at f on an analytic
neighborhood N0 of f , and N :=

⋂
h∈H hN0. We identify TfF with Cd by dϕf and write

ρ(h) := dhf , so that ρ(hh′) = ρ(h)ρ(h′) for h, h′ ∈ H. Let

Φ :=
1

|H|
∑
h∈H

ρ(h)−1 ◦ ϕ ◦ h : N → Cd.

The substitution h→ hh′ gives Φ ◦h′ = ρ(h′) ◦Φ for h′ ∈ H, and dΦf = 1
|H|
∑

h∈H ρ(h)−1 ◦ dϕf ◦
dhf = dϕf is invertible. By the inverse function theorem, Φ restricts to holomorphic coordinates

centered at f on an H-invariant analytic neighborhood of f , in which h′ acts by ρ(h′) and FH is
the linear subspace (Cd)H . □

5.2. Affine actions of arbitrary order.

Lemma 5.3. Let m,N ≥ 2 be integers, E an elliptic curve, and t ∈ E a point of order m. We
index the coordinates of Em by k ∈ Z/mZ and define automorphisms θ, ϑ of the variety Em by

(5.1) θ(x)k := xk−1, c := (t, . . . , t) ∈ Em, ϑ(x) := θ−1(x) + c.

Let

(5.2) Fm,N :=
∏

1≤i<j≤N

Em
ij , Am,N := (Z/mZ)N ,

where each Em
ij is a copy of Em, and let e1, . . . , eN be the standard generators of Am,N . For

1 ≤ i < j ≤ N , let ei act on Em
ij by θ, ej by ϑ, and ek trivially for k ̸= i, j. Then the following

hold.

(1) This defines a faithful action of Am,N on the abelian variety Fm,N of dimension m
(
N
2

)
by

automorphisms of varieties, and for all integers u, v,

(5.3) θuϑv(x) = θu−v(x) + vc.

(2) For each i, the fixed locus F ei
m,N is a translate of an abelian subvariety isomorphic to Ed,

where

(5.4) d := (N − 1) +m

(
N − 1

2

)
,

so it is nonempty, smooth, connected, and of codimension (m− 1)(N − 1). At every point
of F ei

m,N , the eigenvalue 1 of the differential of ei has multiplicity d and every other mth

root of unity has multiplicity N − 1. For i ̸= j, F ei
m,N ∩ F ej

m,N = ∅.
(3) Let τ := e1+ · · ·+eN and I ⊂ {1, . . . , N} with |I| ≤ N−2. Every h ∈ HI := ⟨τ, ei | i ∈ I⟩

can be written uniquely as

(5.5) h = aτ +
∑
i∈I

biei, a, bi ∈ Z/mZ.

If a ≠ 0, then h has no fixed point on Fm,N . Consequently, the stabilizer in HI of every
point of Fm,N is contained in ⟨ei | i ∈ I⟩, the kernel of the character χI : HI → C∗,

h→ exp(2π
√
−1a/m).

(4) Let r ≥ 1 and m1, . . . ,mr ≥ 2 be integers. For each α, let Eα be an elliptic curve, tα ∈ Eα
a point of order mα, and Fmα,N the abelian variety (5.2) with the action of Amα,N defined
from Eα and tα. Let F :=

∏r
α=1 Fmα,N with the product action of A :=

∏r
α=1Amα,N ,

and eα,1, . . . , eα,N the standard generators of Amα,N . If a ∈ A has two equal nonzero
coordinates in one factor Amα,N , then a has no fixed point on F . For every α and j, the

fixed locus F eα,j = F
eα,j

mα,N
×
∏

β ̸=α Fmβ ,N is nonempty, smooth, and connected.

Lemma 5.3 generalizes [Ope26a, Lemma A.2] to arbitrary orders.
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Proof. Since θ is a group automorphism with θ(c) = c, induction on v ≥ 0 gives ϑv(x) =
θ−v(x)+ vc, the identity ϑ−1(x) = θ(x)− c gives the same for v < 0, and applying θu yields (5.3).
Thus θϑ = ϑθ and ϑm(x) = x+mc = x, so the assignments in the statement define an action of
Am,N on Fm,N . Suppose that u =

∑
k ukek acts trivially, and let i < j. By (5.3), u acts on Em

ij

by x → θui−uj (x) + ujc. Evaluating at x = 0 gives ujt = 0, so uj = 0, and then θui = id gives
ui = 0. This proves (1).

The fixed locus of θ on Em is the diagonal ∆E := {(x, . . . , x) | x ∈ E}, and the fixed locus of ϑ
is {(x, x − t, . . . , x − (m − 1)t) | x ∈ E} = ∆E − (0, t, . . . , (m − 1)t), as mt = 0. Hence F ei

m,N is

the product of translates of ∆E on the N − 1 factors Em
ij with j ̸= i and of the remaining

(
N−1
2

)
factors, a translate of an abelian subvariety isomorphic to EN−1 × (Em)(

N−1
2 ) ∼= Ed. This gives

(5.4) and the codimension m
(
N
2

)
− d = (m− 1)(N − 1). We identify the tangent space of Em at

every point with Cm by translation. The differential of ei at a point of F ei
m,N is dθ or dθ−1 on the

N − 1 factors Em
ij and the identity on the other factors, where dθ is the cyclic permutation of the

coordinates of Cm. For λ ∈ µm, the vector (λ−k)k∈Z/mZ is an eigenvector of dθ with eigenvalue
λ, and these m vectors form a basis of Cm by the Vandermonde determinant, which gives the
multiplicities. If i < j and x ∈ F ei

m,N ∩ F ej
m,N , then ei + ej fixes x, but by (5.3) it acts on Em

ij by

the translation by c ̸= 0. This proves (2).
Fix j /∈ I. The coordinate of h = aτ +

∑
i∈I biei at j is a, which determines a and then the bi.

If a ≠ 0, then since |I| ≤ N − 2 there exist j < k in {1, . . . , N} \ I, and the coordinates of h at j
and k are both a. By (5.3), h acts on Em

jk by the translation by ac, which has no fixed point as

at ≠ 0. Hence the stabilizers in HI are contained in {a = 0} = ⟨ei | i ∈ I⟩ = kerχI . This proves
(3).

Let a = (aα)α ∈ A have coordinates u ≠ 0 at j < k in Amα,N . By (5.3) for Eα and tα, a acts
on the factor Emα

jk of Fmα,N by the translation by uc, which has no fixed point. The assertion on

F eα,j follows from (2). This proves (4). □

5.3. Cyclic covers.

Proposition 5.4. Let (X,B) be a projective orbifold pair as in Definition 2.1 with n ≥ 1, and
N := n+ 1. Then the following hold.

(1) There exist line bundles H1, . . . ,Hr on X and nonempty smooth divisors

(5.6) Gi,j ∈ |Hmi
i (−Di)|, 1 ≤ i ≤ r, 1 ≤ j ≤ N,

such that D +G is a reduced simple normal crossing divisor, where G :=
∑

i,j Gi,j.

Fix Hi and Gi,j as in (1), and let sDi and sGi,j be sections of OX(Di) and Hmi
i (−Di) with

divisors Di and Gi,j. Let

(5.7) Si,j := SpecX

mi−1⊕
a=0

H−a
i → X, ymi

i,j = sDisGi,j ,

be the cyclic cover of degree mi branched along Di + Gi,j, with algebra structure induced by

sDisGi,j ∈ H0(X,Hmi
i ), and yi,j the section of the pullback of Hi to Si,j given by H−1

i ↪→⊕mi−1
a=0 H−a

i . Let T be the fiber product over X of the Si,j, π : S → X the normalization of T ,
and

(5.8) A :=
r∏

i=1

(Z/miZ)N

with standard generators ei,j. Fix a primitive mith root of unity ζi for each i, and let ei,j act on
T over X by yi,j → ζiyi,j and yi′,j′ → yi′,j′ for (i′, j′) ̸= (i, j). For x ∈ X, let

(5.9) K(x) := {i | x ∈ Di}, Ji(x) := {j | x ∈ Gi,j}, P (x) := {(i, j) | j ∈ Ji(x)},

and τi :=
∑N

j=1 ei,j ∈ A.
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(2) S is a smooth projective variety, π is finite and surjective, the action of A on T extends
to a faithful action on S, π identifies X with the quotient S/A of Lemma 5.1, and the
fibers of π are the A-orbits.

(3) Let x ∈ X with K(x) = {1, . . . , s}, and W an adapted coordinate neighborhood of x with
coordinates z1, . . . , zn such that Gi,j ∩W = (zi,j = 0) for (i, j) ∈ P (x), where the zi,j
are distinct coordinates among zs+1, . . . , zn, and Gi,j ∩W = ∅ for (i, j) /∈ P (x). Then,
possibly shrinking W , π−1(W ) is the disjoint union of∏

i∈K(x)

m
N−|Ji(x)|−1
i

∏
i/∈K(x)

m
N−|Ji(x)|
i

open subsets, the charts of S over W , each biholomorphic over W to the polydisc Ŵ with
coordinates ui (i ∈ K(x)), vi,j ((i, j) ∈ P (x)), and zl for the remaining indices l, such
that

(5.10) zi ◦ π = umi
i (i ∈ K(x)), zi,j ◦ π = vmi

i,j ((i, j) ∈ P (x)), zl ◦ π = zl (otherwise).

