NONVANISHING IMPLIES ABUNDANCE

JIHAO LIU
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Remark 0.1. The current version paper is still under revision when OpenAl announced their
result on the proof of the full abundance conjecture https://github.com/openai/math/blob/
main/preprints/Log-abundance-in-characteristic-zero-September-24-2026/paper.
pdf. This is No. 34 of their series of preprints. Therefore there is no reason to postpone
the posting of the paper to my homepage and to arXiv despite the necessary revisions
still left to be done. We get the result no later than September 26th. An earlier manu-
script of the paper was timestamped no later than September 28th with SHA-256 value
cf3ab57a51040c7939b56cd1dd3acbfdc6dd472cee2131b80e7cdf87bdb14bb8, prior to OpenAl
released their results to the public.

An earlier incomplete draft of the paper, timestamped back to Novemeber 2025, was submitted
to codex chat by July 3rd, 2026. Considering that the internal model of OpenAl which completely
solved the abundance conjecture started training by the end of August 2026, there is a possibility
that the ideas in this paper were adopted by OpenAl to obtain their results. Indeed, the
“nonvanishing implies abundance” part of OpenAl’s proof of the abundance conjecture follows
exactly from the same ideas as the proof in this paper although the technical details are different.

1. INTRODUCTION

We work over the field of complex numbers C.
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The abundance conjecture and the non-vanishing conjecture are usually considered two of the
most important and difficult conjectures in birational geometry.

Conjecture 1.1 (Non-vanishing). Let X be a smooth projective variety such that Kx is pseudo-
effective. Then H°(mKyx) # 0 for some positive integer m.

Conjecture 1.2 (Abundance). Let X be a smooth projective variety. Then k(X) = v(X).

Here x(X) and v(X) stand for the Kodaira and numerical dimensions of X respectively. It is
well-known that Conjecture 1.2 is equivalent to the existence of good minimal models or Mori
fiber spaces ([GL13, Theorem 4.3], [Laill, Theorem 4.4]).

The non-vanishing conjecture and the abundance conjecture were proven in dimension < 3
[Miy88a, Kaw92] based on a series of earlier works [Kaw85a, Kaw85b, Miy87, Miy88a, Miy88b,
Kaw92] and have been generalized to the log canonical (lc) and the semi-log canonical (slc) cases
[KMM94, Fuj00], but remain widely open in dimension > 4. It is obvious that the abundance
conjecture implies the non-vanishing conjecture. The goal of this paper is to show that the
non-vanishing conjecture also implies the abundance conjecture. More precisely, we can show that
the non-vanishing conjecture for smooth projective varieties implies the abundance conjecture
for lc pairs.

Theorem 1.3. Assume Conjecture 1.1 in dimension d. Let (X, B) be a projective lc pair of
dimension < d. Then (X, B) has a good minimal model or a Mori fiber space.
In particular, Conjecture 1.2 holds in dimension < d.

We have the following variation, which is usually stronger than Theorem 1.3 in applications:
good minimal models exist for effective klt pairs assuming the non-vanishing conjecture in lower
dimensions. It cannot be generalized to lc pairs straightforwardly due to technical difficulties.

Theorem 1.4. Assume Conjecture 1.1 in dimension d — 1. Let (X, B) be a projective kit pair of
dimension < d such that |Kx + Blg # 0. Then (X, B) has a good minimal model.

Structure of the paper. In Section 2 we sketch the proof of the main theorems. In Section 3
we recall some preliminary results. In Section 4 we reduce our main theorems to the case when
we only need to consider integral supported cores of the form (X, B) with B reduced and induces
contraction B — Z, corresponding to the “special case” as in [LX25]. In Section 5 we construct
root stacks for integral supported cores and thickenings S;.

The key idea for the rest the proof is to lift sections from &; to S;41 inductively. Roughly
speaking, obstructions come from the fibers of B — Z and the base Z. In Sections 6 and 7, we
use mixed Hodge modules to provide Hodge-theoretic input and vanishing theorems to handle
the obstructions from the fibers. In Section 8 we handle the obstructions from the base and
show that sections lift as soon as a certain cohomology group on Z vanishes. In Section 9 we lift
sections through finitely many orders and proves the theorem for integral supported cores. In
Section 10 we prove Theorems 1.3 and 1.4. In Section 11 we provide some applications of our
main theorems. In Section 12 we discuss some future directions.

2. SKETCH OF THE PROOF OF THE MAIN THEOREMS

We remark that Demailly-Hacon-Paun proved that the non-vanishing conjecture and the dlt
extension conjecture imply the abundance conjecture [DHP13, Theorem 1.4]. Their proof relies
on analytic methods, particularly extension theorems. Our paper also uses analytic methods,
but instead of using the extension theorems in the spirit of [DHP13], the analytic part of our
paper is Hodge-theoretic. Our proof is mainly based on Kawamata’s approach to the abundance
conjecture [Kaw92, Kawl1], recent developments of the minimal model program, and Hodge
theory. The first two steps follow the authors’ approach to proving abundance in numerical
dimension one, assuming the nonvanishing conjecture [LX25], yet the Hodge-theoretic part is new
and relies essentially on the theory of mixed Hodge modules and D-modules [Sai88, Sai90, Sai00];
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the recent papers [DV23, CDO26] play crucial roles. In the following, we sketch the proof of
Theorems 1.3 and 1.4.

Reduction to a special dlt pair. To start with, we may reduce to a toy model of the form
(X,8=3",5;) with

Kx+S~gD=:) ;% >0, k(D)=r(S)=0, Disnef, and 0<v(D)<dimX,

where S; are the irreducible components of S and (X, S) is Q-factorial dlt. Such a reduction
can be found in [L.X25] with only one small difference: we cannot handle Theorem 1.4 under the
weaker assumption that (X, B) is lc. This is essentially because [LP18, Theorem 6.1] ([LX25,
Theorem 2.22]) cannot be applied to the v > 1 case.

Reduction to a study of lifting between thickenings. By the inductive hypothesis and
[FG14], we may assume that D|g is semi-ample and hence induces a contraction f : S — Z with
dim Z = v(D) — 1. The key question is how to extend sections of D|g from S to the whole variety
X. When v(D) =1, Z is a point. Using the arguments in [LX25], where the authors used the
ideas of [Kaw92, Kawll] and the fact that slc singularities are Du Bois [KK10], we can show,
after isolating a boundary component and passing to a local cyclic cover, that this component
moves through any order in an analytic neighborhood in X. [Kol+92, Lemmas 11.3.6 and 11.3.7]
then implies (S) > 0. However, when v(D) > 1, such an argument does not apply. The trivial
idea of gluing the fibers’ deformations over the whole space usually fails, as the same argument
may also apply to Atiyah-type counterexamples (cf. [Sho00, Example 1.1]), where abundance
fails for non-lc structures.

To resolve the issue, the key idea is the following: our goal is to show that x(D) > 0. This
requires lifting sections from (an irreducible component of) S. Proving that an irreducible
component of .S moves infinitesimally to any order is one approach, but not the only one; for
example, when (X, S) is plt, section lifting can be done via [DHP13] using extension theorems.
In this paper, the key idea is to lift sections to thickenings &; of Si, where §; = S up to a
local cyclic cover. This idea already appeared in [Kol+92, Proof of Lemma 11.3.7]. The key
difficulty is then to remove, inductively, the obstructions to lifting from S; to S;41. The classical
arguments do not address these obstructions, so a new idea is needed.

Three observations. Before moving on, we make three simple but important observations about
our proof in comparison with the classical proofs in [Kaw92, Kol+92, Kawl1l, DHP13, LX25]:

(1) The classical approaches and arguments usually lift sections from an irreducible component
of S instead of S. This actually loses information and sometimes requires additional
structure; for example, in [LLX25], separating an irreducible component of S from the other
components is necessary. A more concrete example is [DHP13]: when (X, S) is dlt, if
we assume that S has only one irreducible component, then everything follows from plt
extension [DHP13] and we do not need to prove anything. This is still “lifting from one
irreducible component”; yet the general dlt extension theorem, i.e. lifting from the full .5,
was not established in [DHP13]. In this paper, we lift sections from S.

(2) Since [LX25] already handles the v = 1 case, we are free to assume that dim Z > 0. However,
we should use more than the fact that f : S — Z is an slc-trivial fibration: f:5 — Z
is the contraction defined by the semi-ample Q-divisor D|g. Hence D|g is the pullback
of an ample Q-divisor A from Z. Philosophically, ampleness is a very strong condition in
birational geometry; all the previous approaches failed to make full use of such ampleness.

(3) In some classical proofs, particularly [DHP13], we end up lifting all sections from S. However,
this is not necessary: we only need to lift one section from S to make x(S) > 0.

Now let us return to the proof. For simplicity, in what follows, we consider only the case where
S = &) is reduced, S, D, A are Cartier, and D|g ~ f*A. This can be done by taking sufficiently
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divisible multiples and (local) cyclic covers, modulo some minor technical difficulties. We may
also assume that dim Z > 0; otherwise we are done by [LX25].

Locating the obstructions. As we discussed earlier, we need to study the obstructions in
thickenings of S. Let L := S|g be the divisor class corresponding to the normal bundle of S.
Then

Kg~cL, mL~ A
for some fixed positive integers ¢ and m. Suppose that w = 0 is a local equation of S = ;. Then
S; is defined by w’ = 0 and the ideal of S; in Sj41 is Og(—jL).
Lifting pluricanonical sections from S is essentially a problem of lifting sections of multiples of
A. To do this, we fix a > 0 sufficiently divisible and consider an embedding i : Z — P" by |aA|.

Suppose that we have already lifted the coordinate sections of Z — P" to Sj; the case j =1
holds by definition. Then the obstruction to lifting them to &;11 lies in

HY(S, (ma — j)L)20+),

By the Leray spectral sequence, the obstruction can be separated into:
(i) a part detected in R!f.Og(—jL) (the fiberwise part), and
(ii) a remaining part in H*(Z, f,Os(—jL) ® Oz(aA)) (the base part).
Both parts have difficulties: there is no vanishing theorem for R! f,Og(—jL), and Serre vanishing
only applies to H!(Z, f.Os(—jL) ® Oz(aA)) for finitely many j after we fix a. The key idea,

however, is that neither part requires such a strong vanishing theorem, although the reasons are
different.

The base part. We first handle the base part, assuming that the fiberwise part vanishes. Note
that even though a > 0 and Serre vanishing applies to H'(Z, f.Os(—jL) ® Oz(aA)) for small
7, it may not be the case that these obstructions vanish for all j after fixing a. In other words,
obstructions may not vanish. However, we only need to lift through finitely many orders, with
the number of orders growing with a. More precisely, put C; := f.Og(—jL). Then

Cjvm = Cj © Oz(=A4)

as mL ~ f*A. Applying Serre vanishing to all C; with 1 < j < m, we obtain a fixed integer
7 > 0 such that
HY(Z,C; ® Oz(aA)) =0

for every j < m(a — 7) and any a > 0. We may also choose 7 to be sufficiently divisible. This
indicates that

H°(Qu,aD) — H°(S,aD) = H(Z,aA)

is surjective, where @, := (a — 7)D is the closed subscheme defined by Ox(—(a — 7)D). This
implies that h°(Q,,aD) > h%(Z,aA). Now consider the short exact sequence

0 — Ox(7D) = Ox(aD) = Og,(aD) = 0
whose induced long exact sequence implies that
h(X,aD) > h°(Qq,aD) — h*(X,7D) > h°(Z,aA) — h}(X,7D).

Since A is ample, we have that h°(X,aD) > 2 for a > 0, which concludes the proof of the
theorem. Note that (a) the condition dim Z > 0 is essential here, and (b) we have not lifted all
sections from H°(Z,aA), yet the sections we may not be able to lift are bounded by h'(X,7D).
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The fiberwise part, I. Finally, it remains to handle the fiberwise part, where we only need to
show that the obstruction in R!f,Og(—jL) vanishes. This is where Hodge theory plays a role.
The key point is the observation that the obstruction lies in the kernel of a Hodge differential,
and negative Hodge vanishing applies to this kernel.

To be more precise, let ¢; : S; — P" be a lifted morphism which exists by the inductive
hypothesis, under the identification ¢7Opr (1) = Ox(maS)|s;. Let a; be the class of the extension

S; C Sj41. The obstruction to extending ¢; is a; o d¢;, where d¢; : (b;fQI%,T — Ls,/c is the
cotangent map. Put ¢1 = ¢;|s. Define n; to be the image of a; o d¢; under
(21) H(S, ¢1Tpr ® Os(—jL)) — H(P", Tpr @ R'$1.05(—j L)),

the map given by the Leray spectral sequence for ¢;. We need to prove that n; = 0.

We consider DQ¥[— dim S] in the derived category of mixed Hodge modules [Sai90, Sai00,
FFS14], where @g is the constant Hodge complex and D denotes duality. Since we have already
passed to a local cyclic cover, S is Gorenstein and slc, hence Du Bois [KK10]. Thus wg is the
lowest filtered piece of this shifted dual complex.

To specify the line bundle used for the negative twist, let p : V — P" be the smooth root
stack parametrizing ma-th roots of Opr(1) with universal line bundle 7 on V satisfying that
T = p*Opr(1). Then there exists a map h; : S; — V such that

pohj=dj 5T =0x(5)]s;
In particular, hi7T = Og(L). We define
M := H'hy, (DQH [~ dim S]),
and let (M, F') be its underlying filtered right D-module. We have F.oM = 0 and FyM =
R'hy.ws. The standard formula for the graded de Rham complex [Pop16, §3, p. 54] gives
grf DR(M) = [Ty @ FoM — Fy M /Fy M|

in degrees —1,0, with Hodge differential v ® s — [s - v]. Here v is a vector field on V, s is a local
section of FyM, and s - v is the right D-module action.
Since wg = Og(cL) and h]T = Og(L), the projection formula gives
Os(—jL) 2 wg @ KT~ ) and R'h,05(—jL) = FoM @ T(¢H),

Since Ty = p*Ipr and p o hy = ¢1, we obtain a two-term complex
° — j . dj
K3 = pu (& DROM) © T4 = {THM ® R'6;,05(—jL) 2 KO

with ‘

]C? = Px ((FlM/FoM) & T_(C+])) .
Considering (2.1), we obtain that 7; is the global section of the (—1)-term. By the negative-twist
form of [DV23, Theorem 4.2], obtained via duality and cyclic-character descent, we obtain

HO(P" kerd;) = H ' (P",K$) =0
since T = p*Opr(1) and ¢+ j > 0. Therefore, we only need to show that n; € ker(d;), i.e.
d;j(n;) = 0.
The fiberwise part, II. It remains to show that d;(n;) = 0. Let 7; be the image of «; o dh;
under the Leray edge map on V and let d; be the twisted Hodge differential on V. Since p.7); = 7;
and p.d; = dj, it suffices to show that d;(7;) = 0. Put
Y := Tot(T), 7Y =V, 2: V=Y, Y= (hj,w): S; =Y,

where 7 is the projection, z is the zero section, and 1); is the graph of w; 9, is projective by
Lemma 5.11. Along the zero section we have z*Ty = Ty @ T; we call the first summand the
tangential direction and the second one the normal direction. The line bundle Ox (.S) and its
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section w are already defined on S; 1, and the differences of two local lifts of 1; to S;j41 lie in
(w?)/(w?T1), which is killed by w. Hence the obstruction to extending 1; has Leray image (7j;,0)
with respect to this splitting: it has no normal component.

The two lowest graded pieces of the Hodge-completed derived de Rham complex (ﬁigj are Og,
and L, jc[—1] [Bhal2, Construction 4.1], and the cotangent complex remembers the relation
d(w’) = jwldw. Taking the filtered dual [CDO26, Definition 3.7 and Lemma 3.9] and the
direct image along ), we obtain a filtered complex B; of right Dy-modules with

F-oB; =0, FoBj = Ryjaws;

see Construction-Theorem 6.16. Its first graded piece sits in a sequence (Lemma 6.17)

(dy) 5
H' (RipjRHom(Ls, o,ws,) ) —2— Ty @ Rpjaws, = ' (er] By),

which is exact at the middle term; the first arrow is induced by dv;, and ¢; is induced by
the Dy-module structure. Every term is twisted by 7*7 (¢t which we suppress. The trace
tr1,; : ws — ws; is multiplication by w?~1in local frames. Composing aj with this trace, tensored
with w;ﬂ*T*(CH), and taking the Leray image in degree one, we obtain an element of the first
term whose image in the middle term is the trace of (7);,0). Exactness gives

d;(tr1,5(7;,0)) = 0.

To return from B; to the Hodge module M on V, we use a comparison map z4 M — B;. For
a reduced source, [CDO26, Lemma 4.9] shows that the underlying map has a retraction after
forgetting the filtrations; Construction-Theorem 6.16 extends this to the nonreduced source S;.
Since z4 M is a projective direct image of a Hodge module, its filtered cohomology injects into
its cohomology, and together with the retraction this gives injections

Fr(zy M) = H' (F;B;)  (k=0,1),
see (6.2). What we need is injectivity modulo Fy on the tangential part: if a class in z,Fj. M
has image in #'(F1B;) coming from H'(FyB;) = R'4j.ws;, then it already lies in z, FyM. Let ¢
be the tautological section of 7*7, viewed locally as the fiber coordinate, so that ;¢ = w. The

tangential part z,F1 M of Fy(z4 M) is exactly the part killed by ¢. Let £ € z,F1M be a local
class whose image in H!(Fy B;) is the image of some y; € lej*wsj. We descend through the

thickenings S,, v = j,j — 1,...,1. The traces satisfy tr, ; = w ™" locally, so tr,, ;j ow
and for 2 < v < j the consecutive trace sequence

v—1 _ w]—17

0 — ws, trul) ws, — Wg ®(’)S((y— 1)L) 30

is exact, see (6.10). If y, € Rl4,.ws, has trace y;, then t“~'y; is the reduced trace of the
restriction of y, to S, tensored with 7*7“~1, and its image in H!(F1B;) vanishes because ¢ kills
&. The reduced trace is injective there, also after a twist, by (6.14); hence the restriction of y, to
S vanishes, and by the exactness of the consecutive trace sequence y,, comes from R, ,ws, .
Descending to &1 = S shows that y; comes from R'hwg = 2, Fo M. Subtracting this class from
¢ and using the injection on F; shows that £ € z,FypM. This is the comparison injection of
Theorem 6.18, with its coherent twist:

bt 2 (PIMJFoM) @ T} o 1 (grf By) @ n*T—(e49),
Since the comparison map is compatible with first order differential operators,
13 (2 (d;(05)) ) = 83(tr15(75,0)) = 0.

