
BOUNDEDNESS OF COMPLEMENTS OF LOG CANONICAL PAIRS

Abstract. Given an R-complementary pair with finite rational coefficients of fixed dimension,
we show the existence of a monotonic N -complement for some positive integer N . As a
consequence, we prove the boundedness of N -complements for any R-complementary pair with
DCC coefficients, answering a question of Shokurov.
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1. Introduction

We work over the field of complex numbers C.
The goal of this paper is to prove the boundedness of monotonic lc complements for any

R-complementary pair with finite rational coefficients. This improves a result of Birkar [Bir19,
Theorems 1.7 and 1.8] by removing the Fano type condition, hence resolves a conjecture of
Shokurov (cf. [Sho20, Conjecture 1]). Our results rely on the recent proofs of the abundance
conjecture [OAI26a] and Shokurov’s global index conjecture [OAI26d].

Theorem 1.1. Let d, p be two positive integers and Φ ⊂ [0, 1]∩Q a finite set. Then there exist
a positive integer p | N depending only on d, p and Φ satisfying the following.

Assume that (X/Z ∋ z,B) is an R-complementary pair of dimension d such that B ∈ Φ.
Then (X/Z ∋ z,B) has a monotonic N -complement (X/Z ∋ z,B+).

As a consequence, boundedness of lc complements hold for any R-complementary pair with
DCC coefficients, improving a result of the second author with Han and Shokurov [HLS26,
Theorem 1.3] by removing the Fano type condition.

Corollary 1.2. Let d, p be two positive integers and Φ ⊂ [0, 1] a DCC set. Then there exist a
positive integer p | N depending only on d, p and Φ satisfying the following.

Assume that (X/Z ∋ z,B) is an R-complementary pair of dimension d such that B ∈ Φ.
Then (X/Z ∋ z,B) has an N -complement (X/Z ∋ z,B+).

Date: October 11, 2026.
2020 Mathematics Subject Classification. 14E30,14B05,14D06.
Key words and phrases. Bounded complements, log canonical pairs, canonical bundle formula, pluricanonical

representations.
1



2 BOUNDEDNESS OF COMPLEMENTS OF LOG CANONICAL PAIRS

Structure of the paper. In Section 2 we fix notation and recall the results of [OAI26a, OAI26b,
OAI26c, OAI26d] that we use. In Section 3 we reduce Theorem 1.1 to the case of a Q-factorial
dlt pair (Y,A) such that −(KY + A) is semi-ample over the base, and in Section 4 we prove
the uniform denominator bounds for the canonical bundle formula that we need. Section 5
extends these bounds to the quotient of the base of a canonical bundle formula by a finite group.
Section 6 identifies the sections of an anti-pluricanonical sheaf on the union of lc centers over a
minimal lc center with the invariant sections on a source. Section 7 shows that the complements
of generalized pairs of Fano type given by [FM20] can be chosen uniformly over a finite base
change, and Section 8 collects the results on log canonicity under pullback which we need to
extend a complement from the lc centers to the whole pair. Theorem 1.1 is proved in Section 9.

2. Preliminaries and external inputs

We will adopt the standard notation and definitions on birational geometry in [Sho92, KM98,
BCHM10] and use them freely.

Definition 2.1. A contraction is a projective surjective morphism f : X → Z between normal
quasi-projective varieties such that f∗OX = OZ .

Notation 2.2. Let X be a normal variety. We denote by C(X) the function field of X and
by div(φ) the divisor of a nonzero rational function φ ∈ C(X). For a prime divisor E and an
R-divisor D on X, multE D is the multiplicity of D along E. Let D =

∑
i diDi be an R-divisor

on X, where the Di are the irreducible components of D. For a set I ⊂ R, we write D ∈ I if
di ∈ I for every i. For a positive integer N , we write NI ⊂ Z if Nb ∈ Z for every b ∈ I. We
define ⌊D⌋, ⌈D⌉, and {D} := D−⌊D⌋ componentwise. A set I ⊂ R satisfies the descending chain
condition (DCC) if any decreasing sequence in I stabilizes, and the ascending chain condition
(ACC) if any increasing sequence in I stabilizes. For a point v ∈ Rm, the rational envelope of v
is the smallest affine subspace of Rm containing v which is defined over Q (cf. [HLS26, Section
5]).

Let f : X → Z be a projective morphism of normal quasi-projective varieties and D,D′ two
R-Cartier R-divisors on X. We write D ∼R,Z D

′ (resp. D ∼Q,Z D
′, D ∼Z D

′) if D−D′ ∼R f
∗L

(resp. D −D′ ∼Q f
∗L, D −D′ ∼ f∗L) for some R-Cartier R-divisor (resp. Q-Cartier Q-divisor,

Cartier divisor) L on Z. Let z ∈ Z be a (not necessarily closed) point. A property of X, f , or
divisors on X holds over a neighborhood of z if it holds over U after replacing Z with an open
neighborhood U of z and X with f−1(U). In particular, D ∼R 0 (resp. D ∼Q 0, D ∼ 0) over
a neighborhood of z means D ∼R,U 0 (resp. D ∼Q,U 0, D ∼U 0) over some open neighborhood
U of z. Since any Cartier divisor on Z is principal over a neighborhood of z, D ∼ 0 over
a neighborhood of z if and only if D = div(ψ) over a neighborhood of z for some nonzero
ψ ∈ C(X). We say that D is vertical/Z if f(SuppD) ̸= Z, and horizontal/Z if every component
of D dominates Z. We write D = Dh +Dv, where Dh is horizontal/Z and Dv is vertical/Z.

Let n := dimX. A rational top form on X is a nonzero element of
∧nΩC(X)/C. We fix

a rational top form ω on X and let KX := Div(ω) be its divisor. For an integer m, an m-
canonical form on X is a nonzero rational section of OX(mKX), that is, an element θ = φω⊗m

with φ ∈ C(X) nonzero; for m ≥ 0 these are the nonzero elements of (
∧nΩC(X)/C)

⊗m. We
define

Div(θ) := div(φ) +mKX ,

which does not depend on the choice of ω. If θ is an m-canonical form, then θ−1 is a (−m)-
canonical form and Div(θ−1) = −Div(θ). For any birational map Y 99K X of normal varieties,
we let KY := Div(ω) be the divisor of ω on Y . In this way canonical divisors are chosen
compatibly on all birational models, and an m-canonical form on X is also an m-canonical form
on Y . We write DivY (θ) and divY (φ) when the variety is not clear from the context.

Definition 2.3 (Pairs, cf. [CHL24, Definition 2.7]). A pair (X,B) consists of a normal quasi-
projective variety X and an R-divisor B ≥ 0 on X such that KX + B is R-Cartier. A pair
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(X/Z ∋ z,B) consists of a contraction f : X → Z, a (not necessarily closed) point z ∈ Z, and
an R-divisor B ≥ 0 on X such that KX + B is R-Cartier over a neighborhood of z. If B is a
Q-divisor, then we call (X,B) or (X/Z ∋ z,B) a Q-pair. If (X/Z ∋ z,B) is a pair for every
point z ∈ Z, then we call (X/Z,B) a pair. If Z is a point, then we omit Z and z and call (X,B)
a projective pair. If f is the identity and z = x ∈ X, then we write (X ∋ x,B).

Let (X,B) be a pair. A prime divisor over X is a prime divisor E on a normal variety Y
with a projective birational morphism g : Y → X, and centerX E := g(E) is the center of
E on X. Let KY + BY := g∗(KX + B). The log discrepancy of E with respect to (X,B) is
a(E,X,B) := 1 − multE BY ; it does not depend on Y . We say that (X,B) is lc (resp. klt) if
a(E,X,B) ≥ 0 (resp. > 0) for every prime divisor E over X. An lc place of (X,B) is a prime
divisor E over X such that a(E,X,B) = 0, and an lc center of (X,B) is the center of an lc place.
A minimal lc center is an lc center which is minimal with respect to inclusion. We say that an
lc pair (X,B) is dlt if there exists a log resolution g : Y → X of (X,B) such that a(E,X,B) > 0
for every g-exceptional prime divisor E. We say that (X,B) is log smooth if X is smooth and
SuppB is a simple normal crossing (snc) divisor. We say that (X/Z ∋ z,B) is lc (resp. klt) if
(X,B) is lc (resp. klt) over a neighborhood of z.

Let (X,B) be an lc pair and D ≥ 0 an R-Cartier R-divisor on X. The lc threshold of D with
respect to (X,B) is

lct(X,B;D) := sup{t ≥ 0 | (X,B + tD) is lc}.
If f : X → T is a contraction and P is a prime divisor on T with generic point ηP , then
lct(X,B;D) over the generic point of P is

sup{t ≥ 0 | (X,B + tD) is lc over a neighborhood of ηP }.

Let (X,B) be a dlt Q-pair and W an lc center of (X,B). By [KM98, Theorem 2.44] and
[Kol16, Definition 3], W meets the largest open subset Xsnc ⊂ X over which (X,B) is log
smooth; hence W ∩Xsnc is an irreducible component of an intersection of components of ⌊B⌋.
Moreover, W is normal, and there is a Q-divisor BW ≥ 0 on W , the different of B on W , such
that KW + BW ∼Q (KX + B)|W and (W,BW ) is dlt [Fuj11, Lemma 10.2]. The different is
defined inductively from the different of a divisor [Kol16, Definition 4]. We call (W,BW ) the
adjunction pair of W .

Definition 2.4 (Complements, cf. [Bir19, 2.18]). Let (X/Z ∋ z,B) be a pair and n a positive
integer. We say that (X/Z ∋ z,B+) is an R-complement of (X/Z ∋ z,B) if B+ ≥ B and, over
a neighborhood of z, (X,B+) is lc and KX + B+ ∼R 0. If moreover B+ is a Q-divisor and
KX + B+ ∼Q 0 over a neighborhood of z, then we say that (X/Z ∋ z,B+) is a Q-complement
of (X/Z ∋ z,B). We say that (X/Z ∋ z,B) is R-complementary if it has an R-complement.

We say that (X/Z ∋ z,B+) is an n-complement of (X/Z ∋ z,B) if over a neighborhood of z,
(X,B+) is lc, n(KX +B+) ∼ 0, and

nB+ ≥ n⌊B⌋+ ⌊(n+ 1){B}⌋.

We say that (X/Z ∋ z,B+) is a monotonic n-complement of (X/Z ∋ z,B) if moreover B+ ≥ B.
If (X/Z ∋ z,B+) is an R-complement (resp. Q-complement, n-complement, monotonic n-

complement) of (X/Z ∋ z,B) for every point z ∈ Z, then we say that (X/Z,B+) is an R-
complement (resp. Q-complement, n-complement, monotonic n-complement) of (X/Z,B). If Z
is a point, then we omit Z and z.