If x /∈ D ∪ G, then π−1(W ) is the disjoint union of |A| charts, each mapped
biholomorphically onto W by π, and A permutes them simply transitively. Moreover, π is
étale over X \ (D ∪G).

(4) Let x ∈ X and Ix ⊂ A the stabilizer of a point of π−1(x). Then Ix does not depend on
the point, and

(5.11) Ix =
⊕

i∈K(x)

⟨τi⟩ ⊕
⊕

(i,j)∈P (x)

⟨ei,j⟩.

Every h ∈ Ix can be written uniquely as h =
∑

i∈K(x) aiτi +
∑

(i,j)∈P (x) bi,jei,j with

ai, bi,j ∈ Z/miZ, and Ix preserves every chart of S over W , on which h acts by

(5.12) ui → ζaii ui, vi,j → ζ
bi,j
i vi,j ,

and trivially on the remaining coordinates. Moreover, |Ji(x)| ≤ N − 2 for every i ∈ K(x).
(5) For every i and j, π∗Di = mi(π

−1(Di))red and π∗Gi,j = miS
ei,j , where Sei,j =

(π−1(Gi,j))red is a smooth divisor each of whose irreducible components dominates an
irreducible component of Gi,j. If x ∈ Gi,j lies on no other irreducible component of D+G,
then Ix = ⟨ei,j⟩. For every irreducible component T ′ of Sei,j with maximal ideal mT ′ of
OS,T ′, we have ordT ′(π∗Gi,j) = mi, the subgroup of A fixing T ′ pointwise is ⟨ei,j⟩, and
ei,j acts on mT ′/m2

T ′ by multiplication by ζi.

Proposition 5.4 generalizes [Ope26a, Lemma A.1] to arbitrary multiplicities and several
boundary components.

Proof. If r = 0, then A is trivial, T = S = X, and all assertions hold. Assume that r ≥ 1. Let
ν : S → T be the normalization and X◦ := X \ (D ∪G).
Step 1. In this step, we prove (1).

Let M be an ample line bundle on X. By [Har77, Theorem II.5.17 and Exercise II.7.5(d),(e)],
there exists an integer k > 0 such that Mi := Mkmi(−Di) is very ample for every i. Let
Hi :=Mk, and choose the Gi,j successively. Suppose that the Gi′,j′ already chosen are such that
D′ := D +

∑
Gi′,j′ is a reduced simple normal crossing divisor. Let Z be X or an irreducible

component of an intersection of irreducible components of D′, which is smooth. By Bertini’s
theorem [Sta26, Tag 0FD6], a general member Gi,j of |Mi| meets every such Z in a smooth
subscheme and contains none of them, as there are finitely many Z and the members containing
Z form a proper linear subspace. Then Gi,j is smooth, and nonempty as n ≥ 1. Let x ∈ Gi,j and
z1, . . . , za local equations at x of the irreducible components of D′ through x, which are part of
a system of local coordinates. Let Z be the irreducible component of their intersection through
x and ℓ a local equation of Gi,j . Since Gi,j ∩ Z is a smooth divisor on Z near x, the differential
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of ℓ|Z at x is nonzero, so z1, . . . , za, ℓ are part of a system of local coordinates, and D′ +Gi,j is a
reduced simple normal crossing divisor. This proves (1).

Step 2. In this step, we prove that T is integral and that S is a normal projective variety with
a faithful action of A such that π identifies X with S/A.

The fiber product T is SpecX A, where A :=
⊗

i,j

⊕mi−1
a=0 H−a

i is a locally free OX -algebra of

rank |A| on which A acts by OX -algebra automorphisms. Let σi be a nonzero rational section of
Hi, fi,j := sDisGi,j/σ

mi
i ∈ C(X), and K the field obtained from C(X) by adjoining roots yi,j of

tmi−fi,j in an algebraic closure. We claim that [K : C(X)] = |A|. Order the pairs (i, j), fix one, let
K′ be the field generated over C(X) by the yi′,j′ with (i′, j′) preceding (i, j), and C an irreducible
component of Gi,j . Replacing fi′,j′ by fi′,j′γ

mi′ and yi′,j′ by yi′,j′γ for γ ∈ C(X)∗ changes neither
K′ nor K, so we may assume that ordC(fi,j) = 1 and ordC(fi′,j′) = 0 for (i′, j′) ̸= (i, j), as C has
multiplicity one in Di +Gi,j and zero in Di′ +Gi′,j′ . Let w be a valuation of K′ extending ordC .
Since K′ is obtained by successively adjoining roots of polynomials tm − f with w(f) = 0, which
remain separable over the residue field of w, the valuation w is unramified over ordC . Hence
tmi − fi,j is an Eisenstein polynomial over the valuation ring of w, so [K′(yi,j) : K′] = mi, and
the claim follows by induction.

The generic fiber A ⊗OX
C(X) is generated by the yi,j/σi subject to (yi,j/σi)

mi = fi,j , has
dimension |A|, and surjects onto K, hence equals K. Since A is locally free, T is integral with
C(T ) = K. The normalization ν is finite [Sta26, Tag 035S], so S is a normal projective variety
and π is finite and surjective, and the action of A on T lifts to S [Har77, Exercise II.3.8]. Since
A acts faithfully on K = C(S) over C(X), as yi,j ̸= 0, and |A| = [K : C(X)], the extension is
Galois with group A, C(S)A = C(X), and A acts faithfully on S. By Lemma 5.1(1), π induces a
morphism π̄ : S/A→ X. Let W0 ⊂ X be an affine open subset. Then π−1(W0) is an A-invariant
affine open subset whose coordinate ring R is integral over OX(W0), and π̄

−1(W0) = p(π−1(W0))
is affine with coordinate ring RA ⊂ C(X) by Lemma 5.1(1). Since X is normal, RA = OX(W0).
Hence π̄ is an isomorphism, and the fibers of π are the A-orbits.

Step 3. In this step, we prove (3) and that S is smooth.
Let x and W be as in (3). Since D+G is a simple normal crossing divisor, |K(x)|+ |P (x)| ≤ n,

so |Ji(x)| ≤ |P (x)| ≤ N − 2 for i ∈ K(x), and we fix j0(i) /∈ Ji(x) for every i ∈ K(x). Shrinking
W , we may assume that W is contained in an affine open subset W0 ⊂ X on which every Hi

is trivial and Gi,j ∩W0 = ∅ for (i, j) /∈ P (x). Trivializing the Hi on W0, T |W0 is the spectrum
of OX(W0)[ξi,j ]/(ξ

mi
i,j − fi,j), where fi,j ∈ OX(W0) is a local equation of Di + Gi,j and ξi,j

corresponds to yi,j , and c = (ci,j) ∈ A acts by ξi,j → ζ
ci,j
i ξi,j . On W we have fi,j = ηi,jz

δi
i z

δi,j
i,j ,

where δi = 1 if i ∈ K(x) and δi = 0 otherwise, δi,j = 1 if (i, j) ∈ P (x) and δi,j = 0 otherwise, and

ηi,j is a nowhere vanishing holomorphic function on W , with a holomorphic mith root η
1/mi

i,j on

the polydisc W . The rational functions ξi,j0(i) and ξi,j/ξi,j0(i) for i ∈ K(x), and ξi,j for i /∈ K(x),
are integral over OX(W0), as their mith powers fi,j0(i), fi,j/fi,j0(i), and fi,j are regular on W0,

so they are regular on the normal variety π−1(W0). Define holomorphic functions on π−1(W ) by

ui := η
−1/mi

i,j0(i)
ξi,j0(i), vi,j :=

η
1/mi

i,j0(i)

η
1/mi

i,j

· ξi,j
ξi,j0(i)

(i ∈ K(x)),

vi,j := η
−1/mi

i,j ξi,j (i /∈ K(x))

for (i, j) ∈ P (x), and define ϵi,j by the formula for vi,j for (i, j) /∈ P (x), where j ≠ j0(i) when
i ∈ K(x). Then umi

i = zi ◦ π, vmi
i,j = zi,j ◦ π, and ϵmi

i,j = 1. Thus every ϵi,j is locally constant

with values in µmi , and π
−1(W ) is the disjoint union of the open and closed subsets Sϵ on which

(ϵi,j)i,j takes a given value ϵ. The number of possible values of ϵ is the number in (3). Let

Ψϵ := (ui, vi,j , zl ◦ π) : Sϵ → Ŵ . It remains to show that each Sϵ is nonempty and each Ψϵ is a
biholomorphism, since then (5.10) holds by construction.
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Let ϕϵ : Ŵ → T |W be the holomorphic map over W defined by ξi,j0(i) = η
1/mi

i,j0(i)
ui, by

ξi,j = η
1/mi

i,j uivi,j or η
1/mi

i,j ϵi,jui for i ∈ K(x) and j ̸= j0(i) according to whether (i, j) ∈ P (x) or

not, and by ξi,j = η
1/mi

i,j vi,j or η
1/mi

i,j ϵi,j for i /∈ K(x) according to whether (i, j) ∈ P (x) or not,

so that ϕϵ ◦Ψϵ = ν|Sϵ . Let W
◦ := W ∩X◦ and Ŵ ◦ its preimage in Ŵ . Every fi,j is a unit on

X◦, so T is étale over X◦, ν is an isomorphism over T |X◦ , π is étale over X◦, and T |W ◦ →W ◦

is a local biholomorphism. Since ϕϵ commutes with the local biholomorphisms Ŵ ◦ →W ◦ and

T |W ◦ →W ◦, it is a local biholomorphism on Ŵ ◦, and
∐

ϵ Ŵ
◦ → T |W ◦ is bijective, as a point of

T |W ◦ determines u, v, and ϵ. Hence Ψϵ restricts to a biholomorphism Sϵ ∩ π−1(W ◦) → Ŵ ◦ with
inverse ν−1 ◦ ϕϵ, and Sϵ ̸= ∅.