Thus c@(ﬁ]) = 0. Pushing forward along p gives d;(n;) = 0, and the negative vanishing of Part
I gives n; = 0 (Corollary 7.6). By the Leray spectral sequence over the standard affine open
subsets of P, the morphism h; extends locally, and Lemma 8.2 corrects these local extensions so
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that they are again given by lifts of the coordinate sections. Hence the coordinate sections have
no fiberwise obstruction, and the argument for the base part applies (Theorem 8.3).

3. PRELIMINARIES

We will adopt the standard notation and definitions on birational geometry in [Sho92, KM98,
BCHM10] and use them freely. We refer the reader to [Koll3, Chapter 6] for Du Bois properties
and adopt the notation therein.

3.1. Pairs.

Definition 3.1. A contraction is a projective surjective morphism f : X — Z such that
f+Ox =Og.

Definition 3.2. A pair (X, B)/U consists of a projective morphism X — U between normal
quasi-projective varieties and an R-divisor B > 0 on X such that Kx + B is R-Cartier. If
U = {pt}, we usually drop U and say that (X, B) is projective. If U is not important, we may
also drop U. For any prime divisor £ and R-divisor D on X, we define multg D to be the
multiplicity of E along D. Let h: W — X be any log resolution of (X, Supp B) and let

Kw + By = h*(Kx + B).

The log discrepancy of a prime divisor D on W with respect to (X, B) is 1 — multp By and it is
denoted by a(D, X, B).

We say that (X, B) is lc (resp. klt) if a(D,X,B) > 0 (resp. > 0) for every log resolution
h: W — X as above and every prime divisor D on W. An lc place of (X, B) is a prime divisor
E over X such that a(E, X, B) = 0. We say that (X, B) is dit if there exists a log resolution
g:Y — X of (X, B) such that any g-exceptional prime divisor E is not an lc place of (X, B).

A projective pair (X, B) is called effective if Kx + B ~r D > 0 for some D.

We use the standard definition and notation of slc pairs and sdlt pairs as in [Kol13], where we
abuse notation and do not assume that X is normal.

Definition 3.3. Let (X, B)/U be a pair and h : X --» X' a birational map/U. We denote by
Exc(h) the reduced divisor supported on the codimension 1 part of the exceptional locus of h.
For any R-Cartier R-divisor D on X, we say that ¢ is D-negative (resp. D-trivial) if ¢ does not
extract any divisor, D’ := ¢, D is R-Cartier, and for any resolution of indeterminacy p : W — X
and ¢ : W — X' of ¢, we have

p*D=q¢*D'+ FE
for some E > 0 such that Exc(¢) = Suppp.E (resp. E = 0). For any pairs (X, B)/U and
(X', B")/U associated with birational map/U ¢ : X --» X’ such that ¢ is (K x + B)-negative and
B’ = ¢.B, we say that (X', B')/U is a minimal model (resp. good minimal model) of (X, B)/U if
and Kx + B is nef/U (resp. semi-ample/U), and for any (K xs + B’)-Mori fiber space/U X' — Z,
we say that (X', B') — Z is a Mori fiber space of (X, B)/U.

Proposition 3.4 (cf. [LT22b, Proposition 2.12]). Let (X, B)/U be a Q-factorial lc pair such
that Kx + B is nef/U. Let D be an R-divisor on X such that (X, B+ D)/U is an lc pair. Then
for any 0 < e < 1, any sequence of steps of a (Kx + B+ eD)-MMP/U is (Kx + B)-trivial.

Theorem 3.5 ([MZ23, Theorem 1.4]). Let (X, B)/U and (X, B’)/U be two lc pairs such that
B > B' >0 and Supp B = Supp B’. If (X, B)/U has a good minimal model and Kx + B’ is
pseudo-effective/U, then (X, B')/U has a good minimal model.

Theorem 3.6 ([FG14, Theorem 4.3]). Let (X, B) be a projective slc pair with normalization
v: X' = X. If v*(Kx + B) is semi-ample, then Kx + B is semi-ample.
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3.2. Titaka dimension and numerical dimension.

Definition 3.7. Let m : X — U be a projective morphism from a normal quasi-projective
variety to a variety and D an R-divisor on X. We denote by x(X/U, D), k,(X/U, D), and
v(X/U, D) the litaka dimension, invariant litaka dimension, and numerical Iitaka dimension
of D respectively. When U is a point, we denote by k(D) := x(X/U, D), k,(D) := k,(X/U, D),
and v(D) := v(X/U,D). We define x(X) = x(Kx) as the Kodaira dimension of X, and
v(X) :=v(Kx) as the numerical dimension of X.

For any irreducible projective variety Y with normalization n : Y - Y and any R-Cartier
R-divisor Dy on Y, we denote by k(D) := k(n*Dy), k,(D) := k,(n*Dy), and v(D) := v(n*Dy).

For the precise definitions and basic properties we refer the readers to [LX25, Subsection 2.2],
[Nak04, Chapters II,V], [Cho08, Section 2], and [HH20, Section 2].

The following lemma is a generalization of [LX25, Lemma 4.2].

Lemma 3.8. Let (X, B) be a projective lc pair of dimension d such that k,(Kx + B) > 0. Then
there exists a projective lc log smooth pair (X', B") of dimension d satisfying the following.

(1) Kx' + B’ ~g D" > 0 for some D' such that Supp D’ C Supp|B’].
(2) v(Kx + B) =v(Kx/+ B') and k,(Kx + B) = k,(Kx + B’).
(3) If (X, B) is kit, then Supp D' = Supp|B’].

Proof. We may assume that (X, B) is klt, otherwise it is [LX25, Lemma 4.2]. We write Kx+B ~g
D > 0 for some D. Write B =L + R where L, R > 0, Supp L C Supp D, and RA D = 0. we let
h: X" — X be a log resolution of (X, Supp B U Supp D) and let

B’ :=Exc(h) + h; 'R + h;' Supp D.

We show that (X', B’) satisfies our requirements. It is clear that (X', B’) is log smooth and
| B'| = Exc(h) + h; ' Supp D. We have

Kx +B' =h*(Kx+B)+E+F~hD+E+F=:D"
where E > 0, Supp E = Exc(h), and Supp F = h, ! Supp D. Then we have D’ > 0 and
Supp D’ = Supp(h*D + E + F) = h; ! Supp D U Exc(h) = | B'].
We have Kx' + B' > h*(Kx + B). Now pick [ > 0, then we have
h*(Kx + B+1D) + lExc(h) > Kx: + B'.
Therefore,
v(Kx + B') > v(Kx +B) =v(Kx +B+1D) =v(h*(Kx + B+1D)+1Exc(h)) > v(Kx + B')
and
k(Kx+B') >k, (Kx+B) = k,(Kx+B+ID) = r,(h*(Kx+B+ID)+1Exc(h)) > k,(Kx+B').

The lemma follows. ]

3.3. Conjectures in the MMP. In this subsection we state some variations of the non-vanishing
conjecture and the abundance conjecture that will be used in the rest of the paper, and their
relationships. Recall that Conjectures 1.1 and 1.2 are stated for smooth projective varieties
without boundary. We need the following variations of these two conjectures for projective lc
pairs.

Conjecture 3.9. Let (X, B) be a projective lc pair. Then k,(Kx + B) > 0.

Conjecture 3.10. Let (X, B) be a projective lc pair. Then (X, B) has a good minimal model or
a Mori fiber space.

We also need the following special case of the abundance conjecture for effective pairs.
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Conjecture 3.11. Let (X, B) be a projective kit pair such that k,(Kx + B) > 0. Then (X, B)
has a good minimal model.

We need the following theorem of Hashizume.

Theorem 3.12 ([Has18, Theorem 1.3]). Conjecture 1.1 in dimension d implies Conjecture 3.9
in dimension < d.

Proposition 3.13. Assume Conjecture 1.1 in dimension d — 1. Let (X, B) be a projective lc
pair of dimension < d such that k,(Kx + B) > 0. Then (X, B) has a minimal model, and for
any ample R-divisor A on X, we may run a (Kx + B)-MMP with scaling of A which terminates
with a minimal model of (X, B).

Proof. By [Has18, Theorem 1.4], minimal models exist for any smooth projective variety ¥ of
dimension < d — 1 such that Ky is pseudo-effective. By [LT22a, Theorem B], (X, B) has a
minimal model. By [HH20, Theorem 1.7], we may run a (Kx + B)-MMP with scaling of A which
terminates with a minimal model of (X, B). O

3.4. Deligne-Mumford stacks.

Definition 3.14. Let f : X — ) be a morphism between algebraic stacks. We say that f is
representable by algebraic spaces (resp. representable by schemes) if for any morphism 7' — )
from a scheme T, the algebraic stack X xy T is an algebraic space (resp. a scheme). We say
that f is projective if

e f is representable by schemes, and

e for any scheme 7' that is qcqs over YV, X xy T — T is a projective morphism.

We say that f is smooth if

e f is representable by algebraic spaces, and

e for any morphism 7" — ) from a scheme T, the morphism X xy 7" — T is a smooth
morphism of algebraic spaces.

If f is smooth and representable by schemes, then we let

e Qy/y be the locally free sheaf on X whose pullback to X' Xy T" is Qy 7,7 for any morphism
T — Y from a scheme T, and

o Tx/y:=Homo, (Qxy, Ox) be the relative tangent sheaf of f.

For any smooth Deligne-Mumford stack Z, we let Q}Z be the locally free sheaf on Z such that for
any étale morphism ¢ : Z — Z, we have that g*QL = QL. We denote by Tz := Home, (2%, 0z)
the tangent sheaf of Z.

Definition 3.15. We denote by A! := Spec C[z] the affine line and by G,,, := Spec C[z,z~!] C A!
the multiplicative group, whose group structure is given by multiplication. Unless otherwise
stated, G,, acts on A! by multiplication, i.e. G, x Al — Al is given by (A, a) — Aa.

Definition 3.16. Let X be a Deligne-Mumford stack. A morphism f : X’ — X of Deligne—
Mumford stacks is étale if it is representable by schemes and X’ x y T' — T is an étale morphism
of schemes for any morphism T — X" from a scheme T'. An étale chart of X is an étale morphism
U — X from a scheme U. An étale atlas of X is an étale chart U — X which is surjective,
iie. U xxy T — T is surjective for any morphism 7" — X from a scheme T. By definition of
Deligne-Mumford stacks, X admits an étale atlas. The étale site of X is the category whose
objects are the étale charts U — X and whose morphisms are the morphisms of schemes over X.
For any étale chart U — X, a covering of U consists of {U; — U} where each U; — U is étale
and | J;c; U; — U is surjective.

Definition 3.17. Let X be a Deligne—-Mumford stack and let G be an algebraic group over C.
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(1) A G-torsor over X is a morphism 7 : P — X of Deligne-Mumford stacks which is
representable by schemes, together with an action ar : G x Pr — Prof Gon Pr:= P xxT
for any morphism 7" — X’ from a scheme 7T, such that 7roar = mropry where 7p : Pp — T
is the projection, such that Pr» — Pr commutes with the actions of G for any morphism
T — T of schemes over X, and such that Py = G x U over U compatibly with the actions
of G for some étale atlas U — X, where G acts on G x U via g - (¢',u) = (94, u).

(2) Let £ be a line bundle on X, let Tot(L) := Specy Sym® (L"), and let z : X — Tot(L) be
the zero section ([Sta26, Tag 0B74]). Then £* := Tot(L) \ z(X) is a G,,-torsor over X,
where G, acts on L5 = (L|r)* by scalar multiplication. We call £L* the G,,-torsor of L.

(3) Let G be a sheaf of abelian groups on the étale site of X. A torsor under G is a sheaf of
sets P on the étale site of X with an action of G, such that G(U) acts simply transitively
on P(U) whenever P(U) # 0, and such that any étale chart U — X admits a covering
{U; — U} with P(U;) # 0 for any 4 (cf. [Sta26, Tag 03AH]). Isomorphism classes of torsors
under G are in bijection with H!(X,G) ([Sta26, Tag 03AJ)).

Torsors under G up to isomorphism have a bijection to elements in H'(X,G) [Sta26,
Tag 03AJ]. The class of P is the element corresponding to P in H*(X,G).

4. REDUCTION TO REDUCED BOUNDARY

Theorem 4.1. Let (X, B) be a projective lc pair of dimension d such that k,(Kx + B) > 1.
Assume that one of the following three conditions hold.

(1) Conjecture 3.10 holds in dimension < d — 1.

(2) Conjecture 3.11 holds in dimension < d — 1 and (X, B) is kit.

Then (X, B) has a good minimal model.

Proof. (1) is [Laz26, Theorem 1.3] so we only need to prove (2), and we may assume that (X, B)
is klt. Let v :=v(Kx + B) and k := k,(Kx + B). Let f : X’ — Z be an invariant Iitaka fibration
(cf. [CHL24, Definition 6.1]) of Kx + B. Possibly replacing X’ and Z with higher resolutions,
we may assume that Z is smooth and the induced birational map h : X’ --» X is a log resolution
of (X,B). We let B’ := h;'!B + (1 — §) Exc(h) for some 0 < § < 1. Then

Kx'+B =h*"(Kx +B)+ E

for some E > 0 that is exceptional/X. Since h is the invariant litaka fibration of Kx + B, we
have dim Z = xk > 1. Since Kx + B is pseudo-effective, K/ + B’ is pseudo-effective, and so
Kx/ + B’ is pseudo-effective/Z. Let F be a general fiber of f and let Kr + Bp := (Kx/ + B')|p.
Then (F, Br) is klt of dimension < d — 1 and x,(Kr + Br) = 0.

By our assumption, (F, Br) has a good minimal model. Since x,(Kp+Br) =0, v(Krp+Br) =
0. By [Nak04, V.4.2 Corollary], k,(Kx + B') = v(Kx’ + B’). By [GL13, Theorem 4.3], (X', B')
has a good minimal model. Thus (X, B) has a good minimal model (cf. [LX25, Lemma 2.10],
[Has19a, Lemma 2.15]). O

Definition 4.2. Let d and v be two positive integers. A pair (X, B) is called a supported core of
type (d,v) if the following conditions hold.
(1) (X, B) is projective Q-factorial dlt of dimension d.
(2) B=>",S; where S; are the irreducible components of B.
(3) Kx + B ~q >_i%; a;S; where a; > 0 for each i.
(4) Kx + B is nef.
(5) K(Kx + B) =0 and v(Kx + B) = v.
(6) (Kx + B)|s; is semi-ample for any 1.
(7) v(Kx + B)ls,) <v —1 for every i and v((Kx + B)|s,) = v — 1 for some i.
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In addition, if Kx + B ~ Y_i"; a;S;, then we say that (X, B) is an integral supported core. In
this case, a; is a positive integer for any 1.

Lemma 4.3. Let X be a normal projective variety and D # 0 a nef R-Cartier R-divisor on X.
Write D = 3" a;5; > 0 where S; are the irreducible components of D. Then:

(1) For any i, v(D|gs,) < v(D) — 1.

(2) There exists i such that v(D|s,) = v(D) — 1.

Proof. Let H be an ample divisor on X. Then we have
Zai(DBi)u(H’Si)dflfu _ prtl. gd-1-v _
so v(D|s;) < v —1 for all 4, which implies (1). We also have
> ai(D|s,) M (H|s,)" " =D -H™" >0
so v(D|g;) > v — 1 for some i. Together with (1), this implies (2). O

Theorem 4.4. Let d > v > 0 be two integers. Assume Conjecture 3.10 in dimension < d — 1.
Let (X, B) be a pair of dimension d such that v(Kx + B) = v. Assume that one of the following
conditions hold:

(1) (X, B) is kit and k,(Kx + B) > 0.
(2) Conjecture 1.1 holds in dimension d.

Then either (X, B) has a good minimal model, or there exists a supported core of type (d,v) and
we have that 2 <v <d-1.

Proof. By (1) or (2) and our assumption and Theorem 3.12, we have that x,(Kx + B) > 0. By
Theorem 4.1, we may assume that «,(Kx + B) = 0. In particular, Kx + B is not big, so v < d—1.
By Conjecture 3.10 in dimension < d — 1 and [LX25, Theorem 2.15], [LX25, Conjecture 1.7]
holds in dimension d. By [LX25, Theorem 4.1], we may assume that v > 2.

By Lemma 3.8, there exists a log smooth lc pair (X', B’) such that Kx + B’ ~g D" > 0,
k(D) =0 and v(D') = v, Supp D’ C Supp|B’|, and Supp D’ = Supp|B’| if (X, B) is klt. Let
B" := Supp B’, then we have

Kx'+ B" ~g D'+ SuppB' — B'= D' + Supp{B'} — {B'} =: D" >0,

Supp D" € B”, and Supp D" = B" if (X, B) is klt.

If (X', B”) has a good minimal model, then by Theorem 3.5, (X', B’) has a good minimal

model, so

0=r(D)=v(D)=v>2,
a contradiction. Thus (X', B”) does not have a good minimal model. By Theorem 4.1, x, (K x +
B") =0.

If v(Kx: + B") > v, then Kx» + B' — ¢{B’} is not pseudo-effective for any 0 < ¢ < 1.
By Proposition 3.13, we may run a (Kx + B’)-MMP with scaling of an ample divisor which
terminates with a minimal model (Y, By) of (X', B’). This MMP is also a sequence of steps of a
(Kx/ + B'— ¢{B'})-MMP for any 0 < ¢ < 1, so Ky + By — ¢{By} is not pseudo-effective for
any 0 < e < 1. Now we pick 0 < € < 1 and run a (Ky + By — ¢{By })-MMP with scaling of an
ample divisor which terminates with a Mori fiber space f : T — Z. Let By be the image of By
on T'. By Proposition 3.4, this MMP is (Ky + By )-trivial, so x,(K7+ Br) =0, v(Kr+ Br) = v,
(T, Br) is Ic, and K7+ By ~g z 0. By [BEMT25, Theorem 7.3 and 7.2.3], there exists an lc pair
(Z, Bz) such that Kr + Br ~gr f*(Kz + Bz). By our assumption,

OZEL(KT+BT) :FLL(Kz—I-Bz) :V(Kz—i-Bz) :V(KT—l-BT) :VZ2,

a contradiction. Therefore, v(Kx: + B") = v.
By Proposition 3.13, we may run a (Kx/ + B”)-MMP with scaling of an ample divisor which
terminates with a minimal model (V, By) of (X', B”). Let Dy be the image of D” on V. Then
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we have that Ky + By is nef, By is reduced, Supp Dy C By, and Supp Dy = By if (X, B) is
klt. Moreover, we have that v(Ky + By) = v > 2 and k(Ky + By) = 0. Thus Dy is the only
element in ’KV + thg.

