
PROOF OF SERRANO’S CONJECTURE

Abstract. We prove Serrano’s conjecture on the ampleness of strictly nef adjoint divisors on
smooth projective varieties. The result also holds for log canonical pairs.
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1. Introduction

A Cartier divisor is strictly nef if it has positive degree on every integral curve. This condition
does not by itself imply ampleness. Serrano proposed that adding the canonical divisor changes
this behavior in a precise uniform range; see [Ser95] and [CCP08, author final, Conjecture 0.1].
We prove the following result.

Theorem A. Let X be a smooth integral projective variety of dimension n ≥ 1, and let L be
a strictly nef integral Cartier divisor on X. Then KX + tL is ample for every real number
t > n+ 1.

The cone theorem gives strict nefness in this range. The remaining issue is bigness: a big
adjoint in the range implies ampleness throughout it by basepoint-freeness and the positivity of
L on every curve. We give the rational and real forms of this reduction in Proposition 2.3. For
the study of strictly nef divisors and its log variants, we refer to [CCP08, LM23]; the original
reduction and the abelian case appear in [Ser95, Lemma 1.3 and Proposition 1.4].
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1.1. Canonical varieties and the induction. We prove bigness by induction in a category
that includes the canonical modifications of the subvarieties arising from jet kernels. The precise
result is the following.
Theorem B. Let X be a normal integral projective variety of dimension n ≥ 1 with canonical
singularities, and let L be a strictly nef integral Cartier divisor on X. Then KX + tL is ample
for every real number t > n+ 1. No Q-factoriality assumption is imposed.

Theorem B includes every canonical variety needed in the induction, with no bound on its
Cartier index. We prove the inductive assertion that KX + (2n+ 1)L is big. The extremal-ray
bound of [JLR26, Theorem 1.3] then gives the sharp nef endpoint KX+(n+1)L, and Lemma 2.5
recovers the stated ampleness range. The inductive assertion is eventual bigness for strictly nef
Cartier divisors on all canonical varieties of smaller dimension. A generically finite morphism
to a strictly nef variety then gives a fixed lower-dimensional adjoint polarization and a uniform
bound for the degrees of covering curves; see Theorem 4.3. This permits the use of smooth
resolutions of centers without assuming strict nefness on exceptional curves.

We now describe the contradiction used to prove this eventual bigness. If D = KX+(2n+1)L
is not big, choose an ample Cartier divisor A and normalize
(1.1) Pj = rj(D + ujA), rj → ∞, uj → 0, Pn

j → εn,

where ε > 0 is fixed and small. The comparisons Pj − rjL nef and Pj/rj − KX nef retain
the canonical information, while Pj · C ≥ rj for every integral curve C. Lemma 2.6 gives
the construction. Lower-dimensional canonical bigness excludes the bounded-degree centers
that could obstruct single-point vanishing bounds or jets on the projective bundle over X ×X
defined in Set-up 7.1. The only remaining centers dominate both factors; branch and axis
divisors reduce them to graphs of regular isomorphisms of finite covers, and an open orbit is
excluded by Proposition 6.8.

Our argument adapts the moving-jet and Frobenius determinant constructions of [Ope26a,
Ope26b]. We prove the local subadjunction, isolated-component, and full-kernel statements in
Section 3. The determinant estimate in Theorem 9.2 allows negative cotangent slopes. The
bound needed for those slopes follows from quantitative Harder–Narasimhan bend-and-break:
on a resolving complete-intersection curve C of class ΛHn−1, the allowed loss satisfies η/(ΛHn) =
2n/rj . The scalar jet estimate supplies one movable curve class that controls both determinant
factors. After fixing the fiber coefficient, one index j, and all complex geometric data, we reduce
modulo large primes. Full rank away from the Frobenius diagonal and a rank bound along it
force incompatible vanishing orders of one determinant. Finally, Theorem 7.5 constructs the
required two-slot jets with their fiber coefficient fixed before the normalization parameter tends
to infinity. These statements are proved here with their indicated hypotheses; no numerical
semiampleness or log abundance theorem is an additional input.

Pairs with real boundaries. The canonical result also gives the following consequence for
klt pairs. For a real pair, we require the boundary to have finite support and the log canonical
divisor to be R-Cartier.
Corollary 1.1. Let (X,B) be a normal integral projective klt pair of dimension n ≥ 1, where B
is an effective real Weil divisor with finite support and KX +B is R-Cartier. Let L be a strictly
nef Q-Cartier Q-divisor, and let ` ≥ 1 be any integer such that `L is an integral Cartier divisor.
Then KX +B + tL is ample for every real t > (n+ 1)`.

Neither Q-factoriality nor separate Q-Cartierness of KX is required. The factor ` records the
integral lower bound for curve degrees of `L. The index of a rational log canonical divisor enters
only when clearing denominators in a linear system.

For lc pairs, bigness must also be proved on every lc center. Quasi-log adjunction and the
structure theorem for normal quasi-log canonical pairs give this additional assertion, leading to
the following extension.
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Corollary 1.2. Let (X,B) be a normal integral projective log canonical pair of dimension n ≥ 1,
where B is an effective real Weil divisor with finite support and KX + B is R-Cartier. Let L
be a strictly nef Q-Cartier Q-divisor, and let ` ≥ 1 be any integer such that `L is an integral
Cartier divisor. Then KX +B + tL is ample for every real t > (n+ 1)`.

We prove Corollary 1.2 separately in Section 13, after the canonical induction. On the
normalization of an lc center, the quasi-log structure gives a smooth model with nef moduli
part and exceptional negative boundary. Keeping these terms permits bigness to descend, and
the Reid–Fukuda basepoint-free theorem then applies to a nef and log big adjoint.

Structure of the paper. Section 2 proves the sharp recovery statement. Sections 3–5 develop
the local tools, lower-dimensional estimate, and scalar jets. Sections 6 and 7 treat divisors,
regular automorphisms of finite covers, and two-slot jets. Sections 8–10 prove the cotangent and
determinant estimates and assemble the movable witness. Section 11 completes the canonical
induction and proves Theorem A. Sections 12 and 13 prove the real-boundary consequences.

2. Preliminaries

We adopt the standard notation and terminology for the minimal model program from [Sho92,
KM98, BCHM10] and use them freely. We work over the field of complex numbers C, except in
the explicitly indicated reductions to positive characteristic.

An intersection of a Weil divisor with Cartier classes means the intersection of its cycle with
those classes. We never use a pullback of a canonical Weil divisor unless it is Q-Cartier or
the morphism is finite and the pullback is explicitly defined by divisorial valuations. Nefness,
bigness, and ampleness of real divisors refer to their numerical classes. A sufficiently divisible
multiple of a rational divisor always means a multiple for which the associated sheaf is invertible.

Notation 2.1. For a positive integer f , write CSf for the following assertion: for every normal
integral projective canonical f -fold T and every strictly nef integral Cartier divisor H on T ,
there exists a positive rational s such that KT + sH is big. We write CS<n for the collection of
assertions CSf with 1 ≤ f < n.

Theorem 2.2 (Cone and basepoint-free theorems). For a smooth projective n-fold the negative
extremal rays of the canonical divisor are generated by integral rational curves C with 0 <
−KX · C ≤ n+ 1. For an effective real lc pair (X,B) of dimension n, the corresponding bound
is 0 < −(KX + B) · C ≤ 2n. In both cases the closed cone of effective curves is the closure of
the sum of the nonnegative part and these rays.

If (X,B) is a projective klt rational pair and J is a nef Cartier divisor such that J− (KX +B)
is nef and big, then |kJ | is basepoint-free for every sufficiently large integer k.

The cone bounds are used in the forms of [Ser95, Lemma 1.1] and [LM23, arXiv v2,
Lemma 2.4]; the real lc cone decomposition is also given by [Fuj22, Theorem 7.7]. The last
assertion is [Fuj12, Theorem 2.1], with its integer parameter equal to one; effectivity of the
boundary makes its saturation condition automatic, as stated immediately before that result.

Proposition 2.3 (Sharp recovery). Consider either of the following settings:
(1) X is smooth of dimension n, L is strictly nef Cartier, A = KX , and c = n+ 1;
(2) (X,B) is a projective klt rational pair of dimension n, A = KX + B is Q-Cartier, L is

a strictly nef Q-Cartier Q-divisor, `L is integral Cartier, and c = 2n`.
Put Dt = A + tL. Then Dc is nef and Dt is strictly nef for every real t > c. The following
conditions are equivalent: Ds is big for some real s > c; Dt is ample for every real t > c; the
polynomial (A + uL)n is not identically zero; at least one number Aj · Ln−j, 0 ≤ j ≤ n, is
nonzero. Thus failure of ampleness for even one t > c forces all these mixed intersections to
vanish and excludes bigness of every Ds with s > c.
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Proof. We first locate the nef endpoint, then propagate bigness and recover ampleness. The
rational Cartier index of A will enter only a multiplier.
Step 1. We prove nefness at c and strict nefness above c. In the smooth case, an integral curve
has L ·C ≥ 1. In the rational-pair case it has L ·C ≥ 1/`. Theorem 2.2 therefore makes A+ cL
nonnegative on each negative extremal generator, and it is nonnegative on the A-nonnegative
part since L is nef. Continuity gives Dc nef. For t > c,
(2.1) Dt = Dc + (t− c)L

is nef and has positive degree on every integral curve.
Step 2. We propagate one big adjoint to every parameter above c. Assume Ds is big for some
s > c. For c < r < s, set α = (r − c)/(s − c). Then Dr = αDs + (1 − α)Dc is big. A positive
multiple of an interior point of the pseudo-effective cone plus a point of that cone remains in its
interior: translate an open neighborhood contained in the cone and use closure under addition.
For r ≥ s, use Dr = Ds + (r − s)L. Thus Dr is nef and big for every real r > c.
Step 3. We prove ampleness for rational parameters and then for real parameters. Write
r = a/b > c with positive integers a, b, and choose h ≥ 1 such that hA is Cartier. Take an
integer m ≥ 2 divisible by h and b`, with h = ` = 1 in the smooth case. Then

J = mDr = mA+
ma

b`
(`L), J −A = (m− 1)Dr + rL

satisfy: J is integral Cartier and nef, and J − A is a nef and big rational Cartier divisor.
Theorem 2.2 makes |kJ | basepoint-free for large k. Its morphism to its projective image has no
positive-dimensional fiber, because such a fiber contains an integral curve of J-degree zero. The
morphism is proper and quasi-finite, hence finite. The finite pullback of O(1) is ample, so Dr is
ample.

For a real t > c, choose rationals c < r− < t < r+. With β = (r+ − t)/(r+ − r−) we have
Dt = βDr− + (1− β)Dr+ , which is ample by convexity. Conversely, an ample divisor is big.
Step 4. We identify the numerical obstruction. Multilinearity gives

(2.2) (A+ uL)n =
n∑

j=0

(
n

j

)
un−j(Aj · Ln−j).

The polynomial vanishes identically exactly when all its coefficients vanish. If it is nonzero,
choose a rational r > c outside its finitely many roots. Since Dr is nef, Dn

r ≥ 0, and the choice
gives Dn

r > 0. The nef top-intersection criterion makes Dr big. Conversely an ample rational Dr

has positive top intersection. This proves all equivalences and their asserted contrapositive. □

Theorem 2.4 ([JLR26, Theorem 1.3]). Let (X,∆) be an lc pair over an algebraically closed
field of characteristic zero. Every (KX +∆)-negative extremal ray of the closed cone of effective
curves has a rational generator C satisfying −(KX +∆) · C ≤ dimX + 1.

Lemma 2.5 (Sharp recovery for pairs). Let (X,B) be a projective lc real pair of dimension
n ≥ 1, and let H be strictly nef integral Cartier. Put R = KX +B and c = n+1. Then R+ cH
is nef. If R+ TH is ample for one real T > c, then R+ sH is ample for every real s > c. If the
pair is klt and rational, it suffices that R+ TH be big for one real T > c.

Proof. By Theorem 2.4, each negative ray has a rational generator with −R · C ≤ c, whereas
H · C ≥ 1. The cone decomposition therefore makes N = R+ cH nef. For c < s < T ,

(2.3) R+ sH =
s− c

T − c
(R+ TH) +

T − s

T − c
N.

A positive multiple of an ample class plus a nef class is ample. For s ≥ T , add (s − T )H to
R+ TH. This argument applies directly to real boundaries.
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In the rational klt case, (2.3) first propagates bigness from T to all s > c, and R + sH =
N+(s−c)H is strictly nef. For rational s > c, choose an integer m ≥ 2 clearing the denominators
of R+ sH. The nef Cartier divisor J = m(R+ sH) satisfies J −R = (m− 1)(R+ sH)+ sH nef
and big. Theorem 2.2 gives a basepoint-free multiple. Its morphism is finite because J is strictly
nef, and hence R+ sH is ample. Positive interpolation between rational parameters proves the
real conclusion. □
Lemma 2.6 (Normalization of a nonbig adjoint). Let X be canonical of dimension n ≥ 2, let
L be strictly nef integral Cartier, and assume D = KX + (2n+ 1)L is not big. Given an ample
Cartier divisor A and a real ε > 0, there exist positive rational uj → 0 and positive integers
rj → ∞ such that the ample rational divisors Pj = rj(D + ujA) satisfy
(2.4) Pn

j → εn, Pj − rjL is nef, Pj/rj −KX is nef.
For every integral curve C ⊂ X, Pj · C ≥ rj.

Proof. Proposition 2.3 gives N = KX +2nL nef and D = N+L nef, so Dn = 0. Choose positive
rational uj decreasing to zero, and put wj = (D + ujA)n. Then wj > 0 and wj → 0. Take
rj to be the nearest positive integer to ε/w

1/n
j , deleting finitely many terms if necessary. Thus

rjw
1/n
j → ε and rj → ∞. The comparisons are

Pj − rjL = rj(N + ujA), Pj/rj −KX = (2n+ 1)L+ ujA.

They are nef, and the first gives Pj · C ≥ rjL · C ≥ rj . □

3. Subadjunction and full moving kernels

In this section, we prove the local results used to bound centers arising from complete jet
kernels, including their restrictions to fibers. The arguments develop the local constructions
of [Ope26a, Lemmas 7.1–7.4], also used in [Ope26b, Lemmas 4.3–4.6], with the generic lc and
ordinary-ideal hypotheses made explicit.

3.1. Numerical subadjunction at a generic lc center. We first prove a numerical
subadjunction statement with log canonicity required only near the generic point of the center.
We use the following precise forms of dlt modification, adjunction, and the canonical bundle
formula.

Theorem 3.1 ([FH23, Theorem 2.10 and Remark 2.11]). Let Z be normal quasi-projective and
Θ ≥ 0 an R-divisor with KZ + Θ R-Cartier. There exists a projective birational p : Q → Z
with Q Q-factorial such that every exceptional prime has discrepancy at most −1. If KQ + Γ =
p∗(KZ +Θ), then Γ ≥ 0, the coefficientwise truncation BQ = min{Γ, 1} defines a dlt pair, and
EQ = Γ−BQ ≥ 0. The coefficients can be taken rational for rational input.

Theorem 3.2 ([Fuj07, Propositions 3.9.2 and 3.9.4]). The lc centers of an effective dlt pair
are its strata obtained as irreducible components of intersections of coefficient-one components.
Every stratum S is normal. Iterated adjunction gives an effective rational different ∆S satisfying
(KQ +BQ)|S ∼Q KS +∆S for rational input. The pair (S,∆S) is dlt and its lc centers are the
proper strata contained in S.

Theorem 3.3 ([FG14, Definition 3.1 and Theorem 3.5]; [Amb04, Theorem 2.7]). Let
q : (S,BS) → W be a proper surjective morphism of normal varieties with connected fibers,
where KS + BS is Q-Cartier. Assume the pair is sub-klt over the generic point of W , the
discrepancy b-divisor A(S,BS) satisfies
(3.1) rank q∗OS (dA(S,BS)e) = 1,

and KS +BS ∼Q q∗D′ for a rational Cartier class D′ on W . Then
(3.2) D′ ∼Q KW +BW +MW ,
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where the coefficient of a prime F in BW is 1− tF , with tF the sub-lc threshold of q∗F over its
generic point. The moduli b-divisor descends to a nef rational Cartier divisor on a higher proper
birational model when W is complete. Global sub-lc singularities are not required.

Here the sheaf in (3.1) is computed by the discrepancy valuation inequalities, or on a log
resolution and then pushed down; this fixes the convention in [FG14, Sections 2.1–2.4].