Definition 2.5 (Hyperstandard sets, [Bir19, 2.2]). Let R ⊂ [0, 1] ∩ Q be a finite set such that
0, 1 ∈ R. We define

Φ(R) :=
{
1− r

n

∣∣∣ r ∈ R, n a positive integer
}
.

We say that a set I ⊂ [0, 1] is a hyperstandard set if I = Φ(R) for some such R. The set Φ(R)
is a DCC set of rational numbers whose only accumulation point is 1.
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Definition 2.6 (b-divisors, cf. [Bir19, 2.7]). Let X be a normal quasi-projective variety. A
birational model of X is a normal variety Y with a projective birational morphism Y → X. A
b-divisor M over X consists of an R-divisor MY on every birational model Y of X, such that
π∗MY ′ = MY for every projective birational morphism π : Y ′ → Y of birational models of X.
We say that M descends to a birational model X ′ of X if MX′ is R-Cartier and MY = π∗MX′ for
every projective birational morphism π : Y → X ′ from a birational model Y of X. We say that
M is b-R-Cartier (resp. b-Q-Cartier) if M descends to some birational model X ′ (resp. descends
to some X ′ with MX′ a Q-divisor). For a positive integer p, we say that pM is b-Cartier if M
descends to some X ′ such that pMX′ is Cartier. If X → U is a projective morphism, then we
say that M is b-nef/U if M descends to some X ′ such that MX′ is nef/U . For an R-Cartier
R-divisor D on X, we denote by D the b-divisor over X with DY := π∗D for every birational
model π : Y → X.

Definition 2.7 (Generalized pairs, cf. [FM20, Definitions 2.2 and 2.11]). A generalized pair
(X,B + M)/U consists of a projective morphism X → U of normal quasi-projective varieties,
a Q-divisor B ≥ 0 on X, and a b-Q-Cartier b-divisor M over X which is b-nef/U , such that
KX + B + MX is Q-Cartier. In [FM20], MX′ is required to be nef rather than nef/U ; the two
conditions agree when U is affine. Let π : Y → X be a birational model of X to which M
descends, and define BY by
(2.1) KY +BY + MY = π∗(KX +B + MX).

For a prime divisor E on Y , the generalized log discrepancy of E with respect to (X,B + M)
is a(E,X,B + M) := 1 − multE BY ; it does not depend on Y . We say that (X,B + M)/U is
generalized lc (resp. generalized klt) if a(E,X,B+M) ≥ 0 (resp. > 0) for every prime divisor E
over X. We omit U when it is a point or is clear from the context. If M = 0, then (X,B+M)/U
is the Q-pair (X,B).

Let f : X → Z be a contraction and z ∈ Z a point. A generalized pair (X/Z ∋ z,B + M)
consists of f , z, a Q-divisor B ≥ 0 on X, and a b-Q-Cartier b-divisor M over X, such that over a
neighborhood of z, M is b-nef/Z and KX+B+MX is Q-Cartier. We say that (X/Z ∋ z,B+M)
is generalized lc (resp. generalized klt) if (X,B + M)/Z is generalized lc (resp. generalized klt)
over a neighborhood of z. Let n be a positive integer. We say that (X/Z ∋ z,B+ + M) is a
monotonic generalized n-complement of (X/Z ∋ z,B+M) if B+ ≥ B and, over a neighborhood
of z,

(1) (X,B+ + M)/Z is generalized lc,
(2) n(KX +B+ + MX) ∼ 0, and
(3) nB+ ≥ n⌊B⌋+ ⌊(n+ 1){B}⌋.

Here the b-divisor M is part of the data and is unchanged. In [FM20], such a B+ is called
a strong (0, n)-complement of (X,B + M) over z. If M = 0, then a monotonic generalized
n-complement of (X/Z ∋ z,B + M) is a monotonic n-complement of (X/Z ∋ z,B).

Definition 2.8 (Crepant maps, cf. [FG14a, Definition 2.11], [Kol16, Definition 2 and Paragraph
6]). Let (X,B) and (X ′, B′) be two Q-pairs. A birational map ϕ : X 99K X ′ is crepant with
respect to (X,B) and (X ′, B′), and we write ϕ : (X,B) 99K (X ′, B′), if p∗(KX +B) = q∗(KX′ +
B′) for a common resolution p : W → X, q : W → X ′ of ϕ. Here a common resolution of ϕ
consists of a normal variety W and projective birational morphisms p :W → X and q :W → X ′

such that q = ϕ ◦ p. This does not depend on the choice of the common resolution. Such maps
are called B-birational maps in [FG14a]. If X → V and X ′ → V are morphisms and ϕ commutes
with them, then we say that ϕ is over V . The crepant birational self-maps of (X,B) over V
form a group, which we denote by BircV (X,B).

A crepant log structure f : (X,B) → T consists of an lc Q-pair (X,B) and a contraction
f : X → T such that KX +B ∼Q,T 0. An lc center of f is the image f(W ) of an lc center W of
(X,B); f has finitely many lc centers. We say that f is dlt (resp. Q-factorial dlt) if (X,B) is
dlt (resp. X is Q-factorial and (X,B) is dlt).
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We will use the following results of [OAI26a, OAI26b, OAI26c, OAI26d]. We refer to the
versions of these preprints indicated in the bibliography.

Following [Bir11, Definition 2.1] and [OAI26a, Section 2], a log minimal model of a projective
pair (X,B) is a projective pair (X ′, B′) with a birational map ϕ : X 99K X ′ such that B′ =
ϕ∗B + E and KX′ + B′ is nef, where E is the reduced ϕ−1-exceptional divisor. Moreover, we
require that a(D,X,B) < a(D,X ′, B′) for every prime divisor D on X which is exceptional over
X ′. In [Bir11, Definition 2.1], (X ′, B′) is in addition required to be Q-factorial dlt. It is a good
minimal model of (X,B) if moreover KX′ +B′ is semi-ample, that is, KX′ +B′ ∼R g

∗A for some
contraction g : X ′ → V and some ample R-divisor A on V .

Theorem 2.9 ([OAI26a, Theorem 11.1 and Lemma 2.2]). Let (X,B) be a projective lc pair such
that KX +B is pseudo-effective. Then (X,B) has a good minimal model (X ′, B′). Moreover, let
p : W → X and q : W → X ′ be a common resolution of the induced birational map X 99K X ′.
Then there exists a q-exceptional R-divisor E ≥ 0 on W such that
(2.2) p∗(KX +B) = q∗(KX′ +B′) + E.

In the proof of [OAI26a, Proposition 2.5], the good minimal model is constructed as a Q-
factorial dlt log minimal model; see also the proof of [OAI26a, Corollary 12.1].

Theorem 2.10 ([OAI26a, Corollary 14.1]). Let π : X → Y be a projective surjective morphism
of normal complex analytic varieties. Let ∆ ≥ 0 be a Q-divisor on X such that D := KX +∆ is
Q-Cartier and (X,∆) is lc, and assume that D is π-nef over all of Y . Then for every compact
subset W ⊂ Y , there exist an analytic open neighborhood U ⊃ W and a positive integer m
such that mD|XU

is Cartier, where XU := π−1(U), and the line bundle L := OXU
(mD|XU

) is
generated relative to πU : XU → U . That is, the evaluation map π∗U (πU )∗L → L is surjective.

The analytic conventions here are those of [OAI26a, Section 14]. A complex analytic variety
is a reduced and irreducible Hausdorff second-countable complex analytic space. A projective
morphism is a proper morphism with a relatively ample line bundle. The Q-Cartier condition
is local on X. The divisor D is π-nef over Y if D has non-negative degree on every projective
curve contracted by π.

Theorem 2.11 ([OAI26b, Theorem 1.2]). Let d be a non-negative integer and I ⊂ [0, 1] ∩Q a
DCC set. Then there exists a positive integer a(d, I) depending only on d and I satisfying the
following. Assume that (X,B) is a projective lc Q-pair of dimension d such that B ∈ I and
KX +B ∼Q 0. Then
(2.3) a(d, I)(KX +B) ∼ 0.

In (2.3), a(d, I)(KX +B) ∼ 0 means that a(d, I)(KX +B) is a principal divisor; in particular
a(d, I)B is an integral divisor. A projective pair of dimension 0 is a point with B = 0, so we
may take a(0, I) = 1.

Definition 2.12 (Weights, [OAI26c, Definition 4.1]). Let C be a smooth projective curve, c ∈ C
a closed point, K := C(C), and z ∈ K a rational uniformizer at c, that is, ordc(z) = 1. Let F/K
be a finitely generated regular field extension of transcendence degree s, that is, the function
field of a geometrically integral variety of dimension s over K, and let m be a positive integer.
A rational relative m-canonical form of F/K is a nonzero element φ of (

∧sΩF/K)⊗m. Using the
identification of

∧s+1ΩF/C with
∧sΩF/K ⊗K ΩK/C given by a fixed wedge order, we associate

with φ the m-canonical form
Ω := φ ∧ (dz/z)⊗m

of F/C. The weight of φ at c is

(2.4) wz(φ) := inf
E

ordE(Ω) +m

m ordE(z)
,
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where E runs over the normalized divisorial valuations of F/C whose restriction to K is a
positive multiple of ordc. Here ordE(Ω) is the multiplicity of Div(Ω) along E on any normal
variety with function field F on which E is a prime divisor. The weight depends only on F , φ,
and c, and not on the choice of z [OAI26c, Lemma 4.3(i)].

Let V be a normal geometrically integral projective variety over K with function field F . We
write DivV (φ) for the divisor of φ on V , defined as in Notation 2.2 with C replaced by K and
with KV the divisor of a rational relative top form of V over K. Let B ≥ 0 be a Q-divisor on V
such that KV + B is Q-Cartier. We say that (V,B) is geometrically lc (resp. geometrically klt)
if (VK̄ , BK̄) is lc (resp. klt), where K̄ is an algebraic closure of K.

Theorem 2.13 ([OAI26c, Theorem 4.2 and Proposition 4.5]). Let s be a non-negative integer
and m a positive integer. Then there exists a positive integer q(s,m) depending only on s and
m satisfying the following. Let C, c, K, z, F/K, φ, and Ω be as in Definition 2.12. Let V be
a normal geometrically integral projective variety of dimension s over K with function field F ,
and (V,B) a geometrically lc pair such that

DivV (φ) +mB = 0.

Then:
(1) q(s,m)wz(φ) ∈ Z.
(2) Assume that s > 0. Then there exist a contraction f : N → C and a Q-divisor H ≥ 0

on N which is horizontal/C satisfying the following. Let T := (f∗c)red. Then N is
Q-factorial, the generic fiber Nη of f is geometrically integral and birational to V over
K, (N,T +H) is dlt, KN + T +H ∼Q,C 0, and

1

m
DivN (Ω) + T +H = wz(φ)f

∗c

over a neighborhood of c. In particular, DivNη(φ) +mHη = 0, where Hη := H|Nη . If
H has no component of coefficient 1, then (Nη,Hη) is geometrically klt and KNη is
Q-Cartier.