Since ν is finite and ϕϵ ◦ Ψϵ = ν|Sϵ , the map Ψϵ is proper with finite fibers, and surjective

because its image is closed and contains Ŵ ◦. Let Ω ⊂ Ŵ be a connected open subset and ψ a

holomorphic function on Ψ−1
ϵ (Ω). Then ψ ◦Ψ−1

ϵ is holomorphic on Ω∩ Ŵ ◦, the complement in Ω

of the zero locus of
∏

i ui
∏

i,j vi,j , and locally bounded near Ω \ Ŵ ◦ as Ψϵ is proper, so it extends

to a holomorphic function ψ̃ on Ω [Dem12, Chapter II, Remark 4.2]. The continuous functions

ψ and ψ̃ ◦ Ψϵ agree on Ψ−1
ϵ (Ω ∩ Ŵ ◦), which is dense in Ψ−1

ϵ (Ω) as its complement lies in the

proper closed subvariety π−1(D ∪G) of S, so ψ = ψ̃ ◦Ψϵ. Suppose that a point ŵ ∈ Ŵ has two
preimages under Ψϵ. For a small polydisc Ω around ŵ, the set Ψ−1

ϵ (Ω) is the disjoint union of
neighborhoods of the finitely many points of Ψ−1

ϵ (ŵ). The function equal to 1 on one of them

and to 0 on the others is holomorphic but not of the form ψ̃ ◦Ψϵ, a contradiction. Thus Ψϵ is a
homeomorphism, and every holomorphic function on Ψ−1

ϵ (Ω) for a polydisc Ω is the pullback of
a holomorphic function on Ω, so Ψϵ is a biholomorphism. Consequently S is a complex manifold
near π−1(x), hence smooth [Har77, Appendix B, Section 1]. If x ∈ X◦, then K(x) = P (x) = ∅
and Ŵ =W , so the |A| charts Sϵ map biholomorphically onto W . Since the fibers of π are the
A-orbits by Step 2 and each chart contains one point of every fiber, A permutes the charts
simply transitively. This proves (3).

Step 4. In this step, we prove (4) and (5).
Let x, W , Sϵ, ui, vi,j , and ϵi,j be as in Step 3. An element c = (ci,j) ∈ A acts on π−1(W ) by

ui → ζ
ci,j0(i)
i ui, vi,j → ζ

ci,j−ci,j0(i)
i vi,j , and ϵi,j → ζ

ci,j−ci,j0(i)
i ϵi,j for i ∈ K(x), by vi,j → ζ

ci,j
i vi,j

and ϵi,j → ζ
ci,j
i ϵi,j for i /∈ K(x), and it fixes the zl ◦ π. Each Sϵ contains exactly one point of

π−1(x), the point u = v = z = 0. Hence c fixes a point of π−1(x) if and only if c preserves its Sϵ,
if and only if ci,j = ci,j0(i) for i ∈ K(x) and j /∈ Ji(x) and ci,j = 0 for i /∈ K(x) and j /∈ Ji(x).
Such c equals

∑
i∈K(x) aiτi +

∑
(i,j)∈P (x) bi,jei,j with ai := ci,j0(i), bi,j := ci,j − ai for i ∈ K(x),

and bi,j := ci,j for i /∈ K(x), uniquely since ai is the coordinate of c at (i, j0(i)). Thus Ix does
not depend on the point, (5.11) holds, the action of c is (5.12), and |Ji(x)| ≤ N − 2 by Step 3.
This proves (4).

By (5.10), π∗Di and π
∗Gi,j are mi times the reduced smooth divisors (ui = 0) and (vi,j = 0) in

every Sϵ. For i ∈ K(x) there are at least two indices j /∈ Ji(x), so by (5.11), ei,j ∈ Ix if and only if
(i, j) ∈ P (x), and then ei,j acts on Sϵ by vi,j → ζivi,j with fixed locus (vi,j = 0) = π−1(Gi,j) ∩ Sϵ.
Hence Sei,j = (π−1(Gi,j))red is a smooth divisor and π∗Gi,j = miS

ei,j . The image under the
finite morphism π of an irreducible component of Sei,j is an irreducible closed subset of Gi,j of
dimension n− 1, that is, an irreducible component of Gi,j . If x ∈ Gi,j lies on no other irreducible
component of D +G, then K(x) = ∅ and P (x) = {(i, j)}, so Ix = ⟨ei,j⟩ by (5.11).

Let T ′ be an irreducible component of Sei,j and C := π(T ′). Since π∗Gi,j = miS
ei,j with

Sei,j reduced, ordT ′(π∗Gi,j) = mi. The element ei,j fixes T ′ ⊂ Sei,j pointwise. Conversely, let
a ∈ A fix T ′ pointwise. There exists x′ ∈ C lying on no other irreducible component of D +G,
and π|T ′ : T ′ → C is surjective, being finite and dominant, so a fixes a point of T ′ ∩ π−1(x′)
and a ∈ Ix′ = ⟨ei,j⟩. Let W0 be an affine open neighborhood of x′ on which Hi is trivial and
W0 ∩ Di = ∅. Trivializing Hi on W0, yi,j is a regular function on π−1(W0) with ymi

i,j = f ◦ π,
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where f ∈ OX(W0) is the function sDisGi,j , whose divisor is Gi,j ∩W0. Since T
′ ∩ π−1(W0) ̸= ∅,

we have yi,j ∈ OS,T ′ and mi ordT ′(yi,j) = ordT ′(π∗Gi,j) = mi. Thus yi,j generates mT ′ , and
ei,jyi,j = ζiyi,j gives the action on mT ′/m2

T ′ . This proves (5). □

5.4. The quotient.

Proposition 5.5. Let (X,B), N , Hi, Gi,j, G, sDi, sGi,j , yi,j, S, π, A, and ei,j be as in
Proposition 5.4. Let F be an abelian variety with an action of A by automorphisms of varieties
such that every a ∈ A which has two equal nonzero coordinates in one of the factors (Z/miZ)N
of A has no fixed point on F . Let A act diagonally on S × F , let

(5.13) Q := (S × F )/A, h : Q→ X, V := X \G, U := X \ (D ∪G),
where Q and p : S×F → Q are as in Lemma 5.1 and h is induced by π ◦prS. Then the following
hold.

(1) Q is a normal projective variety and h is surjective.
(2) Let q ∈ Q, x := h(q), and, for i ∈ K(x), zi a holomorphic function on an analytic

neighborhood of x generating the ideal of Di in the ring Oan
X,x of germs of holomorphic

functions at x. Then there exist a connected analytic neighborhood Qq of q and
holomorphic functions ri on Qq for i ∈ K(x) such that

(5.14) h∗zi = rmi
i on Qq (i ∈ K(x)).

(3) h−1(V ) is smooth, and for every q ∈ h−1(V ) some local lift of h to the root chart at h(q)
is a submersion at q.

(4) h|h−1(U) : h
−1(U) → U is a holomorphically locally trivial fiber bundle with fiber F .

(5) Let Y be a smooth projective variety, ρ : Y → Q a projective birational morphism which
is an isomorphism over h−1(V ), and g := h ◦ ρ. Then for every y ∈ g−1(V ) some local
lift of g to the root chart at g(y) is a submersion at y, and g|g−1(U) : g

−1(U) → U is a
holomorphically locally trivial fiber bundle with fiber F . Let E be a prime divisor on Y ,
y ∈ E a point at which E is smooth, x := g(y), zi for i ∈ K(x) as in (2), and Qq and ri
given by (2) for q := ρ(y). Then

(5.15) ordE(g
∗zi) = mi ordE(ρ

∗ri) (i ∈ K(x)),

where ordE(ψ) denotes, for a holomorphic function ψ near y and a generator t of the
ideal of E in Oan

Y,y, the largest integer k with ψ ∈ tkOan
Y,y. Hence g∗Di = miCi for an

effective divisor Ci on Y for every i. Moreover, such Y and ρ exist.
(6) Let E1, . . . , Er be elliptic curves, ti ∈ Ei a point of order mi, and

(5.16) F :=

r∏
i=1

Fmi,N =

r∏
i=1

∏
1≤j<k≤N

Emi
i

with the action of A =
∏r

i=1Ami,N of Lemma 5.3(4), where Fmi,N is defined by (5.2)

with E = Ei and t = ti. Then F satisfies the hypothesis above, dimF =
∑r

i=1mi

(
N
2

)
, and

F ei,j is nonempty, smooth, and connected for every i and j.

Propositions 5.5 and 6.3 replace the blowup construction of [Ope26a, Proposition A.3].

Proof. If r = 0, then A is trivial, Q = X × F , h is the projection, and all assertions hold,
with F a point in (6). Assume that r ≥ 1. We use the notation K(x), Ji(x), P (x), and Ix of

Proposition 5.4 and identify every chart of S over W with Ŵ by Proposition 5.4(3).