Proposition 3.4 (Numerical generic subadjunction). Let Z be normal projective Q-factorial
and klt, let Θ ≥ 0 be rational, and let V ⊂ Z be integral of dimension f > 0. Assume (Z,Θ) is
lc on an open neighborhood of the generic point of V and has an lc place with center V . Let P
be a nef rational Cartier divisor on V , and let ρ : V ∗ → V be any smooth projective resolution
through the normalization. Then
(3.3) KV ∗ · (ρ∗P )f−1 ≤ (KZ +Θ)|V · P f−1.

No Q-Gorenstein assumption on the normalization of V is imposed.

Proof. Put R = KZ + Θ. We retain the non-lc contribution on a dlt modification and use the
finite Stein base of a minimal stratum. All subsequent canonical intersections on normal bases
are intersections of Weil cycles.
Step 1. We construct an effective pair on a stratum dominating V . Theorem 3.1 gives
(3.4) KQ + Γ = p∗R, BQ = min{Γ, 1}, EQ = Γ−BQ ≥ 0.

Every strict component of Γ has the nonnegative coefficient of Θ, and every exceptional
component has coefficient at least one. Choose an open U containing the generic point of
V where the pair is lc. A component of EQ has discrepancy less than −1, so its image lies in
Nlc(Z,Θ) and EQ|p−1(U) = 0.

Properness gives a center on Q for the given lc place. Over U it is an lc center of the crepant
dlt pair. Theorem 3.2 and closure of the corresponding floor intersection give a global stratum
mapping onto V . Among these finitely many strata choose S minimal by inclusion. It is normal,
integral, and projective. Write g = p|S . Adjunction gives KS+∆S ∼Q (KQ+BQ)|S with ∆S ≥ 0
and dlt. The stratum S meets p−1(U), so it is not contained in EQ. Since Q is Q-factorial, a
Cartier multiple of EQ restricts to an effective Cartier divisor on S. Thus
(3.5) BS = ∆S + EQ|S ≥ 0, KS +BS ∼Q g∗(R|V ).
These are rational line-bundle identities even when a divisor representative contains V .
Step 2. We obtain generic klt singularities on the correct connected-fiber base. Every lc center
of (S,∆S) is a proper stratum inside S. None dominates V by minimality. Removing their
finitely many proper closed images, together with the image of the non-lc surplus, makes (S,BS)
klt over a nonempty open of V . Factor through normalization and take Stein factorization:

(3.6) S
q−→ W

ζ−→ V ν ν−→ V.

Then W is normal projective, ζ is finite of degree e > 0, and q∗OS = OW . Put DV = ν∗(R|V )
and D′ = ζ∗DV . By (3.5), KS +BS ∼Q q∗D′, and the pair is klt over the generic point of W .
Step 3. We verify the rank-one hypothesis of the canonical bundle formula. On an open W o

where (So, BS |So) is klt, its boundary is effective. Every discrepancy aF is greater than −1, so
daF e ≥ 0; on a nonexceptional divisor it is the round-up of a number in (−1, 0], hence zero. The
discrepancy sheaf on So is therefore OSo . A rational function satisfying its inequalities has no
pole in codimension one and is regular by normality, while every regular function satisfies the
nonnegative exceptional inequalities. Equivalently, on a log resolution all permitted poles are
exceptional and disappear on pushforward. Consequently the direct image of this sheaf restricts
to q∗OSo = OW o and has generic rank one. Theorem 3.3 gives (3.2) on W .
Step 4. We prove effectivity of the discriminant on the original Stein base. Fix a prime
F ⊂ W and work near its generic point, where it is Cartier. Some prime T ⊂ S dominates F
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with positive integral multiplicity m in q∗F : the zero locus of the pulled-back local equation is
Cartier and its finitely many proper images cover F . If b is the coefficient of T in BS , then b ≥ 0.
Sub-lc singularities of BS + tq∗F require b + tm ≤ 1, whence t ≤ (1 − b)/m ≤ 1. Thus tF ≤ 1
and BW ≥ 0.

The threshold is finite and rational even when the special fiber is not lc. On a log resolution
of BS + q∗F near the generic point of F , horizontal coefficients are less than one, and each
vertical divisor has positive multiplicity in the pullback of F . Sufficiently negative t makes all
finitely many vertical coefficients at most one. The threshold is the minimum of their rational
upper bounds. Negative thresholds therefore cause no difficulty. This proves effectivity on W ;
discriminant traces on higher models may have negative exceptional coefficients.

Step 5. We test the moduli term on a model where it is nef. Write Pν = ν∗P and PW = ζ∗Pν .
Choose a smooth projective model µ : H → W dominating a model where the moduli b-divisor
descends, using Chow’s lemma [Sta26, Lemma 30.18.1, Tag 0200] and resolution if necessary. Its
trace MH is nef and rational Cartier, and µ∗MH = MW as Weil cycles. Hence

MW · P f−1
W = MH · (µ∗PW )f−1 ≥ 0,

BW · P f−1
W ≥ 0, D′ · P f−1

W ≥ KW · P f−1
W .(3.7)

The first inequality follows by ample approximation of nef classes; the second follows on each
effective prime cycle. No pullback or nefness of MW on W is asserted. In particular, negative
exceptional discriminants on H have not been discarded under an effectivity assertion.

Step 6. We descend the canonical cycle through the finite map. Choose canonical divisors
from a rational top form on V ν and its pullback. At divisorial discrete valuation rings the finite
separable map ζ gives

KW = ζ∗WeilKV ν +Rζ , Rζ ≥ 0, ζ∗KW = eKV ν + ζ∗Rζ .

The valuation pullback is defined without Q-Cartierness of KV ν ; a ramification index a
contributes a − 1 to the differential. The degree formula for valuations gives the pushforward
identity. Projection formula in (3.7) implies

(3.8) eDV · P f−1
ν ≥ eKV ν · P f−1

ν + (ζ∗Rζ) · P f−1
ν ≥ eKV ν · P f−1

ν .

Step 7. We compare with the prescribed smooth resolution. Write ρ = ν ◦ a. For compatible
canonical divisors, a∗KV ∗ = KV ν , because a is an isomorphism at generic divisorial points and
exceptional prime cycles push to zero. Thus

KV ∗ · (a∗Pν)
f−1 = KV ν · P f−1

ν , DV · P f−1
ν = (R|V ) · P f−1.

For f = 1, the birational map between normal curves is an isomorphism and these are degree
equalities. Dividing (3.8) by e proves (3.3). The argument retains the non-lc surplus in BS ,
verifies generic klt and rank one, and uses only canonical Weil-cycle pushforwards on the center.

□

3.2. Isolated base components. We now derive the degree and canonical bounds from the
ordinary multiplicity of an actual linear subsystem.

Proposition 3.5. Let Z be normal projective Q-factorial klt of dimension d ≥ 1, let R be a nef
rational Cartier divisor, and let 0 6= H ⊂ H0(Z,OZ(kR)), where kR is integral Cartier. Let b be
its base ideal and assume the base locus is proper. Let V be an integral component of dimension
0 ≤ f < d, with smooth generic point on Z, such that bOZ,ηV is primary for the maximal ideal
m. Put a = d− f . If bOZ,ηV ⊂ mh for an integer h ≥ 1, then

(3.9) Rf · V ≤ (k/h)aRd.
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For f = 0, the left side is one. There exist λ ∈ Q>0 with λ ≤ a/h, an integer N > λ, and actual
members D1, . . . , DN of P(H) such that

(3.10) Θ =
λ

N

N∑
j=1

Dj ≥ 0, Θ ∼Q cR, c = kλ ≤ ak/h,

and (Z,Θ) is lc near ηV with an lc place centered on V . If f > 0, every smooth resolution
ρ : V ∗ → V through normalization satisfies

(3.11) KV ∗ · (ρ∗(R|V ))f−1 ≤ (KZ + cR)|V · (R|V )f−1.

Neither completeness of H nor ampleness, bigness, or semiampleness of R is required.

Proof. We prove (3.9) by local length and global intersections. We then realize the generic ideal
threshold by averaging members of H and use Proposition 3.4 for (3.11).

Step 1. We choose parameter sections in the given subsystem. Let A = OZ,ηV , a regular local
ring of dimension a, with residue field C(V ). Trivialize kR there. The local representatives of
H generate an m-primary ideal I ⊂ mh. Choose g1, . . . , ga as local representatives of sections of
H inductively. After i − 1 choices, the quotient by the regular sequence is Cohen–Macaulay of
positive dimension. Its finitely many associated primes are different from m and none contains
I. For each such prime the sections of H lying in it form a proper complex linear subspace.
Avoiding their union chooses gi as a nonzerodivisor. After a choices the ideal q = (g1, . . . , ga) is
primary and the sequence is regular. This is the Cohen–Macaulay parameter criterion of [Sta26,
Lemma 10.104.2, Tag 02JN]. Additional finitely many proper linear conditions needed for the
global cuts can be avoided simultaneously.

Step 2. We prove the local multiplicity bound ha. Write `q = lengthA(A/q). The regular-
sequence associated graded identity [Sta26, Lemma 10.69.2, Tag 00LN] and the corresponding
identity for the regular local maximal ideal give

grqA = (A/q)[T1, . . . , Ta], length(A/qj) = `q

(
j + a− 1

a

)
,

grmA = C(V )[U1, . . . , Ua], length(A/mhj) =

(
hj + a− 1

a

)
.

Since qj ⊂ mhj , comparison after division by ja and passage to the limit gives `q ≥ ha. The local
Cartier complete-intersection multiplicity is this length, by [Sta26, Lemmas 43.16.1 and 43.16.5,
Tags 0B02 and 0B06].

Step 3. We control the global cuts without losing the component V . Put B = Supp(OZ/b)
and start with T0 = [Z]. At stage i, delete from the effective cycle Ti−1 exactly the components
contained in B, obtaining Ui−1. Choose the divisor Di of the section for gi to meet each
component of Ui−1 properly; every corresponding avoidance condition is proper because that
component is not in the base locus. Put Ti = Di · Ui−1.

No deleted component contains ηV . Its dimension before stage i ≤ a is d− i+ 1 ≥ f + 1, so
such containment would give a base component properly containing V . Thus the local complete
intersection at ηV is retained, and the coefficient of V in Ta is `q ≥ ha. Do not delete the
zero-dimensional components after the final cut when f = 0. Nefness gives

Rd−i · Ti = kRd−i+1 · Ui−1 ≤ kRd−i+1 · Ti−1,

and hence
haRf · V ≤ `qR

f · V ≤ Rf · Ta ≤ kaRd.

Nonnegativity on all effective cycles follows by ample approximation of R. This proves (3.9),
including the ordinary zero-cycle degree when f = 0.
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Step 4. We compute the threshold at the generic point of V . Shrink to a smooth neighborhood
U of ηV with V ∩ U smooth and base support exactly V ∩ U . Take a log resolution µ : W → Z
of the ideal and the variety, with

bOW = OW (−F ), F ≥ 0,

and simple normal crossing support including the exceptional and relative-canonical divisors.
Factoring the pulled-back evaluation by F makes the moving subsystem generate OW (µ∗(kR)−
F ) everywhere. This concerns H itself.

If rj = ordEj (b) and Aj is the log discrepancy, the resolution formula [Mus12, 2011 author
manuscript, Theorem 1.1] gives

(3.12) λ = min
ηV ∈µ(Ej)

rj>0

Aj

rj
> 0.

Only finitely many resolution divisors occur. Each has positive discrepancy, and a minimizing
divisor has center V , since its center both contains ηV and lies in the local base support. If
a ≥ 2, blowing up the smooth center gives discrepancy a and ideal order at least h, so λ ≤ a/h.
For a = 1, the valuation of V itself has discrepancy one and order at least h; no exceptional
divisor from blowing up a Cartier center is asserted.

Step 5. We realize the threshold by an average of actual divisors. Choose an integer N > λ
and N general members Mj of the generated moving subsystem on W . Successive Bertini
choices along the finitely many strata make their union with the fixed support simple normal
crossing over a smaller U , with reduced moving members, no repeated component, and no fixed
component contained in a moving member. If the subsystem has dimension zero, its generated
line bundle has its unique member equal to zero, which satisfies the requirement. The members
come from actual sections of H and

µ∗Dj = F +Mj .

Define Θ and c by (3.10). For the pullback pair KW + BW = µ∗(KZ + Θ), a fixed component
has coefficient

1−Aj + λrj ≤ 1,

where irrelevant centers can be removed by shrinking U . When rj = 0, its coefficient is 1−Aj <
1. Every moving coefficient is λ/N < 1. The simple normal crossing subpair is lc precisely
under these upper coefficient bounds, even if some exceptional coefficients are negative. At a
minimizing divisor in (3.12) the coefficient is exactly one. This proves the stated local lc property
and lc place. The resolution-and-Bertini mechanism is also described in [Mus12, 2011 author
manuscript, Example 1.10]; averaging allows λ to exceed one.

Step 6. We obtain the canonical inequality by generic subadjunction. For f > 0, Proposition 3.4
applies to (Z,Θ), V , and R|V , because all its local lc and lc-place hypotheses were proved in
Step 5. It gives (3.11) using Θ ∼Q cR. Thus the generic-subadjunction premise needed for
the canonical consequence is discharged by Proposition 3.4; the degree and divisor-realization
arguments are independent of it. □

3.3. The entire kernel and restriction to a fiber. We prove the parameter-differentiation
statement for the entire kernel, following the method of [EKL95, Lemma 2.1 and Proposition 2.3].
The ordinary ideal and restriction assertions will be used explicitly.

Proposition 3.6 (Full moving kernels). Let Z be integral projective of dimension d, let P be
nef, big, and semiample rational Cartier, and let kP be Cartier. Let τ0, . . . , τd > 0 have constant
gap δ > 0, with kδ ≥ 4. For smooth x put

(3.13) Hi(x) = H0 (Z,OZ(kP )⊗mqi
x ) , qi = dkτie, h = dkδ/2e.
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Assume all Hi(x) are nonzero at very general x and the lowest base support has a positive-
dimensional component through x. Then d ≥ 2. After shrinking, there exist a nonempty open
U ⊂ Zreg, a smooth integral T with finite etale surjective mark map x : T → U , an adjacent pair
i, i+ 1, and an integral closed incidence Γ ⊂ T × Z with the following properties.

(1) Γ → T is flat and projective with geometrically integral fibers Vt of dimension 1 ≤ f < d.
Each Vt contains x(t) and is a component of both base supports. The evaluation Γ → Z
is dominant.

(2) The higher kernels are the fibers of a vector subbundle K ⊂ H0(Z, kP ) ⊗ OT . Its full
evaluation ideal bT satisfies bT ⊂ IhΓ in ambient neighborhoods of a dense open Ω ⊂
Γ ∩ (T × Zreg). At those points the fiber base support is exactly Vt, and its full ideal
satisfies bt ⊂ IhVt

. At ηVt it is maximal-ideal primary. Moreover k/h ≤ 2/δ.
(3) Let g : Z → B be fixed. Choose (t, z) ∈ Ω where Vt → Wt = g(Vt)red is smooth and

b = g(z) is smooth on Wt. Let F be the reduced fiber component through z. Near z,
(3.14) btOZb

⊂ IhF/Zb
,

with support exactly F . If C is an integral reduced component of Zb containing F properly,
the image series

(3.15) HC = im
(
Hi+1(x(t)) → H0(C,OZ(kP )|C)

)
is nonzero and has F as a generically isolated base component with ideal contained in
IhF/C . Such admissible points are dense after further shrinking. The image series need
not be an intrinsic full jet kernel on C.

(4) If a semiample morphism φ : Z → Y with mP = φ∗A, A ample Cartier, is an
isomorphism on an open meeting Vt, then P f · Vt > 0.

The kernel, ordinary-ideal, and restriction assertions use only that OZ(kP ) is a line bundle.
Numerical subadjunction requires separate checks of the singularities and projectivity of the
ambient varieties involved.

Proof. Write E = OZ(kP ) and W = H0(Z,E). We construct the algebraic family before
differentiating its full kernel frame.
Step 1. We spread an adjacent common component of the base schemes. Over the smooth
marked-point open, the jet bundle of length qi is obtained from the (qi − 1)st infinitesimal
neighborhood of the graph of the mark. Its local basis consists of monomials of total degree
less than qi in d transverse regular parameters, so that neighborhood is finite flat over the mark.
Remove the finitely many rank-jump loci of the maps from W ⊗O to these jet bundles. Their
kernels Ki are vector subbundles, their formation commutes with base change, and their fibers
are exactly Hi(x). Each has positive rank by the very-general hypothesis.

Evaluation gives projective relative base schemes Bi ⊂ U ×Z, with nested supports on fibers.
All contain the mark, and all are proper since they have a nonzero defining section on the
integral Z. The positive local dimension of B0(x) at the mark holds on an open after shrinking:
the condition is constructible by fiber-dimension semicontinuity along the marked section and
contains very general points.