In Theorem 2.13(2), C(N) = K(Nη) = F , so Ω is an m-canonical form on N . We may take
q(0,m) = m: if s = 0, then V = SpecK, φ ∈ K∗, and wz(φ) = 1

m ordc(φ) (see the proof of
[OAI26c, Theorem 4.2]).

Theorem 2.14 ([OAI26d, Lemma 2.1 and Theorem 6.1]). Let n be a non-negative integer and
m a positive integer. Then there exists a positive integer L(n,m) depending only on n and m
satisfying the following. Assume that (X,∆) is a projective klt Q-pair of dimension n such that
m(KX + ∆) ∼ 0, and let θ be an m-canonical form on X such that Div(θ) = −m∆. Then
for every crepant birational self-map ϕ of (X,∆), we have ϕ∗θ = cθ for some c ∈ C∗, and
cL(n,m) = 1.

Here m(KX + ∆) ∼ 0 means that m(KX + ∆) = div(ψ) for some nonzero ψ ∈ C(X); then
θ := ψ−1ω⊗m satisfies Div(θ) = −m∆, and any two such forms differ by a nonzero constant
[OAI26d, (2.1)]. A pair of dimension 0 is a point whose only birational self-map is the identity,
so we may take L(0,m) = 1.

Let m be a positive even integer, (Y,Γ) a projective dlt Q-pair, and θ an m-canonical form on
Y such that Div(θ) = −mΓ. Let W be an lc center of (Y,Γ) of codimension k with adjunction
pair (W,ΓW ). By Definition 2.3, near the generic point of W the pair (Y,Γ) is log smooth and
W is a component of D1 ∩ · · · ∩ Dk, where D1, . . . , Dk are components of ⌊Γ⌋. Choose local
coordinates x1, . . . , xk, y1, . . . , ydimW at the generic point of W such that Di = (xi = 0) for each
i, and write

θ = u

(
dx1
x1

∧ · · · ∧ dxk
xk

∧ dy1 ∧ · · · ∧ dydimW

)⊗m

,
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where u is a unit at the generic point of W because Div(θ) = −mΓ. The residue of θ on W is
the m-canonical form

θW := u|W (dy1 ∧ · · · ∧ dydimW )⊗m

on W . Since m is even, θW does not depend on the choice of the coordinates, and it coincides
with the iterated residue of θ along any flag of lc centers between Y and W [OAI26d, Section
7.1]. We set θY := θ and ΓY := Γ. By [OAI26d, (7.2)], Div(θW ) = −mΓW ; in particular,
m(KW +ΓW ) ∼ 0 and mΓW is an integral divisor. In the following theorem, a minimal lc center
of (Y,Γ) means a minimal lc center of (Y,Γ) if (Y,Γ) is not klt, and Y itself if (Y,Γ) is klt.

Theorem 2.15 ([OAI26d, Lemmas 7.1 and 7.2]). Let m be a positive even integer.
(1) Let (Y,Γ) be a projective dlt Q-pair and θ an m-canonical form on Y such that Div(θ) =

−mΓ. Then for any two minimal lc centers A and A′ of (Y,Γ), there exists a crepant
birational map ϕ : (A,ΓA) 99K (A′,ΓA′) such that ϕ∗θA′ = θA.

(2) Let (Y,Γ) and (Y ′,Γ′) be two projective dlt Q-pairs of the same dimension, and θ and
θ′ m-canonical forms on Y and Y ′ such that Div(θ) = −mΓ and Div(θ′) = −mΓ′. Let
τ : Y 99K Y ′ be a birational map such that τ∗θ′ = rθ for some r ∈ C∗. Then there
exist minimal lc centers A of (Y,Γ) and A′ of (Y ′,Γ′) and a crepant birational map
ψ : (A,ΓA) 99K (A′,Γ′

A′) such that ψ∗θ′A′ = rθA, where (A′,Γ′
A′) is the adjunction pair

of A′ and θ′A′ is the residue of θ′ on A′.

3. Preliminary reductions

Lemma 3.1. Let n and k be positive integers.
(1) Let b ≤ c be real numbers in [0, 1] such that nc is an integer. Then

(3.1) n⌊b⌋+ ⌊(n+ 1){b}⌋ ≤ nc.

(2) Let (X/Z ∋ z,B) be a pair. If (X/Z ∋ z,B+) is a monotonic n-complement of (X/Z ∋
z,B), then (X/Z ∋ z,B+) is a monotonic kn-complement of (X/Z ∋ z,B).

(3) Let (X/Z ∋ z,B + M) be a generalized pair such that knMX is a Weil divisor. If
(X/Z ∋ z,B++M) is a monotonic generalized n-complement of (X/Z ∋ z,B+M), then
(X/Z ∋ z,B+ + M) is a monotonic generalized kn-complement of (X/Z ∋ z,B + M).

Proof. (1) If b = 1, then c = 1 and both sides of (3.1) are equal to n. Assume that b < 1. Then
the left hand side of (3.1) is ⌊(n+1)b⌋. Write nb = l+ s, where l is an integer and 0 ≤ s < 1. If
s = 0, then ⌊(n+ 1)b⌋ = l + ⌊b⌋ = nb ≤ nc. If s > 0, then ⌊(n+ 1)b⌋ = l + ⌊s+ b⌋ ≤ l + 1 ≤ nc,
as nc is an integer and nc ≥ nb > l.

(2) and (3). We prove (3). The proof of (2) is the same with M = 0, since nB+ = n(KX +
B+)− nKX is a Weil divisor over a neighborhood of z.

Possibly shrinking Z to a neighborhood of z, we may assume that (X,B++M) is generalized
lc, B+ ≥ B, and n(KX +B+ + MX) ∼ 0. Then kn(KX +B+ + MX) ∼ 0, and

knB+ = kn(KX +B+ + MX)− knKX − knMX

is a Weil divisor. Let D be a prime divisor on X, b := multD B, and c := multD B+. Since
(X,B++M) is generalized lc, 0 ≤ b ≤ c ≤ 1, and knc is an integer. By (1), kn⌊b⌋+⌊(kn+1){b}⌋ ≤
knc. Thus knB+ ≥ kn⌊B⌋+ ⌊(kn+1){B}⌋, and (X/Z ∋ z,B++M) is a monotonic generalized
kn-complement of (X/Z ∋ z,B + M). �

Lemma 3.2 (cf. [Bir19, 6.1]). Let n be a positive integer, (X/Z ∋ z,B) and (Y /Z ∋ z,BY ) two
pairs, ϕ : X 99K Y a birational map over Z, and p :W → X and q :W → Y a common resolution
of ϕ. Assume that q∗(KY +BY ) ≥ p∗(KX +B) over a neighborhood of z. If (Y /Z ∋ z,B+

Y ) is a
monotonic n-complement of (Y /Z ∋ z,BY ), then (X/Z ∋ z,B+) is a monotonic n-complement
of (X/Z ∋ z,B), where B+ := p∗q

∗(KY +B+
Y )−KX .
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Proof. Possibly shrinking Z to a neighborhood of z, we may assume that KX +B and KY +BY

are R-Cartier, q∗(KY +BY ) ≥ p∗(KX +B), (Y,B+
Y ) is lc, B+

Y ≥ BY , and n(KY +B+
Y ) = div(h)

for some nonzero rational function h ∈ C(Y ) = C(X). Then nq∗(KY +B+
Y ) = div(h) on W , so

n(KX +B+) = p∗ div(h) = div(h) and p∗(KX +B+) =
1

n
div(h) = q∗(KY +B+

Y ).

In particular, n(KX +B+) ∼ 0. Since B+
Y −BY ≥ 0 is R-Cartier,

B+−B = p∗
(
q∗(KY +B

+
Y )−p

∗(KX+B)
)
= p∗q

∗(B+
Y −BY )+p∗

(
q∗(KY +BY )−p∗(KX+B)

)
≥ 0.

Thus B+ ≥ B ≥ 0, and a(E,X,B+) = a(E, Y,B+
Y ) ≥ 0 for any prime divisor E over X, so

(X,B+) is lc. Finally, nB+ = div(h) − nKX is a Weil divisor and every coefficient of B+ is at
most 1, so nB+ ≥ n⌊B⌋+ ⌊(n+ 1){B}⌋ by Lemma 3.1(1). The lemma follows. �

Lemma 3.3. Let (X/Z ∋ z,B) be an lc pair associated with contraction π : X → Z. Assume
that (X/Z ∋ z,B+) is an R-complement of (X/Z ∋ z,B). Then (X/Z ∋ z,B) has a Q-
complement (X/Z ∋ z,B′), such that for any prime divisor E over X with π(centerX E) ∋ z,
we have that E is an lc place of (X,B) if and only if E is an lc place of (X,B′).

Proof. Possibly shrinking Z to a neighborhood of z, we may assume that (X/Z,B+) is an
R-complement of (X/Z,B).

Write B+ =
∑m

i=1 biBi, b := (b1, . . . , bm), and let V be the rational envelope of b in Rm. Let
B(v) :=

∑m
i=1 viBi for any v = (v1, . . . , vm) ∈ Rm.

By Q-linearity of log discrepancies, any lc place of (X,B+) is an lc place of (X,B(v)) for
any v ∈ V . By [HLS26, Theorem 5.6], (X,B(v)) is lc for any v ∈ V such that ||v − b|| ≪ 1.
Pick v0 ∈ V ∩ Qm such that ||v0 − b|| ≪ 1. Since B is a Q-divisor and B+ ≥ B, we have that
B(v0) ≥ B. By linearity of log discrepancies again and since ||v0 − b|| ≪ 1, any lc place of
(X,B(v0)) is an lc place of (X,B+). By [HLS26, Lemma 5.3], KX + B(v0) ∼Q,Z 0. Thus we
may let B′ := B(v0). �

Lemma 3.4. Let h : P → S be a projective surjective morphism of normal quasi-projective
varieties and (P,Θ) an lc pair such that Θ is a Q-divisor and KP + Θ is nef over S. Then
KP +Θ is semi-ample over S.

Proof. Let E := KP +Θ and r a positive integer such that rE is Cartier. For any positive integer
m divisible by r, let Lm := OP (mE) and Qm the cokernel of the evaluation map h∗h∗Lm → Lm.
Then Qm is coherent, h(SuppQm) is closed in S, and Lm is base point free over S \h(SuppQm).