Step 1. In this step, we prove (1) and (2).
By Lemma 5.1(1), Q is a normal projective variety, and h is surjective as π is. Let q, x, and

zi be as in (2), (s0, f0) ∈ p−1(q), and H ⊂ A its stabilizer, so that H ⊂ Ix by Proposition 5.4(4).
Let k =

∑
i∈K(x) aiτi +

∑
(i,j)∈P (x) bi,jei,j ∈ H be as in (5.11). Suppose that ai ̸= 0 for some

i ∈ K(x). Since |Ji(x)| ≤ N − 2, there exist j ̸= j′ not in Ji(x), and the coordinates of k at
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(i, j) and (i, j′) are both ai. By the hypothesis on F , k has no fixed point on F , contradicting
kf0 = f0. Hence ai = 0 for every i ∈ K(x) and k ∈ H.

Fix i ∈ K(x) and j /∈ Ji(x). Let W0,i be an affine open neighborhood of x on which Hi is
trivial and W0,i ∩Gi,j = ∅. Trivializing Hi on W0,i, yi,j is a regular function on π−1(W0,i) with
ymi
i,j = fi ◦ π, where fi ∈ OX(W0,i) is the function sDisGi,j , whose divisor is Di ∩W0,i. Thus fi
generates the ideal of Di in OX,x, so dfi(x) ̸= 0 as Di is smooth, and fi generates the ideal of
Di in Oan

X,x, as Di and (fi = 0) are smooth hypersurfaces through x with Di ⊂ (fi = 0). Every

k ∈ H has coordinate ai = 0 at (i, j), as (i, j) /∈ P (x), so ψi := yi,j ◦prS is an H-invariant regular
function on π−1(W0,i)× F .

Let W1 ⊂
⋂

i∈K(x)W0,i be an adapted coordinate neighborhood of x, shrunk so that zi = ωifi
on W1 for every i ∈ K(x), where ωi is a nowhere vanishing holomorphic function on W1, with a

holomorphic mith root ω
1/mi

i on the polydisc W1. Since the points a(s0, f0) for a ∈ A/H are
distinct, there exists an analytic neighborhood N0 of (s0, f0) in π

−1(W1)×F with aN0 ∩N0 = ∅
for every a ∈ A\H. The connected component N of

⋂
k∈H kN0 containing (s0, f0) is a connected

H-invariant analytic neighborhood of (s0, f0) with aN ∩ N = ∅ for every a ∈ A \ H. By
Lemma 5.1(2), Qq := p(N ) is a connected analytic neighborhood of q contained in h−1(W1), and

ψi|N = ϕi ◦ p|N for a holomorphic function ϕi on Qq. Let ri := (ω
1/mi

i ◦ h)ϕi. Then

rmi
i ◦ p = (ωi ◦ π ◦ prS)ψ

mi
i = (ωifi) ◦ π ◦ prS = zi ◦ h ◦ p on N ,

and (5.14) follows as p|N : N → Qq is surjective. This proves (2).

Step 2. In this step, we prove (3) and (4).
Let x ∈ V . Then P (x) = ∅, so every nonzero element of Ix has some ai ≠ 0 by (5.11) and no

fixed point on F by Step 1, and the stabilizer of every point of S×F over x is trivial. Reordering
the indices, let K(x) = {1, . . . , s}, let W be an adapted coordinate neighborhood of x with

W ∩G = ∅ to which Proposition 5.4(3) applies, and ϖW : W̃ →W the root chart (2.1) over W .

Since P (x) = ∅, the polydisc Ŵ has coordinates u1, . . . , us, zs+1, . . . , zn, so Ŵ = W̃ , and by (5.10)

the identification of every chart S′ of S over W with Ŵ identifies π|S′ with ϖW . Let q ∈ h−1(x),
(s0, f0) ∈ p−1(q), S′ the chart containing s0, and N a connected analytic neighborhood of (s0, f0)
in S′ × F with aN ∩N = ∅ for every a ∈ A \ {1}. By Lemma 5.1(2), Qq := p(N ) is a connected
analytic neighborhood of q and p|N : N → Qq is a biholomorphism, so Q is smooth at q [Har77,

Appendix B, Section 1]. The map h̃ := prS ◦ (p|N )−1 : Qq → S′ = W̃ satisfies ϖW ◦ h̃ = h|Qq , so
it is a local lift of h to the root chart at x, and it is a submersion at q as prS is. This proves (3).

Let x ∈ U , W as above, and S1 a chart of S over W . By Proposition 5.4(3), π|S1 : S1 →W
is biholomorphic and π−1(W ) =

∐
a∈A aS1. The open subset N := S1 × F of S × F satisfies

aN ∩ N = ∅ for a ≠ 1 and AN = p−1(h−1(W )), and its points have trivial stabilizers. By
Lemma 5.1(2), p|N : S1 × F → h−1(W ) is a biholomorphism with h ◦ p|N = π ◦ prS1

, so h−1(W )
is biholomorphic to W × F over W . This proves (4).

Step 3. In this step, we prove (5) and (6).

Let y ∈ g−1(V ), and let h̃ be a local lift of h to the root chart at g(y) which is a submersion

at ρ(y), given by (3). Since ρ is an isomorphism over h−1(V ), the map h̃ ◦ ρ is a local lift of g
which is a submersion at y, and ρ identifies g−1(U) with h−1(U) over U , so the bundle assertion
follows from (4). Let E, y, x, zi, q, Qq, ri, and t be as in (5). Since Oan

Y,y/(t) is the ring of

germs of holomorphic functions on E at y, a domain, ordE is additive on products. By (5.14),
g∗zi = (ρ∗ri)

mi on ρ−1(Qq), which gives (5.15). If g(E) ̸⊂ Di, then E is not a component of
g∗Di. If g(E) ⊂ Di, then for y ∈ E at which E is smooth and x := g(y) ∈ Di, the divisor g∗Di is
the divisor of g∗zi near y, so the coefficient of E in g∗Di is ordE(g

∗zi) ∈ miZ by (5.15). Hence
Ci :=

1
mi
g∗Di is an effective divisor. Finally, h−1(V ) lies in the smooth locus of Q by (3), so

Theorem 2.10 provides Y and ρ. This proves (5).
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Since Ei is a one-dimensional complex torus, it has points of order mi. By Lemma 5.3(4),
every a ∈ A with two equal nonzero coordinates in one factor Ami,N has no fixed point on F , and

F ei,j is nonempty, smooth, and connected, and by Lemma 5.3(1), dimF =
∑r

i=1mi

(
N
2

)
. This

proves (6). □

6. Divisorial valuations

In this section, we prove Proposition 6.3.

Definition 6.1. Let W be a variety of dimension d. For an integral closed subvariety V ⊂W ,
let ηV be its generic point and OW,V := OW,ηV . A divisorial valuation of C(W ) is a discrete
valuation v of C(W ) which is trivial on C, has value group Z, and whose residue field k(v)
satisfies trdegC k(v) = d− 1. Let Ov ⊂ C(W ) be its valuation ring, mv its maximal ideal, and
k(c) the residue field of a point c of a scheme. If W is proper, the center of v on W is the unique
point cW (v) ∈W such that Ov dominates OW,cW (v) [Har77, Exercise II.4.5].

If W is normal and E is a prime divisor on W , then ordE has residue field C(E), so ordE is a
divisorial valuation of C(W ), with center ηE if W is proper.

Lemma 6.2. Let W be a normal projective variety of dimension d, O ⊂W a nonempty open
subset, and v1, . . . , vs distinct divisorial valuations of C(W ) whose centers on W lie in W \O.

(1) There exist a normal projective variety W ′ and a projective birational morphism ρ :W ′ →
W which is an isomorphism over O, such that for each i there exists a prime divisor Ei

on W ′ with vi = ordEi.
(2) If O is smooth, then W ′ in (1) can be chosen to be smooth.

Proof. We first prove (1) for s = 1. Let v := v1 and c := cW (v). If c = ηE for a prime divisor
E, then Ov = OW,E [Har77, Theorem I.6.1A], so v = ordE and W ′ := W works. Assume that

dim {c} ≤ d− 2. Choose f1, . . . , fd−1 ∈ Ov with residues in k(v) algebraically independent over
C, an affine open neighborhood W0 = SpecR0 of c, and a1, . . . , ad−1, b ∈ R0 with fj = aj/b, so
R0 ⊂ OW,c ⊂ Ov and v(aj) = v(b). Let I0 := (b, a1, . . . , ad−1) ⊂ R0, j : W0 ↪→ W the inclusion,
I := ker(OW → j∗(OW0/I0)), a coherent ideal sheaf with I|W0 = I0 [Sta26, Tag 01R8], and J the
ideal sheaf of the reduced closed subschemeW \O. As c ∈W \O ̸=W , v(J) := min{v(x) | x ∈ Jc}
is finite and positive. Choose N with Nv(J) > v(b) and let

(6.1) I ′ := I + JN .

Then I ′|O = OO, and v(x) ≥ v(b) for x ∈ I ′c.