At the geometric generic mark choose a positive-dimensional component V0 through it and
successively components Vj of the higher base supports containing Vj−1. Their dimensions lie in
{1, . . . , d− 1}. Among d+1 such components an adjacent inclusion has equal dimension, hence
is equality. The components and their equations, including the other generic components of the
two relevant supports, are defined over a finite extension of C(U). Normalize U in this extension
and shrink to make the resulting T → U finite etale. Let Γ be the reduced closure of the chosen
component in T × Z. It contains the marked section by generic containment and closure.

Close every generic component of the two base supports and delete vertical components by
shrinking T . Generic flatness and openness of geometric integrality make the reduced closures
flat with integral fibers of fixed dimensions. The intersections of distinct closures have generically



PROOF OF SERRANO’S CONJECTURE 11

smaller dimension whenever containment could occur; upper semicontinuity for these projective
intersections excludes new containments on fibers after another shrink. Thus the selected fibers
really are components of both supports. Evaluation is dominant since Γ contains the moving
marked section. Delete its intersections with all other higher-base components. The local relative
support is then Γ alone and the fiber support is Vt alone. At ηVt the radical is the maximal
ideal; the quotient is a zero-dimensional Noetherian local ring, hence Artinian, so the localized
ideal is primary.
Step 2. We differentiate every higher-kernel section into the lower kernel. On a smooth affine
parameter open choose a frame of Ki+1. A frame section is

s(t, z) =
∑
α

cα(t)sα(z)

in a fixed basis of W . A parameter derivation differentiates only the cα, so every iterated
derivative remains a family of global sections of E. This is independent of the trivialization of
E, whose transitions depend only on z.

If ∆x is the graph of the mark, the kernel property gives s ∈ I
qi+1

∆x
E. The Leibniz rule gives

D(Iv) ⊂ Iv−1 for every ideal. Thus a derivative of order r ≤ qi+1 − qi specializes into the full
lower kernel and vanishes on Vt, hence on the reduced incidence. The rounding checks are

qi+1 − qi ≥ kδ − 1, h− 1 < kδ/2 ≤ kδ − 1.

Every derivative of order less than h therefore vanishes along Γ, and k/h ≤ 2/δ. This applies to
every member of the frame, not to a selected divisor.
Step 3. We turn parameter derivatives into ordinary ideal powers. Restrict to the smooth locus
of Γ in T × Zreg where the dominant evaluation to Z is smooth. Its tangent map gives

T(t,z)(T × Z) = T(t,z)Γ + (TtT × {0}).
Thus parameter directions span the normal space. Choose a = d − f parameter derivations
whose normal images are independent and shrink where their determinant is nonzero. At the
generic point of Γ, the ring R = OT×Z,ηΓ is regular of dimension a, with maximal ideal m = IΓR
and residue field K. We have grmR = SymK(m/m2), and the chosen derivations span its dual
degree-one directions.

If a frame function has order r < h, its initial form is a nonzero homogeneous polynomial of
degree r. Apply r parameter derivations and reduce modulo m. Terms in which a derivative hits
a coefficient, or fewer than r parameter factors, retain a parameter factor; terms of order at least
r + 1 do also. The remaining terms pair the initial form with all products of the dual normal
directions. In dual coordinates, a derivative of multiorder α gives α! times the corresponding
coefficient. Characteristic zero makes α! nonzero. All these derivatives vanish by Step 2, a
contradiction. The case r = 0 is the asserted vanishing of the section on Γ itself.

Every frame function therefore belongs to the localization of IhΓ . Finitely many denominators
suffice for the finite frame, so this containment holds on ambient neighborhoods of a dense open
of Γ. No global equality of symbolic and ordinary powers is used. On specialization, the image
of IΓ is the defining ideal of the reduced integral fiber Vt, and images of powers are powers of
images. The specialized frame spans the entire higher kernel because K is a subbundle. Hence
its evaluation ideal is exactly bt and lies in IhVt

. Intersect with the support-isolation open from
Step 1; flatness and integrality allow a shrink so these assertions hold generically on general
fibers.
Step 4. We restrict the whole image series through an admissible incidence point. Near z,
support equality and Noetherianity give, for some N > 0,

INVt
⊂ bt ⊂ IVt , bt ⊂ IhVt

.

Restrict these inclusions to Zb. The image of IVt defines Vt×B {b}, which is the scheme fiber over
b in its actual reduced image Wt. Smoothness at z makes this fiber reduced with a unique local
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component F . Thus the image ideal is IF/Zb
near z, proving (3.14) and equality of supports.

No flatness of Zb → Z is needed.
Restriction further to C gives the reduced ideal of F in C. The restrictions of a full kernel

basis generate the base ideal of (3.15); basis vectors restricting to zero do not change that ideal.
If the image were zero its support would be all of C, contradicting the local support F 6= C.
The generic point of F belongs to every nonempty open of F , so the resulting generic base
component is isolated and its localized ideal primary.

For the density assertion, form the reduced projective image W of Γ → T ×B. Its geometric
generic fiber over T is integral as the reduced image of the geometrically integral generic fiber
of Γ. Spreading and shrinking make its fibers geometrically integral, and projective surjectivity
makes them the actual images Wt. Generic smoothness for Γ → W and W → T , followed by
base change to t, gives a dense incidence open with the two stipulated smoothness conditions.
Intersect it with Ω. Dominance of evaluation also permits any prescribed very-general condition
on z. No arbitrary special fiber was fixed in advance.
Step 5. We verify the stated positivity qualification. If Vt meets the isomorphism open of φ,
its image has dimension f and positive generic degree e. Projection formula gives

mfP f · Vt = eAf · φ(Vt) > 0.

This makes no assertion about subvarieties contracted by the semiample morphism and
completes the proof. □

Corollary 3.7. In Proposition 3.6, assume the ambient is Q-factorial klt and the generic point
of the chosen center is smooth. On a smooth resolution of a general center V of dimension
f > 0,
(3.16) P f · V ≤ (2/δ)d−fP d, KV ∗ · P f−1 ≤ (KZ + cP )|V · P f−1, 0 < c ≤ 2(d− f)/δ,

where powers on V ∗ mean pulled-back classes. On an integral projective Q-factorial klt ambient
fiber of dimension e, a proper positive-dimensional component F from part (3), generically
smooth on that ambient, satisfies the corresponding bounds with d, f, P replaced by e, dimF, P |C .

Proof. The full higher ideal and its restricted image have the ordinary multiplicity h and generic
isolation required by Proposition 3.5. Use (3.9), (3.11), and k/h ≤ 2/δ. Proposition 3.4 supplies
the generic-subadjunction assertion for both ambients. □

4. A lower-dimensional bound for covering curves

In this section, we prove the consequence of canonical induction that excludes centers with
bounded normalized volume and canonical degree.

Theorem 4.1 (Canonical modifications). Every normal projective variety T admits a projective
birational morphism p : W → T with W canonical and KW p-ample. More generally, for a normal
pair (T,∆) with rational coefficients in [0, 1], there exists a projective canonical modification
p : W → T , isomorphic over generic codimension-one points, such that the strict-transform pair
(W,∆W ) is canonical and KW + ∆W is rational Cartier and p-ample. Every coefficient-one
component S of ∆W is normal and canonical, and its different is zero:
(4.1) (KW +∆W )|S ∼Q KS .

The original T need not be Q-Gorenstein, and the original pair need not be lc.

The variety assertion is [Kol23, author final, Theorem 11.28(1) and Definition 11.29]. The
pair assertion and (4.1) are [Fuj15, arXiv v1, Theorem 3.5, Remark 2.4(1), and Proposition 3.6],
with the conventions of [Fuj15, arXiv v1, Definitions 2.3 and 2.6]. These are relative canonical
models of resolutions, using relative finite generation; they impose no absolute pseudo-effectivity
hypothesis.
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Theorem 4.2 ([BZ16, Theorem 1.3]). For each dimension f there exists an integer mf > 0
such that, for every smooth projective f -fold Y and every nef integral Cartier divisor N with
KY +N big, the system |mf (KY +N)| is birational. The integer is independent of N .

This is the specialization with boundary zero and Cartier index one of the polarized effective
birationality theorem.

Theorem 4.3 (Conditional exclusion of centers). Assume CSf , where f ≥ 1. Let X be normal
projective with a strictly nef Cartier divisor L, and let g : Y → X be a morphism from a smooth
integral projective f -fold, generically finite onto its positive-dimensional image. Put M = g∗L.
Then KY + bM is big for every rational b > 2f .

Fix an integer b > 2f . With mf as in Theorem 4.2, let Q be nef rational Cartier and let
R,C0 > 0, C ≥ 0, satisfy

(4.2) 0 < Qf ≤ C0, Q−RM is nef, KY ·Qf−1 ≤ CQf .

Then an algebraic covering family of integral curves on Y has general member CY satisfying

(4.3) R ≤ Q · CY ≤
[
mf

(
C +

b

R

)]f−1

C0.

For f = 1, the exponent zero means one and the curve is Y itself. Thus such configurations cannot
exist with R → ∞ and f, b, C0, C bounded. No singularity condition or movement condition is
imposed on g(Y ) or its normalization.

Proof. We first modify the normal finite factor of g, so that the canonical divisor is positive on
curves where the pulled-back polarization vanishes. We then return to the smooth Y for the
effective birationality argument.

Step 1. We obtain a strictly nef adjoint on a canonical modification. Let V = g(Y )red and
take Stein factorization Y

µ−→ T
h−→ V . The first map is birational because g is generically finite

and µ has connected generic fiber. The normal projective T has strictly nef Cartier divisor
MT = h∗(L|V ): a finite map sends an integral curve to a curve and multiplies its positive degree
by a positive integer. We have M = µ∗MT .

Take the canonical modification p : W → T of Theorem 4.1, and put MW = p∗MT . A curve
has MW -degree zero exactly when it is contracted by p, and then its KW -degree is positive. On
a KW -negative extremal rational curve, Theorem 2.2 gives length at most 2f . Such a curve
is not contracted by p, so its integral MW -degree is at least one. Hence KW + 2fMW is nef.
For rational b > 2f , the divisor F = KW + bMW is strictly nef: on noncontracted curves use
(b− 2f)MW , and on contracted curves use KW .

Choose ` > 0 such that `F is Cartier. By CSf , KW + s`F is big for some rational s > 0. The
identity

(4.4) (1 + s`)F = (KW + s`F ) + bMW

makes F big. The index ` is used only in this qualitative application.

Step 2. We descend bigness to the smooth center Y . Choose a common smooth resolution
with a : U → Y and c : U → W over T . Canonicity gives KU = c∗KW + EW with EW ≥ 0
exceptional, so

KU + ba∗M = c∗F + EW

is big. Also KU = a∗KY + EY with EY ≥ 0 exceptional. For sufficiently divisible k,
a∗OU (kEY ) = OY : a rational function with poles allowed only along exceptional primes has no
pole at a codimension-one point of the normal Y . Projection formula identifies the sections of
k(KU + ba∗M) with those of k(KY + bM). Their growth proves bigness of KY + bM .
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Step 3. We bound degrees using a fixed Cartier polarization. For integral b > 2f , Theorem 4.2
applies to the nef Cartier divisor bM , with index one independent of b and M . Resolve the base
ideal of |mf (KY + bM)| by v : Y ′ → Y and write

v∗(mf (KY + bM)) = H + E,

where H is the basepoint-free integral moving part, E ≥ 0, and the morphism of H is birational
onto its image. In particular H is nef and big. Write Q′ = v∗Q and M ′ = v∗M . From (4.2),
M ·Qf−1 ≤ Qf/R, and hence

(4.5) H · (Q′)f−1 ≤ mf (KY + bM) ·Qf−1 ≤ mf (C + b/R)Qf .

The effective fixed part has nonnegative intersection with (Q′)f−1.
For f ≥ 2, the positive mixed numbers si = (Q′)f−iH i satisfy s2i ≥ si−1si+1 by [Laz04,

Corollary 1.6.3(i) and Example 1.6.4]. Their successive ratios decrease. Thus

(4.6) Q′ ·Hf−1 ≤ Qf

(
H · (Q′)f−1

Qf

)f−1

≤ [mf (C + b/R)]f−1C0.

Step 4. We construct actual covering curves with positive integral degree downstairs. Choose
y′ where v and the morphism defined by H are isomorphisms onto their images and g◦v is quasi-
finite. Cut its image by f − 1 general hyperplanes through the image of y′. Their pullbacks
intersect properly: the subsystem is generated away from y′, and their local equations can be
independent at y′. The resulting effective cycle has class Hf−1 and an integral component B′

through y′. Nefness gives Q′ · B′ ≤ Q′ ·Hf−1. Its image CY = v(B′) has mapping degree one,
and g(CY ) is a curve because g ◦ v is quasi-finite at y′. Therefore M · CY ≥ 1, and

Q · CY ≥ RM · CY ≥ R.

Together with (4.6) this proves (4.3).
Varying the hyperplanes gives an algebraic family of complete intersections. The finitely many

component families of its generic member, after finite parameter extension and shrinking when
needed, include a family whose evaluation dominates the isomorphism open of Y ′. Pushing it
down gives the required covering family on Y . For f = 1, the nonconstant map gives M ·Y ≥ 1,
and R ≤ Q · Y ≤ C0 directly. Finally the upper bound in (4.3) is at most [mf (C + b)]f−1C0 for
R ≥ 1, proving the final assertion. □

5. A scalar bound for complete jet kernels

In this section, we prove the single-point vanishing bound by applying Theorem 4.3 to the
centers furnished by Proposition 3.6. This replaces the canonical positivity input in the scalar
construction of [Ope26b, Lemma 5.2] by the stated canonical induction hypothesis.

Theorem 5.1 ([BCHM10, Corollary 1.4.3]). A quasi-projective klt rational pair (X,B) has a
small projective birational morphism π : X ′ → X with X ′ Q-factorial, effective strict transform
B′, and

(5.1) KX′ +B′ = π∗(KX +B),

with (X ′, B′) klt. Here small means that π has no exceptional prime divisor. The morphism is
an isomorphism over Xreg.

This is the empty-extraction specialization of the cited corollary. Its relative construction
contracts the exceptional divisors not prescribed for extraction; it requires no absolute pseudo-
effectivity. Over a locally factorial open of X, a projective small morphism is an isomorphism:
a relatively ample divisor and the pullback of its pushforward have only exceptional divisorial
difference, which is zero. In particular it is an isomorphism over Xreg.
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Theorem 5.2 (Scalar vanishing bound). Assume n ≥ 2 and CS<n. Consider either a smooth
projective n-fold X, with B = 0 and τ = n+1, or an arbitrary projective klt rational pair (X,B),
with τ = 2n. Let L be strictly nef Cartier, A ample Cartier, t > τ rational, D = KX +B + tL,
and λ = t− τ . Fix 0 < v− ≤ v+. There exists r0, depending only on n, λ, v−, v+, such that for
positive rational u, r with r ≥ r0 and P = r(D + uA) satisfying v− ≤ Pn ≤ v+, every smooth
point outside a countable union of proper closed subsets satisfies
(5.2) ordx(s) ≤ 4k(Pn)1/n

for every Cartier kP and every nonzero s ∈ H0(X, kP ). No Q-factoriality or separate Q-
Cartierness of KX is required in the pair setting.

Explicitly, with b = 2n+ 1, δ∗ = 2v
1/n
− /n, and mf from Theorem 4.3, one may take

Bf = (2/δ∗)
n−fv+, Tf =

[
mf

(
2(n− f)

δ∗
+ 1 +

b

λ

)]f−1

Bf ,

r0 = 2 +
max1≤f<n Tf

λ
.(5.3)

A common very-general locus works for any countable collection of such normalizations. This
includes smooth and Q-factorial canonical ambients directly and arbitrary canonical ambients
via the pair setting.

Proof. The smooth setting is used on X itself. In the pair setting we take a small model only
to apply the local numerical tools; the target of the center maps remains the original X.
Step 1. We record the inherited nef comparisons and section spaces. Proposition 2.3 makes
KX +B + τL nef. Thus D is nef, P is ample rational Cartier, and
(5.4) P − rλL = r(KX +B + τL+ uA) is nef.
In the pair setting use π : X ′ → X from Theorem 5.1, and put M ′ = π∗L, A′ = π∗A, P ′ = π∗P .
Then P ′ is nef, big, and semiample, and
(5.5) P ′ − rλM ′ is nef, P ′/r −KX′ = B′ + tM ′ + uA′.