Assume that Supp Dy # By. Then (X, B) is not klt, so assumption (2) holds. Assume that
Ky + (1 — €)By is pseudo-effective for some 0 < € < 1, then Ky + (1 — €)By ~gr L > 0 for some
L, and so

Dy ~r L +€eBy >0,
hence L + eBy = Dy. Thus By C Supp Dy C By, so Supp Dy = By, a contradiction. Thus
Ky + (1 — €)By is not pseudo-effective for any 0 < ¢ < 1. Pick 0 < ¢ < 1 and run a
(Kv + (1 — €)By)-MMP with scaling of an ample divisor which terminates with a Mori fiber
space ' : V! — Z'. Let By be the image of By on V'. By Proposition 3.4 the induced birational
map ¢ : V --» V' is (Ky + By)-trivial and Ky+ + By ~g 7 0. By [BFMT25, Theorem 7.3 and
7.2.3], there exists an lc pair (Z’, Bys) such that

Ky + Byr ~r f"(Kz + Bz),
hence
0= r,(Ky + By) = k,(Kyr + Byr) = k(Kz + Bz)
=v(Kz +By)=v(Ky'+ By:) =v(Ky +By)=v > 2,
a contradiction. Therefore, Supp Dy = By .
Write Dy = 3" a;S; where S; be the irreducible components of By . Since (V, By ) is Q-factorial

dlt, (Ky + By)|s, is nef hence semi-ample for any i.
By Lemma 4.3, (V, By) is a supported core of type (d,v). O

Proposition 4.5. Assume Conjecture 3.10 in dimension < d — 1. Let d be a positive integer
and let 2 <v < d—1 be an integer. Let (X, B) be a supported core of type (d,v) and write

Kx—l-BNQD:ZGz‘Sz‘ZO

where S; are the irreducible components of B. Then there exists an integral supported core (X', B)
of type (d,v).

Proof. Let L := Kx + B — D, then L ~g 0. We let 7: Y — X be the global index one cover of
L and write Ky + By := n*(Kx + B). Since Supp D = Supp B, the ramification locus of 7 is
contained in Supp B. If S; is contained in the ramification locus of 7 for some 4, then for any
prime divisor F' on Y such that 7(F) = S;, near the generic point of F', by Hurwitz formula, we
have

Ky =7m"Kx + (r—1)F and 7*S;=rF
where r > 1 is the ramification index of 7 along F'. Thus

Ky + F = 7*(Kx + B)

near the generic point of F. Therefore, By > 0 and By is reduced. By our construction of w, we
have

Ky + By ~ 7D =: Dy.

In particular, Dy is a Weil divisor. Since Supp D = B, we have that Supp Dy = By.
Moreover, pick 0 < € < 1, then we have

Ky—}—Bg/ :W*(Kx+(1 —G)B)

for some B{, > 0. Since (X, (1 —€)B) is klt, (Y, BY,) is klt. Therefore, any lc center of (Y, By)
is contained in By = Supp Dy. We let h: X’ — Y be a Q-factorial dlt modification of (Y, By)
and let K/ + B’ = h*(Ky + By). Then we have

KX/+BINh*Dy =D > 0.
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Since h only extracts divisors E such that centery F C By = Supp Dy, we have that
Supp D’ = Exc(h) + Supp <h;1Dy) = Exc(h) 4+ Supp (h;lDy) = B}
Since Kx + B is nef, Ky + By is nef, so Kx/ + B’ is nef. Moreover, we have
k(Kx +B')=k(Ky + By) =r(Kx +B)=0

and

v(Kx'+B')=v(Ky +By) =v(Kx + B) = v.
(cf. [HH20, Remark 2.8(2)]). Since Conjecture 3.10 holds in dimension < d — 1, (Kx/ + B')|g
is lc for any irreducible component S of B’ = | B’|, hence (Kx/ + B')|g is semi-ample for any

irreducible component S of B’ = | B']. By Lemma 4.3, (X', B') is a supported core of type (d, ).
The proposition follows. O

5. ROOT STACK CONSTRUCTION

In this section we introduce the following construction that we will use in the rest of the paper.
Startgin with an integral supported core (X, B) with Kx + B ~ D, the key of the construction is
a cover p: X — X in the category of root stacks of I.D for a sufficiently divisible positive integer
[, whereas the rest conditions are auxiliary.

Construction-Theorem 5.1. The data d,v, X, B, D,m, S1,...,5,,58,f,Z,1l,A,e1,...,en, E,
sg, Nye,ri, .0, mm, 0,U,8,U°, You, Yu, t, &, mu, Xo,p, X, S are constructed in the following way.
(1) d is a positive integer and 2 < v < d — 1 is an integer.

(2) (X, B) is an integral supported core of type (d,v).

(4) (B, Sp) is the slc pair induced by adjunction

Kp+ Sp = (Kx + B)|B.

(5) (Kx + B)|p is semi-ample (cf. [FG14, Theorem 4.3]) hence induces a contraction f : B — Z.
(6) [ is a sufficiently divisible positive integer such that
Op(ID|p) = f*Oz(A),
where A is a very ample divisor on Z.
(7) E = ID = Y™, ¢S;, and sp € HY(X,0x(E)) is the section with div(sg) = E. In
particular, e; = la;.
(8) N is a sufficiently divisible positive integer. In particular, [ | N and ¢; | N.
(9) c= %, T = e—]\j > 2 for each i, and b := min; r;. In particular, a;r; = ¢ for each i.

(10) U is a non-empty open subset of X on which Ox(E) is trivial, and s € Ox(U) is a function
such that E|y = div(s).

(11) Yo := Specy Oy[t]/(tY — s), Yy is the normalization of Yy 1, mpy : Yy — U is the induced
morphism, and uxy acts on Yy and on Yy by t — £t, where § = e%.

(12) U°=U \ B.

(13) Ap is the N-th root stack of E (cf. [Cad07, Definition 2.2.4]), X' is the normalization of Xj,
and p: X — X is the composition X — Xy — X.

(14) We have

XD XxU: U Xs,Al [Al/uN] = D/O,U/HN] and X XxU: [YU/MN]a

where [A!/uxn] — Al is induced by t — ¥ (cf. [Cad07, Remark 2.2.3 and Lemma 2.3.1]).
(15) S = Suppp~}(B) with the reduced closed substack structure.



14 JIHAO LIU

Proof. (1-13) and (15) are definitions. In (14), the first equality is [Cad07, Remark 2.2.3 and
Lemma 2.3.1], the second equality holds since U x4 o1 Al = Yo.r, and the third equality holds
since Yo — [Yo,u/pn] is étale and normalization commutes with smooth base change [Sta26,
Tag 03GV]. O

Lemma 5.2. Notation and conditions as in Construction-Theorem 5.1. Then:
(1) Every irreducible component of Yy dominates U.
(2) t is a nonzerodivisor on Yy .
(8) For any prime divisor P on Yy,
(a) if my(P) = Si|u for some i, then the ramification index of my along P is r; and
multp(div(t)) = 1; in particular, 7 (S;|v) = ri Supp (7?51(51-)), and
(b) if Ty (P) # Silu for any i, then my is unramified along P.
(4) We have that

div(t) = iSupp (7751(52-)) = Supp (WEI(B)) =Sxy Yy
i=1

is a reduced Cartier divisor on Yy .
(5) We have f;(D|y) = cdiv(t) and NS = p*E.

Proof. Since Oy [t]/(tN — s) is a free Oy-module with basis 1,¢,...,tN =1 Yy — U is finite flat,
so every irreducible component of Y;; dominates U. This implies (1).

Since Supp E = B, s is a unit on U°. Since t = s, t and NtV~! are invertible over U°, so
Yo,u — U is étale over U®, hence Yy Xy U° = Yoy Xy U° and 7y is unramified along any prime
divisor P on Yy such that 77 (P) ¢ B|y. Thus t is a nonzerodivisor on the normal scheme Y7,
and div(t) is an effective Cartier divisor with Supp (div(t)) = 7;*(B). This implies (2) and (3.b).

Let n; be the generic point of S;. Since (X, B) is dlt, R := Ox,, is a DVR. Write s = uz®
with = a uniformizer and w a unit. Over the étale extension R’ := R[y]/(y® — u),

tN —uz = H (t" — Cyx)
CEtte;
N

is a product of Eisenstein polynomials, so the normalization of R'[t]/(t" — uz®) is a product of

DVRs, in each of which ¢ is a uniformizer and z has valuation r;. Thus
ordp(t) =1 and ordp(njz)=r;
for every prime divisor P on Yy such that 77 (P) = S;|y. This implies (3).
By (3), since Yy is normal, div(¢) is reduced, and we have
div(t) = Supp 7, (B) = S xx Yu.
This implies (4). Since the ideal of ¢ is un-stable, S is Cartier. Since
N div(t) = NS|y, = div(ny;s) = mp(E|v) = ln;(Dy),
and since N = ¢l, we obtain (5). O
Set-up 5.3. Notation and conditions as in Construction-Theorem 5.1. We further define
R,N,Sj,w as follows.
(1) R := Ox(S) which is a line bundle as S is Cartier by Lemma 5.2(4), and we have
REN = p*Ox (E) by Lemma 5.2(5).
(2) N = R’S'
(3) S; is the closed substack of X defined by Ox(—jS).

(4) w € H°(X,R) is the image of 1 under Oy — Ox(S) = R. By definition we have
S=(w=0) and S; = (w? =0) for any j, and w™ = p*sg by Lemma 5.2(5).
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Lemma 5.4. Notation and conditions as in Set-up 5.3. Then the following hold.

(1) For any integer k, we have p,Ox(kS) = Ox (VWEJ) as subsheaves of KK(X), the sheaf of
rational functions of X.

(2) X is an irreducible normal proper Deligne—Mumford stack, and p : X = X is its coarse
moduli space. The functor py is exact on quasi-coherent sheaves, and H* (X, F) = H"(X, p.F)
for any quasi-coherent sheaf F on X and any i > 0.

(8) Let A =31, (1 - i) S; =B — +E. Then (X,A) is klt, and we have

Ky, :71'(*] ((Kx+A)|U) and KYU+diV(t) :71'(*] ((Kx+B)|U).
In particular, Yy is klt and Gorenstein (hence canonical), and (Yy,div(t)) is le. Moreover,
wy 2R ws 2 NC, and ws; = Rcﬂ;ll‘gj

for any j.
(4) S is reduced, of pure dimension d — 1, Gorenstein, and Du Bois, and S; is Gorenstein of
pure dimension d — 1 for any j > 1.

Proof. Let U be as in Construction-Theorem 5.1(10). By Construction-Theorem 5.1(14), X X x
U = [Yu/un], so a quasi-coherent sheaf F on X x x U is the same as a uy-equivariant quasi-
coherent sheaf F' on Yy [Sta26, Tag 06WT], and

(5.1) (e F)lu = (TuF)HY

is the subsheaf of py-invariant sections of 7y F' (cf. [AOV0S8, Remark 2.1(3)]). For any open
subset V' C U and Yy := 7, (V), we have

LV, pF) =T([Yv/pn], F) = D(Yy, F)N.

We prove (1). Let n be the generic point of U, let A := 77, Oy,,, which is a coherent O-algebra
as 7y is finite, and let K(Yyy) be the sheaf of rational functions of Yy, i.e. the sheaf of total
quotient rings of Oy;,. Since 7y is finite and every irreducible component of Y;; dominates U
(Lemma 5.2(1)), the points of Yy over n are exactly the generic points of Y. Thus

Ay = H(Yy, K(Yy)).

Since Y77 is the normalization of Y ;7 and normalization commutes with localization, Spec A, is
the normalization of the generic fiber Spec C(U)[t]/(tY —s) of Yoy — U. As s £ 0, tY —sis a
separable polynomial over C(U), so C(U)[t]/(tY — s) is a product of fields and hence normal.
Thus

H(Yy, K(Yy)) = Ay = CU)[t]/(t" — 5)
with a py-action ¢ — &t. We have that the py-invariant rational functions on Yy are exactly
the rational functions on U.

Let a € C(U). By Lemma 5.2(3), for any prime divisor P on Yy, we have ordp(nj;a) =
r;ordg, (a) if 7y (P) = Si|y and ordp(nf;a) = ord,, (py(a) otherwise. Since div(t) = S xx Yy
by Lemma 5.2(4), p.Ox(kS)|v is the sheaf of py-invariant sections of Oy, (kdiv(t)), i.e. the
sheaf of rational functions @ on U such that ordp(nf;a) > —kmultp(div(t)) for every prime
divisor P on Yy. By Lemma 5.2(4), div(t) = >°i; Supp (71'[}1(5'2-)> is reduced, so ordp(7f;a) >
—kmultp(div(t)) is equivalent to

k k:ei

ordg;(a) > —— = A ordp(a) >0 if P #S; foreveryi
T
and is equivalent to ordg,(a) > — {%J, ordp(a) >0 if P #S; for every i, and is equivalent

toa € Ox (V;WEJ) This implies (1).
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We prove (2). By [Cad07, Theorem 2.3.3], Aj is a Deligne-Mumford stack. Since X — Xp
is finite, X is a Deligne-Mumford stack, and X is normal by construction. We have that p is
proper as 7y is finite for any U as in Construction-Theorem 5.1(10).

Let V' C U be an affine open subset, so that Yy, = Spec A is affine and X xx V = [Yy/un]
associated with quotient morphism gy : Yy — [Yv/un] by Construction-Theorem 5.1(14). By (1)
with k = 0 and (5.1), 7}; : H*(V,Ox) — AN is an isomorphism. Since Yy — [Yi//un] is finite,
flat and surjective, by [Sta26, Tags 0DUP and ODUR] there is a morphism f : [Yy/un] — M to
an affine scheme M which is a universal homeomorphism and is universal among morphisms from
[Yv /un] to algebraic spaces. By [Sta26, Tag 0DUH], a morphism from [Yy/un] to a scheme is
the same as a uy-invariant morphism from Yi . We have

H(M, Oy) = Hom(M, A') = Hom([Yy /un], Al) = AN,

Hence the morphism [Yy /un] — V induced by p factors as f followed by a morphism M — V
of affine schemes which induces

i HY(V,Ox) — HO(M,Oyf) = APN.

Thus M — V is an isomorphism. Therefore X xx V — V is a universal homeomorphism and
is universal among morphisms to algebraic spaces, and it induces a bijection on closed points
by [Sta26, Tag 03BL]. Since X is covered by such V' and these properties are local on X (cf.
[Sta26, Tag 0DUJ]), p is a universal homeomorphism and X is the coarse moduli space of X'. In
particular, X is irreducible.

Let F be a quasi-coherent sheaf on X. By (5.1), p. is an exact functor as uy is a finite group.
We have that gy is finite étale of degree N. The trace map of qy+Oy;, as a Oxx v-algebra
satisfies tr(1) = N, so + tr splits the natural map

Oxxxv — quvxOyy,

hence F|xx v is a direct summand of gy «qj, F = F®Rqy Oy, . Since gy is affine, Riqu*(qi}}“) =0
for any ¢ > 0 [Sta26, Tag 0GQI], so

HY(X xx V,quqyF) = H(Yy, ¢ F)

by the Leray spectral sequence. Since Yy is affine, H'(X xx V,F) = 0 for any i > 0. Since
all such V cover X, R'p,F = 0 for any ¢ > 0, and the Leray spectral sequence implies
H'(X,F) = H'(X,p,F) which implies (2).

Since Kx + B ~ D, we may choose a rational top form n on X with div(n) = D — B, and we
let Kx :=div(n) and Ky, := div(nf;n). By Lemma 5.2(3)(4) and the Hurwitz formula, we have
that

Ky, =7 (Kx +A)ly) and Ky, +div(t) = 7y (Kx + B)|y) ~ myD|y = ediv(t),

hence Ky, ~ (c—1)div(t) is Cartier. By [KM98, Proposition 5.20] applied to each irreducible
component of Y7, Yy is kIt and (Yyy, div(t)) is le. Thus Yy is Gorenstein and canonical. Since 7f;n
is py-invariant with div(znf;n) = (¢ — 1) div(t), multiplication by 7y inudces a py-equivariant
isomorphism Oy, ((¢ — 1)div(t)) = wy,. Since 7 is defined on X, these isomorphisms are
compatible for different U and we obtain

wy Z0x((c—1)8) =R

By adjunction, we have ‘
ws, > (wy ® Ox(JS)) |5j = Rc+]_1|,5]..
Let j = 1, we have
N¢ =R s, Zws.
This implies (3).
Finally, we prove (4). S is reduced by Lemma 5.2(4). Yy is kit hence Cohen-Macaulay. We
have that #/ is a nonzerodivisor, so

V() = Sjly,
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is Cohen-Macaulay of pure dimension d — 1. Since Yy is Gorenstein, S;ly,, is Gorenstein. Since
Sly,, = div(t) is the boundary of the lc pair (Y, div(t)), we have that Sly,, is Du Bois [Kol13,
Corollary 6.32] (cf. [KK10, Theorem 1.4]). We may pick a cover of X using U as in Construction-
Theorem 5.1(10). Since Gorenstein and Du Bois are local properties, S is Du Bois, and S; is
Gorenstein for any j. In particular, S is Gorenstein. In particular, this implies (4). O
Construction-Theorem 5.5. Notation and conditions as in Set-up 5.3. We further define
Qj,tj,tB,J5,J;,C; as follows.

(1) For any positive integer j, we let @Q; be the closed subscheme of X defined by Ox (— {%D .

(2) For any positive integer j, we let ¢j : S; — X be the closed immersion. We let tp: B — X
be the closed immersion.

(3) For any positive integer j, we define J; := Ox (— [%D /(’)X (— {WD .
(4) We have that Ox(—B) - J; = 0, so there is a unique coherent sheaf J; on B such that
tBxdj = Jj.
(5) We define Cj := f.J;.
(6) We have that
(poj)«Os; = Og, and (po )N = J;
as quotients of Ox = p,Oy and of Ox (— [%D = p«Ox(—jS) respectively.