Let b̃ : W̃ → W be the blowup of I ′. As I ′ ⊃ JN ≠ 0, W̃ is a projective variety and b̃
is projective and birational [Har77, Proposition II.7.16], and an isomorphism over O [Sta26,

Tag 02OS]. The subring R̃ ⊂ C(W ) generated by R0 and the x/b with x ∈ I ′(W0) is the affine

blowup algebra R0[I
′(W0)/b], so Spec R̃ is an open subset of W̃ [Sta26, Tag 0804]. As R̃ ⊂ Ov,

the point c̃ ∈ Spec R̃ corresponding to mv ∩ R̃ is the center of v on W̃ . The fj ∈ R̃ have

algebraically independent residues in k(c̃) ⊂ k(v), so dim {c̃} = trdegC k(c̃) ≥ d − 1 [Har77,

Exercise II.3.20(b)], and c̃ is not the generic point as Ov ̸= C(W ). Thus Ẽ := {c̃} is a prime

divisor. Let ν : W ′ → W̃ be the normalization, so ν is finite and birational, W ′ is a normal
projective variety [Sta26, Tags 0BXR and 0GK4], and ν is an isomorphism over b̃−1(O) ∼= O as O

is normal. For c′ := cW ′(v), the inclusion O
W̃ ,ν(c′)

⊂ OW ′,c′ gives ν(c
′) = c̃, so ν maps E′ := {c′}

finitely onto Ẽ and E′ is a prime divisor [Har77, Exercise II.3.20(b)]. As Ov dominates OW ′,E′ ,

v = ordE′ [Har77, Theorem I.6.1A]. This proves (1) for s = 1 with ρ := b̃ ◦ ν.
In general, we argue by induction on s ≥ 1. Let ρs−1 :Ws−1 →W and E1, . . . , Es−1 be given

by induction, cs := cWs−1(vs), and Os :=Ws−1 \ {cs}. As ρs−1(cs) = cW (vs) /∈ O, ρ−1
s−1(O) ⊂ Os.

If ηEi /∈ Os, then Ei ⊂ {cs} ≠Ws−1, so cs = ηEi and vs = ordEi = vi [Har77, Theorem I.6.1A], a
contradiction. The case s = 1 forWs−1, Os, vs gives a projective birational morphismWs →Ws−1
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from a normal projective variety, an isomorphism over Os, and a prime divisor Es on Ws with
vs = ordEs . As Os ⊃ ρ−1

s−1(O) contains every ηEi , the strict transforms E′
i of Ei on Ws satisfy

vi = ordE′
i
. This proves (1) with W ′ :=Ws.

For (2), let O be smooth. By Theorem 2.10, there exists a projective birational morphism
σ :W ′′ →W ′ from a smooth projective variety which is an isomorphism over the smooth locus of
W ′. This locus contains ρ−1(O) ∼= O and every ηEi , as W

′ is normal [Har77, Section II.6]. Hence
ρ ◦ σ is an isomorphism over O, and vi = ordE′′

i
for the strict transform E′′

i of Ei on W
′′. □

Proposition 6.3. Let X and S be smooth projective varieties, A a finite group acting faithfully
on S, and π : S → X an A-invariant finite surjective morphism which induces an isomorphism
S/A ∼= X. Let F be a smooth projective variety with an action of A, let A act diagonally on
V0 := S × F , and let

(6.2) Q := V0/A, p : V0 → Q, g0 : Q→ X

be the quotient, the quotient morphism, and the morphism induced by π ◦ prS. Let P1, . . . , Pb

be distinct prime divisors on X. For each λ, let Tλ be a prime divisor on S with π(Tλ) = Pλ,
mλ := ordTλ

(π∗Pλ), Hλ := {a ∈ A | a|Tλ
= idTλ

}, mTλ
the maximal ideal of OS,Tλ

, and zλ a
uniformizer of OX,Pλ

. Assume that mλ ≥ 2, that Hλ is cyclic of order mλ and acts faithfully on

the one-dimensional C(Tλ)-vector space mTλ
/m2

Tλ
, and that FHλ ̸= ∅. Let Zλ be an irreducible

component of FHλ, Qreg the smooth locus of Q, and

(6.3) O := Qreg \ g−1
0

( b⋃
λ=1

Pλ

)
.

Then the following hold.

(1) For each λ, there exists a divisorial valuation νλ of C(Q) whose center on Q is the generic
point of p(Tλ × Zλ), such that

(6.4) νλ(g
∗
0zλ) = 1

and νλ|C(X) = ordPλ
.

(2) There exist a smooth projective variety Y and a projective birational morphism ρ : Y → Q
which is an isomorphism over O satisfying the following. Let g := g0 ◦ ρ. Then for each
λ, there exist a prime divisor Eλ on Y with νλ = ordEλ

and g(Eλ) = Pλ, and nonempty
open subsets E◦

λ ⊂ Eλ and P ◦
λ ⊂ Pλ with g(E◦

λ) ⊃ P ◦
λ , such that g is smooth at every

point of E◦
λ.

(3) Let D1, . . . , Dr be smooth prime divisors on X, none of which equals any Pλ, and
ℓ1, . . . , ℓr ≥ 2 integers. An analytic local equation of Dα at x ∈ Dα is a holomorphic
function near x which generates the ideal of Dα in the ring Oan

X,x of germs of holomorphic
functions at x. Assume that for every α and every x ∈ Dα, there exists an analytic local
equation zα of Dα at x such that for every y0 ∈ g−1

0 (x), the function g∗0zα is the ℓαth
power of a holomorphic function near y0. Then for every α, every x ∈ Dα, every analytic
local equation z′α of Dα at x, and every y ∈ g−1(x), the function g∗z′α is the ℓαth power of
a holomorphic function near y. In particular, ordE(g

∗Dα) ∈ ℓαZ for every α and every
prime divisor E on Y .

(4) Let U0 ⊂ X be an open subset such that π is étale over U0 and U0 ∩ Pλ = ∅ for every λ.
Then g|g−1(U0) : g

−1(U0) → U0 is a holomorphically locally trivial fiber bundle with fiber

F , and g is smooth at every point of g−1(U0).

Proposition 6.3 replaces the blowup of the fixed loci in [Ope26a, Proposition A.3].

Proof. By Lemma 5.1(1), Q is a normal projective variety, p is finite, C(Q) = LA where
L := C(V0), and g0 exists. We fix λ, write P , T , m, H, Z, z for Pλ, Tλ, mλ, Hλ, Zλ, zλ, and let
d := dimQ, C := T ×Z, and R := OV0,C . Steps 1–3 construct ν := νλ by restricting to C(Q) a
monomial valuation of L with center ηC , and Steps 4 and 5 prove (2)–(4).
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Step 1. In this step, we construct a regular system of parameters u, a1, . . . , aa of R consisting
of H-eigenvectors.

Let η generate H. As H fixes T pointwise, it acts on OS,T and trivially on C(T ), so η acts on
mT /m

2
T by some ζ ∈ C(T ) with ζm = 1, which lies in µm and is primitive by faithfulness. For a

uniformizer t of OS,T , u := 1
m

∑m−1
j=0 ζ−jηj(t) ≡ t (mod m2

T ) is a uniformizer with η(u) = ζu. As

ordT (π
∗z) = m and π∗z is H-invariant,

(6.5) π∗z = umϵ

for some H-invariant unit ϵ of OS,T .

By Lemma 5.2, Z is smooth and TfZ = (TfF )
H for closed points f ∈ Z. Let a := codimF Z,

mZ the maximal ideal of OF,Z , and N
∨ the conormal sheaf of Z in F , on which H acts OZ-linearly.

By averaging, (N∨)H is a direct summand of N∨ with fiber (N∨⊗k(f))H = ((TfF/TfZ)
H)∨ = 0

at f , so (N∨)H = 0 and 1 is not an eigenvalue of η on N∨ ⊗ C(Z) = mZ/m
2
Z . Choose a basis

of this space of eigenvectors of η with eigenvalues ζw1 , . . . , ζwa , 1 ≤ wj ≤ m − 1, lift them to

x1, . . . , xa ∈ mZ , and let aj :=
1
m

∑m−1
i=0 ζ−wjiηi(xj). Then η(aj) = ζwjaj and aj ≡ xj (mod m2

Z),
so a1, . . . , aa generate mZ by Nakayama’s lemma. As V0 = S × F and C = T × Z, the ring R is
regular of dimension a+ 1 with residue field k0 := C(C) and mR = (u, a1, . . . , aa), and H acts
on R and trivially on k0.

Step 2. In this step, we construct a divisorial valuation v of L with center ηC , v(u) = 1, and
v(aj) = wj .