We do not assert nefness of the effective term B′. Choose a dense smooth open U ⊂ X over
which π is an isomorphism and which is disjoint from SuppB. Normality and projection formula
give
(5.6) H0(X ′, kP ′) = H0(X, kP )

for every Cartier kP , with equal orders over U . For smooth X, take X ′ = X, B′ = 0, and π the
identity; all comparisons remain valid with τ = n+ 1.
Step 2. We convert a violation into full kernels at n + 1 levels. Remove the closures of all
proper rank-drop loci of section-to-jet maps on Xreg, for every admissible integer degree and jet
order, and remove X \U . This is a countable union EP of proper closed sets. A kernel nonzero
at a point outside it is generically nonzero. If (5.2) fails for s0 of degree k0, put a0 = ordx(s0)

and ρ = (Pn)1/n, so a0/k0 > 4ρ. Powers of generically nonzero kernel members give nonzero
kernels at order Na0 in degree k = Nk0.

Set δ = 2ρ/n and τi = 3ρ/2 + iδ, 0 ≤ i ≤ n. The last level is 7ρ/2 < 4ρ. Choose N so large
that kδ ≥ 4 and Na0 ≥ dkτne. By (5.6), all full kernels on X ′ at these levels are nonzero at
general marks. If the lowest base support had an isolated marked point, Proposition 3.5 with
h0 = dkτ0e would give

1 ≤ (k/h0)
n(P ′)n ≤ (2/3)n < 1.

Its base support is proper because the kernel is nonzero. Proposition 3.6 therefore supplies a
dominant family of proper positive-dimensional centers.
Step 3. We verify the canonical degree bound on each actual center. The variety X ′ is klt
because (X ′, B′) is klt with effective boundary. A general center V has smooth generic point,
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meets π−1(U), and is not contained in B′, by incidence dominance. Its semiample image has
dimension f = dimV , so its degree is positive. On a smooth resolution g : Y → V ⊂ X ′ put
Q = g∗P ′, M = g∗M ′, and h = π ◦ g : Y → X. The map h is generically finite onto its
f -dimensional image, with 1 ≤ f < n. Corollary 3.7 gives

0 < Qf ≤ (2/δ)n−fPn ≤ Bf , KY ·Qf−1 ≤ g∗(KX′ + cP ′) ·Qf−1, 0 < c ≤ 2(n− f)/δ.

The restriction of B′ is effective, since V is not contained in it and X ′ is Q-factorial. Testing
(5.5) with Qf−1 therefore gives

(5.7) g∗KX′ ·Qf−1 ≤ Qf/r, KY ·Qf−1 ≤ (c+ 1/r)Qf , Q− rλM is nef.

Only the nonnegative testing intersection of B′ is used.

Step 4. We contradict the lower-dimensional curve bound uniformly. Use Theorem 4.3 for
h : Y → X, with R = rλ, C0 = Bf , C = c + 1/r, and the fixed Cartier polarization bM ,
b = 2n+ 1 > 2f . Since δ ≥ δ∗ and r ≥ 1, it gives

rλ ≤ [mf (c+ 1/r + b/(rλ))]f−1Bf ≤ Tf .

But (5.3) makes rλ > Tf for every f < n. This proves (5.2). The constants involve no center
index, small model, or boundary coefficient. Taking the union of the sets EP for a countable
collection preserves a nonempty very-general complement over C. In a family with r → ∞ and
a fixed positive volume window, the bound thus holds eventually. All denominator choices enter
only the degrees k, never the constants. □

6. Divisors and vector fields on canonical covers

In this section, we exclude bounded-degree divisors on finite covers and treat the canonical
varieties whose tangent sheaves are generically generated by global sections.

Definition 6.1. A finite surjective morphism τ : T → X of normal integral varieties is quasi-
etale if it is etale away from a closed subset of codimension at least two in X.

Lemma 6.2. Let X be normal projective canonical and τ : T → X a finite normal quasi-etale
cover. Then T is canonical and KT = τ∗KX for compatible canonical divisors. If hKX is
Cartier, then hKT is Cartier. Finite pullback preserves strict nefness of Cartier divisors.

Proof. The etale canonical equality holds at all generic divisorial points, since a finite map sends
a prime divisor to a prime divisor. It extends as a Weil-divisor equality and proves the Cartier-
index assertion. Choose a resolution w : W → X with KW = w∗KX + EX , EX ≥ 0. Resolve
the normalization of the dominant component of T ×X W to obtain a : Y → T birational and
b : Y → W generically finite, with Y smooth. The determinant of the differential gives an
effective ramification divisor Rb, and

KY − a∗KT = b∗EX +Rb ≥ 0.

This is the canonical discrepancy condition. For a curve C ⊂ T , finite pullback has degree
deg(C → τ(C))L · τ(C), which is positive when L is strictly nef. □

Proposition 6.3 (Uniform exclusion of bounded divisors). Assume n ≥ 2 and CSn−1. Fix
λ, v−, B0 > 0. There exists r0, depending only on these numbers and n, such that the following
holds. Let X be projective canonical of dimension n, let L be strictly nef Cartier, and let P be
ample rational Cartier with

(6.1) Pn ≥ v−, P − rλL nef, P/r −KX nef, r ≥ r0.

For every finite normal quasi-etale cover τ : T → X and every prime Weil divisor J on T ,

(6.2) J · (τ∗P )n−1 > B0.
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This also excludes nonzero effective integral Weil divisors of degree at most B0, with no bound
on the cover degree or component index. One may take, with f = n− 1 and b = 2n+ 1,
(6.3) CB = [mf (1 +B0/v− + b/λ)]n−2B0, r0 = 2 + CB/λ.

The exponent zero has value one.

Proof. We use a small model to make a prime rational Cartier, and a canonical modification to
obtain a divisorial adjunction inequality without assuming normality or lc singularities of that
prime.
Step 1. We pass to a crepant small model of the cover. By Lemma 6.2, T is canonical with
the canonical index inherited from X. Theorem 5.1 gives a small projective σ : T ′ → T with
T ′ Q-factorial and canonical. Suppose a prime J has degree 0 < d ≤ B0. Let J ′ be its strict
transform, and set P ′ = σ∗τ∗P , M ′ = σ∗τ∗L, e = deg τ . Then
(6.4) (P ′)n = ePn, J ′ · (P ′)n−1 = d, P ′ − rλM ′ nef, P ′/r −KT ′ nef.
The effective prime J ′ is rational Cartier; its index will not enter a bound.
Step 2. We compare canonical degree on a resolution of the prime. Take the canonical
modification p : Z → T ′ of (T ′, J ′) from Theorem 4.1. Its strict transform S is normal canonical
and (KZ + S)|S ∼Q KS . Put

E = p∗(KT ′ + J ′)− (KZ + S).

It is exceptional and −E is relatively ample. The negativity lemma [KM98, Lemma 3.39] (see
also [Bir07, Lemma 3.0.45]) gives E ≥ 0. Since S is not exceptional it is not contained in E, so
an effective Cartier multiple restricts nontrivially to S and E|S ≥ 0. With PS = (p∗P ′)|S ,

KS + E|S ∼Q (p∗(KT ′ + J ′))|S .
Resolve v : Y → S and put Q = v∗PS . Canonicity gives KY = v∗KS + F , F ≥ 0 exceptional.
Every component of F has image of dimension at most n− 3, so F ·Qn−2 = 0. For n = 2, the
normal curve S is smooth and F = 0. Projection formula and the effective restriction give
(6.5) KY ·Qn−2 ≤ (KT ′ + J ′) · J ′ · (P ′)n−2.

No pullback of the canonical divisor of an arbitrary normalization of J ′ occurs.
Step 3. We bound the canonical ratio independently of indices and cover degree. The nef
comparison in (6.4) and the effective prime cycle give KT ′ ·J ′ · (P ′)n−2 ≤ d/r. Hodge index gives

(J ′)2 · (P ′)n−2 ≤ d2

(P ′)n
.

For this use on a singular small model, pull both rational Cartier classes to a smooth resolution
and approximate the nef big pullback of P ′ by ample classes. Apply the ample Hodge inequality
and pass to the limit, whose denominator stays positive; see [Laz04, Section 1.6]. Thus
(6.6) KY ·Qn−2 ≤ d/r + d2/(ePn) ≤ (1/r +B0/v−)d.

Also Qn−1 = d. The composite g : Y → X is generically finite onto the prime image of J , and
Q− rλg∗L is nef. Theorem 4.3, with f = n− 1, gives

rλ ≤ [mf (1/r +B0/v− + b/(rλ))]n−2B0 ≤ CB

for r ≥ 2. This contradicts (6.3). A nonzero effective integral Weil divisor has a prime component
with positive integer multiplicity and no larger degree, proving the additional conclusion. □
Corollary 6.4. Assume CSn−1. Fix canonical X, strictly nef Cartier L, ample Cartier A,
and rational t > 2n. If Pj = rj(KX + tL + ujA), with positive real rj → ∞, uj > 0, and
lim infPn

j > 0, then the minimum prime-divisor degree on every finite normal quasi-etale cover
tends to infinity uniformly in the cover. No upper volume bound or nonbigness assumption is
needed.
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Proof. Put D = KX + tL, λ = t− 2n. Proposition 2.3 gives D nef and the two comparisons in
(6.1). For real coefficients, choose v > 0 with Pn

j ≥ v eventually and rationals rj/2 < sj < rj ,
0 < aj < uj , sufficiently close to rj , uj that P̃j = sj(D + ajA) has volume at least v/2. Then

Pj − P̃j = (rj − sj)D + (rjuj − sjaj)A

is nef. Proposition 6.3 applies to P̃j at scale sj → ∞. For every prime cycle on a cover, the
factorization

Pn−1
j − P̃n−1

j = (Pj − P̃j)
n−2∑
a=0

Pn−2−a
j P̃ a

j

has nonnegative intersection after pullback. The asserted uniform bound follows for Pj . □
Theorem 6.5 ([GKKP11, Theorem 6.1]). A complex klt variety with locally free tangent sheaf
is smooth.

Theorem 6.6 ([MU19, Theorem 4.14(iv)⇒(i)]). A smooth projective variety with trivial
cotangent bundle is an abelian variety after choosing an origin.

Theorem 6.7 ([Ser95, Proposition 1.4]). A strictly nef Cartier divisor on an abelian variety is
ample.

Proposition 6.8 (Generic tangent generation). Assume n ≥ 2 and CSn−1. Let Y be a normal
projective canonical n-fold whose reflexive tangent sheaf TY = HomOY

(Ω1
Y ,OY ) is generically

generated by global sections. If M is strictly nef Cartier, then KY + bM is ample for every real
b > 2n. If τ : Y → X is a finite normal quasi-etale cover of canonical X and M = τ∗L for
strictly nef Cartier L, the corresponding conclusion holds on X. No CSn hypothesis is used.

Proof. Choose n global vector fields independent at a smooth point in the generation open. Their
wedge defines an effective integral Weil divisor G ∼ −KY by closure from Yreg, or equivalently
a section of OY (−KY ). There are no divisorial poles, and G is rational Cartier since KY is. We
treat its nonzero and zero alternatives.
Step 1. We obtain a canonical component when G 6= 0. Write G =

∑
miSi with positive

integers mi, put m = maxmi, ε = 1/m, and λ = 1− ε ∈ [0, 1). The rational boundary Θ = εG
has a coefficient-one component S and
(6.7) KY +Θ ∼Q λKY .

The sign λ ≥ 0 uses integrality of G.
Take the canonical modification f : Z → Y of (Y,Θ). By Theorem 4.1, the strict component

SZ is normal canonical with zero different. The exceptional divisor
E = f∗(KY +Θ)− (KZ +ΘZ)

has −E relatively nef, so E ≥ 0 by [KM98, Lemma 3.39] (see also [Bir07, Lemma 3.0.45]).
The component SZ is not exceptional and its restriction ES is effective. Put MS = (f∗M)|SZ

.
Restricting (6.7) gives
(6.8) (f∗(λKY ))|SZ

∼Q KSZ
+ ES .

Step 2. We use only lower-dimensional induction on the transformed component. For a smooth
resolution v : W → SZ , the composite W → Y is generically finite onto the prime divisor S.
Theorem 4.3 gives KW + uv∗MS big for every rational u > 2(n − 1). Since SZ is canonical,
KW = v∗KSZ

+ F with effective exceptional F . Normality gives v∗OW (kF ) = OSZ
for divisible

k, because allowed exceptional poles give no divisorial poles downstairs. Equality of sections
then proves KSZ

+ uMS big. Adding ES to (6.8) proves
(6.9) (f∗(λKY + uM))|SZ

is big (u > 2(n− 1), u ∈ Q).

This does not require MS itself to be strictly nef.
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Step 3. We contradict a nonample adjoint in both coefficient cases. If one adjoint above 2n
fails to be ample, Proposition 2.3 gives Ki

Y M
n−i = 0 for all 0 ≤ i ≤ n. For rational s > 2n,

Ns = KY + sM is nef, and
G ·Nn−1

s = −KY · (KY + sM)n−1 = 0, G ·Mn−1 = 0.

All component intersections are nonnegative and all mi > 0, so S · Nn−1
s = S · Mn−1 = 0. If

λ > 0, choose rational u > max{2(n− 1), 2nλ} and set s = u/λ. By (6.9), (f∗Ns)|SZ
is nef and

big, yet its top intersection equals Nn−1
s · S = 0, a contradiction. If λ = 0, (6.9) makes MS nef

and big, whereas Mn−1
S = Mn−1 · S = 0. This includes the reduced anticanonical divisor case

and proves the assertion for G 6= 0.
Step 4. We extend the vector-field frame when G = 0. On U = Yreg the wedge has no
zero: locally a nonzero function defining a section of a line bundle, if it vanishes, defines a
nonempty Cartier divisor with a codimension-one component. Thus the evaluation On

U → TU

is an isomorphism everywhere. Both sheaves extend reflexively across Y \ U , of codimension at
least two. Pushing the map and its inverse by j : U ↪→ Y gives

TY
∼= On

Y

on all of Y . Theorem 6.5 now makes Y smooth, so Theorem 6.6 applies and makes it abelian.
Theorem 6.7 makes M ample. Its numerical mechanism is that the connected kernel of the
homomorphism a 7→ t∗aO(M) ⊗ O(−M) is an abelian subvariety on which M is numerically
trivial. Strict nefness excludes positive dimension; the homomorphism is an isogeny and the
abelian Riemann–Roch degree formula gives (Mn/n!)2 > 0. Since KY ∼ 0, this also yields
positivity by Proposition 2.3.
Step 5. We descend through the finite cover. Lemma 6.2 gives KY + bM = τ∗(KX + bL).
For rational b > 2n, ampleness descends by the finite-map criterion after taking a Cartier
multiple. Interpolation between rational parameters proves it for real b. A regular connected
algebraic group action with open orbit supplies the hypothesis on TY : at a smooth orbit point
the characteristic-zero orbit map is separable and its differential spans the tangent space, while
its infinitesimal action consists of global derivations. This observation presupposes a regular
action; no birational-group assertion has entered the argument. □

7. Jets on a projective bundle over two factors

In this section, we prove the jet-generation statement used in the determinant argument, with
the fiber coefficient fixed before the normalization parameter grows.

Set-up 7.1. Let X be normal projective canonical of dimension n ≥ 2, let L be strictly nef
Cartier, let A be ample Cartier, and let t > 2n be rational. Put D = KX+tL and λ = t−2n > 0.
Assume D is not big, and let uj > 0 be rational and rj > 0 integral, with uj → 0, rj → ∞, such
that Pj = rj(D + ujA) satisfies Pn

j → εn > 0.
Write Li and Pj,i for pullbacks from the two factors of X ×X, and set

(7.1) π : Z = PX×X(OX(L)1 ⊕OX(L)2) → X ×X, ξ = c1(OZ(1)).

We use the quotient convention π∗OZ(a) = Syma(OX(L)1 ⊕ OX(L)2) for a ≥ 0. The two
coordinate sections vanish on the Cartier divisors Si of class ξ − Li, called the axes. Their
complement is the torus open. For q > 0, put Rj = Pj,1+Pj,2+ qξ. For a smooth point z, define

(7.2) ε(Rj ; z) = inf
C∋z

Rj · C
multz C

,

where C ranges over integral curves through z.

Lemma 7.2 (Numerical estimates after a small modification). Let W be projective klt, with
rational Cartier KW , and let H be nef, big, and semiample rational Cartier. Form complete
jet kernels on W at smooth marks. If a moving center V from Proposition 3.6 meets Wreg
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and has HdimV · V > 0, the degree and canonical estimates in (3.16) hold without assuming W
Q-factorial. The corresponding assertion holds for a proper component obtained by restricting
the whole higher kernel to an integral projective klt ambient fiber, smooth at the generic point of
the component.