Proof. Only (4) and (6) require proof. By Lemma 5.4(1), the inclusion Ox(—(j + 1)S) <
Ox(—jS) under the pushforward by p is the inclusion

+1)E E
ox (=[575]) = ox (- [5)
of subsheaves of (X). By Lemma 5.4(2), p, is exact. Consider the exact sequences

0= Ox(—jS) = Ox — 1;:0s, — 0
and ‘
0= Ox(—=(+1)8) = Ox(—38) = i N7 =0,
we obtain that )
(po1j)«0s; = p«(1jx0s;) = Ox /Ox (— Hﬂ) = 0q;
and
(pou)N—7 =p, (u,*N‘j) = Jj.
This implies (6). Since 0 < $ < 1, we have

502 < ]

oo (-[2]) o ([2525).
Thus Ox(—B) - J; = 0 and we are done. O

for each 7, and so

Lemma 5.6. Notation and conditions as in Construction-Theorem 5.5. Then:
(1) C; is a coherent sheaf on Z.
(2) For any j, we have
JitNn=EJ;® Ox(—E), jjJrN = jj ® f*Oz(—A), and Ciyn =050 Oz(—A4A),
where we recall that N is defined as in Construction-Theorem 5.1(8).

(8) We have that Q; = B for any 1 < j < b and Qpn = kE for any positive integer k. Here we
recall that b = min; r; is defined in Construction-Theorem 5.1(9).
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Proof. (1) is obvious as Cj is the pushforward of a coherent sheaf from B under a proper morphism.

Since G+ NVE -
J+ J

ALl N el R )

e bR
(2) follows from the definition of .J; (Construction-Theorem 5.5(3)), Construction-Theorem 5.1(6),
and the projection formula. Since {%1 =1 if and only if 1 < 5 < r; and since [%W =kFE, we
obtain (3).
Theorem 5.7. Notation and conditions as in Construction-Theorem 5.5.

(1) For any integer 1 < j < b, the morphism p o1 factors through B, i.e. there exists an
induced morphism p; : S; — B such that tg op; =po;.
(2) For any integer 1 < j <b,
RY|s, 22 (f 0 pj)*Oz(A).
(8) For any positive integer a, we have
RNQ = p*Ox(aE).
(4) For any positive integers j and a, there is an isomorphism
HY(S;,RM|s;) = HY(Q), Ox(aB)|q;)-
(5) For any integer 1 < j <'b,
HY(S;,RN|s;) = H(Z, 0z (aA)).
Proof. (1) Let V' C U be any open subset of U and let g be a section of Ox(—B)|y. It suffices to
show that (my|y)*g € t Oy, (77" (V). By Lemma 5.2(3), for any prime divisor P on YU|7T_1(V)7
U
we have that
OI‘dP(Tl'U|V)*g =T; Z b Z]
if P dominates the generic point of S; for some i, and ordp (77| )*g = 0 otherwise. Thus
(mulv)*g
tJ
is regular on Yy. By considering all U as in Construction-Theorem 5.1, we have

O/\/(—B) -Ox C Ox(—jS),
which is equivalent to say that p o ¢; factors through B. This implies (1).
By Set-up 5.3(1), R®YN = p*Ox(E), hence RN* = p*Ox (aE) for any positive integer a. This
implies (3). For 1 < j <b, by (1) and Construction-Theorem 5.1(6),
RNs, = 15" Ox (E) = pji50x (E) = p} (Ox(E)|p) = p; *Oz(A) = (f 0 ;)" Oz(4A),
which implies (2). By (3), RN%|s, = (p o ¢;)*Ox(aE). Since Ox(aE) is a line bundle, the
projection formula and Construction-Theorem 5.5(6) imply

(po 1) (RYls,) = Ox(aB) @ (po1;).0s, = Ox(aE) @ O, = Ox(aE)lq,-

(4) follows by taking global sections.
For any 1 < j < b, by Lemma 5.6(3), Q; = B, and by Construction-Theorem 5.1(6),
Ox(aE)|p = f*Oz(aA). By the projection formula,

H°(Q), Ox(aE)lq,) = H(B, f*Oz(aA)) = H(Z,0z(ad)),
and (5) follows from (4). O
We now fix the target of the lifting problem studied in Sections 6-8.

Set-up 5.8. Notation and conditions as in Construction-Theorem 5.5. We further define
a,r,20, ..., Lr,tz,V,p, T, Tot(T),m,2,6,p;, h in the following way.
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(1) a is a positive integer.
(2) zo,...,x, is a basis of H(Z,Oz(aA)) and 1z : Z — P" is the closed embedding defined by
this basis. We identify Z with a closed subscheme of P", and we have
Opr(1)|z = Oz(aA).
(8) V is the Na-th root stack of Opr(1) (cf. [Cad07, Definition 2.2.6]) and p : V — P" is the

associated morphism.
(4) T is the universal Na-th root of Opr(1) on V. In particular, TVN® = p*Opr(1).
(5) Tot(T) := Specy, Sym®(T) is the total space of T with projection 7 : Tot(T) — V, zero sec-
tion z : V — Tot(T) (cf. [Sta26, Tag 0B74]), and tautological section § € HO(Tot(T),n*T)
(cf. [Sta26, Tag 0F96] ).
(6) For any integer 1 < j < b we define p;j : S; — B be the morphism as in Theorem 5.7(1).
(7) h: S — V is the morphism generated by N' and
(fop)zo,...,(fop)x € (fop) Oz(ad) = RN s =NN
(Theorem 5.7(2)(3)) by the universal property of the root stack V (cf. [Cad07, Example
2.4.3]).

Definition 5.9. Notation and conditions as in Set-up 5.8. Let j > b be an integer. A j-order
lift is a tuple s = (so, ..., S,) such that for any i,

s; € HY (Sj,RNa|3j) and  sils, = (f opp) ;.
Set-up 5.10. Notation and conditions as in Set-up 5.8. We define hjs and ;s for any j > b
and j-order lift s = (sg,...,Sy) in the following way.

(1) We define hj s : S; — V be the morphism generated by R\gj and sg, ..., Sy, by the universal
property of root stacks (cf. [Cad07, Example 2.4.3]). In particular, hjs|s = h for any j, s.
(2) We define ;5 : S; — Tot(T) to be the unique morphism such that
mojs=hjs and 7/);':39 = w|5j
where w|s; is considered as a section of hi T = Rls,;. Eristence and uniqueness of ;s

follows from the definition and the universal property of Tot(T) (cf. [Sta26, Tag 01LV]).

Lemma 5.11. Notation and conditions as in Set-up 5.10. Let j > b be an integer and let s be a
j-order lift. Then h,hjs, and ;s are projective.

Proof. We first show that hj s : S; — V is representable by algebraic spaces. By [Sta26, Tag 04YY],
and since we only consider structures of finite type over C, we only need to show that

Aut(y) = Isoms, (y,y) — Isomy(hjs(y), hjs(y)) = Aut(hys(y))

is injective for any closed point y, considered as a morphism y : SpecC — S;.

Let y be a closed point of §; such that the image of y in X is contained in U. By Construction-
Theorem 5.1(14), Aut(y) is the stabilizer Gy, C uy of y in Y. By Lemma 5.2(4), Rly,, = t 1Oy,
and any ¢ € uy acts on ¢! by (~! (Construction-Theorem 5.1(11)). Since ¢! is a local generator
of Rly,, its value at y spans the fiber R(y) := y*(Rls;) (recall we consider y as a morphism
y : SpecC — S;), and any ¢ € Gy, acts on R(y) by multiplication by ¢(~!. Thus G, acts faithfully
on the fiber R(y). Since Rls; = h} T, we have

R(y) =y (Rls;) = y*hjsT = (hjsoy)"T.

Let v :=hjsoy. Then R(y) = v*T, and any ¢ € Aut(y) acts on v*T as h;s o ( € Aut(v) acts
on v*T. Since Aut(y) acts faithfully on R(y), the map

Aut(y) = Aut(v), ¢ — hjso(

is injective. Therefore, h; s is representable by algebraic spaces.
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Let T be a quasi-compact and quasi-separated scheme with a morphism g : T'— V), and let
S :=8; xy T. Since h; s is representable by algebraic spaces, S;  is an algebraic space. The
natural morphism S; 7 — &; x T is the base change of the diagonal morphism A:V —V x V
along (hjs,9) : S x T — V x V. Since A is finite, S;7 — S; x T' is finite. The morphism
S; x T'— X x T is the base change of po¢; : §; = X, which is proper (Lemma 5.4(2)) and has
finite fibers, since X xx U = [Y7/un] and Yy — U is finite (Construction-Theorem 5.1(11)(14));
hence it is proper with finite fibers as well. Thus the composition

q:Sj7 =S xT = XxT

is proper with finite fibers. For any field & and any morphism Speck — X x T, the fiber
S X xxT Speck is an algebraic space of finite type over k with finitely many points, hence
its underlying topological space is discrete. Since ¢ is a proper morphism of algebraic spaces,
q is finite [Sta26, Tag 0A4X]. By the definition of finite morphisms of algebraic spaces [Sta26,
Tag 03ZP], g1 (W) is an affine scheme for any affine open subscheme W C X x T. By [Sta26,
Tag 03JH], hence S; 7 is a scheme and the induced morphism S;r — T, as the composition of
the projection X x T — T" and g, is projective. Thus h; s is projective, so h = h; s|s is projective.

Since h; s is projective, the base change S; xy Tot(7) — Tot(T) of h; s is projective. We have
that 1; ¢ is the composition of the closed immersion

Sj — Sj Xy TOt(T) = TOt(R‘Sj)

given by wls; with S; xy Tot(T) — Tot(T), so 15 is projective. O

We now define the obstruction to extending a j-order lift to a (j+ 1)-order lift, and we compare
it with the obstruction to extending the morphism h;,. We first fix the terminology.

Definition 5.12. Let X be a smooth Deligne-Mumford stack and let £ be a line bundle on X.
The Atiyah bundle At(L) of L is the subsheaf of Homc (L, £) defined as follows. For any étale
chart U — X, At(L)(U) consists of the C-linear maps of sheaves D : L|iy — L]y such that there
exists £ € Ty (U) so that for any open subset U’ C U, f € Ox(U’) and s € L(U’), we have

D(fs) = fD(s) +&(f)s.
At(L) is an Oy-module via (g - D)(s) := g D(s) for g € Ox(U). The map
A(L)U) - Tx(U): D —¢

is called the symbol map over U and is denote by sym, |y, which induces the symbol map
symyp : At(L) — Tr.

Lemma 5.13. Let X be a smooth Deligne—Mumford stack and let L be a line bundle on X.
Then:

(1) symy : At(L) — Ty is Ox-linear and surjective.
(2) There exists a local isomorphism At(L) = Ox ®Tx. In particular, we have an exact sequence
0— Ox — At(L) 225 T — 0
of locally free sheaves.

Proof. The question is local. (1) is clear by definition. To prove (2), simply note that we have
the local isomorphism At(L£) = Oy @ Ty can be defined explicitly by

D — (D - DsymC(D)asymE(D))'
The rest can be checked by definition. O

Definition 5.14. Let X be a scheme that is of finite type over C. We denote by Lx,c =
L x/specc the cotangent complex of X over C [Sta26, Tag 08T2]. We will freely use the fact that
H'(Lx,c) =0 for any i > 0 (cf. [Sta26, Tag 08UW]) and H(Lx,c) = Q% [Sta26, Tag 03UV].
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Assume that X is separated and Cohen-Macaulay of pure dimension d, and let f : X — SpecC
be the structure morphism. We define w% := f 'C to be the dualizing complex of X. The dualizing
sheaf of X is wx and satisfies that w$ = wx|[d].

Construction-Theorem 5.15. Notation and conditions as in Set-up 5.10. We define IC, [,
B, Bj, ik, 0, obj(-), en, n;j as follows.

(1) K :=[A'/G,,] where G,, acts on Al by multiplication.

(2) For any Deligne-Mumford stack Z, line bundle £ on Z, and s € H(Z, L), we denote by
Br.s : Z2 — K the morphism induced by £ and s under the identification as in [Cad07,
Lemma 2.1.1]. For any morphism ~ : 2’ — Z, we have Bz s = fr,s07.

3) B :=Br7: Tot(T) — K. Recall that 7 and 6 are defined as in Set-up 5.8.

4) For any positive integer j, we define g; := BR\sj wls, S; — K.

5) For any 1 < j <k, we let i : S; — S be the closed immersion.
) For any j > 1, we have

Ox(=j8)/Ox (= +1)8) Z iy j N
and we may define o; € Ext}gj (Ls; /cs i1,;xN'77) as the class of the first order thickening
Sj C Sj—i—l-

(7) For any j > 1 and any morphism g : S; — Z to a smooth Deligne-Mumford stack Z. We
have

dg : g"Q% = g"Lz/c — Ls,c
as in [I1171, Proposition II1.3.1.2], and we may define
obj(g) ‘=qjo0dg € EXt}gj (Q*Q%, Z'17j7*./\[7j) = Hl(S, (go il,j)*TZ ®./\/'7j).

(8) Recall that h : S — V is the morphism defined as in Set-up 5.8(7). For any coherent sheaf
F on S, we denote by ey, the following edge map in the Leray spectral sequence

0— H'(V,hF) - HY(S, F) = H'(V, R*h,F) — H*(V, h, F).
We have that ej, is functorial.
(9) For any integer j > b and j-order lift s, we define
n; = en(obj(hys)) € H'(V, Ty ® R'h. ((hj,s oi1;) Ty @ N_j)) = H'(V, Ty ® R'"h.N"77).

Proof. (1) It is definition. (2) By [Cad07, Lemma 2.1.1], B¢, is the Gy,-torsor P — Z of L
together with the G,,-equivariant morphism P — A! given by s, so (2) follows by pulling back
to Z’. (3-5) They are definition. The isomorphism in (6) follows from the exact sequence

0= Ox(—(j +1)8) = Ox(—3S) = 1. N7 =0,

and that Ox(—jS)/Ox(—(j + 1)S) can be considered as a sheaf on S; which is defined by
Ox(—3S). (6) follows from [I1171, Theorem II1.1.2.3]. (7) Since Z is smooth, g*Q% is locally free
of finite rank. By [Har77, Propositions I11.6.3 and II1.6.7] and the projection formula, we have

Exth, (90, i1, N ) = HY(S;, (6°0%)" © i1 5o N )
= H'(Sj,i1j+((g0i1;) Tz @NT7)) = H'(S, (goi1;) Tz @ N 77)

and (7) follows. (8) We only need to show that ey, is functorial, which follows from [Sta26, Tage
0732]. (9) It is a definition together with the projection formula. O

Lemma 5.16. Notation and conditions as in Construction-Theorem 5.15. Then T* := Tot(T) \
z(V) is isomorphic to Opr(1)*, and B is representable by schemes and smooth.
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Proof. By [Cad07, Section 2.1 and Definition 2.2.6], a morphism from a scheme 7" to V is the
same as a morphism ¢ : T' — P" together with a line bundle £ on T and an isomorphism
LN 2 ¢*Opr (1), and L is the pullback of 7. Hence a morphism 7 — 7T * consists of such (g, £)
together with a nowhere vanishing section e of £. Since e trivializes £, these data are the same
as the nowhere vanishing section eV of ¢*Opr(1), so T* = Opr(1)*.

Let T — K correspond to (£,s) and let 7 C T be an open subset with L|p» = Oy, so
that s|pv € Op/(T"). A morphism from a scheme T" to Tot(7) xx 1" consists of y : T" —
Tot(T), 7 : T” — T', and an isomorphism ¢ : y*7*T = Opr with ¢(y*0) = 7*(s|77). Then
e := ¢~ !(1) is a nowhere vanishing section of (7 o y)*T, i.e. a morphism 7”7 — T, and
y = 7*(s|7v) e. The correspondence (y,7,¢) — (e,7) is natural in 7", and an automorphism of
(y, 7, ) is an automorphism ¢ of £ with ¢V = 1 acting trivially on £, hence trivial. Therefore
Tot(T) xx T = T* x T', which is smooth over 7" because T* = Opr(1)* is smooth over C
([Har77, Proposition II1.10.1(b)]). These open substacks cover Tot(7) xx T', which is therefore a
scheme that is smooth over 7T'. The lemma follows. ]

Lemma 5.17. Notation and conditions as in Construction-Theorem 5.15. Then
Ty =Ty ® T, 2" Tror (0 = AU(T),
and the natural map 2" Trroe 1y — 2" Troy(m) i D — (symy(D),0) in local sections.
Proof. Since Tot(T) = Specy, Sym®(7T), the exact sequence
0 — Q3 — QlTot(T) — Qo7 v — 0
(cf. [Har77, Proposition 11.8.11 and Theorem III.10.2]) pulled back along z is
0— Q, — Z*Q’ll‘ot(T) =TV =0

The map dz : Z*QlTot(T) — Q, satisfies dz o 2*(drr) = d(7 o z) = id, so the exact sequence above
split. Taking dual, we obtain

Z Ty =TveT.
By Lemma 5.16, P := Tot(T) xx Al is a scheme. A morphism from a scheme 7" to P consists
of y : T" — Tot(T), a function ¢ on T”, and an isomorphism ¢ : y*7*T = Opr with ¢(y*0) = c.
We have that e := ¢~1(1) is a morphism 7" — 7> and y = ce. Thus we have

P =Tot(T) xx Al =2 T> x Al

with projection of P to Tot(7) be q: T* x Al — Tot(T), (e,c) — ce, and projection of P to Al
being (e, c) — ¢. Thus ¢*Troy(7)/k = priTr=. Moreover, g is the base change of Al — K along
3, hence a G,,-torsor. By construction, g corresponds to the action A(e,c) = (A~'e, Ac). Hence
2" Trop(1)/kc 18 the sheaf of Gy,-invariant vector fields on 7.

Let p: 7% — V be the projection. Then we have that

/,L*OTX = @ T

mEeEZ
and that a vector field v on 7 corresponds to a derivation d, of @,,c;7 ™ so that v is

Gp-invariant if and only if d, preserves the grading. Thus for any v € 2" oy (1) /k, ¢ == dv|o,, 18
a vector field on V and D := §,|7 satisfies that

D(fl) = fD() + ¢(f)l

for any f € Oy and [ € T. This is equivalent to say that D € At(7) and symy(D) = (.

Finally, the pullback along ¢ of the natural map Trg (7 /K — Trot() is dg. Since g(e,0) =
z(u(e)), at ¢ = 0 we have dq(v,0) = dz(du(v)), which lies in the summand Ty of 2*Trg () =
Ty & T and equals (¢, 0), because du(v) = 6,|0,, = ( = syms(D). The lemma follows.
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Definition 5.18. Notation and conditions as in Construction-Theorem 5.15. Let j be a positive
integer, g : §; — Z be a morphism to a smooth Deligne-Mumford stack, V' — S;11 an étale
morphism of Deligne-Mumford stacks, and V; :=V xs,,, §j. A lift of g on V is a morphism
g:V — Z such that gly, = g|v;. Two lifts of g on V are identified if they are isomorphic.