Let R̂ be the completion of R and m̂ its maximal ideal, so L = Frac(R) ⊂ Frac(R̂). By [Sta26,

Tag 0C0S] and its proof, R̂ contains a subfield k′ mapping isomorphically onto k0, and the
continuous k′-algebra homomorphism

(6.6) k′[[T0, T1, . . . , Ta]] → R̂, T0 → u, Tj → aj ,

is an isomorphism, as u, a1, . . . , aa map to a basis of m̂/m̂2. We identify the two sides of (6.6),
and for integers b0, . . . , ba ≥ 0 call

(6.7) b0 +

a∑
j=1

wjbj

the weight of the monomial ub0ab11 · · · abaa . As the weights 1, w1, . . . , wa are positive, only finitely

many monomials have a given weight. For 0 ̸= f ∈ R̂, let v(f) be the least weight of a monomial of
f and in(f) ∈ k′[u, a1, . . . , aa] the sum of the terms of f of weight v(f). Then in(fg) = in(f) in(g),
so v(fg) = v(f) + v(g), and v(f + g) ≥ min{v(f), v(g)}. Hence v extends to a valuation of

Frac(R̂), and we also write v for its restriction to L. As units of R̂ have value 0, elements of
m̂ have positive value, and v(u) = 1, the valuation v is trivial on C with value group Z, Ov

dominates R, and the center of v on V0 is ηC .
Via residues, we regard k0 ∼= k′ as a subfield of k(v) and let tj ∈ k(v) be the residue of

aj/u
wj ∈ L. We claim that

(6.8) k(v) = k0(t1, . . . , ta)

with t1, . . . , ta algebraically independent over k0. Every element of k(v) is the residue of some

f/g with f, g ∈ R̂ and v(f) = v(g) =: e, hence of in(f)/ in(g), as v(f/g − in(f)/ in(g)) > 0.
Each monomial of weight e equals ue

∏
j(aj/u

wj )bj , so in(f)/ in(g) is a quotient of polynomials

in the aj/u
wj over k′ with denominator of value 0. Thus k(v) = k0(t1, . . . , ta). For a nonzero

polynomial ψ in a variables over k0 and N ≫ 0, uNψ(a1/u
w1 , . . . , aa/u

wa) is a nonzero polynomial
in u, a1, . . . , aa whose monomials all have weight N , so v(ψ(a1/u

w1 , . . . , aa/u
wa)) = 0 and

ψ(t1, . . . , ta) ̸= 0. As k0 and the tj are residues of elements of L, the residue field of v|L is also
(6.8), and

trdegC k(v) = trdegC k0 + a = dimC + a = d− 1.
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Step 3. In this step, we restrict v to C(Q) and prove (1).

For e ≥ 0, let Ie ⊂ R̂ be the ideal generated by the monomials of weight at least e, so

v(f) = max{e | f ∈ Ie} for 0 ̸= f ∈ R̂. The action of H on R extends to R̂, and η multiplies
each monomial by ζ raised to its weight (6.7), so η(Ie) = Ie. As m̂Ie ⊂ Ie+1 and H acts trivially
on k0, η acts on Ie/Ie+1, which is spanned over k0 by the monomials of weight e, by ζe. Hence

m | v(f) for 0 ̸= f ∈ R̂H , as the class of f in Iv(f)/Iv(f)+1 is nonzero and H-invariant. For

0 ̸= f ∈ LH , write f = x/y with x, y ∈ R. Replacing y by
∏m−1

j=0 ηj(y) and x by fy, we may

assume that x, y ∈ RH , so v(f) = v(x)− v(y) ∈ mZ. Thus vH := 1
m v|LH is a valuation of LH

with values in Z, and vH(π∗z) = 1
m(m+ v(ϵ)) = 1 by (6.5). As C(Q) = LA ⊂ LH , we may define

(6.9) ν := vH |C(Q).

As p∗g∗0z = pr∗Sπ
∗z, (6.4) holds, and ν has value group Z.

For a finite extension L′/K and a valuation v′ of L′, [k(v′) : k(v′|K)] ≤ [L′ : K]: a nontrivial
relation over K among x1, . . . , xk ∈ Ov′ with residues linearly independent over k(v′|K), divided
by a coefficient of minimal value, reduces to a nontrivial relation among the residues. As L is
finite over LA and k(vH) = k(v|LH ), k(v) is finite over k(ν). Hence trdegC k(ν) = d− 1, and ν is
a divisorial valuation of C(Q).

As p(ηC) is the generic point of p(C), the ring R dominates OQ,p(ηC), and so does Oν =
Ov∩C(Q) by (6.9). Thus the center of ν on Q is p(ηC). Finally, π(ηT ) = ηP , so OX,P ⊂ OS,T ⊂ R
and units of OX,P are units of R. As every element of C(X)× is zjϵ′ with j ∈ Z and ϵ′ a unit of
OX,P , and ν(z) = 1, we obtain

(6.10) ν|C(X) = ordP .

This proves (1). As the Pλ are distinct, so are ν1, . . . , νb by (6.10).

Step 4. In this step, we construct Y , ρ, and E1, . . . , Eb by Lemma 6.2 and prove (2).
The open subset O is smooth, and nonempty as g0 is dominant. By (1), the center of νλ on Q

lies in g−1
0 (Pλ) ⊂ Q \O. Lemma 6.2 gives a smooth projective variety Y , a projective birational

morphism ρ : Y → Q which is an isomorphism over O, and prime divisors E1, . . . , Eb on Y with
νλ = ordEλ

. Let g := g0 ◦ ρ, fix λ, and write P , E, z, ν for Pλ, Eλ, zλ, νλ. As ηE is the center of
ν on Y , Oν ∩C(X) = OX,P dominates OX,g(ηE) ⊂ OY,E by (6.10), so g(ηE) = ηP and g(E) = P .

Let P ′ ⊂ P be the open subset of points x at which P is smooth and z generates the ideal
of P in OX,x, X1 ⊂ X the open subset on which z is regular, so that ηP ∈ P ′ ⊂ X1, and Esm

the smooth locus of E. As g(ηE) = ηP , g|Esm : Esm → P is dominant, so Esm ∩ g−1(P ′′) → P ′′

is smooth for some nonempty open subset P ′′ ⊂ P ′ [Har77, Corollary III.10.7], with surjective
differential TyE → Tg(y)P at closed points y [Har77, Proposition III.10.4]. On g−1(X1) ∋ ηE , the
regular function g∗z has divisor E +R′ with R′ ≥ 0 and E ̸⊂ SuppR′, as ordE(g

∗z) = ν(z) = 1.
Let

E◦ :=
(
Esm ∩ g−1(P ′′)

)
\ SuppR′,

a nonempty open subset of E containing ηE .
Let y ∈ E◦ be a closed point and x := g(y). As Y is smooth, E has a local equation t ∈ OY,y

[Har77, Proposition II.6.11 and Remark II.6.11.1A], and dty ̸= 0 as E is smooth at y. The
rational function a := g∗z/t has order 0 along every prime divisor through y, so a and a−1 are
regular at y [Har77, Proposition II.6.3A]. Thus

(6.11) g∗z = ta

near y with a(y) ̸= 0, so d(g∗z)y = a(y)dty ̸= 0 as t(y) = 0. Since z|P ′ = 0, dzx vanishes on TxP ,
while dzx ◦ dgy = d(g∗z)y ̸= 0. Hence the image of dgy contains the hyperplane TxP = dgy(TyE)
and a vector outside it, so g is smooth at y. Finally, g(E◦) is constructible [Har77, Exercise II.3.19]
and contains ηP , so it contains a nonempty open subset P ◦ of P [Har77, Exercise II.3.18(b)].
This proves (2).
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Step 5. In this step, we descend the factorizations g∗0zα = ϕℓα0 and the bundle structure over U0

to Y , which proves (3) and (4).
For (3), let α, x ∈ Dα, zα be as in (3), z′α an analytic local equation of Dα at x, and y ∈ g−1(x).

Then z′α = ϵzα for a holomorphic function ϵ near x with ϵ(x) ̸= 0, which has a holomorphic

ℓαth root ϵ1 on a polydisc around x where it has no zero. By assumption, g∗0zα = ϕℓα0 for a
holomorphic function ϕ0 near ρ(y). Hence g∗z′α = ϕℓα near y with ϕ := (ϵ1 ◦ g)(ϕ0 ◦ ρ), which
proves the first assertion of (3).

For the second assertion, let E be a prime divisor on Y . If g(E) ̸⊂ Dα, then ordE(g
∗Dα) = 0.

Otherwise, let y ∈ E be a closed point at which E is smooth, x := g(y), and z ∈ OX,x a local
equation of Dα [Har77, Proposition II.6.11 and Remark II.6.11.1A]. As Dα is smooth at x, z is
not in the square of the maximal ideal of OX,x, so dzx ̸= 0 and z is an analytic local equation of

Dα at x. By the first assertion, g∗z = ϕℓα for a holomorphic function ϕ near y. Let t ∈ OY,y be
a local equation of E, which is prime in the ring Oan

Y,y of germs of holomorphic functions at y, a

unique factorization domain [Dem12, Chapter II, Theorem (2.10)], as E is smooth at y. Write
ϕ = tkϕ′ with t ∤ ϕ′ ∈ Oan

Y,y, so g
∗z = tℓαkϕ′ℓα with t ∤ ϕ′ℓα . As Oan

Y,y is faithfully flat over OY,y,

the largest power of t dividing g∗z is the same in both rings, so ordE(g
∗Dα) = ordE(g

∗z) = ℓαk.
For (4), let x ∈ U0 be a closed point. As A acts faithfully on S and C(S)A = C(X) by

Lemma 5.1(1), [C(S) : C(X)] = |A|. As π is finite, flat, and unramified over U0 [Har77,
Exercise III.10.3], π−1(x) is reduced of length |A| and an A-orbit by Lemma 5.1(1), so π−1(x) =
As1 for any s1 ∈ π−1(x), with as1 ̸= s1 for 1 ̸= a ∈ A. As π is étale at s1 and dimS = dimX, dπs1
is bijective [Har77, Proposition III.10.4], and as S is compact, there are analytic neighborhoods
W1 of s1 and W ⊂ U0 of x with π|W1 :W1 →W biholomorphic and π−1(W ) =

∐
a∈A aW1. Let

M :=W1×F . Then aM ∩M = ∅ for 1 ̸= a ∈ A, and AM = p−1(g−1
0 (W )) as g0 ◦p = π ◦prS . By

Lemma 5.1(2), p(M) = g−1
0 (W ) is open in Q and p|M :M → g−1

0 (W ) is a biholomorphism with

g0 ◦ p|M = π ◦ prW1
, so g−1

0 (W ) ∼=W × F over W . In particular, g−1
0 (U0) is smooth and disjoint

from g−1
0 (
⋃

λ Pλ), so ρ is an isomorphism over g−1
0 (U0) ⊂ O. Thus g|g−1(U0) is a holomorphically

locally trivial fiber bundle with fiber F , and g is smooth on g−1(U0) as W × F → W is a
submersion. This finishes the proof. □

7. Proof of Proposition 1.2

Proof of Proposition 1.2. If r = 0, then Y := X, g := idX , U := X, and a point F satisfy (1)–(4)
and (1.2). Assume that r ≥ 1. Let N := n+ 1, and let Gi,j , G, S, π : S → X, A, ei,j , and ζi be
as in Proposition 5.4.