Proof. Take a small model σ : W ′ → W from Theorem 5.1. It is crepant and isomorphic over
Wreg. Normality identifies complete section spaces, hence the kernels and generic base ideals at
those marks. The pullback of H is nef, big, and semiample. The strict transform of V meets
the isomorphism open, has unchanged degree, and satisfies the ordinary-ideal and isolation
hypotheses of Proposition 3.5. Proposition 3.4 applies on W ′. Projection formula gives the
asserted inequalities on a common resolution of V ; additional exceptional canonical divisors on
a smooth resolution have zero intersection with the pulled-back testing power. For a fiber, first
restrict the original higher kernel as in (3.15), and then take a separate small model of that fiber.
No commutation of small modifications with fibers is required. □
Lemma 7.3 (Finiteness over a fixed smooth open). Let X be normal complex projective and
let E > 0 be an integer. Up to isomorphism over X, only finitely many connected finite normal
covers of degree at most E are etale over Xreg.

Proof. A finite semialgebraic triangulation of the compact X compatible with its singular locus
makes Xreg homotopy equivalent to a finite complex. Its topological fundamental group is
finitely generated, so it has finitely many permutation representations in each symmetric group
of degree at most E. Riemann existence [Gro03, Exposé XII, Theorem 5.1] gives finitely many
corresponding finite etale covers of Xreg. Normalization of X in each function field is its unique
normal finite completion. □
Theorem 7.4 (Regular automorphisms, [Bla17, Introduction and Section 2.1]). For normal
projective varieties, isomorphisms are represented by the open graph subfunctor of the Hilbert
scheme of their product. This scheme is a countable union of schemes of finite type. The identity
component of the regular automorphism scheme in characteristic zero is an algebraic group; its
other components are translates. Its action is regular, and differentiation gives global derivations.

Theorem 7.5 (Two-slot jets). Assume CS<n and use Set-up 7.1. For each real h > 0 there
exist an integer q > 0, independent of j, and j0 such that, for every j ≥ j0 and every pair of
nonempty opens U1, U2 ⊂ Xreg, some torus point z over U1 × U2 satisfies ε(Rj ; z) > h.

For each such z and each positive rational a < ε(Rj ; z), |kRj | generates jets through order ka
for every sufficiently large divisible k with kRj Cartier and ka integral. Thus h = 2n+ 2 gives
one fixed q and complete jets through order (2n+ 2)k. No scalar jet hypothesis is required, and
the assertion applies without Q-factoriality of X.

Proof. We exclude a dominant family of common jet-base components on the original bundle Z.
All maps from centers and covers retain the original variety X as target. Constants below are
independent of j, the prescribed opens, and the centers or covers chosen at that index.
Step 1. We fix the numerical comparisons and the geometry of the slices. Write P, r, u for
Pj , rj , uj and take the eventual volume window v− = εn/2 ≤ Pn ≤ 2εn = v+. Proposition 2.3
gives
(7.3) P − rλL nef, P/r −KX = tL+ uA nef, −KX = tL−D.

The divisor D is nef. On any smooth center of dimension f < n, Theorem 4.3 with b = 2n + 1
excludes, as r → ∞, simultaneous bounds
(7.4) 0 < Qf ≤ B, Q− rλg∗L nef, KY ·Qf−1 ≤ cQf

for fixed B > 0, c ≥ 0, whenever g : Y → X is generically finite onto its image. Fixed images are
allowed. Proposition 6.3 also excludes every nonzero effective integral Weil divisor of bounded
P -degree on every quasi-etale cover, uniformly in the cover.
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The class ξ is nef, since both summands are nef line bundles, and is relatively ample. The
class R = P1 + P2 + qξ is ample: for large m, ξ +m(P1 + P2) is ample, and

R = m−1(ξ +m(P1 + P2)) + (q −m−1)ξ

is ample when m > 1/q. The product and bundle are canonical: on a product of resolutions and
the pulled-back bundle their discrepancies are sums of pullbacks of the effective discrepancies of
X. Their canonical classes are

(7.5) KZ = KX,1 +KX,2 − S1 − S2.

A fiber over a smooth point of either projection Z → X is the integral projective canonical
(n+ 1)-fold

(7.6) p : Zsl = PX(OX ⊕OX(L)) → X, Qsl = P + qξ, KZsl = p∗KX − 2ξ + p∗L.

Its axes have classes ξ and ξ − L, and it is smooth over Xreg. These are the ambients to which
Lemma 7.2 will be applied separately.

Step 2. We choose the gaps and the fiber coefficient before taking large j. Put d = 2n+1. For
rλ ≥ q, projective-bundle intersection gives

(7.7) d

(
2n

n

)
qv2− ≤ Rd ≤ 3dqv2+, Qn+1

sl ≤ (2n+1 − 1)qv+.

To check the bounds, π∗1 = 0 and

π∗ξ
a =

a−1∑
i=0

Li
1L

a−1−i
2 (a ≥ 1).

The term with one ξ is d
(
2n
n

)
q(Pn)2. Replacing each L by P/(rλ) in mixed nef intersections

bounds the term with a copies by (
d

a

)
2d−aq

( q

rλ

)a−1
(Pn)2.

Summing gives the first upper bound. On the slice, p∗ξa = La−1 gives the second. These are
Cartier Chow intersections and require no Q-factoriality.

Choose a positive rational δ with

(7.8) (2/δ)n(2n+1 − 1)v+ < 1.

Take positive rational τ0 > h and τi = τ0 + iδ for 0 ≤ i ≤ d. Then choose an integer q > τd so
large that

(7.9) τdd < d

(
2n

n

)
qv2−.

All these choices precede j.

Step 3. We turn failure of the Seshadri assertion into moving centers. Suppose failures occur at
arbitrarily large indices, with possibly varying opens U1, U2. At a fixed such index, every smooth
torus point over their product has Seshadri constant at most h. Asymptotic Riemann–Roch for
ample rational R gives h0(Z, kR) = Rdkd/d!+O(kd−1). Jets of order less than dkτde have length
τdd k

d/d! +O(kd−1). By (7.7) and (7.9), all d+ 1 full kernels are nonzero for large divisible k.
At each such point z, choose an integral curve C 3 z with R·C/multz C < τ0. Every section in

the lowest kernel vanishes on C: otherwise its local intersection is at least dkτ0emultz C > kR ·C.
Thus the lowest base support has a positive-dimensional component through z. For kδ ≥ 4,
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Proposition 3.6 and Lemma 7.2 give moving integral centers V , 1 ≤ f ≤ 2n, with dominant
incidence, and on a resolution

0 < Rf · V ≤ (2/δ)d−fRd,

KV ∗ ·Rf−1 ≤ (KZ + cR)|V ·Rf−1, 0 < c ≤ 2(d− f)/δ.(7.10)
They meet the smooth torus open, so their pulled-back axes are effective. Since R/r − (KX,1 +
KX,2) is nef, (7.5) implies
(7.11) KV ∗ ·Rf−1 ≤ (c+ 1/r)Rf · V.
All degrees and coefficients are uniformly bounded.
Step 4. We exclude all positive intermediate dimensions in the slice. For either projection
of V to X, choose the fiber component F through a general incidence point satisfying
Proposition 3.6(3). Require both coordinates to be smooth and the point to avoid both axes. If
1 ≤ l = dimF ≤ n, the component is proper in the integral klt slice Zsl. The restricted series is
the nonzero image of the entire higher ambient kernel; it has ordinary multiplicity dkδ/2e and
generic isolation. Its generic point is smooth on the slice. After taking a separate small model
of this slice, we obtain

0 < Ql
sl · F ≤ (2/δ)n+1−lQn+1

sl ,

KF ∗ ·Ql−1
sl ≤ (KZsl + cQsl)|F ·Ql−1

sl , 0 < c ≤ 2(n+ 1− l)/δ.(7.12)
Let W be the image of F in the other copy of X.
Case 4.1. The map F → W is generically finite and W 6= X. Then l = dimW < n. The
two axes restrict effectively, and (7.6), (7.3), and (7.12) give the three bounds (7.4) on F ∗, with
Q = Qsl|F ∗ . Theorem 4.3 excludes this case.
Case 4.2. The map F → W is not generically finite. Its general fiber is the full projective line,
so F is the full bundle over W , by closure of these fibers. Write w = dimW = l − 1 < n. If
w = 0, its degree is q, and (7.12), (7.7), and (7.8) give

q ≤ (2/δ)nQn+1
sl ≤ (2/δ)n(2n+1 − 1)qv+ < q.

For w > 0, resolve W ∗ → W and use its smooth projective bundle p : F ∗ → W ∗ as a resolution of
F . Let PW , LW be pullbacks of P,L, and write Q = p∗PW + qξ. The divisor BW = KW ∗ + bLW ,
b = 2n + 1, is big by Theorem 4.3. Cancelling the identical relative terms −2ξ + p∗LW in the
canonical inequality of (7.12) gives

p∗(KW ∗ −KX |W ∗) ·Qw ≤ cQw+1.

Using both nef comparisons yields

(7.13) p∗BW ·Qw ≤
[
c+

1 + b/λ

r

]
Qw+1.

All mixed intersections of the big BW with nef PW , LW are nonnegative. In the left side the
term with one ξ is wqBW · Pw−1

W ; all other nonzero terms are nonnegative. Furthermore
(7.14) (w + 1)qPw

W ≤ Qw+1 ≤ (2w+1 − 1)qPw
W .

The lower inequality and (7.12) bound Pw
W from above. (7.13) and (7.14) bound BW ·Pw−1

W /Pw
W

from above. Subtract the nonnegative bLW term to obtain a canonical ratio bound. The map
W ∗ → X and pullback of (7.3) now satisfy (7.4), a contradiction. The mixed terms were
discarded for the proved-big BW , not for KW ∗ .
Case 4.3. The map F → X is generically finite and dominant. Then l = n and its degree is
an integer e > 0. Intersect F with both axes and push to X, obtaining effective integral Weil
divisors D1, D2. The quotient of the two coordinate sections is a rational section of the pullback
of L or its inverse. Its field norm, after Stein factorization, gives
(7.15) D1 −D2 ∼ ±eL.
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The norm retains all mapping and vanishing multiplicities; birational exceptional divisors push
to zero. The Di need not be rational Cartier. If S is either axis, Qsl − qS and Qsl − P are nef.
Thus

qDi · Pn−1 ≤ qS · F ·Qn−1
sl ≤ Qn

sl · F.
The right side is bounded by (7.12). Proposition 6.3, applied to the identity cover and these
integral cycles, forces D1 = D2 = 0 for large j. (7.15) would make eL linearly trivial,
contradicting strict nefness. This completes the exclusion of all 1 ≤ l ≤ n.
Step 5. We reduce to centers dominating both factors with dimension n. Each projection of
V has generic fiber dimension either zero or n + 1. If a projection has dimension n + 1, V is
the full inverse image of a proper subvariety W of that factor, with dimW ≤ n − 1 because V
is proper. Its fibers over the other factor have dimension dimW + 1 ∈ [1, n], excluded in Step
4. Thus both projections are generically finite onto their images and f ≤ n. If f < n, (7.10),
(7.11), and (7.3) give (7.4) for either projection from a resolution, again impossible. Only f = n
and dominance over both copies of X remain.
Step 6. We exclude every divisorial branch component of the two Stein covers. Resolve such a
V to a smooth projective Y , with h : Y → Z and dominant generically finite gi : Y → X. Put
Q = h∗R, Mi = g∗i L. For uniform B > 0, c ≥ 0,
(7.16) 0 < Qn ≤ B, KY ·Qn−1 ≤ (c+ 1/r)Qn, Q− g∗i P nef, Q− rλMi nef.
Their degrees ei satisfy eiv− ≤ Qn, so ei ≤ E for one fixed integer E ≥ B/v−.

The relative canonical divisor Rami = KY −g∗iKX is effective even though X may be singular.
Take a resolution w : W → X with KW = w∗KX + F , F ≥ 0, and resolve the rational lift of
gi to obtain a : Y ′ → Y birational and b : Y ′ → W generically finite. The determinant of the
differential between smooth varieties gives

KY ′ − (gi ◦ a)∗KX = Ramb+b∗F ≥ 0.

Push down by a to obtain Rami ≥ 0. At a prime mapping onto a divisor of X, its coefficient is the
ordinary ramification index minus one, hence an integer at least one when ramified. Fractional
coefficients above singular loci do not affect this assertion.

Since −KX = tL−D and D is nef, (7.16) gives

(7.17) Rami ·Qn−1 ≤
[
c+

1 + t/λ

r

]
Qn.

If the finite normal Stein cover of gi has a branch prime J ⊂ X, a ramifying prime above it
has a strict transform on Y with positive integral coefficient in Rami. Birational morphisms to
normal varieties are isomorphisms at generic divisorial points. Projection formula and the nef
comparison give

0 < J · Pn−1 ≤ Rami ·(g∗i P )n−1 ≤ Rami ·Qn−1.

This is uniformly bounded by (7.17), contradicting Proposition 6.3 for the identity cover. Thus
no branch prime survives for large j.
Step 7. We obtain a finite list of canonical covers over the fixed base. Write gi = τi ◦ µi, with
µi : Y → Ti birational and τi : Ti → X finite normal of degree ei ≤ E. Purity over the smooth
Xreg, [Gro03, Exposé X, Theorem 3.1], and Step 6 make τi etale over Xreg. It is therefore
quasi-etale. Lemma 6.2 gives canonicity and KTi = τ∗i KX , with the canonical index bounded by
the fixed index on X. Lemma 7.3 gives a finite list of isomorphism classes of these covers. The
open Xreg is fixed independently of j.
Step 8. We prove that the projected correspondences are graphs of regular isomorphisms. Let
Hi = τ∗i L, which is strictly nef Cartier, and let NY = h∗ξ, which is nef Cartier. Pulling back
the actual axis sections gives effective integral Cartier divisors
(7.18) Ai = h∗Si = NY − µ∗

iHi.
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For every i, a ∈ {1, 2}, the cycle (ga)∗Ai is effective integral Weil, possibly zero. Since R − qSi

and R− Pa are nef,

(7.19) q((ga)∗Ai) · Pn−1 = qAi · (g∗aP )n−1 ≤ qAi ·Qn−1 ≤ Qn ≤ B.

Proposition 6.3 kills all four cycles for large j. Finiteness of τa then makes every component of
Ai exceptional for µa. In particular Ai is µi-exceptional and µi-nef, since NY is nef and µ∗

iHi has
degree zero on contracted curves. The negativity lemma [KM98, Lemma 3.39] (see also [Bir07,
Lemma 3.0.45]) gives Ai ≤ 0. Effectivity gives A1 = A2 = 0, hence

(7.20) µ∗
1H1 = µ∗

2H2 = NY

as line bundles.
A curve contracted by µ1 has zero µ∗

2H2-degree and is also contracted by µ2, since H2 is
strictly nef. If a component of a projective µ1-fiber had positive-dimensional µ2-image, that
image would contain a curve; taking a component above it and general ample cuts would give
a curve in the fiber mapping onto it, a contradiction. Thus each component maps to a point.
Connectedness of the birational fibers over normal T1 makes µ2 constant on the whole fiber.

Let Γ0 be the reduced image of (µ1, µ2) in T1×T2. Its projection to T1 is proper, birational, and
has singleton set-theoretic fibers. It is quasi-finite, hence finite, and normality of T1 makes it an
isomorphism. Interchanging the indices proves that its other projection is also an isomorphism.
Thus the projection of V to X ×X is the image of the graph of an actual isomorphism T1 → T2.
Strict nefness was used on the finite covers of the original X, not on a small modification.

Step 9. We obtain an open regular orbit on a fixed cover and exclude it. Fix a failure index
beyond all the uniform cutoffs. The original moving incidence dominates Z, hence X ×X. Its
projected points are covered by graphs of isomorphisms among the finite list from Step 7. By
Theorem 7.4, their isomorphism schemes have countably many finite-type components. If every
component had nondominant product evaluation, the closures of their images in the products
T1×T2 would be proper. Their images in X×X would remain proper because the product cover
is finite. The dense constructible image of the original incidence contains an open, and an open
complex variety cannot be covered by countably many proper closed subsets. Consequently one
isomorphism component has product-dominant evaluation.

Fix one isomorphism in it to identify the two covers with T . The component is in a translate of
Aut0(T ). Product-dominance implies that a general point has an n-dimensional orbit. Algebraic
group orbits are locally closed, so this orbit is open; since it meets Treg and automorphisms
preserve smoothness, it lies there. In characteristic zero the orbit map is separable. Its
differential gives n independent global derivations at a point, so TT is generically generated
by global sections.

For the canonical finite cover τ : T → X, put H = τ∗L. Proposition 6.8, whose induction
premise is only CSn−1, gives

KT + tH = τ∗(KX + tL) = τ∗D ample.

But D is nef and not big, and hence (τ∗D)n = deg(τ)Dn = 0, contradicting ampleness. This
excludes the last centers.