Let j > b be an integer and let s be a j-order lift. Let Py := Tot(7) xx V. By Lemma 5.16,
the projection Py — V is representable by schemes and smooth. The isomorphism h;sT = 7?,|5j
of Set-up 5.10 sends ¢; ;0 to wls;. By Construction-Theorem 5.15(2), we have

Bojs=Bj = Bjrils;-
Thus 1) s defines a section o; of Py xy V; — V.
A lift of 1js over K on V is a section o of Py — V such that oy, = 0;. It is clear that if o is

a lift of ¢; s over K on V, then V.5 Py — Tot(T) is then a lift of 1 s on V where Py — Tot(T)
is the first projection.

Construction-Theorem 5.19. Notation and conditions as in Construction-Theorem 5.15. Let j
be a positive integer, g : §; — Z be a morphism to a smooth Deligne-Mumford stack, V' — S;j11
an étale morphism of Deligne-Mumford stacks, V; :=V xgs,,, §;, and W; :=V x5, S. Let
{Va = Sj11} be an étale covering by affine schemes, and let Vi := Vi x5, V.

Let Z := iy ;N7 lv;, which is the ideal sheaf of V; in V' by Construction-Theorem 5.15(6).
Recall that obj(g) is the class defined as in Construction-Theorem 5.15(7) in H(S, (goi1;)*Tz ®
N77). When j > b, we also construct a class o; in (4), which will be used in the rest of the
paper.

(1) A lift of g on V exists if and only if the pullback of ob;(g) via W; — S to H(Wj, (g o
’L'Lj)*Tg ®N7j) is 0.

(2) Assume that a lift of g on V exists. Then H%(Wj, (goiy ;)*Tz ® N ~7) acts simply transitively
on the set of lifts g of g on V. We denote this action by

(D,g) > g+ D.

If Z is a scheme, then § + D is the lift with (§ + D) = §# + D, where D is regarded as a
derivation g0z — T via Construction-Theorem 5.15(7); in general, g + D is defined on
étale charts of Z in this way.

(3) There exist lifts gq, gy of g on V,, V;, respectively. Moreover, for any such g,, gy, we have that
9alviy, = Golviy, + Dab

where (Dgp), with Dy, € HO(Vy, X818, (g0i1;) Tz ® N7, is a Cech 1-cocycle for the
étale covering {V, xs,,, S — S} whose image in H'(S, (g 0 i1,;)*Tz ® N7) under the
natural map from Cech cohomology ([Har77, Lemma I11.4.4]) is ob;(g).

(4) Let j > b and let s be a j-order lift. Assume that a lift of ¢; ; over K on V exists. Then

HO(W,,h* AL(T) @ N9)

acts simply transitively on the set of lifts o of ¢; s over K on V. We denote this action by
(D,0) — o + D, where (¢ + D)* = of + D and D is regarded as an Oy-linear derivation
a;lopv — I via 07 Qp, vlw; = h* At(T)"|w, (Definition 3.14 and Lemma 5.17). There
exist lifts o4, 0 of 1 s over K on V,, Vj, respectively. Moreover, for any such o4, 03, we have
oalv,, = oblv,, + Dap where (Dgp), with Do, € HO(Vyp XS Sy T AL(T) ® N79), is a Cech
L-cocycle for the étale covering {V, xs,,, S — S}. We define

(5.2) 0j € HY(S,h* At(T) @ N9)

to be the image of the class of (D) under the natural map from Cech cohomology ([Har77,
Lemma III.4.4]). It does not depend on the choices of {V,} and o,
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(5) Let j > b and let s be a j-order lift. A lift of ¢; s over K on V exists if and only if the
pullback of o; via W; — S to HY{(W;, h* At(T) @ N 7) is 0.

(6) Let j > band let s be a j-order lift. Let sym : H'(S, h* At(T)@N ) = HY(S, h*Ty N )
be the map induced by symy. Since h; s oy ; = h, we have ob;(hjs) € HY(S, h*Ty @ N77),
and

sym(o;j) = obj(hjs).

Since 1 s 041 = z o h, Lemma 5.17 gives
HY(S, (s 0i1,)) Troyery @N ) = HY(S,W*Ty @ N 9) @ H'(S, h*T @ N9),
and ob;(1;s) = (obj(hjs),0) in this decomposition. Consequently,
(53)  enlobj(tys)) = (1;,0) € H'OV, Ty © R N7) & HOV, T ® Rh. N,

Proof. (1) and (2) Since the diagonal of Z is unramified ([Sta26, Tag 06N3]) and V; C V is
defined by a square-zero ideal, an isomorphism between two lifts of g on V is unique if it
exists ([Sta26, Tag 05ZY]). Hence lifts of g on V' can be constructed étale locally on V' and
glued, and we may replace Z by an étale chart Z — Z, whose pullback to V; extends uniquely
to an étale morphism to V ([Sta26, Tag 04DZ]). For the smooth scheme Z, a lift of g on V
is a homomorphism of sheaves of rings ¢~'0; — Oy lifting ¢* : ¢710,; — Oy,. By [llI71,
Proposition I11.2.2.2], applied to the square-zero extension Oy — Oy, by Z, such a lift exists if
and only if the image of a; o dg in Ext%/j (g*leh/j,I) = HY(Wj, (g 0i1,)*Tz ® N7) vanishes,
and in this case Hom(g*Q|v,,Z) = HO(W}, (g 0 i1,;)*Tz ® N7) acts simply transitively on the
set of lifts; here O}, =L z/c by [II71, Proposition I11.3.1.2], and the two identifications are those
of Construction-Theorem 5.15(7).

(3) Since V, is affine, V, xs,,, S is affine, so H'(V, xs,,, S, (goi1,;)* Tz @ N™7) = 0 ([Har77,
Theorem II1.3.5]) and lifts g, exist by (1). By [IlI71, (2.2.1.3) and (2.2.1.4)], ob;(g) is the class of
the square-zero extension ¢~ 'Oz X0s, Os;,, of 9710z by i1 j.N 7, lifts of g are the splittings
of this extension, and the Cech cocycle of differences of local splittings represents its class under
the isomorphism of [I1171, Theorem II1.1.2.3].

(4) and (5) A lift of 1 5 over K on V' is a section of Py — V extending o}, i.e. a homomorphism
of sheaves of Oy -algebras oj_l(?pv — Oy lifting 05-. Since Py — V is smooth by Lemma 5.16,
[11171, Proposition I11.2.2.2] applies as in (1), with C replaced by Oy and g*Q}, by oiQp, v
We have Qp, iy = pri€Qroy 7/ by Definition 3.14, pry o 0 = v s|v;, and ;s 0i1; = z0h,
s0 0Qp, jviw, = W 2*Qroyry/clw; = h* At(T)Y|w, by Lemma 5.17. Hence a lift of ;s over
K on V exists if and only if the obstruction class wy € HY(W;, h* At(T) ® N79) of [1lI71,
Proposition I11.2.2.2] vanishes, and in this case H(W;, h* At(T) ® N77) acts simply transitively
on the set of such lifts. Since V;, Xs,,, S is affine, wy, = 0, so the lifts o, exist. As in (3), WS4
is the class of a square-zero extension whose splittings are the lifts of 1; s over K, and the cocycle
(Dgp) of differences of local splittings represents it; hence (Dgp) is a cocycle whose class 0; = WS4
does not depend on the choices. Finally, the pullback of 0; to H(W;, h* At(T) @ N77) is wy,
because the classes of [I1171, Proposition I11.2.2.2] are compatible with étale base change.

(6) Let oq be lifts of 1; over K on V,, and let Dy, € HO(Vyy, x5, S, h* At(T) ® N77) be
their differences. Then 7 o pry o o, are lifts of h;, on V,, and pr; o o, are lifts of 1 s on V,. By
the functoriality of the actions in [I1171, Proposition II1.2.2.2] under composition with 7 o pr; and
with prq, their differences are the images of D, under the maps induced by h*Q%, —0;Qps;
and @Z’;,sQlTot(T) — 0;Qp/s;
(3) and (4), these cocycles represent o, obj(h; ) and ob;(1); ), which proves the two identities.
Applying ej, and using the definition of n; gives (5.3). O

which by Lemma 5.17 are syms(Dgp) and (sym(Dgp),0). By
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6. LOCATING THE OBSTRUCTION VIA MIXED HODGE MODULES

Notation and conditions as in Set-up 5.10. In order to lift a j-order lift s to a (j + 1)-order
lift, it suffices to lift the morphism h;, : S5 — V to a morphism S;;1 — V. Such a lift induces a
(j + 1)-order lift s’ with s’|s; = s. In this section, we use the theory of mixed Hodge modules to
show that the obstruction 7; to this lifting lies in the kernel of the Kodaira-Spencer map of the
Hodge module

H'h. (DQE[~(d - 1))
(Theorem 6.18). We shall use vanishing theorems to kill these obstructions in later sections.

6.1. Preliminaries on mixed Hodge modules. We use the theory of mixed Hodge modules
[Sai88, Saif0, Sai00] and polarizable complex Hodge modules [SS26]. We refer the reader to
[SS26] for a textbook reference.

Definition 6.1. A complexr C = (C*,d");cz in an abelian category A consists of objects C* € A
and differentials d* : C* — C**1 so that d**1od’ = 0 for any i. For any integer r, we denote by C|[r]
the complex (C*", (—1)"d"™);cz. A morphism of complexes f : C — C' is a quasi-isomorphism
if H(f): H(C) — H*(C") is an isomorphism for any i.

Definition 6.2. Let X be a scheme or a Delinge-Mumford stack. For a complex C' of sheaves of
abelian groups on X and any integer i, we define the hypercohomology H'(X, C) := H*(RI'(X, C)),
where RI'(X, —) is the right derived functor of I'(X, —).

Definition 6.3. Let X be a smooth variety of dimension d and Tx the tangent sheaf of X.
We let Dx be the sheaf of differential operators on X with filtration F¢Dx, by the order of
differential operators (cf. [Sai88, 2.1.1]).

A right (resp. left) Dx-module M is a sheaf of right (resp. left) Dx-modules on X (i.e.
M(U) is a right (resp. left) Dx (U)-module for any open subset U) which is quasi-coherent as
an Ox-module. We have that

M = wx ®0, M!
is an equivalence between left and right Dx-modules (cf. [SS26, Proposition 8.2.5]). In the rest
of the paper, without further specification, a Dx-module means a right Dx-module. A filtered
right Dx-module (M, F') is a right Dx-module M with an increasing filtration Fy M by coherent
Ox-submodules F}, M satisfying the following:

(].) UpEZ FpM - M
(2) FypM =0 for any p < 0.
(3) FyM - F;Dx C FpiqM for any p, q.
See [Sai88, 2.1.1] for details. For any p, we define
gry M= F,M/F, 1M and F M :=F, 1 M.

The support of a Dx-module M is the support of M as a sheaf. For any closed subset V' C X,
we say that M is supported on V if Supp M C V.

The definitions of mixed Hodge modules and of polarizable complex Hodge modules are very
complicated and we refer the reader to [Sai90, SS26] for details. In this paper, we treat the
formal definition of mixed Hodge modules as a blackbox and only use its basic properties.

Definition 6.4. Let X be a smooth variety. A mized Hodge module M on X is a tuple
(M,F,K,W) as in [Sai90, p. 223 and 4.2], where (M, F) is a filtered right Dx-module. A
polarizable complex Hodge module M on X is a triple (M, F), (M, F)(w),S) as in [SS26,
Definitions 14.2.1, 14.2.2 and Proposition 14.2.27], where (M, F) is a filtered right Dx-module.

Let M = (M, F, K,WW) be a mixed Hodge module on X, or let M = (M, F), (M, F)(w),S)
be a polarizable complex Hodge module on X. We call (M, F') the underlying filtered Dx -module
of M, M the underlying Dx-module, and F the Hodge filtration of M. We denote by DM
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the dual of M, as in [Sai90, 0.1 Theorem| if M is a mixed Hodge module, and as in [SS26,
Definition 13.4.7 and Proposition 16.3.5] if M is a polarizable complex Hodge module.

A Hodge module is either a mixed Hodge module or a polarizable complex Hodge module. For
any Hodge module M on X with underlying Dx-module M and any subset V' C X, we say that
M is supported on V if M is supported on V.

Definition 6.5. Let X be a smooth variety of dimension d and let M be a Dx-module.

(1) The de Rham complex of M is

d—1
DR(M) := M®/\TX—>M®/\TX—> s MR T — M

satisfying the following conditions.
(a) The piece M ® A’ T'x has degree —i for any 0 < i < d.
(b) The differential M @ \'Tx — M @ \""! Tx is given by

me& A A@%Z DR m &) @& A N A NE;

+ Z k+l [gkvé.l]/\gl/\/\é;g/\/\é\l/\/\gl

1<k<i<i
for m € M and ¢, ...,& € Tx in local coordinates (cf. [SS26, Definition 8.4.3]).
(2) Assume that (M, F) is a filtered Dx-module. We define

d
Fp DR(M) = [Fp_dM & /\TX — s — Fp_l./\/l KTy — FpM‘|

for any integer p.
(3) Assume that M is a Hodge module with underlying filtered D x-module (M, F'). We define

d
Cp(M) := grf)7 DR(M) = lgrp aM ®/\TX — o — gr A MTx — ngM]

for any integer p. The differentials of Cp(M) are Ox-linear (cf. [Sai88, 2.2.4]), so C,(M) is
a bounded complex of coherent Ox-modules in degrees [—d, 0].

Definition-Lemma 6.6. Let X be a smooth variety and let M be a Hodge module with
underlying filtered Dx-module (M, F), such that F-oM = 0.
In this case, grflk M = 0 for any integer k > 2, so

Cl(M) {FQM ® Tx =, gry M}

is a 2-term complex with degrees —1 and 0, where o(m ® £) is the class of m - £ in gri’ M. We
call o the Kodaira-Spencer map of M.

Proof. The only thing we need to prove is that grf_k/\/l = 0 for any integer k > 2, which is
obvious as FcoM = 0. O

Definition 6.7. Let V be a variety and let i : V — X be a closed embedding into a smooth
variety X. A Hodge module (resp. mized Hodge module, polarizable complex Hodge module) M
on V is a Hodge module M on X such that the underlying Dx-module is supported on V. For
any integer p, C,(M) is considered as a complex of coherent sheaves on V.

It is known that the category of Hodge modules (resp. mixed Hodge modules, polarizable
complex Hodge modules) does not depend on the choice of i, i.e. for any closed embedding
"V — X' into a smooth variety X', there is a canonical identification between Hodge
modules (resp. mixed Hodge modules, polarizable complex Hodge modules) on X supported
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on (V') and Hodge modules (resp. mixed Hodge modules, polarizable complex Hodge modules)
on X’ supported on i'(V) (cf. [Sai90, 2.1 and (4.2.4)] for mixed Hodge modules, and [SS26,
Theorems 14.2.19(1) and 16.2.1] for polarizable complex Hodge modules). Moreover, C,(M) also
does not depend on the choice of i up to quasi-isomorphism (cf. [Sai90, Proposition 2.33] for
mixed Hodge modules, and [SS26, Proposition 14.2.3(5)| for polarizable complex Hodge modules).

Definition 6.8. Let QY := (C, F,Q, W) be the constant Hodge structure on Spec C, placed in
degree zero. For a reduced variety X with structure morphism 7 : X — SpecC, we define the
constant Hodge complex

QY .= 7*Qf € D*MHM(X)

[Sai90, Theorem 0.1 and Section 4.4]. This is a bounded complex of rational mixed Hodge
modules. It need not be a single mixed Hodge module.

Definition 6.9. Let f : S — V be a projective morphism from a variety to a smooth variety. If
K € D* MHM(S), its direct image f.K belongs to D? MHM(V), and H"f. K is a mixed Hodge
module for each integer u [Sai90, Theorem 0.1 and Section 4.3]. Here H" denotes cohomology in
the category of mixed Hodge modules. For a polarizable complex Hodge module M, we write

HY f, M for the cohomological direct image Tfiu)M of [SS26, Theorem 14.3.1 and Corollary 14.3.2].
For singular S, use Definition 6.7 to regard the module as one on a smooth ambient variety
supported on S, then use a graph embedding to compute the direct image.

For a closed embedding z : V < Y of smooth varieties, we denote the filtered direct image of
a right Dy-module (M, F) by 2. M [Sai88, Section 2.3.1]. For the zero section of Y =V x Al
with coordinate ¢, we have

2 M=MecClo],  Fi(z4M)=> F_ MO}

>0

[Sai88, (3.2.2.3)]. We use the same notation for filtered complexes.

For a morphism f : $’ — S, the pullback f*: D® MHM(S) — D? MHM(S") is the functor of
[Sai90, Section 4.4], left adjoint to f, [Sai90, Theorem 0.1]. If f is étale, it takes a single Hodge
module to a single Hodge module, and on smooth charts its filtered right D-module is

J* M, F) = (f_lM ®-105 Ogr, f'F @104 Os'> :

For rational mixed Hodge modules this follows from [Sai88, (3.5.1) and Lemma 3.5.2] and [Sai90,
(2.17.6) and Lemma 2.25]; for polarizable complex Hodge modules, from non-characteristic
pullback [SS26, Definition 8.8.20 and Corollary 16.3.4].

Definition 6.10. Let ) be a Deligne-Mumford stack of finite type over C and let Y — ) be an
étale atlas. Write py,p2 : Y Xy Y — Y for the projections, and pi2, p13, p23 for the projections
from Y xy Y X3 Y to the indicated two factors. A Hodge module on Y consists of a Hodge
module M on Y and an isomorphism of Hodge modules ¢ : pi M — p5M satistying

P3P = pagd o P12®

onY xyY xyY. We use this definition separately for rational mixed Hodge modules and for
polarizable complex Hodge modules. The isomorphism ¢ includes all the Hodge data. Pullback to
a common refinement identifies the definitions for two atlases, by étale descent and the pullbacks
in Definition 6.9.

We form C),(M) and DM on the charts and descend them by ¢. For a projective morphism
representable by schemes, direct images are computed after an étale base change on the target;
proper base change supplies their descent isomorphisms. The same construction applies to the
bounded rational mixed Hodge complexes used below. For singular charts we use Definition 6.7.
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6.2. Derived de Rham complexes and filtered duality. We use the Hodge-completed
derived de Rham complex dRy of [Bhal2], viewed as a filtered differential complex as in [CDO26,
Section 2.4].