Fix a closed point s ∈ S. Let P an, San, han, Θan, and Ean be the associated complex analytic
objects. Then P an and San are normal complex analytic varieties [SGA1, XII, Propositions 2.1
and 2.4]. Since h factors through a closed immersion P → PN × S over S, han is projective
and surjective. Since a log resolution of (P,Θ) induces a log resolution of (P an,Θan) with the
same log discrepancies, (P an,Θan) is lc. Since every compact analytic curve in a fiber of han

is algebraic by Chow’s theorem, Ean is nef over San. By Theorem 2.10 applied to the compact
subset {s} of San, there exist an open neighborhood Us of s in San and a positive integer ms

such that msE
an is Cartier and base point free over Us. Replacing ms with rms, we may

assume that r | ms. Then Lan
ms

is base point free over Us. By [SGA1, XII, Théorème 4.2],
(h∗Lms)

an = han
∗ L

an
ms

, and the analytification of the evaluation map of Lms is the evaluation
map of Lan

ms
. Since analytification is exact [SGA1, XII, Théorème 1.1], Qan

ms
is the cokernel of

the evaluation map of Lan
ms

, so Qan
ms

vanishes on (han)−1(Us). Let x ∈ h−1(s) be a closed point.
Then Qms,x ⊗OP,x

OP an,x = (Qan
ms

)x = 0, and Qms,x = 0 as OP,x → OP an,x is faithfully flat
[SGA1, XII, Théorème 1.1]. Thus the closed subset SuppQms of P contains no closed point of
h−1(s), so SuppQms ∩ h−1(s) = ∅ and s /∈ h(SuppQms).

Since every nonempty closed subset of S contains a closed point and S is quasi-compact,
there are closed points s1, . . . , sk ∈ S such that the open subsets S \ h(SuppQmsi

) cover S. Let
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m := lcm(ms1 , . . . ,msk). Since Lm = L
⊗m/msi
msi

is base point free over S \ h(SuppQmsi
) for each

i, Lm is base point free over S, so E is semi-ample over S. �

Proposition 3.5. Let Φ ⊂ [0, 1] ∩ Q be a finite set and (X/Z ∋ z,B) an R-complementary
pair such that B ∈ Φ. Then, possibly shrinking Z to an affine neighborhood of z, there exist
a Q-factorial dlt pair (Y,A) such that A ∈ Φ ∪ {1}, a birational map ϕ : X 99K Y over Z,
contractions g : Y → T and π : T → Z, and a Q-Cartier Q-divisor H on T ample over Z,
satisfying the following.

(1) We have

(3.2) −(KY +A) ∼Q g
∗H.

(2) For any common resolution p :W → X and q :W → Y of ϕ,

(3.3) q∗(KY +A) ≥ p∗(KX +B).

In particular, if (Y /Z ∋ z,A) has a monotonic n-complement for some positive integer n, then
(X/Z ∋ z,B) has a monotonic n-complement.

Proof. Step 1. We construct a Q-factorial dlt pair (V,AV ) birational to X over Z with AV ∈
Φ∪{1}, and a dlt pair (V,∆V ) with KV +∆V ∼Q −t(KV +AV ) for some rational number t > 0.

Since (X/Z ∋ z,B) is R-complementary, possibly shrinking Z to a neighborhood of z, we
may assume that (X,B) is lc. By Lemma 3.3, (X/Z ∋ z,B) has a Q-complement (X/Z ∋
z,B′). Possibly shrinking Z to an affine neighborhood of z, we may assume that Z is affine,
(X,B′) is lc, and KX + B′ ∼Q 0. Let v : V → X be a Q-factorial dlt modification of (X,B′)
[FG14a, Theorem 2.8]: v is a projective birational morphism, V is Q-factorial, (V,B′

V ) is dlt, and
KV +B′

V = v∗(KX +B′), where B′
V := v−1

∗ B′ +Ev and Ev is the reduced v-exceptional divisor.
Let BV := v−1

∗ B, and let AV be the Q-divisor on V such that, for any prime divisor D on V ,
multD AV = 1 if multD B′

V = 1, and multD AV = multD BV otherwise. Then AV ∈ Φ ∪ {1},
and BV ≤ AV ≤ B′

V as B ≤ B′. Since (V,B′
V ) is dlt, (V,AV ) is Q-factorial dlt. Since (X,B) is

lc and every v-exceptional prime divisor has coefficient 1 in AV ,

(3.4) v∗(KX +B) = KV +BV +
∑
E

(
1− a(E,X,B)

)
E ≤ KV +AV ,

where E runs over the v-exceptional prime divisors. Let GV := B′
V − AV ≥ 0 and ∆V :=

B′
V +tGV for a rational number t > 0. No component of GV is a component of ⌊B′

V ⌋, and the log
discrepancies of the finitely many exceptional divisors of a fixed log resolution of (V,B′

V ) depend
continuously on t, so (V,∆V ) is dlt for any 0 < t≪ 1. We fix such a t. Since KV +B′

V ∼Q 0,

(3.5) KV +∆V ∼Q tGV ∼Q −t(KV +AV ).

Step 2. We run a (KV +∆V )-MMP over Z and construct (Y,A) and ϕ satisfying (3.3).
Let (X0, B0) be a projective lc pair such that KX0 +B0 is pseudo-effective. By Theorem 2.9,

(X0, B0) has a good minimal model (X ′
0, B

′
0). Since an ample R-divisor is R-linearly equivalent

to an effective R-divisor, KX′
0
+ B′

0 ∼R D′
0 for some D′

0 ≥ 0, and KX0 + B0 ∼R D0 for some
D0 ≥ 0 by (2.2). Thus [FG14a, Conjecture 5.1] holds in every dimension, and so does [Bir11,
Conjecture 1.3] by [FG14a, Lemma 5.3]. By [Bir11, Theorem 1.4] (cf. [FG14a, 2.20]), there is a
(KV +∆V )-MMP over Z, ψ : V 99K Y , which consists of finitely many divisorial contractions and
flips and ends with a log minimal model or a Mori fiber space of (V /Z,∆V ). Let ∆Y := ψ∗∆V

and GY := ψ∗GV . Since ψ is a birational contraction, KY +∆Y ∼Q tGY ≥ 0 is pseudo-effective
over Z, so the MMP does not end with a Mori fiber space. Thus (Y,∆Y ) is a log minimal model
of (V /Z,∆V ). In particular, Y is Q-factorial, (Y,∆Y ) is dlt, and KY + ∆Y is nef over Z (see
[Bir11, Definition 2.1]). Let A := ψ∗AV and B′

Y := ψ∗B
′
V . Then A ∈ Φ∪ {1}, ∆Y = B′

Y + tGY ,
and 0 ≤ A ≤ ∆Y , so (Y,A) is Q-factorial dlt. Let r be a positive integer and h ∈ C(V ) a
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nonzero rational function such that r(KV + B′
V ) = div(h). Since ψ is a birational contraction,

r(KY +B′
Y ) = ψ∗ div(h) = div(h), and (3.5) gives

(3.6) KY +∆Y ∼Q −t(KY +A).

Let ϕ := ψ ◦ v−1 : X 99K Y , and let p : W → X and q : W → Y be a common resolution
of ϕ. If (3.3) holds on a higher model W ′ → W , then it holds on W by pushing forward along
W ′ → W . Thus, possibly replacing W with a higher model, we may assume that p = v ◦ pV
for some morphism pV : W → V . Since ψ is a (KV +∆V )-MMP, the negativity lemma [KM98,
Lemma 3.39] gives
(3.7) p∗V (KV +∆V )− q∗(KY +∆Y ) ≥ 0.

Moreover,

(3.8) p∗V (KV +B′
V ) =

1

r
div(h) = q∗(KY +B′

Y ).

Since KV +AV = (1+ 1
t )(KV +B′

V )−
1
t (KV +∆V ) and KY +A = (1+ 1

t )(KY +B′
Y )−

1
t (KY +∆Y ),

(3.7) and (3.8) give

q∗(KY +A)− p∗V (KV +AV ) =
1

t

(
p∗V (KV +∆V )− q∗(KY +∆Y )

)
≥ 0.

Together with (3.4), q∗(KY +A) ≥ p∗V (KV +AV ) ≥ p∗V v
∗(KX +B) = p∗(KX +B). This is (3.3).

Step 3. We construct g, π, and H.
By Lemma 3.4, KY +∆Y is semi-ample over Z. By (3.6), −(KY +A) ∼Q

1
t (KY +∆Y ) is semi-

ample over Z. Let m be a positive integer such that L := −m(KY +A) is Cartier and base point
free over Z. Since Z is affine, OY (L) is generated by finitely many global sections, which define
a morphism ρ : Y → PN × Z over Z such that OY (L) ∼= ρ∗OPN×Z(1). Let Y g−→ T

τ−→ PN × Z
be the Stein factorization of ρ [Har77, Corollary III.11.5]. Then g is a contraction, T is a
normal variety projective over Z, and τ is finite. Let HT be a Cartier divisor on T such that
OT (HT ) ∼= τ∗OPN×Z(1). Then HT is ample over Z as τ is finite, and L ∼ g∗HT . Let H := 1

mHT

and π : T → Z the induced morphism. Then (3.2) holds. Since X → Z is a contraction and
Y is birational to X over Z, π ◦ g : Y → Z is a contraction, hence so is π. Finally, the last
assertion of the proposition follows from (3.3) and Lemma 3.2. �

4. Canonical bundle formulas

Lemma 4.1. Let f : X → T be a contraction between normal quasi-projective varieties and
v ∈ C(X) a nonzero rational function such that div(v) is vertical over T . Then v = f∗a for
some nonzero a ∈ C(T ). In particular, div(v) = f∗ div(a).

Proof. Let F be the generic fiber of f and K := C(T ). Then F is a normal projective variety
over K and H0(F,OF ) = K as f∗OX = OT . Since div(v) is vertical over T , v|F has neither zeros
nor poles on F . Thus v|F ∈ H0(F,OF ) = K, and we may let a := v|F (cf. [CHL24, Lemma
2.5]). �
Definition 4.2. Let f : (X,B) → T be a crepant log structure (Definition 2.8) such that B is
a Q-divisor and f is a contraction between normal quasi-projective varieties. Let P be a prime
divisor on T . Then P is Cartier over a neighborhood of the generic point of P , and we define

tP := lct(X,B; f∗P )

over the generic point of P (Definition 2.3). Since (X,B) is lc, tP ≥ 0. Since f is surjective,
there is a prime divisor E on X such that f(E) = P , and multE(B + tP f

∗P ) ≤ 1 gives tP ≤ 1.
Moreover, tP = 1 for all but finitely many P . Indeed, let p : U → X be a log resolution

of (X,B) and KU + BU := p∗(KX + B). By generic smoothness [Har77, Corollary III.10.7],
there is a dense open subset T 0 ⊂ T such that U and all irreducible components of intersections
of components of SuppBU ∪ Exc(p) are smooth over T 0. Let P be a prime divisor on T such



BOUNDEDNESS OF COMPLEMENTS OF LOG CANONICAL PAIRS 11

that P ∩ T 0 ̸= ∅. Then over a neighborhood of the generic point of P , (f ◦ p)∗P is a reduced
divisor and SuppBU ∪ Exc(p) ∪ Supp(f ◦ p)∗P is a simple normal crossing divisor. Since the
coefficients of BU +(f ◦p)∗P are at most 1, (X,B+f∗P ) is lc over a neighborhood of the generic
point of P by [KM98, Corollary 2.31], so tP ≥ 1. The discriminant part of f is the Q-divisor
BT :=

∑
P (1 − tP )P , where P runs over all prime divisors on T . It depends only on f and

(X,B).
Letm be a positive integer, ψ ∈ C(X) a nonzero rational function, and L a Q-Cartier Q-divisor

on T . Assume that m(KX +B) + div(ψ) = f∗(mL), that is,

(4.1) KX +B +
1

m
div(ψ) = f∗L.