Step 1. In this step, we construct F , Y , and g by Propositions 5.5 and 6.3.
Let E1, . . . , Er be elliptic curves, ti ∈ Ei a point of order mi, and F the abelian variety (5.16)

with the action of A of Lemma 5.3(4). By Proposition 5.5(6), F satisfies the hypothesis of

Proposition 5.5, dimF =
∑r

i=1mi

(
N
2

)
, and F ei,j ≠ ∅ for every i and j. Let Q, p : S × F → Q,

h : Q→ X, V , and U be as in (5.13).
By Proposition 5.4(1), D+G is a reduced simple normal crossing divisor. Hence the irreducible

components P1, . . . , Pb of G are distinct prime divisors on X, none of them equals any Di, and
each Pλ is an irreducible component of a unique Gi,j . Fix λ and this (i, j). By Proposition 5.4(5),
Sei,j = (π−1(Gi,j))red is a smooth divisor on S whose irreducible components dominate irreducible
components ofGi,j . Since π is finite, it is closed [Har77, Exercise II.3.5(b)], so each such component
maps onto an irreducible component of Gi,j , and these images cover Gi,j = π(Sei,j ) as π is
surjective. Hence Pλ = π(Tλ) for some irreducible component Tλ of Sei,j , which is a prime divisor
on S. Let mλ := ordTλ

(π∗Pλ), Hλ := {a ∈ A | a|Tλ
= idTλ

}, and mTλ
the maximal ideal of OS,Tλ

.
Since Gi,j is reduced and Pλ lies in no other irreducible component of Gi,j , mλ = ordTλ

(π∗Gi,j).
By Proposition 5.4(5), mλ = mi ≥ 2, Hλ = ⟨ei,j⟩ is cyclic of order mi, and ei,j acts on mTλ

/m2
Tλ

by the primitive mith root of unity ζi, so Hλ acts faithfully on mTλ
/m2

Tλ
. Let Zλ be an irreducible

component of FHλ = F ei,j ̸= ∅.
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By Proposition 5.4(2), the hypotheses of Proposition 6.3 hold for X, S, A, π, F , P1, . . . , Pb,
Tλ, mλ, Hλ, and Zλ, with V0 = S × F and g0 = h in (6.2), and the open subset (6.3) is
O = Qreg \h−1(G). By Proposition 6.3(2), there exist a smooth projective variety Y , a projective
birational morphism ρ : Y → Q which is an isomorphism over O, and for each λ a prime divisor
Eλ on Y and nonempty open subsets E◦

λ ⊂ Eλ and P ◦
λ ⊂ Pλ such that g := h ◦ ρ is smooth at

every point of E◦
λ and g(E◦

λ) ⊃ P ◦
λ . Since ρ is proper [Har77, Theorem II.4.9] and birational, it

is surjective, so g is surjective by Proposition 5.5(1). Since h−1(V ) = Q \ h−1(G) is smooth by
Proposition 5.5(3), h−1(V ) ⊂ O, and ρ is an isomorphism over h−1(V ).

Step 2. In this step, we prove (1)–(4) and (1.2).
By Step 1, Proposition 5.5(5) applies to Y , ρ, and g = h ◦ ρ. Hence g∗Di = miCi for an

effective divisor Ci on Y for every i, which is (1), and g|g−1(U) : g
−1(U) → U is a holomorphically

locally trivial fiber bundle with fiber the abelian variety F . As D ∪ G ≠ X, the open subset
U ⊂ X \D is nonempty. This proves (2), and (1.2) holds as N = n+ 1.

Let P be a prime divisor on X with P ≠ Di for every i. If P = Pλ for some λ, let P ◦ := P ◦
λ .

By Step 1, every x ∈ P ◦ equals g(y) for some y ∈ E◦
λ, and g is smooth at y. Otherwise, P is not

an irreducible component of D +G, so P ̸⊂ D ∪G, and P ◦ := P ∩ U is a nonempty open subset
of P . By Proposition 5.4(3), π is étale over U , and U ∩ Pλ = ∅ for every λ, so g is smooth at
every point of g−1(U) by Proposition 6.3(4). Since g is surjective, g−1(x) ̸= ∅ for every x ∈ P ◦.
This proves (3).

Fix i, and let D◦
i := Di \ (

⋃
k ̸=iDk ∪G). Since Di lies in no other irreducible component of

D+G, D◦
i is a nonempty open subset of Di \

⋃
k ̸=iDk. Let x ∈ D◦

i and y ∈ g−1(x). Since x ∈ V ,

some local lift of g to the root chart at x is a submersion at y by Proposition 5.5(5). This proves
(4), and the proposition follows. □

8. Fundamental groups

In this section, we prove Proposition 8.3 and Theorem 1.1.

Definition 8.1. Let M be a smooth quasi-projective variety, Σ a reduced effective divisor on
M , Σ′ an irreducible component of Σ, and y ∈M \ Σ. Let ∆ ⊂M be a closed holomorphic disc
meeting Σ transversally in a single smooth point of Σ on Σ′, ∂∆ its positively oriented boundary
circle, and β a path in M \ Σ from y to a point of ∂∆. The loop β · ∂∆ · β−1 is a positively
oriented meridian about Σ′ at y. For M = X and Σ = D as in Definition 2.1, this is the notion
of Definition 2.2.

Lemma 8.2. Let M be a smooth quasi-projective variety.

(1) Let Z ⊊M be a closed subset in the Zariski topology and y ∈M \Z. Then M \Z is path
connected and π1(M \ Z, y) → π1(M,y) is surjective.

(2) Let Σ be a reduced effective divisor on M with irreducible components Σ1, . . . ,Σk, y ∈
M \ Σ, and µj a positively oriented meridian about Σj at y for each j. Then the kernel
of π1(M \ Σ, y) → π1(M,y) is the normal subgroup generated by µ1, . . . , µk.

(3) In the situation of (2), any two positively oriented meridians about Σj at y are conjugate
in π1(M \ Σ, y).

Proof. The variety M is a connected complex manifold [Har77, Appendix B, Section 1]. Stratify
Z into finitely many locally closed smooth subvarieties of real codimension at least 2. By
transversality, every path in M with endpoints in M \ Z is homotopic relative to its endpoints
to a path transverse to all strata, hence disjoint from Z. This proves (1).

For (3), let ∆ be as in Definition 8.1 for Σ′ = Σj and W a coordinate polydisc about ∆ ∩ Σ
with Σ ∩W = (z1 = 0). Shrinking ∆, we may assume ∆ ⊂W . Since z1 has a single simple zero
on ∆ and π1(W \ Σ) ∼= Z via the winding number of z1, ∂∆ is freely homotopic in W \ Σ to the
boundary circle of {(z1, 0, . . . , 0) | |z1| ≤ ϵ} for 0 < ϵ≪ 1. The smooth points of Σ on Σj form a
nonempty open subset of the smooth locus of Σj , path connected by (1). Covering a path in it
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between the centers of two such discs by finitely many polydiscs W , their boundary circles are
freely homotopic in M \ Σ. This proves (3).