Theorem 6.11 ([Bhal2, Construction 4.1, Remarks 4.2-4.3, Corollary 4.27 and Proposition 5.2],
[CDO26, Section 2.4]). Let T' be a scheme of finite type over C, possibly nonreduced. The complex

o~

dRr is functorial in T, and

gri; dRy ~ L/\ Lz/cl—s] (s >0).

For a closed embedding of T into a smooth scheme, the comparison with Hartshorne’s de Rham
complex, formed by completing the ambient de Rham complex alon/g\ T, is a quasi-isomorphism
after forgetting the filtrations. There is also a filtered comparison dRy — Q7. . On the smooth
ambient scheme these maps are morphisms of filtered differential complexes.

In particular, the first two Hodge grades are Or and Lp/c[—1].

Theorem 6.12 ([CDO26, Definitions 3.6, 3.7, Lemma 3.9, Corollary 3.10 and Section 3.2],
[Sai88, Sections 2.2.10 and 2.4.11]). Let U be smooth of dimension n, and let (C, F) be a filtered
differential complex on U such that locally FrC* = C* for some b independent of i. We work in
the filtered derived category, formed using filtered homotopies and filtered quasi-isomorphisms. Let
Dy C be the filtered differential dual, computed using a resolution of wy[n] by right Dy -modules
injective as Oy-modules. Let DR{]1 denote linearization. Then:
(1) grf DyC ~ RHomy (g, C,wyn]) for every integer p.
(2) If a filtered morphism induces quasi-isomorphisms on C/F_,_1C for p < m, its dual induces
quasi-isomorphisms on F,, for p < m.
(3) DR(_]1 and DRy are mutually quasi-inverse when the filtrations are bounded below uniformly
in cohomological degree.

(4) On de Rham realizations of rational mized Hodge modules and their bounded complezes, Dy
corresponds under DR[}1 to filtered right D-module duality.

(5) If FoC = C, then F,DyC =0 for p <0.

Theorem 6.13 ([CDO26, Lemmas 4.1, 4.2 and 4.9]). Let U be smooth and connected of dimension

n, let S C U be a reduced closed subscheme, and put E := DR(_J1 ]D)U(&l\:{s)[—n]. After forgetting
the filtrations, the comparison maps give

RFS(WU) — F — RFs(wU) — Wy,

and the composition of the first two arrows is the identity. If K is a bounded below complex of
right Dy -modules with cohomology supported on S, every morphism K — wy factors uniquely
through RT' g(wy) — wy. Moreover,

End(RI's(wy)) = H(S™, C).

Theorem 6.14 ([FFS14, Section 3.4, (3.4.1)—(3.4.4)]). Let S be a reduced scheme of finite type
over C. The filtered de Rham realization of @g is the Du Bois complex; in particular,

grl DR(QY) ~ Q3[-s] (s 20).

If S is Du Bois, then Q% ~ Og, F<0}D)@§I =0, and FO]D)Qg ~ wg. Thus, if S is also Cohen-
Macaulay of pure dimension J, then

Fo(DQH[—6]) ~ ws.

The assertions about F' refer to the filtered D-module complex realizing ]D)Qg .
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Theorem 6.15. Let f : S — V be projective, with V smooth, and let K € D? MHM(S) be a
bounded complex of graded-polarizable rational mized Hodge modules. Its direct image has a
strict filtered D-module realization. Direct image commutes with duality and graded de Rham
realization. If F.qK =0, then

FooHYf K =0, FoH"f.K = HY(Rf.FoK)

for every integer u. If FoK is a sheaf € in degree zero, the last expression is R" f.E€.
For a single polarizable complex Hodge module, the same assertions hold, and its cohomological
direct images are polarizable complex Hodge modules.

Proof. The rational derived direct image and its compatibility with duality are given by [Sai90,
Theorem 0.1 and Section 4.3]. For a single rational mixed Hodge module, projective strictness is
[Sai90, Theorem 2.14]. For a bounded complex, apply [CDO26, Proposition 3.13] to D(f.K) and
use biduality: the filtered realization of f,K is strict. Compatibility with the filtered D-module
direct image is recalled in [FFS14, Section 1.1, (1.1.2)—(1.1.5)].

Locally on V, factor f through a closed embedding into P¢ x V' and the projection to V. In
the right relative Spencer complex, the term of relative degree —« in Fy uses F_, K. Hence only
a = 0 contributes, and

F<0(f*K):07 FO(f*K):Rf*FOK

Strictness permits taking cohomology in these identities. The Spencer construction also gives
compatibility with graded de Rham realization [Sai88, Lemma 2.3.6 and Section 2.3.7].

For a polarizable complex Hodge module, projective strictness and the assertion about its
cohomological direct images are [SS26, Theorem 14.3.1 and Corollary 14.3.2(1)—(2)]. The same
Spencer calculation gives the displayed formula. On a singular source we use a supported
realization in the smooth ambient space above; closed embeddings are handled by filtered
Kashiwara equivalence [SS26, Propositions 9.6.2 and 14.2.9]. O

6.3. The comparison on a thickening. Let
A :=DQY[—(d - 1)] € D* MHM(S).
By Lemma 5.4(4) and Theorem 6.14, its filtered realization satisfies
F.oA =0, oA = ws.

We compare this complex with the dual of the derived de Rham complex of a thickening. The
latter construction will be made on one target chart with one chosen embedding.

Construction-Theorem 6.16. Notation and conditions as in Set-up 5.3. Let j > 1, let
T° C §; be open, and let u : T° — V be projective, where V' is a smooth variety or a smooth
Deligne-Mumford stack. Put S° := (T°)yeq and h := ulge.

Choose a connected affine étale chart V/ — V. Put T := T° xy V', § := 5° xy, V’, and let
t:S < T be the inclusion. Write v’ : T'— V' and b’ : S — V' for the induced maps. Choose
a closed embedding i7 : T < U := P¢ x V' over V', after shrinking V' if necessary, and put
ig:=iroi, my : U — V' and n := dim U. With this choice, we have the following construction
and properties.

(1) Let Cp := dRp, with F_,Cp := FilidRy, and let Cf. := Dy(Cr)[—(d — 1)]. Since
F()CT = CT, we have F<(]C¥ =0.
(2) Define filtered complexes of right Dy-modules by
(6.1) Av == DRy'Dy(Q%)[—(d—1)],  Bry:=DRy'Cy.
The comparison maps
U — dRy — dRg —» Q%

induce

Ay — Bry — DR Dy (Q8)[—(d — 1)].
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(3) Let A% := Ay, BY := myyBry, and let A* — B" be the induced filtered morphism on
V'. The direct images are computed by the relative Spencer complex of ;.
(4) For s > 0, we have

grl CY ~ iT*RﬂomT(L/\ Lr/cl[-s],wr) € D=""(Op).

For every k, FyBr and grf By are Oy-complexes in D=~"(Oy), and By € D=""(Dy).
Their cohomology is supported on S. Moreover,

DRy (B") ~ Ry DRy (Bry)
as filtered differential complexes.

(5) A" is the filtered realization of the pullback to V’ of h.(A|ge). The construction of A* — B“
commutes with étale base change V" — V' when the chosen embedding is pulled back to
V. In particular, it commutes with restriction to open subsets of this target chart.

(6) On V', we have
FoAY = FoB* =0, FyA" = Rhwg, FyB" = Rulwr.
The map between the zeroth pieces is induced by the trace wg — wr, locally given by
multiplication by w’/~! in a frame of R.

(7) After forgetting the filtrations, A* — B" admits a retraction in the derived category of right
Dy-modules.

(8) For all integers ¢ and k, the map
(6.2) HY(FAY) — HI(FB"Y)
is injective. For ¢ = 1 and k = 0, this is the pullback to V' of the canonical trace map
th*wso — R u,wro.

Consequently, this trace map is injective on V.

(9) The single rational mixed Hodge module M := H'h,(A|se) on V has underlying filtered
right D-module (M, F') satisfying

F oM =0, FoM = R'h,wege.

Proof. Only (4)—(9) require proof. By Lemma 5.4(3)(4), T and S are Gorenstein and Cohen-
Macaulay of pure dimension d — 1, S is Du Bois, and

wre = R o, wge = N*|so.
Since U is smooth of dimension n, duality for it gives irwy[n] = wr[d—1]. Thus, for G € D_, (T),
(6.3) RHomy (ir«G,wyn])[—(d — 1)] = ip.RHomy (G, wr).

Theorem 6.14 and filtered duality identify Ay with the filtered realization of ig.(DQZ[—(d — 1)]).
Hence A" is the pullback of h.(A|ge), as asserted in (5).
We prove the bounds in (4). Locally, Ly,c has a locally free model P* in nonpositive degrees

with P? = Q|7 of rank n. A summand of LA® P*® contains at most n factors from P°. Each
remaining factor has degree at most —1. Therefore

(6.4) LA Ly € DS™0n=s)(T) L Ly/c[—s] € DS™m)(T),
By Theorems 6.11 and 6.12(1), and (6.3), the s-th grade of C. is i7.Qs, where

S
(6.5) Qs = RHomyp(L/\ Ly/c[—s],wr) € D=~™1E(T) € D=7"(T).
For k > 0, the order filtration on the linearization gives finite filtrations whose pieces are

grf Bry: ir.Qs ® Sym” Ty, s,7 >0, s+71 =k,
FiBry: irQs®Sym" Ty, s,r>0, s+r<k.
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These are complexes of Op-modules. Their lower bound is —n, independently of k, and they
vanish away from S. Passing to the filtered union proves the assertion about the underlying
Dy-complex.

The term of relative Spencer degree —« in Fymy K is computed from

(0%
AT ® Fr_oK, 0<ac<e.

For K = Br; the resulting total complex is bounded below by —n — e. The relative Spencer
complex is finite, and Ry, has amplitude [0, e] on quasi-coherent sheaves. Consequently, each
fixed filtration index and cohomological degree can be computed using a bounded truncation.
Composition of the relative and absolute Spencer complexes gives

DRy my By =~ Rry« DRy Bry

[Sai88, Lemma 2.3.6 and Section 2.3.7]. This proves (4).

For an étale map V" — V', use the embedding T' xy+ V" < U xy» V”. The cotangent
complexes, filtered duals and linearizations pull back along this flat map, and the finite Spencer
complexes above pull back term by term. Proper flat base change for 7y then identifies the
direct images and their comparison morphism. This proves the remaining assertion of (5). We
use B“ only for this chosen construction on V.

We prove (6). The zeroth Hodge grades of dR7 and Q% are O and Og. Their duals have no
negative filtration pieces, so only operators of order zero contribute to Fy of the linearization.
Thus
(6.6) FooAy = F<oBry =0, FoAy = iswwg, FoBry = irwwr.

The map on Fj is the dual of Op — 1,Og, hence is the trace
ws = Home, (Og,wr) — wr.
Locally T = (w/ = 0) and S = (w = 0). Since w is a nonzerodivisor in the ambient ring,
Homo, (Og,wr) = wwr C wr.
Only relative Spencer degree zero contributes to Fy after direct image. We obtain
(67) F<0Au = F<[)Bu = 0, F()Au = Rh;wg, F()Bu = Ru’*wT,
with comparison induced by the trace.
We next prove (7). After forgetting the filtrations,

Ay ~ Rlg(wy)[n—d+1], DRy Dy (Qp)[—(d — 1)] ~wyln —d+1].
By (4), Bz, is bounded below and supported on S. The support factorization in Theorem 6.13
therefore gives
(6.8) RTl's(wy)in —d+1] — By — RI's(wy)n —d+ 1] — wyn —d +1].

The composition of the first two arrows, followed by the counit, is the counit: before dualizing,
this is the restriction Qf; — Q%. Uniqueness of the support factorization implies that the first
two arrows compose to the identity. Applying my4 gives the required unfiltered retraction.

To prove (8), use strictness only for A%, which realizes a bounded complex of rational mixed
Hodge modules by (5) and Theorem 6.15. Thus

HY(F,A") — HI(A"Y)
is injective. By (7), H1(A") — H?(B") is injective. Their composition factors as
HY(FAY) — HY(FpB") — HY(B"),

so the first arrow is injective. No strictness assertion for B* is needed. For ¢ = 1 and k£ = 0,
(6) identifies this arrow with R'h.wg — R/ wr. Proper flat base change identifies it with the
pullback of the canonical trace on V. Since the construction applies on an étale covering, that
canonical map is injective.
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Finally, apply Theorem 6.15 to h(A|se). Its cohomology in degree one is a single mixed Hodge
module, and FyA|ge = wgo gives (9). O
Lemma 6.17. Notation and conditions as in Construction-Theorem 6.16. Let du’ : u'*Q%/, —
Lz/c be the differential. Then:

(1) On V' there is a distinguished triangle

(6.9) Ru, RHomr(Ly/c,wr) L), Ty @ Rulwp — gri’ BY RN

The second arrow is v ® s — [s - v]. The triangle commutes with étale base change of the
chosen construction, and the square

Ty @ FpAY —— grl” Av

| |

Ty ® FoBY —— grf B®
commutes. The vertical arrows are induced by A* — B“, and the horizontal arrows are the
right Dy-actions modulo Fy.
(2) Let W — X be an étale chart on which w is a local equation of S, and suppose Ty :=
W xxT° =W xxS8;. Then Tyy = (v’ =0), and the transitivity triangle is
R_j|TW — LVV/(C ®L OTW — LTO/(C‘TW — (R_j’TW)[l]'
The first arrow sends the conormal generator to d(w’) = jw/~ldw.
Proof. By filtered linearization and Construction-Theorem 6.16(4),
gri DRy(Bry) ~ irsRHomy(Ly e, wr)[1],
grf DRy (B") ~ Ru,RHomy(Lyc,wr)[1].
Since F-oB" = 0, the left hand side of the second line is the total complex
[Tv/ ® FoB* —» grl’ B“]

with terms in degrees —1 and 0. Rotate its triangle and use FyB" = Ruwr to obtain (6.9).

To identify the first arrow, compute CTP\{T by a simplicial polynomial resolution. The first
Hodge differential

grfy ARy — grfy dR[1]
is the universal derivation Or — Ly /¢, a differential operator. For a function z on V7,
d(u*z) = du' (u*dz).

Dualizing and linearizing this equality identifies the first, Oy -linear arrow with (du')V. Lin-
earization gives the symbol v ® s — [s-v]. Since A* — B is filtered and Dy~ -linear, it commutes
with these symbols. The calculations pull back under étale maps of V', proving (1).

For (2), w’ is a nonzerodivisor on W, so the conormal sheaf of Ty — W is (w?)/(w?) =

R‘j]TW. Its map to the cotangent complex is the universal derivation, which sends w’ to
Jwildw. O

6.4. The obstruction class lies in the kernel of the Kodaira-Spencer map. We now use
the comparison to study 7;. The injection on F; from Construction-Theorem 6.16 does not by
itself give an injection on gri’. We will obtain the required injection by using the traces from S,
to Sjfor 1 <v <.

Theorem 6.18. Notation and conditions as in Construction-Theorem 5.15. Let j > b, let s be a
j-order lift, and put

M :=H'h,A,
with underlying filtered right Dy-module (M, F). Then:
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(1) Choose an affine étale chart W — V trivializing T, and set Yy :=Y xy W = W x Al
Pull back ;s to Yiv and choose one projective embedding over Yy as in Construction-
Theorem 6.16. Let By denote the resulting filtered complex on Yy, . Suppressing pullback
notation, the map

zegr] M — gif (24 M) — H'(gt] By)
s injective.
(2) For the Kodaira-Spencer map o : Ty @ FyM — grf’ M of Definition-Lemma 6.6, we have
nj € HW, Ty @ M @ Ty (0T ) (n;) = 0.

Proof. We work on a chart W as in (1). All the spaces, maps and line bundles in the proof of
(1) are pulled back to Yy or W; we omit these pullbacks from the notation. Thus h: S — W,
z: W = Yy, and ¢; := 9, : §; = Y. These base changes are projective by Lemma 5.11.
Write 7 : Yy — W for the projection, and keep 6 for the tautological section. We have

?,Z)je = U)|Sj, ¢;7T*T = R|Sja 1 =2zoh.
Here v, :=1)j|s, for 1 <wv < j.
For 1 < v < j, the trace
try; tws, — ws;
identifies wg, with the subsheaf annihilated by w”. In a frame of R, it is multiplication by w’~".
Adjunction therefore gives, for 2 < v < j,

(6.10) 0 — ws, | =M g — ws @M — 0,

where the last arrow is restriction. Put D, := R'¢,.ws,. The long exact sequence and h*T = N
give

s, — ze(hews @ TV 1 5—”>D,,_ Z—”>DV
(6.11) Vs, (hews ) !

2 (R hws @ TV V) — R%,_1.ws,_,.
In particular,
(6.12) ker ¢, = imé,, ker p, = im#,.
Let A\, : D, — Dj; be induced by tr, ;. Then A\; =id and A\,_1 = A\, /.. For a local section
y € D, we have
(6.13) 0" N\ (y) = M@ T" Hp(y) in D@ TV

Indeed, before direct image, the left hand side multiplies a local section of ws, by

w! T = Wi

This factors through restriction to ws ® N*~1 and then through try ; @ N*~1, which is the right
hand side. Applying direct image and the projection formula proves the identity. The sequences
and maps just defined are pullbacks of the corresponding global trace maps by proper flat base
change.

Let Ay := zyhyA on this chart. Construction-Theorem 6.16 supplies a filtered morphism
Ay — By with

F(]Ay = Z*Rh*wS, FOBY = ij*ng, HlAY = Z+M.

The complex Ay is strict. Hence H'(FyAy) — H!(FjAy) is injective; composing with the
injection in Construction-Theorem 6.16(8) gives

(6.14) D = z.R'haws = H (FyAy) — H'(FiBy).
This map factors through \; : Dy — D;.
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We prove (1). In the chosen frame, write §# = ¢t. By the closed-embedding formula in
Definition 6.9,
Fi(z4 M) = 2, FEM @ 2, Fy M 0;.
Multiplication by ¢ kills z, F1 M, while
(o)t =y (v € FoM),
since Oit = t0 + 1 and vyt = 0. Thus 2z, F1 M is the kernel of multiplication by t. Quotienting by

2. Fo M gives z, grf M < grf’ (2, M).

Let x be a local section of z, gri” M with zero image in H'(gr{" By ). Lift it locally to

€ €z, iM C HYFAy), 9¢ = 0.
The exact sequence
H%(grt By) — D; — H'(F1By) — H'(gr} By)

shows that the image of £ is the image of some local section y; € D;.