The moduli part of (4.1) is the Q-divisor

MT := L−KT −BT .

Let τ : T ′ → T be a projective birational morphism from a normal variety, X ′ the normalization
of the main component of X ×T T

′, and µ : X ′ → X and f ′ : X ′ → T ′ the induced morphisms.
Since C(T ) is algebraically closed in C(X), f ′ is a contraction. We define the Q-divisor BX′

by KX′ + BX′ = µ∗(KX + B). For a Q-divisor D on a normal variety Z such that KZ +D is
Q-Cartier, we say that (Z,D) is sub-lc if a(E,Z,D) ≥ 0 for any prime divisor E over Z, where
a(E,Z,D) is defined as in Definition 2.3. Thus (X ′, BX′) is sub-lc. For any prime divisor P ′

on T ′, let tP ′ be the largest rational number t such that (X ′, BX′ + tf ′∗P ′) is sub-lc over the
generic point of P ′. Here sub-lc over the generic point of P ′ means sub-lc over a neighborhood
of the generic point of P ′ (Notation 2.2). Since log discrepancies are preserved under crepant
pullback, tP ′ may be computed on any normal variety X ′′ with a projective birational morphism
µ′′ : X ′′ → X ′, using KX′′ + BX′′ := µ′′∗(KX′ + BX′) and f ′ ◦ µ′′ in place of BX′ and f ′ (cf.
[FG14b, 3.3]). If P ′ is not τ -exceptional, then τ is an isomorphism over a neighborhood of the
generic point of τ(P ′) as T is normal, so tP ′ = tτ(P ′). Let BT ′ :=

∑
P ′(1− tP ′)P ′ and

MT ′ := τ∗L−KT ′ −BT ′ ,

where KT ′ is the canonical divisor compatible with KT (Notation 2.2). Then BT ′ is a Q-divisor,
τ∗BT ′ = BT , and τ∗MT ′ = MT . The discriminant b-divisor B of f and the moduli b-divisor M
of (4.1) are the b-divisors over T with BT ′ := BT ′ and MT ′ as above for every T ′ (Definition
2.6). We have τ∗L = KT ′ +BT ′ + MT ′ for every T ′.

This is the setting of [FG14b, Definition 3.2 and 3.3–3.4] and of [OAI26c, (7.1)–(7.3)].
In the terminology of [FG14b, Definition 3.2], f is an lc-trivial fibration: the condition
rank f∗OX(⌈A∗(X,B)⌉) = 1 there, where A∗(X,B) is the discrepancy b-divisor of (X,B) with
the components of coefficient −1 removed [FG14b, 2.3], holds because OX(⌈A∗(X,B)⌉) ≃ OX

as (X,B) is lc [FG14b, 2.3] and f∗OX = OT . If ψ′ and L′ also satisfy (4.1) with the same m,
then div(ψ′/ψ) = mf∗(L′ − L) is vertical over T , so ψ′ = ψ · f∗a for some nonzero a ∈ C(T ) by
Lemma 4.1, L′ = L+ 1

m div(a), and M′
T ′ = MT ′ + 1

m divT ′(a) for every T ′.

Theorem 4.3 ([FG14b, Theorem 3.6]). Let f : (X,B) → T , m, ψ, and L be as in Definition
4.2, π : T → S a proper morphism to a variety, and K the b-divisor over T with KT ′ = KT ′ for
every T ′ (Notation 2.2). Then:

(1) K + B is b-Q-Cartier. That is, there exists a projective birational morphism T ′ → T
from a normal variety such that KT ′ +BT ′ is Q-Cartier and KW +BW = ρ∗(KT ′ +BT ′)
for any projective birational morphism ρ :W → T ′ from a normal variety. In particular,
M descends to T ′.

(2) M is b-nef over S. That is, there exists a projective birational morphism T ′′ → T from
a normal variety such that M descends to T ′′ and MT ′′ is nef over S.

Lemma 4.4. Let d be a positive integer and Φ ⊂ [0, 1]∩Q a finite set. Then there exists a finite
set R ⊂ [0, 1] ∩Q with 0, 1 ∈ R depending only on d and Φ satisfying the following.
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(1) Φ∪{1} ⊂ Φ(R). Moreover, if (X,B) is a dlt pair of dimension ≤ d such that B ∈ Φ∪{1}
and W is an lc center of (X,B), then BW ∈ Φ(R), where (W,BW ) is the adjunction
pair of W (Definition 2.3).

(2) For any positive integer N such that NR ⊂ Z and any b ∈ Φ(R),

(4.2) N⌊b⌋+ ⌊(N + 1){b}⌋ = ⌈Nb⌉.

(3) Φ(R) is a DCC set whose only accumulation point is 1.

Proof. Let (X,B) be a dlt pair and W an lc center of (X,B) of codimension k. By Definition 2.3
and [Kol16, Definition 4], there exist lc centers X = W0 ⊃ W1 ⊃ · · · ⊃ Wk = W of (X,B) such
that Wi is a prime divisor on Wi−1 and a component of ⌊BWi−1⌋ for each i, where (Wi, BWi) is
the adjunction pair of Wi. Moreover, (Wi−1, BWi−1) is dlt [Fuj11, Lemma 10.2], and BWi is the
different of BWi−1 on Wi, that is, KWi +BWi = (KWi−1 +BWi−1)|Wi is defined by adjunction.

Let R′ ⊂ [0, 1] ∩ Q be a finite set with 0, 1 ∈ R′. By [Bir19, Lemma 3.3] applied with p = 1
and M = 0, there is a finite set S(R′) ⊂ [0, 1]∩Q depending only on R′ satisfying the following.
If (X ′, B′) is an lc pair such that B′ ∈ Φ(R′) and S′ is the normalization of a component
of ⌊B′⌋, then BS′ ∈ Φ(S(R′)), where KS′ + BS′ := (KX′ + B′)|S′ is defined by adjunction.
Possibly enlarging S(R′), we may assume that R′ ⊂ S(R′). Let R0 := {0, 1} ∪ {1− b | b ∈ Φ},
Ri := S(Ri−1) for 1 ≤ i ≤ d, and R := Rd. Then Φ ∪ {1} ⊂ Φ(R0) ⊂ Φ(R). Let (X,B) and
W be as in (1) and W0 ⊃ · · · ⊃ Wk = W as above. Then BW0 = B ∈ Φ(R0), and inductively
BWi ∈ Φ(Ri) for 1 ≤ i ≤ k. Since k ≤ d, BW ∈ Φ(Rk) ⊂ Φ(R). This proves (1).

(2) If b = 1, then both sides of (4.2) equal N . Assume that b < 1. Then ⌊b⌋ = 0 and {b} = b.
Write b = 1− r

j with r ∈ R, r > 0, and j a positive integer. Then Nr is a positive integer. Write
Nr = qj + ρ with integers q ≥ 0 and 0 ≤ ρ ≤ j − 1. Since 0 < ρ+ r ≤ j,⌈

(N + 1)r

j

⌉
= q +

⌈
ρ+ r

j

⌉
= q + 1 =

⌊
Nr

j

⌋
+ 1.

Thus ⌊(N + 1)b⌋ = N + 1− ⌈ (N+1)r
j ⌉ = N − ⌊Nr

j ⌋ = ⌈Nb⌉, which is (4.2).
(3) is [Bir19, 2.2]. �

Lemma 4.5. Let d be a positive integer and I ⊂ [0, 1] ∩ Q a DCC set. Let a(s, I) be as in
Theorem 2.11 and m(d, I) := lcm0≤s≤d a(s, I). Let K be a finitely generated field extension of C
and F a normal geometrically integral projective variety over K of dimension ≤ d. Let BF ≥ 0
be a Q-divisor on F such that BF ∈ I, (F,BF ) is geometrically lc, and KF + BF ∼Q 0. Then
m(d, I)(KF +BF ) ∼ 0.

Proof. Let s := dimF , K an algebraic closure of K, and (FK , BK) the base change of (F,BF )

to K. Since K is finitely generated over C, K is isomorphic to C as a field. Since K/K is
separable, FK is normal and BK ∈ I. Thus (FK , BK) is a projective lc pair of dimension s with
KFK

+ BK ∼Q 0, and a(s, I)(KFK
+ BK) ∼ 0 by Theorem 2.11 (cf. [OAI26c, Section 2.2]). In

particular, m(d, I)BF is an integral divisor, and the integral divisor D := m(d, I)(KF + BF )
becomes principal on FK . By [OAI26c, Lemma 2.4], D ∼ 0. �

Lemma 4.6. Let f : (X,B) → T , m, ψ, and L be as in Definition 4.2, s := dimX − dimT ,
τ : W → T a projective birational morphism from a smooth variety, P a prime divisor on W ,
α := multP τ∗L, and tP as in Definition 4.2. Then there exist a smooth projective curve C, a
closed point c ∈ C, and a rational uniformizer z ∈ C(C) at c satisfying the following. There
exist a normal geometrically integral projective variety V of dimension s over C(C), a Q-divisor
BV ≥ 0 on V with (V,BV ) geometrically lc, and a rational relative m-canonical form φ of
C(V )/C(C) (Definition 2.12) such that DivV (φ) +mBV = 0 and

(4.3) wz(φ) = α− 1 + tP = multP MW + multP KW .

In particular, q(s,m)multP MW ∈ Z, where q(s,m) is as in Theorem 2.13.
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Proof. When T is projective, this is [OAI26c, Lemma 7.3]. We follow its proof. Let r := dimT
and ω the fixed rational top form with KX = Div(ω) (Notation 2.2). Let p : U → X be a log
resolution of (X,B) such that the induced birational map g : U 99KW is a morphism and

Σ := SuppBU ∪ Supp g∗P ∪ Exc(p) ∪ SuppKU ∪ Supp div(ψ)
is a simple normal crossing divisor, where KU+BU := p∗(KX+B) and KU = Div(ω). A stratum
of Σ is an irreducible component of an intersection of components of Σ. Then g is a contraction,
as C(W ) is algebraically closed in C(U) and W is normal. Pulling back (4.1) to U , we have

(4.4) KU +BU +
1

m
div(ψ) = g∗τ∗L.