Step 10. We verify uniformity and pass from a Seshadri constant to complete jets. All numerical
cutoffs depend only on the fixed volume window, n, λ, q, δ, the finitely many lower-dimensional
constants in Theorem 4.3, and the degree bounds used in Proposition 6.3. The center dimensions
and cover degrees were bounded before they entered the argument. The finite cover list uses the
fixed smooth open; its size is irrelevant to the cutoffs. Therefore failures at arbitrarily large j,
even with varying prescribed opens, are impossible.

For a point z with ε(Rj ; z) > a > 0, a rational, blow it up by β : Ẑ → Z with exceptional
Ez. The class β∗Rj − aEz is ample. To see the interior assertion in the blowup characterization
[Laz04, Section 5.1], choose a < a′ < ε(Rj ; z) with β∗Rj − a′Ez nef and a small 0 < a0 < a
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with β∗Rj −a0Ez ample, then express the coefficient a as their strict convex combination. Serre
vanishing [Sta26, Lemma 30.17.1, Tag 0B5U], with the fixed twist −Ez, gives

H1
(
Ẑ,O

Ẑ
(kβ∗Rj − (ka+ 1)Ez)

)
= 0

for large divisible k. At the smooth center,

β∗OẐ
(−(ka+ 1)Ez) = mka+1

z ,

and the higher direct images vanish. Locally this follows from the blowup of a regular local ring
and the quotients OP2n(j), whose positive cohomology vanishes for j ≥ 0; elsewhere the map is
an isomorphism. Leray and projection formula give the corresponding H1 vanishing on Z, so
the ideal restriction sequence gives all jets through ka.

The index of KX only requires clearing denominators. For each fixed j, k can be increased
independently to satisfy the finite kernel and jet conditions. The coefficient q was fixed in Step
2; no common k for all j is required. Taking a = 2n + 2 at a point with Seshadri constant
greater than 2n+ 2 proves the asserted jet conclusion. □

8. A bound for negative cotangent slopes

In this section, we bound the negative cotangent contribution by the integral degree of covering
rational curves, without imposing a sign on the canonical divisor.

Theorem 8.1 (Quantitative Harder–Narasimhan bend-and-break, [She92, Theorem 9.0.2(bis)]).
Let X be a normal projective n-fold and C a sufficiently high geometric generic complete-
intersection curve for ample integral polarizations. Let F be a saturated term in the Harder–
Narasimhan filtration of TX such that µmin(F|C) > 0. For every ample Cartier divisor A there
exist rational curves R from a family dominating X with

(8.1) A ·R ≤ 2nA · C
c1(F) · C

.

The precise input is the Harder–Narasimhan form in [She92, Sections 9.1.1–9.1.4], in arbitrary
dimension. The positive-slope hypotheses supply the foliation and its characteristic-p closure in
that result. For a compatible quantitative foliated statement see [Spi20, arXiv v4, Theorem 2.27].
The constant in (8.1) concerns a chosen positive Harder–Narasimhan term and is independent
of the sharper extremal-ray input in Theorem 2.4.

Theorem 8.2 (Harder–Narasimhan restriction, [MR82, Section 6]; [KS06, arXiv v3, Theo-
rem 1.4]). For a torsion-free sheaf on a smooth complex projective variety with an ample Cartier
polarization, sufficiently high general complete-intersection curves carry the restricted Harder–
Narasimhan filtration as their Harder–Narasimhan filtration. The curve can be taken smooth
and integral and to avoid the non-locally-free loci of all factors and quotients.

Proposition 8.3. Let X be smooth projective of dimension n ≥ 2 and L nef integral Cartier.
Assume every integral rational curve meeting the complement of a countable union of proper
closed subsets has L-degree at least one. For an ample rational Cartier P , use slopes

(8.2) µP (E) =
c1(E) · Pn−1

rank E .

Then µmax,P (TX) ≤ 2nL·Pn−1. If this maximal slope is positive and its first Harder–Narasimhan
term has rank d, the sharper bound is (2n/d)L · Pn−1.

For sufficiently high general complete intersections of classes liP , 1 ≤ i ≤ n−1, put Λ =
∏

i li.
Their smooth curve C satisfies

(8.3) [C] = ΛPn−1, µmax(TX |C) = Λµmax,P (TX) ≤ 2nL · C, µmin(Ω
1
X |C) ≥ −2nL · C.
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Curve slopes are ordinary degree divided by rank. If P − bL is nef, b > 0, and v = Pn, we may
take

(8.4) η =
2n

b
Λv, µmin(Ω

1
X |C) ≥ −η,

η

Λv
=

2n

b
.

In particular b = ra gives normalized loss 2n/(ra). For a smooth projective curve, the assertion
holds with C = X and constant two.
Proof. We keep the ample polarization defining the filtration fixed and approximate only the
independent divisor that measures rational-curve degrees.
Step 1. We fix the filtration and its slope normalization. Choose k such that H0 = kP is ample
Cartier. Slopes for H0 are kn−1 times slopes for P , so their Harder–Narasimhan filtrations
coincide. By Theorem 8.2, general complete intersections of |miH0|, with the sufficiently-high
condition in its restriction sense, preserve this filtration and avoid its non-locally-free loci. With
li = mik and Λ =

∏
li, every factor G satisfies µ(G|C) = ΛµP (G). For the numerical argument

choose a geometric generic or very general representative; the resulting inequality depends only
on its class and therefore holds on every general curve carrying the restricted filtration.
Step 2. We verify the positive-term hypothesis. Put µ = µmax,P (TX). If µ ≤ 0 the conclusion
follows from nefness of L. Otherwise let F be the first term and d = rankF . Its restriction
is semistable of slope Λµ > 0, so c1(F) · C = dΛµ. For the integrability check, if F 6= TX ,
the quotient has maximal slope less than Λµ, while F|C ⊗ F|C is semistable of slope 2Λµ in
characteristic zero. Thus its bracket obstruction to TX/F vanishes on these covering curves and
hence globally. If F = TX , it is already integrable. The characteristic-p closure and bounded
instability on this fixed curve needed by Theorem 8.1 are part of that input, not an additional
assumption here.
Step 3. We preserve the integral degree lower bound under ample approximation. Fix an ample
Cartier divisor H. For each positive rational e, Ae = L + eH is ample. Clear its denominator
and use Theorem 8.1; division by that denominator gives a covering rational curve Re with

Ae ·Re ≤
2nAe · C
c1(F) · C

.

The covering family has a member meeting the complement of the stipulated countable union,
because the base field is C. Thus L ·Re ≥ 1 and H ·Re > 0, giving

1 ≤ Ae ·Re ≤
2n(L · C + eH · C)

c1(F) · C
.

Let e → 0 through rationals in this scalar inequality. Its fixed quantities give dΛµ ≤ 2nL · C,
hence the bound µ ≤ (2n/d)L · Pn−1. No uniform family of curves as e varies is required.
Step 4. We obtain the cotangent and normalized estimates. Duality of curve bundles reverses
and negates the Harder–Narasimhan slopes. It gives (8.3). Testing the nef P − bL with Pn−1

gives bL·Pn−1 ≤ v, which gives (8.4) after multiplication by Λ. In dimension one, degTX = 2−2g.
For g ≥ 1 this is nonpositive; for g = 0 the curve itself has integral L-degree at least one. This
proves the asserted constant two. Strict nefness is a special case of the hypothesis, with no
exceptional closed sets. □

9. A determinant estimate with negative cotangent slope

In this section, we prove the Frobenius determinant estimate for fixed complex geometric data,
allowing a negative lower cotangent slope.
Set-up 9.1. Let W be smooth connected projective of dimension n ≥ 2, let D,H be rational
Cartier with H ample, and let S be integral Cartier. Fix an integer q > 0 and real r > 1, ε > 0,
η ≥ 0. Put K = KW , v = Hn, and assume
(9.1) v ≤ (2ε)n, KHn−1 ≤ 2v/r, (2D + qS)Hn−1 ≤ 4v, (14ε)n < 1/4, 80ε < 3/4.
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Fix a smooth integral flag W = Wn ⊃ Wn−1 ⊃ · · · ⊃ W1 = C, where the successive divisors
have integral Cartier classes hi = liH, li > 0. Put Λ =

∏n−1
i=1 li and assume µmin(Ω1

W |C) ≥ −η
in ordinary curve degree.

On the quotient projective bundle Z = PW×W (OW (S)1 ⊕ OW (S)2), let ξ = c1(OZ(1)) and
M = D1 + D2 + qξ. Fix a positive integer k0 with k0D Cartier and finitely many sections of
k0M generating jets through order (2n + 2)k0 at a point z∗ off the axes. Fix also x ∈ W , the
blowup π : Ŵ → W at x with exceptional J , and
(9.2) γ = f∗(A1 · · ·An−1), J · γ > 0,

where f : Y → Ŵ is a smooth projective birational model and all Ai are ample integral Cartier.
Assume
(9.3) π∗(D +K/2 + λS) · γ ≤ 40εJ · γ (0 ≤ λ ≤ q).

The two endpoint inequalities suffice, by affinity. All these data are fixed over C.

Theorem 9.2 (Fixed-data determinant estimate). In Set-up 9.1, put

(9.4) δ =
η

Λv
, Θη = v(7 + nδ)n.

Choose an ample integral T0 such that every T0 + aS, 0 ≤ a ≤ (k0 − 1)q integral, has sections
nonzero at the two base coordinates of z∗, and fix such sections. Spread the data over a finitely
generated integral Z-algebra. In every sufficiently large residual characteristic p, after restricting
the base to an open, let F : W → W ′ be relative Frobenius, and let x′ and S′ denote the Frobenius
field twists of x and S on W ′, respectively. Define

(9.5)
Np = bp/k0c, Bp = k0NpD + T0, s = pn,

Ep = F∗OW (Bp), Ua = H0(W,Bp + paS), R = s2.

The evaluation
(9.6)

⊕
a+b=q
a,b≥0

Ua ⊗ Ub ⊗OW ′×W ′(−aS′
1 − bS′

2) → Ep ⊠ Ep

has generic rank R. Fix bases of the source spaces. Any R generically independent columns have
a nonzero determinant σ in Q1 ⊠Q2, where
(9.7) Qi = (det Ep)⊗s ⊗OW ′(miS

′),

and mi is the sum of the selected weights in slot i. For constants C1, Cγ ≥ 0 depending only on
the fixed data,

(9.8) 1−Θη −
C1

p
≤

ord(x′,x′) σ

R
≤ 80ε+

2Cγ

p
.

The constants are uniform in p, filtration degree, and the chosen columns. Consequently these
data cannot coexist if

(9.9) 80ε+ v
(
7 +

nη

Λv

)n
< 1.

All assertions remain valid with 7 replaced by 4 + 2/r, after recomputing the constants. If
Eη = v((7 + nδ)n − 7n), the lower bound is also 3/4 − Eη − C1/p. Thus 80ε + Eη < 3/4 is
another sufficient incompatibility condition; the upper bound has no additional η term.

Proof. We adapt the finite-data construction of [Ope26b, Theorem 6.1 and Section 6.6], retaining
the loss from negative cotangent slope. We spread a finite collection of complex data before
considering any residual characteristic.
Step 1. We preserve the fixed flag, its slope bound, and the numerical data. The flag satisfies
(9.10) [C] = ΛHn−1, H · C = Λv, di = hi · C = liΛv > 0.
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The di are integers. Choose T0 and the stipulated nonvanishing sections sufficiently positive, and
spread the varieties, divisors, maps, flag, points, and finite jet system over a finitely generated
integral Z-subalgebra of C. Shrink so all varieties and flag members remain smooth projective
geometrically integral, ample divisors remain ample, the chosen sections remain nonzero at the
specified points, and the jet surjection remains surjective. Spread fixed isomorphisms on dense
opens to preserve birationality. Intersection numbers and the genus g of C stay constant; exclude
primes dividing the rational denominators.

We justify preservation of µmin(Ω1
W |C) ≥ −η, also for real η. For the relative curve bundle

V of rank n, choose a relative ample twist of fixed integral degree d ≥ 0 making it globally
generated. Every rank-a coherent quotient has degree at least −ad, because its torsion-free part
after twisting is generated and its torsion adds nonnegative degree. A quotient of slope below
−η thus has 1 ≤ a ≤ n and integer degree in the finite interval [−ad,−aη). Each such Hilbert
polynomial gives a proper relative Quot scheme. Its geometric generic fiber is empty: removing
torsion from a hypothetical quotient only lowers its degree, contrary to the complex minimum-
slope bound. Delete the finitely many closed images of these schemes. The lower slope bound
then holds on every remaining geometric fiber.

Such a characteristic-zero integral finite-type base has closed points of arbitrarily large residual
characteristic: its dominant constructible image in SpecZ contains an open. Work over algebraic
closures of those residue fields. The fixed class γ still pairs nonnegatively with every effective
divisor on the reduced blowup, since its pullback to the fixed Y is effective and has nonnegative
intersection with the ample Ai. This applies to new effective divisors on a reduction, without
requiring them to lift.

Step 2. We obtain generic full rank from ordinary jets. Set ap = p − k0Np ∈ {0, . . . , k0 − 1},
so Bp = pD + T0 − apD. Products of Np members of the fixed jet system generate jets through
order (2n+2)k0Np. To check this without dividing by factorials, choose sections with prescribed
leading monomials through the original order. Every monomial of degree at most the enlarged
order is a product of Np monomials within the original bound. Their products have the desired
leading terms; triangular elimination by degree spans the truncated local ring.

Let dp = apq. A fixed section of T0 in the first slot and of T0 + dpS in the second, multiplied
by the second fiber coordinate to exponent dp, gives a section of dpξ + T0,1 + T0,2 nonzero at z∗.
Multiplication preserves the jet span, so sections of pqξ + Bp,1 + Bp,2 generate those jets. The
quotient by the pth powers of regular parameters at the (2n + 1)-dimensional smooth point z∗
has largest monomial degree (2n+1)(p− 1), bounded by (2n+2)k0Np for large p. The sections
therefore surject onto this quotient.

Relative Frobenius of smooth W is finite flat of rank s = pn, as seen from the local monomial
basis with exponents less than p. Projection formula gives (9.6), since F ∗S′ = pS. Near the base
coordinates of z∗ trivialize both summands and let z be the fiber coordinate, with value z0 6= 0.
If A∗ is the tensor product of the two base Frobenius-fiber algebras, then dimA∗ = p2n = R and
the total quotient is

A∗[z]/(z
p − zp0),

free over A∗ on 1, z, . . . , zp−1. A section of fiber weight j has coefficient in

H0(W,Bp + jS)⊗H0(W,Bp + (pq − j)S).

Projection of the surjective jet map to the coefficient of 1 retains exactly j = pa, with nonzero
factor zpa0 . Their coefficients are the values of (9.6) and span A∗. Hence the evaluation has rank
R at that base pair, and therefore generically. The algebra A∗ is allowed to be nonreduced.

Step 3. We bound all graded pieces of the Frobenius diagonal. Put ∆F = W ×W ′ W , and let
h = F ◦ pr1 = F ◦ pr2. Its reduction is the ordinary diagonal. On it, pS1 = pS2 = h∗S′, so every
weight pair a+ b = q restricts to the common line bundle

Lp = O∆F
(Bp,1 +Bp,2 + pqS1).
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Finite flat base change and projection formula identify h∗Lp with (Ep ⊗ Ep)(qS′). Thus the
evaluation rank at a diagonal point is at most h0(∆F ,Lp).

For a rank-n bundle V in characteristic p, let Aj(V ) be the degree-j part of the symmetric
algebra modulo the pth powers of its degree-one generators. Additivity of pth powers makes the
definition independent of frame. Put u = n(p − 1) and ej = rankAj(V ). The monomial basis
gives

(9.11) ej = eu−j ,
u∑

j=0

ej = pn = s.

These bundles are locally free and quotients of V ⊗j . In smooth coordinates, the ideal of the
reduced diagonal is generated by coordinate differences whose pth powers vanish, and its degree-
one conormal is Ω1

W . Its ordinary ideal filtration therefore has graded pieces
(9.12) Gj = OW (2Bp + pqS)⊗Aj(Ω

1
W ), 0 ≤ j ≤ u.

Using only the second-factor bundle instead gives graded pieces OW (Bp)⊗Aj(Ω
1
W ) for F ∗Ep.

Multiplication into the top truncated degree is a perfect pairing, since each exponent vector
pairs with its complement to (p−1, . . . , p−1). The top line has character (detV )p−1, computed
on diagonal matrices and hence on GLn. Consequently
(9.13) Au−j(V ) = Aj(V )∨ ⊗ (detV )p−1.