Suppose 2 < v < j and y, € D, satisfies \,(y,) = y;. Its image in H!(F;By) is the image of
¢, which is killed by 6. Multiplying by 6”~! and using (6.13), we find that the image of p,(y,)

under (6.14), tensored with 7*7%~!, is zero. That map is injective, so p,(y,) = 0. By (6.12), we
can shrink the open set and choose y,, 1 with

Zzz(yufl) = Yv, )\zzfl(yz/fl) =Yj-

Starting with y; and repeating this step gives y1 € D with Ai(y1) = y;. Choices differ by
ker /, = im ¢, and have the same image in D;.

Now ¢ and y; have the same image in H'(F1By). The map H'(F1Ay) — H(FBy) is
injective, so

E=1y € Hl(FoAy) = z. Fy M.

Thus = 0. This proves (1).

We prove (2). Put k := ¢+ j. Since ws = N and h*T = N, Construction-Theorem 6.16(9)
and the projection formula give, globally,

(6.15) N =ws@h*T™*  RWNT=FMaT*

This identifies the group containing n; with the group in (2). It remains to show that its image
under ¢ vanishes, which can be checked on the charts W.
Continue on the chosen chart and put

E; := Ry RHoms, (Ls,jc,ws,), Ly =T "
Using (6.15), tensor tr1 ; with 17 Ly to obtain
Ti=1tr1 ®'lb;-<£y : ij*N_j — ws; &® lb;kﬁy
Compose o with 7. Since Yy is affine, the resulting Ext class defines a section
CNsz S HO(Yw, Hl(Ej) ® Ly).

Here Ls,/c € D= so E; € D=9: the identification is also the degree-one Leray edge for this
complex.

Lemma 6.17(1), tensored with Ly, gives a sequence of sheaves whose successive composition
is zero:

HYE)) ® Ly W), Ty, © Dj © Ly — H'(gr{ By) @ Ly
By the definition ob;(¢j) = «; o di;, functoriality of the edge map, and Construction-
Theorem 5.19(4),
(dy;)" (&) = (id ® A\ ®id) (24(n;,0)).
The cotangent complex in this calculation is that of S;: its conormal map contains d(w’) =
jw!~ldw, as in Lemma 6.17(2).
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Apply the second arrow of the preceding sequence to the right hand side of this equality. By
the symbol square in Lemma 6.17(1), its image is the image of

2:(0 ® T %) (1))

under the map of (1), tensored with £y . Exactness makes this image zero. By (1), that map is
injective, so (¢ ® T~%)(n;) =0 on W. These charts cover V, which proves (2). O

7. A VANISHING THEOREM ON ROOT STACKS
By Theorem 6.18, 7, belongs to
H(V,kero @ T~ (¢+9)),

We show that this group is zero. We will apply the positive-twist vanishing theorem of Davis—
Vilonen to the dual Hodge module and then use Serre duality to obtain the required negative-twist
vanishing.

7.1. Twisted Hodge modules. Let 7 : U — U be a torsor under an algebraic torus H. We
use the A-twisted complex mixed Hodge modules of [DV23, Definitions 2.3 and 2.5]. Such an
object is a single complex mixed Hodge module on U , in the sense of [DV23, Section 2.1], with
a weak H-action. If i is the differential action and 6 the weak infinitesimal action, the twist
condition is

i(€§) —0(8) = A(€)id (£ € Lie(H)),
for A\ € Lie(H)". For a character x of H, the associated line bundle is

O(x) := (77,05 ® C_)"

[DV23, Section 4.1]. We denote the graded de Rham complexes on U by (), with the cohomo-
logical convention of Definition 6.5.

Theorem 7.1 ([DV23, Proposition 4.1 and Theorem 4.2]). Let U be a smooth projective variety,
let U — U be a torsor under an algebraic torus H, and let M be a A-twisted complex mixed
Hodge module. Suppose A\ is a positive real linear combination of characters whose associated
line bundles on U are ample. Then

H(U,Cp(M)) =0  (p€Z, i>0).

The theorem allows modules supported on proper closed subsets. We will use it for polarizable
complex Hodge modules. The pure definition in [DV23, Section 2.1, pp. 10-11] is explicitly
compared there with the filtered triples of [SS26]: a polarization identifies the second filtration
with the image of the first filtration shifted by the weight. Thus a polarizable complex Hodge
module of weight w, equipped with W,,_1 = 0 and W,, = M, is an object of the category used in
Theorem 7.1. This uses only the pure categories.

The conventions in [DV23] are for left D-modules. We pass to our right convention by

BM" = wy @ Fypdimp M
This conversion gives the same graded de Rham complexes.

Theorem 7.2. Let U be smooth and let M be a rational mixed Hodge module or a polarizable
complex Hodge module on U. Then:

(1) Its complex-linear dual DM is a Hodge module in the same respective category, and its
underlying filtered right Dy -module is the filtered dual. For every integer p,

Cp(DM) ~ RHomy (C—_p(M), wy[dim U]).

(2) If M is supported on a reduced closed subvariety Z C U, then C,(M) is a complex of
coherent Oz-modules, and its quasi-isomorphism class on Z is independent of the smooth
ambient embedding.
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Proof. For rational mixed Hodge modules, duality is [Sai90, Proposition 2.6]. The coherent
formula in (1) is filtered differential duality [Sai88, Sections 2.4.3 and 2.4.11]; see also [Sch16,
Lemma 7.4]. For polarizable complex Hodge modules, strict holonomicity, nondegeneracy and the
extension of duality to filtered triples are established in [SS26, Theorem 14.7.2, Theorem 14.7.3
and Corollary 14.7.4]. The resulting complex-linear dual is again a polarizable complex Hodge
module by [SS26, Proposition 16.3.5]. Applying the same filtered differential duality to its
components gives (1). We keep DM in this formula; a complex character summand need not be
isomorphic to its dual up to a Tate twist.

The rational assertion in (2) is [Sch16, Lemma 7.3]; see also [Popl6, Theorem 28(1)]. We
give the ambient comparison for the complex case. If a local function g vanishes on Z, filtered
regularity along g = 0 gives

gk M C F_ M.
This is the filtered D-module calculation of [Sai88, Lemma 3.2.6]; in the complex category its
hypotheses follow from [SS26, Definition 14.2.2(1), and Lemma 9.6.3(2)]. Hence Zz gr’’ M = 0,
so the terms of C,(M) are Oz-modules.

Work locally with two embeddings Z < A% and Z < A’. Extend the coordinate functions of
the second embedding to the first ambient space, and conversely. The resulting graph embeddings

vp AT A% x AP v o AP s A% x A

are closed embeddings between smooth varieties and agree on Z. Their direct images remain
polarizable complex Hodge modules [SS26, Propositions 9.6.2 and 14.2.9]. They identify on the
common support: decompose into strict-support summands [SS26, Theorem 14.2.19(1)] and use
the uniqueness of the extension of the same variation on each dense smooth open subset [SS26,
Theorem 16.2.1].

For a graph embedding v between smooth varieties of codimension ¢, the normal-coordinate
formula is

g’ (yy M) = gr Ml&y,. .. &)
The normal part of its graded Spencer complex is the Koszul complex on &1, ..., &.. Its augmen-
tation therefore gives
Cp(7+ M) ~ 7:Cp(M)

as complexes on Z [Sai88, Lemma 2.3.6 and Section 2.3.7]. Applying this to both graphs identifies
the two complexes Cp,(M). The graph identities and composition of direct images make these
identifications compatible with a third embedding and with restriction. They therefore glue.
This proves (2). O

7.2. The vanishing theorem.

Set-up 7.3. Let W be a reduced projective scheme, let L be a line bundle on W, and let n > 1.
Let p : G — W be the stack of n-th roots of L, with tautological line bundle H, so H" = p*L
[Cad07, Definition 2.2.6]. On an open set W' trivializing L, we have p~'(W') = W' x B,
[Cad07, Example 2.2.7]. A rational mized Hodge module on G is given on these charts by rational
mized Hodge modules with a pn,-action and descent isomorphisms of the full Hodge objects. If W
is singular, we compute C), in smooth ambient varieties, using Theorem 7.2(2).

Theorem 7.4. Notation and conditions as in Set-up 7.3. Assume that L is ample. Let P be a
line bundle on G such that P® = p*J for some s > 0 and some ample line bundle J on W. Then,
for every rational mixed Hodge module M on G,

H(G,Cp(M)@ P~ ') =0  (p€Z, i<O).
If W is smooth and F<oM =0, then
H (G, ker [Tg @ M — grf M| @ P7) =0,

where the displayed map is the Kodaira-Spencer map.
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Proof. First let U be smooth projective and let K be a single A-twisted complex mixed Hodge
module on an H-torsor 7 : U — U. Put ey := dimH. We use the complex-linear dual,
normalized on U; its representative on U is

DK :=DzK(—en).

To check this normalization, recall that smooth pullback is 75.Q) = 77.Q[ex] [DV23, Notation 2.2].
On a trivial torsor,
D (r7Qlen]) =~ mr(DuQ)len](en)-

Thus the Tate twist (—ep) removes the contribution from the fiber. The local description of
twisted objects in [DV23, Lemmas 2.7-2.8] gives the same formula with the rank-one fiber factor
replaced by its dual.

The local duals have opposite twist. If two trivializations differ by t. : Uy — H, the horizontal
operators differ by the scalar term A(dlogty). The dual action is determined by

E(p,v) = (€, v) + (@, &v).

Its scalar term is therefore —\(dlogty). Filtered differential duality, applied in each trivialization,
now glues to

(7.1) C_,(DK) ~ RHomy (Cy(K),wy[dimU]),  ADK) = —A(K).

For the local identity, let C' be the filtered de Rham complex on a trivializing open set. Resolve
wy[dim U] by a complex I*® of right Dy-modules injective as Op-modules, and put the annihilator
filtration on Hom(C, I*®). Then

grfp Hom(C,I°%) = Hom(grg C,I°%).

The normalized torsor descent leaves precisely wy[dim U] in this formula, with no further
cohomological shift. Duality in the complex mixed category is as in [DV23, Section 2.1]; for the
pure objects used below, the filtered dual is the one in Theorem 7.2(1). If u, acts on v by (%, it
acts on the dual functional by (™%, so this duality also reverses finite characters.

Suppose —A is a positive real linear combination of characters with ample associated line
bundles. By Serre duality and (7.1),

H (U, Cp(K))Y ~ H (U, C_,(DK)).
Theorem 7.1 applies to DK and kills the right hand side for ¢ < 0. We have proved
(7.2) H'(U,Cy(K)) =0  (p€Z,i<0).

Return to G — W. The stabilizer acts trivially on P™, so P™ descends to a line bundle Lp on
W. Since p.Og = Ow, pullback by p is faithful on line bundles. Therefore

(7.3) P"p*Lp, L% J"

In particular, Lp is ample.

We reduce M to pure complex Hodge modules. Its finite weight filtration is preserved by the
stabilizer action and the descent isomorphisms. Morphisms of rational mixed Hodge modules
are strict for F' and W [Sai88, Proposition 5.1.14]. Hence each weight sequence gives an exact
sequence of complexes

0— Cp(Wyo 1t M) @ P71 — Cp(WoM) @ P71 — Cp(erlV M) @ P71 — 0.

Induction on the finitely many weights reduces the assertion to the rational polarizable pure
modules gr’V M. Decompose each into its canonical strict-support summands, and apply [SS26,
Corollary 16.3.9] to each summand. This identifies the rational pure object with a polarizable
complex Hodge module having the same filtered D-module, after forgetting the rational structure.
The comparison is through the same generic variation and its unique extension, so it respects
morphisms, stabilizer actions and descent. Thus it suffices to prove the assertion for a polarizable
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complex Hodge module of one weight. Such an object belongs to the pure subcategory of [DV23,
Section 2.1], as explained above.

Assume first that W is smooth and connected. The stabilizer character of P is constant.
Cancelling a power of H gives

>~ p*L1 @ HF, k=a+tn, 0<a<n,
for a line bundle L; on W. We have Lp = LT ® L¥. The idempotents

es ;:% Y ¢P¢

Ce#n

acting on M give M = @g;é Mg. They are morphisms in the complex category, so the summands
are polarizable complex Hodge modules [SS26, Sections 14.2.7-14.2.8 and Theorem 14.2.19(4)].
On W' x Bu,, the functor p, takes invariants, which is exact in characteristic zero. Only M,
contributes after tensoring by P~

We compute that contribution on

G =[L* /G, to-v =ty .

The pullback of H is the trivial line with action tg - z = tgz, and z"v identifies its n-th power
with L. In this calculation only, use left D-modules as in [DV23]. Pull M,, back by normalized
smooth pullback. Let ig and 6y be its differential and weak infinitesimal actions for ¢g, and let ¢
be the differential action for ordinary scaling hg = ¢;,". Strong equivariance gives

90 = i() = —nai.
Change the weak action by t;®. The new infinitesimal action is §y — a, and the subgroup uy,
acts trivially. Thus this weak action factors through hg. Its infinitesimal action 6 and twist are
0y — « o «

it =, A=i-f0=——.
n n

= —

The underlying Hodge module on L* has not changed.
Let N, denote the descended twisted Hodge module on W. More generally, for an H-torsor of
dimension e and an upstairs object K, the left filtrations descend by

F,N = (ﬂ-T*FbK)H7 WoN = (WT*Wa+eK)H

[DV23, Proposition 2.9 and (2.6)]. Normalized smooth pullback leaves the left Hodge filtration
unchanged and shifts the weight by e [DV23, Notation 2.2]; the displayed formula removes this
weight shift. Scalar changes of the weak action preserve both Hodge filtrations and the weight
filtration. Descent is exact. Converting back to right modules, we use FyN' = ww ® Fyrdimw N L

The cotangent bundle of G is p*Q%,V. In local frames, the horizontal operators before and after
descent differ by an order-zero scalar logarithmic derivative. This disappears from the graded
Spencer differential, giving

po(Co(Ma) @ H™™) = Cy(Na).
Since p, is exact and H~" = p* L™, we obtain

(7.4) Rp.(Cp(M) @ P71 ~ Cp(Ny) @ LT @ L7°

On the product torsor L* Xy Li‘, the right hand side comes from the object with twist

A= (—O‘ —t,—l) - (—k,—1> .
n n
Its opposite is = (k,n). The character (k,n) has associated line bundle
LFoL? = Lp,

which is ample by (7.3). Therefore (7.2) applies, even if k is negative. This proves the assertion
when W is smooth. The calculation also includes n = 1, with a = 0.
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We explain the direct images needed to treat singular W. For a morphism v : G; — G2 of
stacks of roots of line bundles over the same base, choose étale local presentations Wy x BK;
and Wy x BKs. If ¢ : K1 — K> is the induced homomorphism, define the image of a polarizable
complex Hodge module ) by

1@ = Indjs2 (Q""¥).

Invariants under the finite kernel are the image of an idempotent, and induction is a finite
direct sum. These operations are exact and preserve polarizable complex Hodge modules [SS26,
Sections 14.2.7-14.2.8]. They commute with both filtrations and with C},. Changes of trivialization
act by the given isomorphisms on @, hence give descent isomorphisms on Q¥*¥ and its induced
module. For a representable finite étale map, this agrees with the finite direct sum on étale charts.
For a closed embedding of stacks of roots of line bundles, we use the closed-embedding image on
charts in the complex pure category [SS26, Propositions 9.6.2 and 14.2.9, Corollary 14.3.2]. On
singular charts, Theorem 7.2(2) supplies the ambient comparison. For all these maps,

(7.5) Cp(v+Q) ~ RvCp(Q),

and the projection formula holds. There is no cohomological shift. If ker ¢ # 1, the map is not
representable, and its image is computed by the kernel invariants in the displayed formula.
The line bundle P and the isomorphism P" = p*Lp define a morphism

v:G — Gy,

where G is the stack of n-th roots of Lp, with tautological line R;. We have v*R; = P; where
P has character k, the stabilizer map is ¢ — ¢*. Put M; := v,M. By (7.5) and the projection
formula,
RT(G,Cp(M) ® PY) ~ RT(Gy, C,p(My) ® RTY).
Taking the kernel invariants gives this equality also when v is not representable, since P = v*R;
is trivial on that kernel.
Choose by > 0 such that Lljg is very ample, and let ¢ : W — P¢ be its embedding. Let Go be

the stack of nbg-th roots of LS’S), with tautological line Ro. The map
ui:Gi—Ga,  (Ro,¢: R§ ~ Lp) — (R, ™)

induces the inclusion i, < finp, on stabilizers. On étale trivializations its fibers are finp, /fin, SO
it is representable and finite étale of degree by, and uj Ry = R;. Put Ma := w1, M;.

Finally, ¢ induces a closed embedding ¢g : Go — Gp, where Gp is the stack of nbp-th roots
of Ope(1), with tautological line Rp. Put Mp := 1g.Ms. These are single polarizable complex
Hodge modules. We obtain

(7.6) RT(G,Cp(M) ® P~1) =~ RT(Gp, Cp(Mp) ® Rp1).

The smooth case applies to the right hand side because Rﬁbo is the pullback of Ope(1). It applies
equally to summands supported on a proper closed subset of P¢. Thus the argument includes
the summands of M supported on the singular locus or on intersections of components of W.
This proves the first assertion.

For the second assertion, F-gM = 0 makes the graded Spencer complex

Ci(M) = {Tg ® FoM — grl’ /\/l]
concentrated in degrees —1 and 0. Hence
H'(G, /(M) ® P™) = H (G, ker [Tg @ FoM —s grf M| @ P7).
The first assertion makes this group zero. O

Remark 7.5. Theorem 7.4 applies to one Hodge module in degree zero. If K is a bounded
complex whose Hodge-module cohomology is concentrated in [ag, by, the spectral sequence of its
perverse truncations has terms

H'(G, Cp(H"K) @ P71
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of total degree u + v. The theorem kills the terms with v < 0 and therefore gives vanishing only
in degrees i < ag. Below we apply it to M = H'h,A, a single module, rather than to h.A.

7.3. Application to the obstruction class. Return to Construction-Theorem 5.1 and Set-
up 5.8. The rational mixed Hodge module M = H'h,A on V satisfies

Fo oM =0, FoM = R'h,ws
by Construction-Theorem 6.16(9). Since ws = N¢ and h*T = N, the projection formula gives
(7.7) R'MW N = R'hy(ws @ h*T~(H)) = FoM @ T (),
Corollary 7.6. Notation and conditions as in Construction-Theorem 5.15. Let M :=
H . (DQE[—(d—1)]), with underlying filtered right Dy-module (M, F), and let o : Ty @ FoM —
gri” M be its Kodaira-Spencer map. For every j > 1, we have
(7.8) H(V, kero @ Tty = H' (v, Cy (M) @ T~ () = 0.
In particular, n; = 0 for every j > b and every j-order lift s.