Let E1, . . . , En be the prime divisors on U such that g(Ei) = P , ai := multEi g
∗P , and bi :=

multEi BU . By Definition 4.2 and [KM98, Corollary 2.31], tP = mini
1−bi
ai

.

Step 1. We construct a smooth curve C◦ ⊂ W through a general point c of P and a smooth
model Y over C◦.

Let T 1 ⊂ T be a dense open subset satisfying the following. The morphism τ is an isomorphism
over T 1, and T 1 ∩ SuppL = ∅. The morphism f is flat over T 1, and its fibers over T 1 are
geometrically normal and geometrically integral. Every irreducible component of p(Exc(p)) is
either disjoint from f−1(T 1) or flat over T 1. The variety U and all strata of Σ are smooth over
T 1. Such T 1 exists. Indeed, the generic fiber of f is normal and geometrically integral as f is
a contraction (cf. [OAI26c, proof of Proposition 7.1]). The set of points of T over which the
fibers of a flat proper morphism are geometrically normal and geometrically integral is open
(standard). Generic flatness and generic smoothness [Har77, Corollary III.10.7] apply to the
finitely many morphisms above (cf. [OAI26c, proof of Lemma 7.3]).

If r = 1, let C◦ := W and c := P . Assume that r ≥ 2. By Hironaka’s resolution, there is a
smooth projective variety W containing W as an open subset. Let A be a very ample divisor on
W , A1, . . . , Ar−1 ∈ |A| general members, and P the closure of P in W . By [Har77, Corollaries
III.7.9 and III.10.9], C := A1 ∩ · · · ∩ Ar−1 is a smooth connected curve, hence integral. Let
C◦ := C ∩W . The generic point η of C◦ lies in any given dense open subset of W , and we
require that η ∈ τ−1(T 1). Moreover, C misses the singular locus of P and meets P transversally,
and C ∩ P ̸= ∅ as A is ample. Since C also misses any given closed subset of P of dimension
≤ r − 2, we may choose c ∈ C◦ ∩ P outside any given proper closed subset of P . We choose
c outside g(E) for any prime divisor E ⊂ Supp g∗P on U with g(E) ̸= P and outside the
components of Supp τ∗L other than P .

Let Y := g−1(C◦) and h := g|Y : Y → C◦. By Bertini’s theorem [Kle98, Theorem 4.1]
applied successively to the base point free linear system g∗|A| on U and on the strata of Σ,
Σ+

∑r−1
j=1 g

∗Aj is a simple normal crossing divisor on U . In particular, Y is smooth and Σ|Y is
a simple normal crossing divisor on Y . Since the fibers of h are fibers of g, they are connected.
Thus Y is connected, hence integral, and h is a contraction. Let K := C(C◦) and F := C(Y ).
Then F/K is a regular extension of transcendence degree s.
Step 2. We show that there is a Q-Cartier Q-divisor LC on C◦ with multc LC = α and a
rational top form θY on Y with KY := Div(θY ) such that

(4.5) KY +BY +
1

m
div(ψ|Y ) = h∗LC ,

where BY := BU |Y . We also show that tc = tP , where tc is the largest rational number t such
that (Y,BY + th∗c) is sub-lc over a neighborhood of c.

If r = 1, let LC := τ∗L and θY := ω. Assume that r ≥ 2. For each j, let A′
j ∈ |A|

be a general member and aj ∈ C(W ) a rational function with div(aj) = A′
j − Aj . Then

c /∈ A′
j , C ̸⊂ A′

j , and Σ +
∑

j g
∗Aj +

∑
j g

∗A′
j is a simple normal crossing divisor on U . Thus

Div(ω ·g∗(a1 · · · ar−1)) = KU +
∑

j g
∗A′

j−
∑

j g
∗Aj has multiplicity −1 along each component of
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g∗Aj . Taking the residues of ω · g∗(a1 · · · ar−1) along g∗A1, . . . , g
∗Ar−1 successively (cf. [Har77,

Proposition II.8.20]), we obtain a rational top form θY on Y with

Div(θY ) =
(
KU +

r−1∑
j=1

g∗A′
j

)∣∣∣
Y
.

Since η ∈ τ−1(T 1), C◦ ̸⊂ Supp τ∗L. Restricting (4.4) to Y , we get (4.5) with LC := (τ∗L +∑
j A

′
j)|C◦ . Since c /∈ A′

j for each j, C◦ meets P transversally at c, and c does not lie on the
other components of Supp τ∗L, we have multc LC = α.

Over a neighborhood of c we have h∗c = (g∗P )|Y . By the choice of c, the prime divisors
on Y contained in Supph∗c are the irreducible components of Ei ∩ Y for 1 ≤ i ≤ n, and each
component of Ei ∩ Y has multiplicity ai in h∗c and bi in BY . Since Σ|Y is a simple normal
crossing divisor, tc = mini

1−bi
ai

= tP by [KM98, Corollary 2.31].

Step 3. We construct C, z, V , BV , and φ, and prove (4.3).
Let C be the smooth projective curve containing C◦ as an open subset, so that C(C) = K,

and let z ∈ K be a rational uniformizer at c. Let

φ := (θY /dz)
⊗m · ψ|Y , Ω := φ ∧ (dz/z)⊗m = z−mψ|Y θ⊗m

Y .

Then φ is a rational relative m-canonical form of F/K. Let E be a divisorial valuation of F/C
whose restriction to K is a positive multiple of ordc. Since h is proper, E is a prime divisor
on some projective birational model π : Y ′ → Y with π(E) ⊂ h−1(c). Let aE := ordE(z) =
multE π∗h∗c > 0 and bE := multE BY ′ , where KY ′ + BY ′ := π∗(KY + BY ). By (4.5) and
multc LC = α,

multEKY ′ = multE π∗(KY +BY )− bE = αaE − 1

m
ordE(ψ|Y )− bE .

Thus ordE(Ω) = −maE +mmultEKY ′ + ordE(ψ|Y ) = m(α− 1)aE −mbE , and
ordE(Ω) +m

m ordE(z)
= α− 1 +

1− bE
aE

= α− 1 +
a(E, Y,BY )

multE π∗h∗c
.

Taking the infimum over all such E, we get wz(φ) = α− 1+ tc = α− 1+ tP by (2.4) and Step 2.
Since η ∈ τ−1(T 1), we regard η as a point of T with residue field K. Let V := Xη be the fiber

of f over η. The generic fiber Yη of h is the fiber of f ◦p over η; let pη : Yη → V be the morphism
induced by p, and K an algebraic closure of K. By the choice of T 1, V is a normal geometrically
integral projective variety over K of dimension s and Yη is smooth over K. Moreover, the base
change ΣK of Σ|Yη to K is a simple normal crossing divisor on YK . Every irreducible component
Z of p(Exc(p)) meeting f−1(T 1) is flat over T 1, so dimZη = dimZ − r ≤ s − 2. Since p is
an isomorphism over X \ p(Exc(p)), pη is an isomorphism over the complement of a closed
subset of V of codimension ≥ 2. Thus pη is birational, the function field of V is F , and E|Yη

is pη-exceptional for every p-exceptional prime divisor E on U . Let BV := (pη)∗(BY |Yη). Since
BU −

∑
E(1 − a(E,X,B))E = p−1

∗ B ≥ 0, where E runs over the p-exceptional prime divisors
on U , we have BV ≥ 0.

Restricting (4.5) to Yη, we get DivYη(φ) + mBY |Yη = 0, as (h∗LC)|Yη = 0 and KY |Yη =
DivYη(θY /dz), Yη being smooth over K. Pushing forward to V , we get DivV (φ) + mBV = 0,
whereKV := DivV (θY /dz). In particular, KV +BV is Q-Cartier andKYη+BY |Yη = p∗η(KV +BV ),
as both sides equal − 1

m div(ψ|Yη). Now VK is normal, YK → VK is projective birational, ΣK
is a simple normal crossing divisor, and the coefficients of BY are at most 1 as (X,B) is lc.
By [KM98, Corollary 2.31], (YK , BY,K) is sub-lc, so (VK , BV,K) is lc, where BY,K and BV,K are
the base changes of BY |Yη and BV . Thus (V,BV ) is geometrically lc. Finally, multP MW =
α − multP KW − (1 − tP ) by Definition 4.2, which gives (4.3). The last assertion follows from
Theorem 2.13(1), as multP KW ∈ Z. �
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The following theorem is essentially [OAI26c, Proposition 7.1 and Theorem 7.2] when T is
projective and I is finite.
Theorem 4.7. Let d be a positive integer and I ⊂ [0, 1]∩Q a DCC set. Then there exist positive
integers m | p and a DCC set Λ ⊂ [0, 1] ∩Q depending only on d and I satisfying the following.

Assume that f : (X,B) → T is a crepant log structure such that f is a contraction between
normal quasi-projective varieties, 0 < dimT ≤ dimX ≤ d, B ∈ I, and KX + B ∼Q f∗L0 for
some Q-Cartier Q-divisor L0 on T . Then:

(1) There exist a nonzero ψ ∈ C(X) and a Q-Cartier Q-divisor L ∼Q L0 on T such that
m(KX +B) + div(ψ) = f∗(mL).

(2) BT ≥ 0 and BT ∈ Λ.
(3) For any ψ and L satisfying (4.1) with this m, M is b-Q-Cartier, and pMW is Cartier

for any smooth variety W projective birational over T .
(4) If moreover T → S is a projective morphism to a normal quasi-projective variety, then

MW is nef over S for any smooth variety W projective birational over T such that M
descends to W . In particular, there exists such a W , and pMW is Cartier and nef over
S.

Proof. Let m := m(d, I) be as in Lemma 4.5 and p := lcm(m, q(0,m), . . . , q(d − 1,m)), where
q(s,m) is as in Theorem 2.13. Let T be the set of all lc thresholds lct(X ′, B′;M ′), where (X ′, B′)
is an lc pair of dimension ≤ d such that B′ ∈ I and M ′ ≥ 0 is a nonzero Cartier divisor on X ′.
By [HMX14, Theorem 1.1], T satisfies the ACC. Let Λ := {1− t | t ∈ T ∩ [0, 1]}, a DCC subset
of [0, 1] ∩Q. We show that m, p, and Λ satisfy the requirements.

(1) Let K := C(T ), F the generic fiber of f , BF := B|F , and KF := KX |F . Then KF is the
divisor of the relative top form ω/f∗ωT of F over K, where ω and ωT are the fixed rational
top forms with KX = Div(ω) and KT = Div(ωT ) (Notation 2.2). Since f is a contraction and
(X,B) is lc, F is a normal geometrically integral projective variety over K of dimension ≤ d− 1,
(F,BF ) is geometrically lc, BF ∈ I, and KF + BF ∼Q 0 (cf. [OAI26c, proof of Proposition
7.1]). By Lemma 4.5, there exists a nonzero ψ ∈ C(X) such that m(KF + BF ) + div(ψ|F ) = 0.
Thus G := m(KX + B) + div(ψ) is vertical over T . Choose a positive integer k and a nonzero
u ∈ C(X) such that k(KX +B − f∗L0) = div(u). Then div(umψk) = k(G−mf∗L0) is vertical
over T . By Lemma 4.1, umψk = f∗a for some nonzero a ∈ C(T ), so kG = f∗(kmL0 + div(a)).
Thus L := L0 +

1
km div(a) satisfies the requirements.