We use [Lan04a, Corollary 2.5], unchanged by [Lan04b], in its curve form. If AC is nef and
TC ⊗AC is globally generated, a rank-a bundle E satisfies

(9.14) µmin(E)− Lmin(E) ≤ (a− 1) degAC

p− 1
, Lmin(E) = lim

e→∞
p−eµmin(F

e∗
C E).

For g ≤ 1 take AC = OC . For g ≥ 2, a line bundle of degree 4g − 2 makes TC ⊗ AC have
degree 2g, hence globally generated by Serre duality [Sta26, Remark 53.4.3, Tag 0BS4] and
point evaluation. With

dg = 0 (g ≤ 1), dg = 4g − 2 (g ≥ 2), c = (n− 1)dg,

we obtain, for V = Ω1
W |C ,

(9.15) Lmin(V ) ≥ −η − c/(p− 1).

For every integer i ≥ 0 we also have µmin(V ⊗i) ≥ iLmin(V ). Here is the needed tensor
argument in positive characteristic. Fix p, i and choose Ae of degree d−µmin(F e∗

C V )e+ 2g. The
bundle F e∗

C V ⊗ Ae is generated: after subtracting any point its minimum slope is at least
2g − 1 > 2g − 2, so Serre duality [Sta26, Remark 53.4.3, Tag 0BS4] gives the required H1

vanishing. For a vector-bundle quotient Q of V ⊗i, F e∗
C Q ⊗ A⊗i

e is generated. Its determinant
has nonnegative degree, giving peµ(Q) + i degAe ≥ 0. Division by pe and the limit e → ∞
prove the bound. This limit is taken for each fixed p, i, and assumes no tensor semistability in
characteristic p.

Since Au−j(V ) is a quotient of V ⊗(u−j), (9.13) and (9.15) give
µmax(Aj(V )) = (p− 1)K · C − µmin(Au−j(V ))

≤ (p− 1)K · C + (u− j)η +
(u− j)c

p− 1

≤ (p− 1)K · C + (u− j)η + nc.(9.16)
The maximal extra loss is n(p− 1)η.
Step 4. We bound all global sections by one flag polynomial. Define the fixed nonnegative
constant

c0 = nc+ max
0≤a<k0

|(2T0 − 2aD −K) · C| .
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(9.1), (9.10), and (9.16) give, uniformly in j,

µmax(Gj |C) ≤ p(2D + qS +K) · C + (u− j)η + c0

≤ p((4 + 2/r)Λv + nη) + c0

≤ Mp := p(7Λv + nη) + c0.(9.17)

Successive divisor restriction sequences down the fixed flag yield

(9.18) h0(W,Gj) ≤
∑

b1,...,bn−1≥0

h0

(
C,Gj |C

(
−
∑
i

bihi|C

))
.

For each fixed p, j and each earlier twist, sufficiently negative twisting by the next ample divisor
kills the remainder. Enlarging the resulting finite nonnegative sums to (9.18) needs no uniform
stopping index. A summand vanishes if

∑
bidi > Mp, since its maximal slope is negative. Each

other summand is at most ej(Mp+1): evaluation at bMpc+1 distinct points is injective because
its kernel has negative maximal slope. At most

∏
i(1 +Mp/di) indices contribute. Thus

(9.19) h0(W,Gj) ≤ ejPη(p), Pη(p) = (Mp + 1)
n−1∏
i=1

(1 +Mp/di).

This single polynomial has degree n, nonnegative coefficients, and leading coefficient
(7Λv + nη)n∏

i di
=

(7Λv + nη)n

Λnvn−1
= Θη.

Put C1 = Pη(1) − Θη ≥ 0. Dividing the lower-degree terms by pn bounds them by C1/p for
p ≥ 1. Summing the filtration and using (9.11) gives

(9.20) h0(∆F ,Lp) ≤ sPη(p) ≤ R(Θη + C1/p).

The sum of the ranks is s; no extra factor counting the filtration pieces appears.

Step 5. We compute the determinant line bundles and bound their vanishing orders. Choose any
R independent columns in (9.6). Their slot weights satisfy 0 ≤ mi ≤ qR, so λi = mi/R ∈ [0, q].
The source determinant is O(−m1S

′)⊠O(−m2S
′), while the target determinant is (det Ep)s ⊠

(det Ep)s. Thus the determinant is a nonzero section of the actual line bundles in (9.7).
Pairing indices in (9.13) gives

u∑
j=0

c1(Aj(Ω
1
W )) =

s(p− 1)

2
K.

For each pair the contribution is ej(p − 1)K; summing that identity over every j and dividing
by two also covers a possible middle degree. The filtration of F ∗Ep therefore gives c1(F

∗Ep) =
sBp + s(p − 1)K/2. Under numerical identification with the field twist, Frobenius pullback
multiplies divisor classes by p. Hence

(9.21) c1(Qi)

R
= D +K/2 + λiS +

T0 − apD −K/2

p
.

No cotangent slope enters this identity.
Set

Cγ = max
0≤a<k0

|π∗(T0 − aD −K/2) · γ|
J · γ

.

The fixed interval inequality (9.3) implies
π∗c1(Qi) · γ

RJ · γ
≤ 40ε+ Cγ/p.
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For any nonzero section τi of Qi on the reduction, the strict transform of its effective divisor has
nonnegative intersection with the twist of γ. Its class is π∗c1(Qi)− ordx′(τi)J . Consequently

(9.22) ordx′(τi) ≤ R(40ε+ Cγ/p).

This is uniform in the chosen columns and does not require lifting τi.
Degree-zero Künneth identifies the section space of Q1 ⊠Q2 with the tensor product of the

two section spaces. Choose bases adapted to the decreasing filtrations by order at x′. Within
each order their initial forms are independent; tensor products are independent in each bidegree
in the disjoint local parameter sets. Distinct bidegrees are distinct direct summands of the total
graded local ring. Thus a nonzero tensor has order at most the sum of the maximal factor orders.
(9.22) gives

(9.23) ord(x′,x′) σ ≤ R(80ε+ 2Cγ/p).

Step 6. We compare the diagonal rank defect with the upper order. At (x′, x′), (9.20) bounds
the matrix rank by R(Θη +C1/p). If its actual rank is t, invertible constant row operations put
R − t rows in the maximal ideal. Every determinant term contains one entry from each such
row and has order at least R− t. The determinant changes only by a nonzero scalar. Therefore

ord(x′,x′) σ ≥ R(1−Θη − C1/p),

which with (9.23) proves (9.8). If ∆ = 1−80ε−Θη > 0, take an available residual characteristic
exceeding (C1 + 2Cγ)/∆ and all fixed thresholds. This contradicts (9.8) and proves (9.9).

Finally Θ0 = 7nv ≤ (14ε)n < 1/4 and Θη = Θ0 + Eη, which gives the stated 3/4 form and
sufficient conditions. The middle line of (9.17) proves the entire argument with 4+2/r replacing
7. The loss is η/(Λv): increasing flag degrees multiplies both η and Λ when slopes come from
an ambient restriction theorem, so it does not by itself reduce the normalized loss. □

10. A common movable witness

In this section, we assemble the scalar and jet data on a resolution and obtain one movable
class controlling both determinant factors.

Theorem 10.1 ([BDPP13, author final, Theorem 2.2 and Definition 1.3(v)]). On a smooth
complex projective variety, an algebraic real divisor class is pseudo-effective if and only if it
has nonnegative intersection with every class f∗(A1 · · ·An−1), where f is a smooth projective
birational model and the Ai are ample integral Cartier divisors. Such classes generate the
strongly movable cone.

We use the algebraic divisor-class assertion; no transcendental extension is needed.

Proposition 10.2 (Assembly on the original variety). Let X be normal projective of dimension
n ≥ 2, with KX rational Cartier, and let L be nef integral Cartier. Assume every rational
integral curve meeting the complement of a countable union of proper closed subsets has L-degree
at least one. Let P be ample rational Cartier, let r > 1, b > 0, ε > 0 be real, and let q > 0 be
integral. Suppose

(10.1) P − bL nef, P/r −KX nef, b > 2q,

and, writing v0 = Pn, ρ = v
1/n
0 , suppose

(10.2) 0 < v0 < (2ε)n, (14ε)n < 1/4, 80ε < 3/4.

Assume a smooth point y ∈ X satisfies ordy(s) ≤ 4kρ for every nonzero section of every Cartier
kP . On

(10.3) ZX = PX×X(OX(L)1 ⊕OX(L)2), MX = P1 + P2 + qξX ,
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assume some finite complete system in degree k0, with k0P Cartier, generates jets through order
(2n+ 2)k0 at a torus point over two smooth points of X. Then

(10.4) 80ε+ v0

(
7 +

2n2

b

)n

≥ 1.

It suffices instead to assume a Seshadri constant greater than 2n + 2 at such a point. No
sign assumption on KX or singularity assumption beyond the stated normality and rational
Cartierness is required.

Proof. Choose a resolution w : W → X isomorphic over Xreg and put D = w∗P , S = w∗L.
We construct the fixed data of Set-up 9.1, including a common witness for its full interval of
coefficients.
Step 1. We obtain a compatible ample flag with controlled cotangent loss. Write KW =
w∗KX + E+ − E−, where E+, E− are effective exceptional rational divisors without common
components. Projection formula gives

KWDn−1 = KXPn−1 ≤ v0/r < 2v0/r, (2D + qS)Dn−1 ≤ (2 + q/b)v0 < 4v0.

Fix ample integral AW . For every sufficiently small positive rational τ , H = D+ τAW is ample,
H − bS is nef, and continuity preserves
(10.5) v = Hn ≤ (2ε)n, KWHn−1 ≤ 2v/r, (2D + qS)Hn−1 ≤ 4v.

On W , exclude the exceptional locus and inverse images of the given countable closed sets. A
rational curve meeting the remaining isomorphism open cannot be contracted. It maps to an
integral rational curve in the allowed part of X, and its S-degree is the positive mapping degree
times that curve’s L-degree, hence at least one. Proposition 8.3 applies to the nef Cartier S,
though it need not be strictly nef. Choose successively sufficiently high general divisors in |liH|
in the restriction-theorem range. Their smooth flag ends in C, and

(10.6) [C] = ΛHn−1, µmin(Ω
1
W |C) ≥ −η, η =

2n

b
Λv.

The flag is chosen over C.
Step 2. We pull back the finite jet system. Base change gives ZW = PW×W (OW (S)1 ⊕
OW (S)2) → ZX . It is an isomorphism near the chosen jet point since both base coordinates lie
in Xreg. Pullback sends MX to D1 +D2 + qξW and preserves its jet surjection. A finite basis
supplies the required finite system. For the Seshadri alternative, the tautological class ξX is
nef because both defining summands are nef line bundles, and it is relatively ample. The class
P1+P2 is ample on the base. For a sufficiently large integer m > 1/q, the class ξX +m(P1+P2)
is ample, and

MX =
1

m
(ξX +m(P1 + P2)) +

(
q − 1

m

)
ξX .

Thus MX is ample as the sum of an ample rational class and a nef class. Choose rational a strictly
between 2n+2 and that Seshadri constant. The blowup at the smooth point and Serre vanishing
[Sta26, Lemma 30.17.1, Tag 0B5U] with twist −E give jets through k0a for every sufficiently
large divisible k0, by the local blowup ideal identity and its higher-direct-image vanishing. Thus
these include the required order.
Step 3. We build a scalar envelope that absorbs both discrepancy signs. Let x = w−1(y) and
put D+ = 2D + E+, which is big. For divisible m, normality gives w∗OW (mE+) = OX : a
rational function allowed exceptional poles has none at the strict transform of any prime of X,
so it extends across the codimension-two complement. Projection formula identifies sections of
mD+ with sections of 2mP , multiplied by the canonical exceptional section. Since x is off E+,
(10.7) ordx(s) ≤ 8mρ < 16mε (0 6= s ∈ H0(W,mD+)).
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Blow up x by π : Ŵ → W with exceptional J . The class π∗D+ − 40εJ is not pseudo-effective.
Otherwise its convex combination with the big π∗D+ would make π∗D+−cJ big for any rational
8ρ < c < 40ε. A divisible multiple would have a nonzero section, descending to a section of
mD+ of order at least mc > 8mρ, contradicting (10.7). The descent uses π∗O(−mcJ) = mmc

x .
Step 4. We select one movable class for the whole interval. By Theorem 10.1, there exists a
single class γ = f∗(A1 · · ·An−1) with
(10.8) π∗D+ · γ < 40εJ · γ.
If separation first gives a positive combination or limit of generators, strict negativity selects
one generator with negative pairing. Since D+ is big, its pairing is nonnegative, so J · γ > 0.
For 0 ≤ λ ≤ q, the identity

(10.9) P − λL−KX/2 =

(
1− λ

b
− 1

2r

)
P +

λ

b
(P − bL) +

1

2
(P/r −KX)

is nef, with positive first coefficient by b > 2q and r > 1. On W ,
(10.10) D+ − (D +KW /2 + λS) = w∗(P − λL−KX/2) + 1

2(E+ + E−)

is pseudo-effective. Pullback pairs nonnegatively with γ, so (10.8) proves
π∗(D +KW /2 + λS) · γ < 40εJ · γ (0 ≤ λ ≤ q).

Both endpoints use this one fixed class; no sign of KW or of its exceptional discrepancy was
assumed.
Step 5. We choose the perturbation before reduction and apply the determinant estimate. If
(10.4) failed, choose the rational τ > 0 in Step 1 small enough, using strictness and Hn → Pn,
that

80ε+ v(7 + 2n2/b)n < 1.

Fix this τ , the flag, points, finite jet system, and witness over C. (10.5) and (10.6) and Steps 2–
4 verify Set-up 9.1. Its normalized loss is η/(Λv) = 2n/b. Theorem 9.2 contradicts the displayed
inequality. This proves (10.4).

For an arbitrary lower slope bound −η on this flag, the precise sufficient budget is

(10.11) η

Λv
<

((1− 80ε)/v)1/n − 7

n
.

The right side is positive because 7nv ≤ (14ε)n < 1/4 < 1 − 80ε. All choices were fixed before
residual characteristic grew; no perturbation, flag degree, or index limit is taken afterwards. □

11. Canonical induction and sharp ampleness

In this section, we complete the induction on the entire canonical category and prove
Theorems B and A.

Proof of Theorem B. We prove CSn by strong induction, with the specific big divisor KX+(2n+
1)L, and then use Lemma 2.5. The inductive category consists of all normal projective canonical
varieties, without Q-factoriality or a bound on the canonical index.
Step 1. We establish the one-dimensional case. A normal complex projective curve is smooth.
If its genus is g and degL = ` ≥ 1, then

deg(KX + 3L) = 2g − 2 + 3` ≥ 1.

Positive degree is equivalent to both ampleness and bigness on a projective curve, giving CS1.
Also deg(KX + tL) ≥ t− 2 > 0 for real t > 2, which is the claimed sharp range.
Step 2. We normalize a hypothetical nonbig adjoint in dimension n. Let n ≥ 2, assume CSf

for every 1 ≤ f < n, and take arbitrary canonical X and strictly nef Cartier L in dimension n.
Put t0 = 2n + 1, D = KX + t0L, and N = KX + 2nL. Proposition 2.3 makes N nef. Suppose
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D = N +L is not big. Fix ample Cartier A and ε = 1/1000. Lemma 2.6 gives Pj = rj(D+ujA)
with
(11.1) rj → ∞, vj = Pn

j → εn, Pj − rjL nef, Pj/rj −KX = t0L+ ujA nef.
Every actual integral curve has Pj-degree at least rj .
Step 3. We fix the two-slot coefficient and then one large normalization index. Theorem 7.5,
under CS<n, supplies a single integer q > 0 independent of j, taking h = 2n + 2. For every
sufficiently large j, it supplies a smooth torus point over Xreg × Xreg with the required finite
complete jet system for

ZX = PX×X(OX(L)1 ⊕OX(L)2), Pj,1 + Pj,2 + qξX .

Theorem 5.2 applies to (X, 0), with λ = t0 − 2n = 1 and window εn/2 ≤ vj ≤ 2εn. It gives
a smooth yj such that every nonzero section of every Cartier kPj satisfies ordyj (s) ≤ 4kv

1/n
j .

The very-general complement is nonempty over C. The point yj may differ from both base
coordinates of the jet point; Proposition 10.2 allows these independent choices.

Now, after fixing q, choose one j satisfying all eventual conditions and
(11.2) rj > max{1, 2q, 2n2}, 0 < vj < (2ε)n.