Proof. Apply Theorem 7.4 with
W=P, L=0Op(l), n=Na, G=V, P=T.

Since ¢ + j > 0, the line bundle PV = p*Opr(c + j) is pulled back from an ample line bundle.
This proves (7.8). Theorem 6.18(2) places n; in the first group, so n; = 0. O

8. LIFTING THROUGH ONE ORDER

We keep the notation of Construction-Theorem 5.1 and Set-up 5.8. The equality 7; = 0 gives
lifts of h; s over affine open subsets of P". To extend the sections s, ..., s,, we must also identify
the pullback of 7" with the prescribed line bundle R, extending the given identification on S;.
We first prove that this identification extends. We then use H!(Z, C; ® Oz(aA)) = 0 to obtain a
global extension of the tuple.

Notation 8.1. Let p: V — P" be the coarse moduli map, and let pg :=p; : S — B be as in
Theorem 5.7(1). For U C P" open, put

Zy=2ZNU, By == f(Zy), Vy = p H(U).
For t > 1, let S; ;7 be the open substack of S; with underlying topological space h=t(Vy), and
put Sy := Sl,U~
Lemma 8.2. Notation and conditions as in Construction-Theorem 5.15. Let j > b, let s be a
j-order lift, and let U C P" be a standard affine open subset. Suppose
U : Sj+1,U — VU
s a lift of hj,s|3j’U. Then u is projective, and there is an isomorphism
U*T = 'R|3J.+1’U
extending the specified isomorphism b7 /T = Rls; -
Proof. We first show that u is projective. A nilpotent closed immersion does not change geometric-
point stabilizers. At every geometric point, the stabilizer map induced by u is therefore the one
induced by h, which is injective by Lemma 5.11. Thus u is representable by algebraic spaces
[Cad07, Lemma 3.3.2]. Its restriction to S;y is proper, so u is proper as well, since S;11 ¢ is a
nilpotent thickening.

Let T'— Vy be a morphism from a qcgs scheme, and put S;41,7 := Sj41,0 Xy, T. This is an
algebraic space proper over T. The natural map

q:Sjrir —XxT
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is proper: X x T is separated over T, so the graph of ¢ is closed, and the projection from
Sj+1,7 X7 (X x T) is proper. It has finite fibers. Indeed, Sj11,7 — Sj+1,u X T is a base change
of the finite diagonal of Vy [Cad(07, Theorem 2.3.2 and the remark following Theorem 2.3.3],
and Sj41,v — X has finite fibers by Construction-Theorem 5.1(11)(14). Thus ¢ is finite [Sta26,
Tag 0A4X]. A finite algebraic space over the scheme X x T is a scheme [Sta26, Tags 03ZP
and 03JH], and its composition with the projective map X x T" — T is projective. This proves
the assertion about wu.
Put
Ly :=u"T, P:=R®L,", k:=c+j.

The prescribed isomorphism on S 7 gives a nowhere vanishing section 1, or frame, of P‘Sj,U- We
must extend this frame. Tensor the sequence

0 —N"7 ——0s,,, — Os;, — 0
with ws,,, = Rc+j|5j+1, and restrict to Sj+1 . This gives

0— wsy, —>ws,,,, — RM|s,, — 0.

+1,U

The first arrow is the trace, locally multiplication by w’. Tensoring with L k and using
Ly,|s, = Nls, gives

8.1 0—Ng, —P¥ — 0O5... —0.
U 3, U

The last identification uses the k-th power of the prescribed frame. Sheaves on the closed
substacks are regarded here as sheaves on ;1.
Let hy := uls, . Since u is projective, Construction-Theorem 6.16(8) gives the trace injection

Rl(hU)*ng — Rlu*ngH’U.
Tensoring with 7~*|y,, and applying the projection formula gives
R'(hy)«(N7s,) = R'u,PF.

The connecting map from (h;5).Os; ;; in the long exact sequence of (8.1) has image in the kernel
of this injection. Hence it is zero, and

uP¥ — (hjs)+Os,

is surjective. Since U is affine and p, is exact, taking global sections on Vy is exact on quasi-
coherent sheaves. The unit therefore lifts to

vp € HO(Sj-l-l,U’Pk)? UP|SJ‘,U =1

It is a frame because its restriction to the nilpotent closed substack is a frame.
Choose local frames &y of P extending 1. Write

vp/EE =1+ey, e = 0.

&\ =&, (1+€];\>

satisfy 5’; = vp and restrict to 1. On an overlap, the ratio of two such sections is 1 + ¢, with
€2 =0and (1+ €)* = 1. Thus ke = 0, so the ratio is 1. The local sections glue to a frame of
P, also respecting the étale descent isomorphisms by the same uniqueness. This is the required
extension of L, = R| O

Since k = ¢+ j > 0, the sections

Sj+1U-

Theorem 8.3. Notation and conditions as in Set-up 5.10. Let j > b and let s be a j-order lift.
If
Hl(Z, C; ® Oz(aA)) =0,

then there is a (j 4 1)-order lift s' with s'|s, = s.
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Proof. Let o; € HY(S, h* At(T) ® N7) be the class of Construction-Theorem 5.19(4). We first
identify it with the obstructions to extending the individual sections.

Let o, ..., 7, be the coordinate sections of TV = p*Opr(1). An operator D € At(T) acts on
TNe by the Leibniz rule. On the chart o # 0, choose an étale local frame ¢ with 2y = ¢V and
write 2; = &N, If ¢ is the symbol of D and D(§) = ¢, then evaluation on the coordinates
gives

(D(x0),-..,D(x,)) = (Na), ((21) + Nadzy,...,((z) + Narz,) Ve

These entries determine A and (, and every tuple of entries occurs. Evaluation is independent of
the frame, so the local isomorphisms glue to

(8.2) At(T) 2= (TN,
The scalar operator 1 maps to Na(zo,...,,), and the symbol map becomes the Euler map to
Ty.
Consider
(8.3) 0 — NV — RNg, — RNs; — 0,

and let d; be its connecting map from H?(S;, RN%|s,) to H'(S,NN*77). On affine étale charts,
choose lifts of 1, s over K. These give local extensions of the sections s;, because their pullback
line bundle is identified with R. Evaluation in (8.2) sends the differences of these lifts to the
differences of the extended sections. Hence

0j = (8;(s0), - .,0;(s,)) € HHS,NNod)Blr+),
We show that this class vanishes over every standard affine open U C P". By Construction-
Theorem 5.19(4),
symy(0;) = obj(hjs),  en(obj(hys)) =n; =0,

where the last equality is Corollary 7.6. Since higher cohomology of quasi-coherent sheaves on
Vi vanishes, the Leray edge is an isomorphism

HY(Sy,h*Ty @ N9 =2 H'(Vy, Ty @ R N7).
Thus obj(hjs)|s, = 0. By Construction-Theorem 5.19(1) applied to V' = S;11.v, a lift of hj s on
Sj41,u exists. It gives
U : Sj+1,U — Vu

extending hj s|s, ,- By Lemma 8.2, the specified isomorphism with R extends to u*7T = R|s,
The section w, viewed through this isomorphism, gives a lift to Y over K. Therefore

+1,U"

Oj|5U =0.

It remains to kill the class globally. By Lemma 5.4(2), Construction-Theorem 5.5(6) and
Theorem 5.7(1)—(3),

ps:N T =T5, NN =p5f*0z(ad),
and pgx is exact. The projection formula identifies the group containing o; with
(8.4) HY(S NN+ = FYB,T; ® f*O7(aA))Pr+.
Since C; = f.Jj, Leray for f: B — Z gives
0 — HY(Z,0; ® Oz(aA)) — H' (B, J; ® f*Oz(aA))
— HY(Z,R' f.J; ® Oz(aA)) — H*(Z,C; @ Oz(aA)).

Each component of o; restricts to zero on By, because 0j|s,, = 0. The edge map commutes with
restriction, so its image vanishes on every Zy, hence on Z. Each component therefore comes
from H'(Z,C; ® Oz(aA)), which is zero by hypothesis. Thus o; = 0.
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We obtain sections s,..., s, of RN“|5j+1 restricting to sg,...,s,. They generate this line
bundle: if Q is the cokernel of the corresponding evaluation map and Z is the square-zero ideal
of §;, then generation on S; gives

Q=7I0=7°Q=0.

Their restrictions to Sy are (f o pp)*x;. Hence s’ := (s(,...,s)) is a (j + 1)-order lift extending

rer

S. |

9. LIFTING THROUGH FINITELY MANY ORDERS

Theorem 9.1. Notation and conditions as in Set-up 5.10. Then there exist integers T > 1 and
ag > T satisfying the following properties. For any a > ag, we have:

(1) B°(QN(a—r)> Ox(aBE)|Qx(_.,) = h°(Z, Oz(aA)).
(2) h°(X,0x(aE)) > h%(X,0x(TE)) + h°(Z,0z(aA)) — h' (X, Ox(TE)).
Proof. By the Serre vanishing, there exists a positive integer 7 such that
Hl(Z, Cr® Oz(SA)) =0

forany 1 < k < N and any s > 7. In the following we fix such 7. Set ag := 7 + 1.
For any integer a > ag, we choose a basis xg,...,z, of |aA| and let j, := N(a — 7). Since
a > 7 and b < N (Construction-Theorem 5.1(9)), we have

ja> N>,
Thus
sp = ((fopp) xo,...,(fops) ;)

is a b-order lift. For any b < j < j,, write j = tIN 4+ k where t, k are integers and 1 < k < N.
Then we have t < a — 7 — 1. By Lemma 5.6(2), we have

HY(Z,0; ® Oz(ad)) = HY(Z,0, @ Oz((a —t)A)) =0

asa—t>T1+1>T.
Applying Theorem 8.3 successively for j = b,b 4+ 1,...,j, — 1, we obtain a js-order lift
s =(s0,...,5r). Thus HO(Sja,RN“\ng) — HY(S, RN|s,) is surjective. By Theorem 5.7(4)(5),
H"(Qj,, Ox(aE)lq,,) = H(S;,, RNs;,) — H(Sp, RN"|s,) = H(Z,07(aA))
is surjective. This implies (1). We consider the short exact sequence

a—
.SE

0 — Ox(TE)
Then by (1), we have
W(X, Ox (aB)) 2 h(X, Ox (rE)) + K(Q;,. Ox(aB)lg,,) — h' (X, Ox (7E))
> (X, 0x(TE)) + h%(Z,07(aA)) — h (X, Ox(TE)).
This implies (2). O

Ox(aE) — Ox(aE)|Qja — 0.

Theorem 9.2. Let d be a positive integer and 2 < v < d — 1 an integer. Then there does not
exist an integral supported core of type (d,v).

Proof. Suppose that there exists an integral supported core (X, B) of type (d,v). Then there
exist data and structures satisfying the conditions of Set-up 5.10. In the following we adopt the
notation and conditions as in Set-up 5.10, then we have

(X, Ox(aE)) > h%(X,O0x(TE)) + h°(Z,0z(aA)) — K} (X, Ox(TE))

by Theorem 9.1(2) for some positive integer 7 and any integer a > 7. This implies that
h9(X,0x(aE)) > 2 for any a > 0, so

k(E)=k(D)=kr(Kx + B) > 1.
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Since (X, B) is an integral supported core, k(K x + B) = 0, a contradiction. O

10. PROOF OF THE MAIN THEOREMS
The following theorem can be considered as a unification of Theorems 1.3 and 1.4.

Theorem 10.1. Assume Conjecture 1.1 in dimension d — 1. Let (X, B) be a projective lc pair
of dimension < d. Assume that one of the following two conditions hold.

(1) (X, B) is kit and k,(Kx + B) > 0.
(2) Conjecture 1.1 holds in dimension d.

Then (X, B) has a good minimal model or a Mori fiber space. In particular, we may run a
(Kx + B)-MMP with scaling of an ample divisor which terminates with a good minimal model or
a Mori fiber space.

Proof. We may assume that Kx + B is pseudo-effective, otherwise we are done by [HH20,
Theorem 1.7]. We denote by v := v(Kx + B). By Theorem 10.1(2) for d — 1, Conjecture 3.10
holds in dimension < d — 1, and we may assume that dim X = d. Under either condition (1) or
(2), we have k,(Kx + B) > 0. By Proposition 3.13, we only need to show that (X, B) has a good
minimal model.

In the following we prove by using contradiction and assume that (X, B) does not have a good
minimal model. By Theorem 4.4 and Proposition 4.5, we may assume that (X, B) is a supported

core and 2 < v < d — 1. This contradicts Theorem 9.2. O
Proof of Theorem 1.5. It follows from Theorem 10.1(2). O
Proof of Theorem 1.4. It follows from Theorem 10.1(1). O

11. APPLICATIONS

In this section we give some applications of Theorem 1.4.

11.1. Existence of good minimal models. We show that good minimal models exist in many
special cases.

Corollary 11.1. Let (X, B) be a projective kit pair of dimension < 4. If k,(Kx + B) > 0, then
(X, B) has a good minimal model.

Proof. Tt follows from Theorem 1.4 and [Miy88a, Theorem 1.1]. O

Corollary 11.2. Let (X, B) be a projective pair of dimension < 4 such that (X,A) is kit and
Kx + B =0 for some A. Then (X, B) has a good minimal model or a Mori fiber space.

Proof. By [Gonll, Lemma 6.1], Kx + B ~g 0. Pick 0 < ¢ < 1, then
Kx+eB+(1—e)A~pe(Kx+B)+ (1 —¢)(Kx +A)

and (X,eB + (1 — €)A) is klt. Possibly replacing B with eB + (1 — €)A, we may assume that
(X, B) is klt. The corollary follows from Corollary 11.1 and [Has19b, Theorem 1.3]. g

Corollary 11.3. Let (X, B) be a projective kit Calabi-Yau pair of dimension < 4 and D >0 a
nef R-divisor on X. Then D is semi-ample.

Proof. We have that (X, B + €D) is klt for some 0 < € < 1. By [Gonll, Lemma 6.1}, Kx + B +
eD ~p €D is nef. By Corollary 11.2, Kx + B+ €D ~p €D is semi-ample, so D is semi-ample. [J

Corollary 11.3 is tightly related to the hyper-Kéhler SYZ conjecture (cf. [Verl0, Conjecture
1.7]) for fourfolds. In particular, we have the following:

Corollary 11.4. Let X be a hyper-Kéihler fourfold and L a nef line bundle on X . If HO(L®™) # 0
for some positive integer m, then L is semi-ample.
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Proof. This is a special case of Corollary 11.3. U

Corollary 11.5. Let (X, B) be a projective uniruled lc pair of dimension 4. Then (X, B) has a
good minimal model or a Mori fiber space.

Proof. 1t follows from Theorem 1.4 and [LM21, Corollary 1.2]. O

11.2. Equivalence with the Campana-Peternell’s conjecture. We can also show that
the non-vanishing conjecture implies Campana-Peternell’s conjecture. In particular, they are
equivalent. This improves a result of Schnell [Sch25].

Conjecture 11.6 (Campana-Peternell conjecture, [CP11, Page 43, Conjecture]). Let X be a
smooth projective variety and let A > 0 be a divisor on X such that NKx — A is pseudo-effective
for some positive integer N. Then k(X) > k(A).

Corollary 11.7. Conjecture 1.1 in dimension d and Conjecture 11.6 in dimension d are
equivalent.

Proof. Conjecture 11.6 in dimension d implies Conjecture 1.1 in dimension d by considering
A = 0. Now assume Conjecture 1.1 in dimension d. Let X be a smooth projective variety of
dimension d and let A > 0 be a divisor on X such that NKx — A is pseudo-effective for some
positive integer N. By Theorem 1.3,

R(X) = V(X) = UNKx) = A+ (NKx — A)) > v(4) > 5(A).
The corollary follows. O

11.3. Application to the Iitaka conjecture. We conclude with paper with an application to
the Iitaka conjecture:

Conjecture 11.8 (litaka). Let f : X — Z be a contraction between smooth projective varieties
with general fiber F' such that dim Z > 0. Then x(X) > k(F) + k(Z).

Conjecture 11.8 was known when dim X < 6 [Bir09, Theorems 1.1 and 1.2] or when dim X —
dim Z < 3 (cf. [Kaw85b, Theorem 1.1 and Corollary 1.2] with [Kaw92]). We deduce Conjecture
11.8 when dim X < 7 or when dim X — dim Z < 4.

Corollary 11.9. Conjecture 11.8 holds when dim F' < 4 or when dim X < 7.

Proof. First we assume that dim F' < 4. In this case, either k(F') = —oo and the conjecture is
trivial, or kK(F') > 0 and we are done by [Kaw85b, Theorem 1.1 and Corollary 1.2] and Corollary
11.1.

Now we assume that dimX < 7. If dim F' < 4 then we are done, so dim ' > 5. Thus
dim Z < 2. If dim Z = 1, then we are done by [Kaw82, Theorem 2]. If dim Z = 2 and x(F) =0
then we are done by [Bir09, Theorem 1.4]. Thus we may assume that dim Z = 2 and «(F') > 1.
By Theorem 4.1 and Corollary 11.1, F' has a good minimal model. We are done by [Kaw85b,
Theorem 1.1 and Corollary 1.2]. O

12. FINAL REMARKS

Remark 12.1. Of course there could be more application and we leave them to the readers
of interest. One particular type of applications, provided that the abundance conjecture will
not be proven in a short period of time in full generality, is the following: Consider a specific
category of pairs P = UgPy so that |[Kx + B|g # 0 for any (X, B) € P and dim X = d for
any (X, B) € Py. Assume that, following the same lines of the proof of our main theorems,the
condition on the existence of good minimal models in lower dimensions is only used for pairs
in Py_1. Then the same induction shall imply that existence of good minimal models for any
(X, B) € P unconditionally.
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Remark 12.2. It will be interesting to see if there is a way to prove our main theorems using
extension theorems (cf. [DHP13]) instead of the current Hodge theoretic approach. It seems that
the v = d — 1 case can be proven using plt extension theorems and using vanishing theorems for
h' with i > 2, yet when v < d — 2 the arguments could not go through.

Remark 12.3. The authors expect that the final proof of the non-vanishing conjecture, which
is now equivalent to the abundance conjecture, should still be via analytic methods. This should
also be more difficult, as it seems that zero essential progress has been made since [Miy88a].

AT declaration. We have used Deepseek, Fable, GLM, Chatgpt, the Danus system [Liu™"26],
and the Rethlas system [Ju'26] in the preparation of the work.
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