(2) Let P be a prime divisor on T . By Definition 4.2, 0 ≤ tP ≤ 1, so BT ≥ 0. Let T 1 ⊂ T
be an open subset containing the generic point of P such that P is Cartier on T 1, X1 :=

f−1(T 1), and π : X̃ → X1 a log resolution of (X1, SuppB ∪ Supp f∗P ). By [KM98, Corollary
2.31], tP is the minimum of a(E′, X,B)/multE′ π∗f∗P over the finitely many prime divisors
E′ ⊂ Suppπ∗f∗P on X̃ with f(π(E′)) = P . Let T 0 ⊂ T 1 be the complement of the union of
f(π(E′)) for the prime divisors E′ ⊂ Suppπ∗f∗P with f(π(E′)) ̸= P , and X0 := f−1(T 0). Then
tP = lct(X0, B|X0 ; f∗P |X0) by [KM98, Corollary 2.31] again. Thus tP ∈ T and 1− tP ∈ Λ.

(3) By Theorem 4.3(1), M is b-Q-Cartier. Let W be a smooth variety projective birational
over T and P a prime divisor on W . By Lemma 4.6, q(s,m)multP MW ∈ Z, where s =
dimX − dimT ≤ d− 1. Thus pMW is an integral divisor on W , hence Cartier as W is smooth.

(4) By Theorem 4.3(2), there exists a projective birational morphism T ′′ → T from a normal
variety such that M descends to T ′′ and MT ′′ is nef over S. Let W be a smooth variety projective
birational over T such that M descends to W , and W ′ a smooth variety with projective birational
morphisms ρ : W ′ → W and ρ′′ : W ′ → T ′′ over T . Then ρ∗MW = MW ′ = ρ′′∗MT ′′ is nef over
S. Since ρ is surjective, MW is nef over S by the projection formula. The last assertion follows
from (3) by taking W to be a resolution of T ′′. �
Proposition 4.8. Let R ⊂ [0, 1] ∩Q be a finite set with 0, 1 ∈ R and p a positive integer. Let

(4.6) R[p] := R ∪
{
r

j
− i

p

∣∣∣∣ r ∈ R, i, j positive integers, i ≤ p, j ≤ pr

i

}
.
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Then R[p] is a finite subset of [0, 1] ∩ Q containing 0 and 1. Let f : (X,B) → T , m, ψ, and L
be as in Definition 4.2. Assume that m | p, B ∈ Φ(R), and pMT is an integral divisor. Then
BT ∈ Φ(R[p]).

In particular, if I = Φ(R) in Theorem 4.7 and p is as in Theorem 4.7, then we may take
Λ := Φ(R[p]).

Proof. If r ∈ R and i, j are positive integers with i ≤ p and j ≤ pr
i , then r > 0, j ≤ p, and

0 ≤ r
j −

i
p ≤ 1. Thus R[p] is a finite subset of [0, 1] ∩Q, and 0, 1 ∈ R ⊂ R[p].

Let P be a prime divisor on T , t := tP , and α := multP L. Let E be a prime divisor on X
such that f(E) = P , a := multE f∗P , and b := multE B. Then a is a positive integer, b ∈ Φ(R),
and at+ b ≤ 1 as (X,B+ tf∗P ) is lc over the generic point of P . Since P is the only component
of SuppL containing f(E), multE f∗(mL) = maα. Comparing the multiplicities along E of the
two sides of m(KX +B)+div(ψ) = f∗(mL), we get m(aα−b) ∈ Z, hence p(aα−b) ∈ Z as m | p.
Since pMT is integral and multP MT = α− multP KT − (1− t), we get p(α+ t) ∈ Z. Thus

l := p(at+ b) = a · p(α+ t)− p(aα− b) ∈ Z,

and 0 ≤ l ≤ p. Write b = 1− r
j with r ∈ R and j a positive integer, and let i := p− l. Then

t =
1

a

(
r

j
− i

p

)
.

If i = 0, then 1− t = 1− r
ja ∈ Φ(R). If i ≥ 1, then r

j −
i
p = at ≥ 0, so j ≤ pr

i and r
j −

i
p ∈ R[p].

Thus 1 − t ∈ Φ(R[p]) in both cases, and BT ∈ Φ(R[p]) (cf. the proof of [CHL24, Proposition
3.1]).

Finally, assume that I = Φ(R) in Theorem 4.7. Let ψ and L be as in Theorem 4.7(1) and
τ :W → T a resolution. By Theorem 4.7(3), pMW is Cartier, so pMT = τ∗(pMW ) is an integral
divisor. Thus BT ∈ Φ(R[p]), and Φ(R[p]) is a DCC set whose only accumulation point is 1 by
[Bir19, 2.2]. �

5. Canonical bundle formulas over finite quotients

For a dlt pair (X,∆) and an lc center Z of (X,∆) we write (Z,∆Z) for the adjunction pair
of Z (Definition 2.3), so ∆Z = Diff∗Z∆ in the notation of [Kol16, Definition 4].

Definition 5.1 ([Kol16, Definitions 9 and 13]). A standard P1-link is a Q-factorial dlt pair
(X,D1 + D2 + ∆) whose only lc centers are D1 and D2, together with a proper morphism
π : X → S such that KX +D1+D2+∆ ∼Q,π 0 and π|Di : Di → S is an isomorphism for i = 1, 2.
Moreover, every reduced fiber of π is isomorphic to P1. Let g : X → S be a proper morphism
from a dlt pair (X,∆) such that KX + ∆ ∼Q,g 0. Two lc centers Z1, Z2 of (X,∆) are directly
P1-linked if there is an lc center W ⊃ Z1 ∪ Z2 with g(W ) = g(Z1) = g(Z2) such that (W,∆W )
is crepant birational to a standard P1-link (X ′, D1 + D2 + ∆′) with Zi mapping to Di. They
are P1-linked if there are lc centers Z1 = Z ′

1, . . . , Z
′
n = Z2 such that Z ′

i and Z ′
i+1 are directly

P1-linked for every i.
Let m be a positive even integer such that m∆ is an integral divisor and the sheaf ω[m]

X (m∆) :=
OX(m(KX+∆)) is locally free, and let Z be an lc center of (X,∆). Iterating the Poincaré residue
maps for divisors gives the Poincaré residue map

Rm
X→Z : ω

[m]
X (m∆)|Z → ω

[m]
Z (m∆Z) := OZ(m(KZ +∆Z)),

which is an isomorphism. Let θ be an m-canonical form on X with Div(θ) = −m∆. Then θ

generates ω[m]
X (m∆), and Rm

X→Z(θ|Z) is the residue θZ of θ on Z defined by the local formula
preceding Theorem 2.15, which makes sense for any dlt pair. In particular, θZ generates
ω
[m]
Z (m∆Z) and Div(θZ) = −m∆Z (cf. [OAI26d, (7.2)]).



BOUNDEDNESS OF COMPLEMENTS OF LOG CANONICAL PAIRS 17

Theorem 5.2 ([Kol16, Theorem 10 and Proposition 14]). Let f : (X,∆) → S be a proper
morphism from a dlt pair to a variety such that KX +∆ ∼Q,f 0, and let s ∈ S be a point such
that f−1(s) is connected.

(1) Let Z be minimal among the lc centers of (X,∆) such that s ∈ f(Z), and let W be an lc
center of (X,∆) such that s ∈ f(W ). Then there is an lc center ZW ⊂ W such that Z
and ZW are P1-linked. In particular, all minimal lc centers Zi of (X,∆) with s ∈ f(Zi)
are P1-linked to each other.

(2) Assume moreover that f is a crepant log structure, that m is a positive even integer such
that ω[m]

X (m∆) ≃ f∗L for a line bundle L on S, and that Z1, Z2 are minimal lc centers
of (X,∆) with f(Z1) = f(Z2). Then there is a birational map ϕ : Z2 99K Z1 such that

Rm
X→Z2

(θ|Z2) = ϕ∗Rm
X→Z1

(θ|Z1)

as rational sections of ω[m]
Z2

(m∆Z2), for every section θ of f∗L ≃ ω
[m]
X (m∆) over an open

subset of X meeting Z1 and Z2.

The map ϕ in (2) is a composition of the birational maps induced by P1-links; these links are
obtained by an MMP over S, so ϕ is over S, and it is crepant birational for the pairs (Z2,∆Z2)
and (Z1,∆Z1) [Kol16, proof of Theorem 10 and Proposition 14].

Let ρ : P → V be a finite surjective morphism of normal varieties. For a prime divisor F on
V we put ρ∗F :=

∑
Q eQQ, where Q runs over the prime divisors of P with ρ(Q) = F and eQ

is the ramification index of ρ along Q. This is the pullback of F from the regular locus of V ,
whose complement has preimage of codimension at least two in P ; it extends the pullback of
Q-Cartier Q-divisors, and ρ∗ is injective on Q-divisors. If ρ is the quotient by a finite group G
acting faithfully on P , then G permutes the prime divisors over F transitively, as the fibers of
ρ are G-orbits, and ρ∗ρ

∗F = deg(ρ)F = |G|F .

Lemma 5.3. Let G be a finite group acting faithfully on a normal quasi-projective variety P with
quotient ρ : P → V , and let D be a G-invariant Q-Cartier Q-divisor on P . Then DV := 1

|G|ρ∗D

is a Q-Cartier Q-divisor on V , and it is the unique Q-divisor on V with ρ∗DV = D.

Proof. Let F be a prime divisor on V and Q1, . . . , Qg the prime divisors of P over F . Since
G permutes the Qi transitively, they have the same ramification index e and the same degree
f := [C(Qi) : C(F )], and efg = |G|. Since D is G-invariant, multQi D = multQ1 D for every i.
Thus multQ1 ρ

∗ρ∗D = e · gf multQ1 D = |G|multQ1 D, so ρ∗DV = D. Uniqueness follows from
the injectivity of ρ∗.