Such a j exists by (11.1). The chosen ε satisfies (14ε)n < 1/4 and 80ε < 3/4 for every n ≥ 2.
Step 4. We obtain the determinant contradiction on the original X. Use Proposition 10.2
with P = Pj , r = b = rj , and the fixed q, ε. Normality and rational Cartierness of KX follow
from canonicity. Strict nefness and integrality of L give degree at least one on every integral
rational curve, so the exceptional countable set may be empty. All nef, volume, scalar, and jet
hypotheses are verified by (11.1), (11.2), and Step 3. The necessary inequality is therefore

1 ≤ 80ε+ vj(7 + 2n2/rj)
n

< 80ε+ (16ε)n ≤ 80

1000
+

(
16

1000

)2

< 1.(11.3)

For the strict inequality, rj > 2n2 and vj < (2ε)n give 7 + 2n2/rj < 8. The final bound uses
n ≥ 2 and 16/1000 < 1. This contradiction proves D = KX + (2n+ 1)L big.

The construction uses a resolution only inside Proposition 10.2. There w∗L is merely nef; the
rational-curve degree bound holds on curves meeting the isomorphism open. The ample flag
class is w∗Pj + τAW , with τ chosen after j. Its normalized slope loss is 2n/rj . Exceptional
canonical intersections vanish at the unperturbed class, strict margins permit that perturbation,
and 2w∗Pj +E+ supplies the common scalar envelope. Thus no strict positivity on exceptional
curves and no pseudo-effectivity of KX or of the resolution’s canonical divisor was introduced.
Step 5. We close the canonical induction and recover the sharp threshold. Since X,L in
dimension n were arbitrary, we have proved CSn for the full canonical category, with the positive
rational coefficient 2n+1. The induction for dimension n+1 therefore includes every canonical
n-fold that can occur as a modification or cover. Lemma 2.5, applied to the rational klt pair
(X, 0), now turns the big adjoint at 2n+ 1 into ampleness for every real t > n+ 1.

The order of choices throughout is dimension and X,L; t0, ε; the normalized sequence; fixed
q; one sufficiently large j; scalar and jet points and one finite divisible jet degree; a resolving
perturbation, flag, and one movable witness over C; finally residual characteristic. No parameter
is taken to a limit together with the residual characteristic. Every induction use in dimension n
involved only CSf with f < n. □

Proof of Theorem A. A smooth variety is canonical, so Theorem B applies. Equivalently, the
induction proves KX + (2n+ 1)L big on smooth X, and the smooth setting of Proposition 2.3
recovers ampleness for every real t > n + 1 directly from the smooth cone bound. For a curve,
deg(KX + tL) ≥ t− 2 > 0 gives the conclusion directly. □
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12. Transfer to klt pairs and real boundaries

In this section, we prove Corollary 1.1 by transferring canonical bigness in a fixed dimension to
rational pairs and then preserving the Cartier condition in a finite rational convex decomposition.

Proposition 12.1 (Category transfer in a fixed dimension). For n ≥ 1, CSn is equivalent to
ampleness of KX +B + tL for every real t > 2n, every projective klt rational n-fold pair (X,B),
and every strictly nef Cartier L.

More generally, under CSn, let X be any normal integral projective n-fold, let B ≥ 0 be a
rational Weil divisor with R = KX +B rational Cartier, and let L be strictly nef Cartier. Then
R+ tL is big for every real t > 2n, without a singularity condition on the pair or an upper bound
on its boundary coefficients. No separate Q-Cartierness of KX is required.

Proof. Assume CSn. Take a smooth projective resolution π : W → X and put M = π∗L.
Theorem 4.3, now in dimension f = n, gives Aq = KW + qM big for every rational q > 2n. This
use is justified by the premise in dimension n, and does not assert strict nefness of M .

Choose compatible canonical divisors. On every nonexceptional prime of W , KW − π∗R has
coefficient minus the corresponding coefficient of B. If its exceptional part is

∑
aiEi, define

E =
∑

max{ai, 0}Ei. Then E ≥ 0 is exceptional and
(12.1) KW − π∗R ≤ E, Aq ≤ π∗(R+ qL) + E.

For divisible k, normality gives π∗OW (kE) = OX . To check this, a rational function allowed
poles only at exceptional primes has no pole at a codimension-one point of X and is regular; the
reverse inclusion follows from effectivity. Projection formula therefore gives
(12.2) h0(W,kAq) ≤ h0(W,kπ∗(R+ qL) + kE) = h0(X, k(R+ qL)).

The left side has positive order-kn growth for large divisible k. Hence R + qL is big. For real
t > 2n, choose rational 2n < q < t and add the nef (t − q)L, preserving the interior of the
pseudo-effective cone.

For a klt rational pair, Proposition 2.3 turns this bigness into ampleness for every t > 2n.
Conversely, apply the asserted rational-pair ampleness to (V, 0) for canonical V , and take t =
2n+ 1 to obtain CSn. Thus the equivalence and the more general bigness statement hold. □
Lemma 12.2 (Rational boundaries with a fixed Cartier presentation). Let X be normal
projective and B ≥ 0 a real Weil divisor of finite support with KX +B real Cartier. If (X,B) is
klt, respectively lc, then

(12.3) B =

N∑
a=1

αaBa, αa ≥ 0,
∑
a

αa = 1,

where every Ba is effective rational, KX +Ba is rational Cartier, and (X,Ba) is klt, respectively
lc. The decomposition is on the original X.

Proof. We construct a rational affine parameter space that records the boundary and a Cartier
presentation simultaneously, and then impose the discrepancy inequalities on one resolution.
Step 1. We construct the finite rational affine parameter space. Write B =

∑m
i=1 biSi with

distinct prime Si and bi > 0; the list is empty when B = 0. Fix an equality of actual real Weil
divisors

KX +B =

p∑
j=1

ujDj ,

where the Dj are integral Cartier and a canonical Weil divisor KX has been chosen. Define V
to be the vectors z = (x1, . . . , xm, y1, . . . , yp) satisfying

(12.4) KX +
∑
i

xiSi =
∑
j

yjDj .
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Coefficient comparison on the finite union of supports gives affine equations with integer
coefficients and constants. The space contains z0 = (bi, uj). Gaussian elimination over Q
supplies a rational point and a rational basis of the translation space, so V is rational affine and
its rational points are dense. If it has dimension zero, z0 is rational.

Step 2. We express klt and lc singularities by finitely many rational inequalities. Choose a
projective log resolution π : U → X of X and the finite support in (12.4). Choose KU compatibly
and include all exceptional divisors and the supports of KU and π∗Dj in one simple normal
crossing divisor with components F1, . . . , Fs. For z ∈ V , put

(12.5) B(z) =
∑
i

xiSi, ΓU (z) =
∑
j

yjπ
∗Dj −KU , KU + ΓU (z) = π∗(KX +B(z)).

Its coefficients γl(z) are rational affine functions. With xi ≥ 0, the resolution criterion [Sat24,
Definition 2.1 and Remark 2.3] says klt is equivalent to γl(z) < 1 for every l, and lc is equivalent
to γl(z) ≤ 1. Its convention is log discrepancy 1− γl(z); divisors outside the fixed support have
discrepancy one. Negative exceptional coefficients are permitted. On a smooth simple normal
crossing subpair these inequalities control every further divisorial valuation, so the criterion is
a criterion on this given resolution; no separate Q-Gorenstein hypothesis on X enters.

Step 3. We choose rational vertices without changing the singularity category. For klt (X,B),
the conditions xi > 0, γl(z) < 1 define an open neighborhood of z0 in V . In rational affine
coordinates choose a sufficiently small closed box with rational endpoints containing z0 and
lying in that open. Its finitely many rational vertices express z0 as a convex combination; in
dimension zero use z0 alone. No xi conditions occur when m = 0.

For lc (X,B), intersect V with the inequalities xi ≥ 0, γl(z) ≤ 1, and a bounded closed
rational box containing z0. This is a bounded rational polyhedron containing z0. Its finitely
many vertices are rational and their convex hull contains z0, also when its dimension is zero. In
either case let za be the vertices used and Ba = B(za). (12.4) expresses KX + Ba as a rational
combination of integral Cartier divisors, while (12.5) ensures the required singularities. Taking
the boundary coordinates gives (12.3), and also KX + B =

∑
αa(KX + Ba) as real Cartier

divisors. □

Proposition 12.3 (Real klt transfer). Assume CSn. Let (X,B) be a projective klt real pair of
dimension n ≥ 1, with effective finite-support boundary and real Cartier log canonical divisor.
If L is strictly nef rational Cartier and `L is integral Cartier, then KX + B + tL is ample for
every real t > 2n`.

Proof. Use the klt decomposition of Lemma 12.2. Set H = `L. Proposition 12.1 gives ampleness
of KX + Ba + (t/`)H for t/` > 2n, for each rational pair on the original X. Their convex
combination is KX +B+ tL, hence ample. The argument jointly preserves boundary coefficients
and a Cartier presentation; it does not approximate them independently. □

Proof of Corollary 1.1. Theorem B gives CSn in every dimension; for instance KV + (2n+ 1)H
is ample and hence big on each canonical V . Proposition 12.3 gives the coarse real threshold
2n`. Put H = `L and choose T > 2n. Then KX + B + TH is ample. Lemma 2.5, now applied
directly to the real klt pair, proves ampleness of KX +B + sH for every real s > n+ 1. Taking
s = t/` proves the claimed range t > (n+ 1)`. □

13. Log bigness on lc strata

In this section, we prove Corollary 1.2 by establishing bigness on every lc stratum before
applying the Reid–Fukuda basepoint-free theorem.

Definition 13.1. A quasi-log canonical structure [Z, ω] is given by a proper morphism
f : (Y,∆Y ) → Z from a globally embedded simple normal crossing pair, with every coefficient
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of ∆Y at most one, such that f∗ω ∼R KY +∆Y and the natural map
(13.1) OZ

∼−→ f∗OY

(⌈
−∆<1

Y

⌉)
is an isomorphism. Here ∆<1

Y is the sum of terms of coefficient less than one. Its strata are
the images of irreducible components and lc strata of the normalization of this pair. A rational
structure means the divisors are rational and the equivalence is rational linear equivalence. A
divisor on an lc pair is log big if its restriction to every lc stratum, including the ambient variety,
is big; every divisor on a zero-dimensional stratum is big.

We use [Fuj16, Definitions 3.1 and 3.3] for globally embedded simple normal crossing pairs and
quasi-log structures, [Fuj16, Section 2.3] for log bigness, and [Fuj16, Theorem 3.8] for adjunction.
This terminology does not assert that an lc center is normal or admits an effective ordinary lc
boundary representing the restricted class.

Theorem 13.2 (Quasi-log adjunction, [Fuj16, Theorem 3.8(i)]). For a projective lc pair (X,B),
[X,KX + B] is quasi-log canonical, and each lc center Z, with its reduced structure, inherits
[Z, (KX + B)|Z ]. The qlc strata in this construction are the lc strata. For rational input the
structures are rational.

The rationality follows by restricting the rational log canonical divisor on the union of
resolution strata mapping to Z; the identification of strata is part of the lc application in
[Fuj16, Section 4].

Theorem 13.3 (Normalization, [FL18, Theorem 1.1]). The normalization ν : Zν → Z of an
irreducible qlc pair [Z, ω] carries [Zν , ν∗ω] as a qlc pair. Rational structure is preserved. Its qlc
centers map to qlc centers of Z, and its non-quasi-klt locus is the inverse image of that of Z.

Rational structure is stated in [FL18, arXiv v3, Remark 3.1]; the construction uses Stein
factorization of the components dominating Z and restriction of their rational boundaries.

Theorem 13.4 (Normal qlc structure, [Fuj22, Theorem 3.2]). For a normal qlc variety [T, ω]
there exists a projective birational p : W → T with W smooth and
(13.2) p∗ω = KW +∆W +MW ,

where ∆W is a simple normal crossing subboundary with exceptional negative part, and MW is
potentially nef. For a rational structure both are rational. If T is projective, W is projective
and MW is nef.

Potentially nef means a finite positive combination of divisors extending to nef divisors on
completions, as in [Fuj22, Definition 3.1]. A projective W is already complete, so each such
restriction is nef. The negative part of ∆W need not vanish.

Theorem 13.5 (Reid–Fukuda basepoint-freeness, [Fuj16, Theorem 1.5]). Let (X,B) be a
projective lc real pair and J a nef integral Cartier divisor. If aJ − (KX + B) is nef and
log big for some real a > 0, then OX(kJ) is globally generated for every sufficiently large integer
k.

Proposition 13.6 (Coarse lc ampleness). Let (X,B) be a normal integral projective lc real pair
of dimension n ≥ 1, with effective finite-support boundary and real Cartier KX + B. Let L be
strictly nef rational Cartier and let `L be integral Cartier. Then KX +B+ tL is ample for every
real t > 2n`.

Proof. We first take rational B, integral Cartier L, and rational t > 2n, and put R = KX + B,
Dt = R+ tL. The canonical induction is already complete; no assertion in this proof feeds back
into it.
Step 1. We record the available bigness and nefness inputs. Theorem B gives CSd for every
1 ≤ d ≤ n. Thus Theorem 4.3 gives KW + sg∗H big for every rational s > 2d when W is
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smooth of dimension d and g is generically finite onto a positive-dimensional image in a normal
projective variety with strictly nef Cartier H.

The lc cone bound in Theorem 2.2, also [Fuj22, Theorem 7.7] for [X,R], gives R + 2nL nef:
each negative rational generator has −R·C ≤ 2n and L·C ≥ 1. Hence Dt = (R+2nL)+(t−2n)L
is nef and strictly nef.

Step 2. We prove bigness on the normalization of every positive-dimensional stratum. Let Z be
X or an lc center, with reduced structure, and d = dimZ ≥ 1. Its finite normalization ν : T → Z
has strictly nef Cartier H = ν∗(L|Z): for every integral curve, its degree is the positive degree
of the finite map times the original L-degree. Put ωT = ν∗(R|Z). Theorems 13.2 and 13.3 give
a rational qlc structure [T, ωT ]. Theorem 13.4 gives a smooth projective p : W → T and rational
∆W = ∆+

W − E, where ∆+
W , E ≥ 0, E is exceptional, and MW is nef.

Put AT = ωT + tH = ν∗(Dt|Z). Since t > 2n ≥ 2d, Step 1 gives KW + tp∗H big, and (13.2)
gives

(13.3) p∗AT + E = KW + tp∗H +MW +∆+
W big.

We have kept the nef moduli divisor and the exceptional negative boundary.

Step 3. We descend bigness through the exceptional correction and normalization. For divisible
k, p∗OW (kE) = OT : a rational function with only exceptional allowed poles has no divisorial
pole on the normal T , and effectivity gives the reverse inclusion. Projection formula identifies

(13.4) H0(W,k(p∗AT + E)) = H0(T, kAT ).

The left side has positive order-kd growth by (13.3). Thus AT is big. It is also nef as the
pullback of Dt, so Ad

T > 0. The degree-one normalization gives (Dt|Z)d = Ad
T > 0. The

nef top-intersection criterion on the integral projective Z gives bigness of Dt|Z , also when Z
is nonnormal; it can be checked after a resolution with birational invariance of bigness. Zero-
dimensional strata impose no additional condition. We have proved Dt nef and log big on every
lc stratum, not just on X.

Step 4. We apply lc basepoint-freeness with its log-bigness hypothesis. Choose m > 0 such
that J = mDt is integral Cartier and put a = 2/m. Then

(13.5) aJ −R = 2Dt −R = Dt + tL.

It is nef, and its restriction to every positive-dimensional lc stratum is big by Step 3 and nefness
of tL. Theorem 13.5 makes |kJ | basepoint-free for large k. Its morphism to its reduced projective
image is finite: a positive-dimensional projective fiber contains an integral curve, whose J-degree
would be zero, contrary to strict nefness. Therefore kJ , J , and Dt are ample.

For real t > 2n with rational B, choose rational 2n < s < t. Add the nef (t − s)L to the
ample R+ sL to obtain ampleness of R+ tL.

Step 5. We pass to real boundaries and the rational polarization. Use the lc case of Lemma 12.2,
which keeps the finite Cartier presentation and the closed discrepancy inequalities on the original
X. For real t > 2n, each rational pair gives an ample KX + Ba + tL. Their finite convex
combination is KX +B+ tL and is ample. Finally set H = `L. The result for integral Cartier H
applies at parameter t/` > 2n, proving the stated coarse bound. No separate rational Cartierness
of KX or Q-factoriality is introduced. □

Proof of Corollary 1.2. Put H = `L and choose T > 2n. Proposition 13.6, whose argument
proves log bigness on every lc stratum before basepoint-freeness, gives KX + B + TH ample.
Lemma 2.5 uses the sharp lc extremal-ray bound to make KX +B + (n+ 1)H nef. Its positive
ample–nef interpolation proves ampleness at every real parameter s > n + 1, directly for the
real boundary. Taking s = t/` proves Corollary 1.2. □
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