For (2), let N be the normal subgroup generated by µ1, . . . , µk. Each µj bounds a disc in
M , so N lies in the kernel. Conversely, let γ be a loop in M \ Σ at y, null-homotopic in M ,
which we may take smooth, and ϕ : D → M a null-homotopy on the closed unit disc with

ϕ(ρe2π
√
−1τ ) = γ(τ) on the annulus A := {1/2 ≤ ρ ≤ 1}, so that ϕ(A)∩Σ = ∅. Since the singular

locus Z ′ of Σ has real codimension at least 4, by smooth approximation and transversality relative
to A we may assume that ϕ is smooth, ϕ(D) ∩ Z ′ = ∅, and ϕ is transverse to Σ \ Z ′, so that
ϕ−1(Σ) = {p1, . . . , pl} consists of interior points. Removing small discs Ds about the ps, we write
γ in π1(M \ Σ, y) as a product of conjugates of the loops ϕ(∂Ds) transported to y along arcs. In
a coordinate polydisc W about ϕ(ps) with Σ ∩W = (z1 = 0), d(z1 ◦ ϕ)ps is invertible, so ϕ(∂Ds)
has winding number ±1 for Ds small, hence is freely homotopic in W \ Σ to the boundary circle
of a coordinate disc {(z1, a2, . . . , ad) | |z1| ≤ ϵ} or its inverse, so the transported loop is conjugate
to a positively oriented meridian about the component of Σ through ϕ(ps) or its inverse, hence
to µ±1

j by (3). Thus γ ∈ N . □

Proposition 8.3. Let (X,B) be a projective orbifold pair as in Definition 2.1 and g : Y → X a
surjective morphism from a smooth projective variety Y . Assume that there exists a nonempty open
subset U ⊂ X \D such that g is smooth at every point of g−1(U) with connected fibers over U , and
that for each i there exists an effective Weil divisor Ci on Y with g∗Di = miCi. Let y0 ∈ g−1(U),
x0 := g(y0), Σ the reduced divisor Supp g∗D on Y , Y 0 := Y \ Σ, g0 := g|Y 0 : Y 0 → X \D, and
j : Y 0 ↪→ Y the inclusion. Let γi be a positively oriented meridian about Di at x0 for each i,
Γ := πorb1 (X,B;x0) as in Definition 2.2, and q : π1(X \D,x0) → Γ the quotient map. Then:

(1) There exists a unique surjective homomorphism Φ : π1(Y, y0) → Γ such that

(8.1) Φ ◦ j∗ = q ◦ g0∗.
(2) Let E be an irreducible component of Σ, eE,i := ordE(g

∗Di), IE := {i | eE,i > 0}, and
µE a positively oriented meridian about E at y0. Then there exist pairwise commuting
positively oriented meridians γ′i about Di at x0, i ∈ IE, such that

(8.2) g0∗(µE) =
∏
i∈IE

(γ′i)
eE,i .

(3) If H ⊂ π1(Y, y0) is an abelian subgroup of finite index d, then Φ(H) is an abelian subgroup
of Γ of index at most d.

The proof follows [Ope26a, Proposition 3.1].

Proof. Since g is surjective, g∗D =
∑r

i=1miCi is an effective divisor on Y and SuppΣ = g−1(D).

Step 1. In this step, we prove (2).
By Lemma 8.2(3), it suffices to prove (8.2) for one µE , since conjugating it by g0∗(θ), θ ∈

π1(Y
0, y0), replaces the γ

′
i by commuting positively oriented meridians about the Di.

Since E ̸⊂ g−1(Di) for i /∈ IE , there exists a smooth point y ∈ E of Σ with x := g(y) ∈ Di if
and only if i ∈ IE . Reordering the Di, we may assume IE = {1, . . . , s}. Let W be an adapted
coordinate neighborhood of x with coordinates z1, . . . , zn (Definition 2.3) and V ⊂ g−1(W ) a
coordinate polydisc about y with coordinates t, t2, . . . , tdimY and Σ ∩ V = (t = 0). For i ∈ IE ,
the divisor of zi ◦ g on V is eE,i(E ∩ V ), so after shrinking V we have

(8.3) zi ◦ g = teE,iui (i ∈ IE)

with ui nowhere vanishing on V .

Let ∆ := {(t, 0, . . . , 0) | |t| ≤ ϵ} ⊂ V for 0 < ϵ≪ 1, δ(τ) := (ϵe2π
√
−1τ , 0, . . . , 0) its boundary

circle, βY a path in Y 0 from y0 to y′ := δ(0), and µE := βY · δ · β−1
Y , a positively oriented

meridian about E. Let w := g(y′) = (w1, . . . , wn) and β := g ◦ βY . As W \ D is a product
of punctured discs and discs, π1(W \ D,w) is free abelian on the classes λi, i ∈ IE , of the
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loops τ → (w1, . . . , e
2π

√
−1τwi, . . . , wn), a loop c having class

∏
i∈IE λ

ni(c)
i , ni(c) the winding

number of zi ◦ c. By (8.3), zi ◦ g ◦ δ(τ) = ϵeE,ie2π
√
−1eE,iτui(δ(τ)) with ui nowhere zero on ∆, so

ni(g ◦ δ) = eE,i and in π1(X \D,x0)

g0∗(µE) = [β · (g ◦ δ) · β−1] =
∏
i∈IE

(γ′i)
eE,i , γ′i := [β · λi · β−1].

The γ′i commute as the λi do, and are positively oriented meridians about Di at x0, as λi is the
oriented boundary of the closed holomorphic disc {(w1, . . . , zi, . . . , wn) | |zi| ≤ |wi|} ⊂W , which
meets D transversally in one point of Di \

⋃
k ̸=iDk. This proves (2).

Step 2. In this step, we prove (1) and (3).
By Lemma 8.2(1) and (2) for M = Y and Z = Σ, j∗ is surjective with kernel N the normal

subgroup generated by positively oriented meridians µE1 , . . . , µEk
at y0 about the irreducible

components E1, . . . , Ek of Σ. For E := Ek′ and γ
′
i as in (2), eE,i = mi ordE(Ci) as g

∗Di = miCi,
and (γ′i)

mi is conjugate to γmi
i by Lemma 8.2(3) for M = X and Σ = D, so q ◦ g0∗(µE) = 1 by

(8.2). Thus q ◦ g0∗ factors through π1(Y, y0) = π1(Y
0, y0)/N , giving Φ with (8.1), unique because

j∗ is surjective.
As q is surjective, by (8.1) it suffices that g0∗ is surjective, and by Lemma 8.2(1) for M = X \D,

Z = (X \D) \ U and g−1(U) ⊂ Y 0, that gU := g|g−1(U), a proper submersion with connected

fibers, induces a surjection π1(g
−1(U), y0) → π1(U, x0). Let H be the orthogonal complement

of ker(dgU ) for a Riemannian metric on g−1(U), so that dgU : Hy → Tg(y)U is an isomorphism.
Let c : [0, 1] → U be a smooth loop at x0. Let ξ be a smooth time-dependent vector field on
U with ξ(τ, c(τ)) = c′(τ), obtained by extending c′(τ) in finitely many charts covering c([0, 1])
and gluing by a partition of unity. Let c̃ be the maximal integral curve with c̃(0) = y0 of

ξ̃(τ, y) := (dgU |Hy)
−1ξ(τ, g(y)). Then g ◦ c̃ and c are integral curves of ξ from x0, so g ◦ c̃ = c, and

c̃ is defined on [0, 1] as it stays in the compact set g−1
U (c([0, 1])). For a path σ in the connected

manifold g−1(x0) from c̃(1) to y0, g ◦ (c̃ · σ) is homotopic to c. As every loop in U is homotopic
to a smooth one, gU∗ is surjective. This proves (1).

The group Φ(H) is abelian, and as Φ is surjective, kH → Φ(k)Φ(H) maps π1(Y, y0)/H onto
Γ/Φ(H), so [Γ : Φ(H)] ≤ d. This proves (3). □

Proof of Theorem 1.1. If dimX = 0, then r = 0 and πorb1 (X,B;x0) is trivial. Assume that
dimX ≥ 1. Since (X,B) is special, R is special by Proposition 3.2(4). If r = 0, then R = X and
πorb1 (X,B;x0) = π1(X,x0) is virtually abelian by Theorem 2.11, as X is a connected compact
Kähler manifold.

Assume that r ≥ 1, and let g : Y → X, Ci, U , and F be as in Proposition 1.2. Then g satisfies
hypotheses (1), (3), and (4) of Proposition 4.3 by Proposition 1.2(1), (3), and (4), and hypothesis
(2) by Proposition 1.2(2), as g is smooth at every point of g−1(U) and the fibers of g over U are
biholomorphic to the abelian variety F , connected with Ω1

F trivialized by translations of a basis of
T ∗
0F . Thus Y is special by Proposition 4.3, and for y0 ∈ g−1(U), Theorem 2.11 gives an abelian

subgroup H ⊂ π1(Y, y0) of finite index d. By Proposition 1.2(1) and (2), Proposition 8.3(3)
applies with x′0 := g(y0), so Φ(H) ⊂ πorb1 (X,B;x′0) is an abelian subgroup of index at most d.

Finally, let σ be a path in X \ D from x′0 to x0 (Lemma 8.2(1)). Conjugation by σ is an
isomorphism π1(X \D,x′0) → π1(X \D,x0) mapping positively oriented meridians about Di at x

′
0

to ones at x0, conjugate to γi by Lemma 8.2(3), hence the normal subgroup defining πorb1 (X,B;x′0)
onto ⟨γmi

i | 1 ≤ i ≤ r⟩. Thus πorb1 (X,B;x0) ∼= πorb1 (X,B;x′0) is virtually abelian. □

References

[BM97] E. Bierstone and P. D. Milman, Canonical desingularization in characteristic zero by blowing up the
maximum strata of a local invariant, Invent. Math. 128 (1997), 207–302.
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[Har77] R. Hartshorne, Algebraic geometry, Graduate Texts in Math. 52, Springer-Verlag, New York–Heidelberg,
1977.

[Kol05] J. Kollár, Resolution of Singularities – Seattle Lecture, arXiv:math/0508332.
[Ope26a] OpenAI, A conditional abelianity theorem for special fourfold pairs with a half-weight divisor, OpenAI

Math Release preprint, October 5, 2026, public manuscript.
[Ope26b] OpenAI, The abelianity conjecture for special compact Kähler manifolds, OpenAI Math Release preprint,

September 23, 2026, public manuscript.
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