Let n be a positive integer such that nD is Cartier and v ∈ V a closed point. Since ρ−1(v)
is finite and P is quasi-projective, there is an affine open subset A ⊂ P containing ρ−1(v); the
sheaf OA(nD) is generated by global sections, and a general global section does not vanish at
any point of ρ−1(v). Hence nD = div(φ) on an open subset of P containing ρ−1(v) for some
φ ∈ C(P )∗. As ρ is closed, after shrinking V to a neighborhood of v we may assume that
nD = div(φ) on P . Put N(φ) :=

∏
σ∈G σ

∗φ ∈ C(P )G = C(V ). Then

ρ∗ divV (N(φ)) = divP (N(φ)) =
∑
σ∈G

σ∗ divP (φ) = n
∑
σ∈G

σ∗D = n|G|D = ρ∗(n|G|DV ),

so n|G|DV = divV (N(φ)) near v. Thus DV is Q-Cartier. �
Lemma 5.4. Let d ≥ 2 and b be positive integers, and put
(5.1) q0 := lcm0≤j≤d−1 q(j, b), a := 2bq0, H0 := lcm0≤j≤d−1 L(j, a), p∗ := aH0,

where q(j, b) and L(j, a) are the integers of Theorems 2.13 and 2.14. Let C be a smooth curve,
c ∈ C a closed point, K := C(C), and σ an automorphism of C of finite order such that
σ(c) = c and σ∗ acts on mc/m

2
c by multiplication by a primitive e-th root of unity ζ. Let (F,BF )

be a normal geometrically integral projective pair over K of dimension r ≤ d − 1 which is
geometrically klt, and let β be a rational relative b-canonical form on F with Div(β) + bBF = 0.



18 BOUNDEDNESS OF COMPLEMENTS OF LOG CANONICAL PAIRS

Let γ be an automorphism of the field C(F ) such that γ|K = σ∗ and γ(β) = β, where γ acts on
(
∧r ΩC(F )/K)⊗b through its action on ΩC(F )/C. Then

e | p∗wz(β),

where z ∈ K is a uniformizer at c and wz(β) is the weight of Definition 2.12, computed on the
smooth projective curve containing C.

Proof. Let C̄ be the smooth projective curve containing C. Then σ extends to an automorphism
of C̄ of the same order, and wz(β) depends only on K, c and β (Definition 2.12). Let n be the
order of σ. Then ζn = 1 and (σ∗)iz ≡ ζiz (mod m2

c), so

u :=
1

n

n−1∑
i=0

ζ−i(σ∗)iz ∈ OC,c

is a uniformizer at c with σ∗u = ζu. Put w := wu(β) = wz(β) and Ω := β ∧ (du/u)⊗b. By
Theorem 2.13(1), q(r, b)w ∈ Z, hence aw ∈ Z.

Suppose r = 0. Then F = SpecK, BF = 0, β ∈ K∗, and w = ordc(β)/b by (2.4). Write
β = ukv with k = ordc(β) and v ∈ O∗

C,c. Since β = γ(β) = σ∗β = ζkukσ∗v, we get v(c) = ζkv(c),
so e | k and e | p∗w = 2q0H0k.

Suppose r > 0.
Step 1. We construct a dlt pair (N0,Γ0), projective over a neighborhood of c, and a rational
a-canonical form θ with Div(θ) = −aΓ0 and γ∗θ = ζ−awθ.

By Theorem 2.13(2), there are a contraction f : N → C̄ whose generic fiber is birational to
F and a Q-divisor H ≥ 0 on N horizontal over C̄ satisfying the following. Put T := (f∗c)red.
Then (N,T +H) is dlt, KN + T +H ∼Q,C̄ 0, Div(β) + bHη = 0 on the generic fiber Nη, and

1

b
DivN (Ω) + T +H = wf∗c

on f−1(C0) for some open neighborhood C0 of c in C. Since Div(β) = −bBF = −bHη, the
pairs (F,BF ) and (Nη,Hη) are crepant birational (cf. [OAI26d, Lemma 2.1]), so (Nη,Hη) is
geometrically klt. As H is horizontal, all coefficients of H are less than one. Shrinking C0,
we may assume that C0 is σ-stable and that u has neither zeros nor poles on C0 \ {c}. Put
N0 := f−1(C0), Γ0 := (T +H)|N0 , and

θ := u−awΩ⊗a/b.

Then θ is a rational a-canonical form on N0, and Div(θ) = −awf∗c+ a(wf∗c− T −H) = −aΓ0

on N0. The pair (N0,Γ0) is dlt with ⌊Γ0⌋ = T and KN0 + Γ0 ∼Q,C0 0.
The automorphism γ of C(F ) = C(N) defines a birational self-map of N0 lying over σ|C0 ,

which we also denote by γ. Since γ(β) = β and σ∗(du/u) = du/u, we have γ∗Ω = Ω and
(5.2) γ∗θ = λθ, λ := ζ−aw ∈ C∗.

Step 2. We find a projective klt pair (A,ΓA) of dimension at most r with a(KA +ΓA) ∼ 0 and
a crepant birational self-map g of (A,ΓA) with g∗θA = λθA, where Div(θA) = −aΓA.

Every lc center of (N0,Γ0) is contained in ⌊Γ0⌋ = T , hence is projective. Let k ≥ 1 be the
largest codimension of an lc center of (N0,Γ0) and A an lc center of codimension k. Then A is
a minimal lc center, and (A,ΓA) is a projective klt pair, since its lc centers correspond to the lc
centers of (N0,Γ0) properly contained in A (cf. [Kol16, Definition 18]). Its residue θA satisfies
Div(θA) = −aΓA (Definition 5.1); in particular a(KA + ΓA) ∼ 0. At the generic point of A the
pair (N0,Γ0) is log smooth, and A is a component of the intersection of exactly k components
of T .

Since f ◦ γ = σ ◦ f , the graph of γ lies in N0 ×C0 N0, where the second factor is viewed
over C0 through σ−1 ◦ f . Since f is projective, the closure of the graph is projective over N0

by either projection. Hence there are a smooth variety W and projective birational morphisms
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p, q : W → N0 with q = γ ◦ p. We choose W as follows. Let W1 → N0 be a log resolution
of (N0,Γ0) which is an isomorphism over the log smooth locus of (N0,Γ0) (Szabó’s resolution
lemma; standard). Let W →W1 be a composition of blow-ups of smooth centers having simple
normal crossings with the accumulated boundary (Hironaka; standard) such that q := γ ◦ p is a
morphism and SuppΓW ∪ Exc(p) ∪ Exc(q) is a simple normal crossing divisor, where

KW + ΓW := p∗(KN0 + Γ0).

The Q-divisor ΓW need not be effective; we call (W,ΓW ) a sub-pair, and it is log smooth. By
(5.2), DivW (q∗θ) = DivW (p∗θ) = −aΓW , so γ is crepant and KW +ΓW = q∗(KN0 +Γ0) as well,
the canonical divisors being chosen compatibly.

We claim that there is an irreducible component Z of an intersection of k coefficient-one
components of ΓW with p(Z) = A. The strict transform of A on W1 is such a component. A
blow-up whose center does not contain the generic point of the current Z does not change Z near
its generic point. Suppose that the center contains the generic point of Z. Since the center has
simple normal crossings with the boundary and any further equation would cut Z properly, it is
locally the intersection of h of the k coefficient-one components through Z. If h = 1, the blow-up
is an isomorphism near Z. If h ≥ 2, the exceptional divisor has log discrepancy h−h = 0, hence
coefficient one, and in each chart it meets the strict transforms of the other k−1 components in
a codimension-k stratum dominating Z. This proves the claim by induction (cf. [OAI26d, proof
of Lemma 7.2]).

Blowing up Z (or taking Z itself if k = 1) gives an lc place of (W,ΓW ), hence of (N0,Γ0) with
respect to both p and q. Thus A′ := q(Z) is an lc center of (N0,Γ0) with dimA′ ≤ dimZ = dimA.
By the maximality of k, A′ is a minimal lc center of codimension k, with projective klt adjunction
pair (A′,ΓA′), and q|Z : Z → A′ and p|Z : Z → A are generically finite and dominant.

We show that q|Z is birational and that

(5.3) (q∗θ)Z = (q|Z)∗θA′ ,

where (q∗θ)Z is the residue of q∗θ along Z, defined by the same local formula as in Theorem 2.15
at the generic point of the log smooth sub-pair (W,ΓW ). At the generic points of A′ and Z choose
regular parameters x1, . . . , xk and z1, . . . , zk of the coefficient-one components through A′ and
Z, completed by coordinates y1, . . . , yn−k and w1, . . . , wn−k along A′ and Z, where n := dimN0.
No other component of SuppΓ0, respectively of SuppΓW ∪ Exc(q), contains A′, respectively Z,
by the simple normal crossing property. Hence θ = g (dx1/x1∧· · ·∧dxk/xk∧dy1∧· · ·∧dyn−k)

⊗a

with g a unit at the generic point of A′, θA′ = g|A′(dy1∧· · ·∧dyn−k)
⊗a, and q∗xi = ui

∏
j z

eij
j with

ui units at the generic point of Z and eij non-negative integers. Let M be the matrix expressing
q∗(dxi/xi) and q∗dyl in the basis dzj/zj , dwl. Modulo the ideal of Z, M is block triangular with
diagonal blocks E := (eij) and the Jacobian matrix J of q|Z . Since DivW (q∗θ) = −aΓW , the
coefficient (g ◦ q)(detM)a of q∗θ in the basis (dz1/z1 ∧ · · · ∧ dzk/zk ∧ dw1 ∧ · · · ∧ dwn−k)

⊗a is a
unit at the generic point of Z, so detE ̸= 0, det J ̸= 0, and

(q∗θ)Z = (detE)a(q|Z)∗θA′ .

Choose positive real numbers α1, . . . , αk linearly independent over Q and let v be the monomial
valuation of C(W ) = C(N0) at the generic point of Z with v(zj) = αj . Let R be a regular local
ring and v′ a real valuation centered on R whose values on a regular system of parameters of
R are positive and Q-linearly independent. Then the value group of v′ is generated by these
values, and the residue field of v′ is that of R [OAI26d, (7.6)]. Applied to OW,ηZ , this gives value
group

∑
j Zαj and residue field C(Z). The values v(xi) =

∑
j eijαj are positive and Q-linearly

independent because detE ̸= 0, so the same statement applied to ON0,ηA′ gives value group∑
i Zv(xi) and residue field C(A′). Comparing, E is unimodular and C(Z) = C(A′). Thus q|Z

is birational and (detE)a = 1 as a is even, which proves (5.3). The same argument shows that
p|Z is birational and (p∗θ)Z = (p|Z)∗θA.
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Put ψ := q|Z ◦ (p|Z)−1 : A 99K A′. By (5.2) and (5.3), ψ∗θA′ = λθA. Now f0 : (N0,Γ0) → C0

is a dlt crepant log structure, ω[a]
N0

(aΓ0) is trivialized by θ, and A,A′ are minimal lc centers with
f(A) = f(A′) = {c}. Theorem 5.2(2) gives a birational map ϕ : A 99K A′ with ϕ∗θA′ = θA.
Then g := ϕ−1 ◦ ψ is a birational self-map of A with g∗θA = λθA, and g is crepant for (A,ΓA)

by [OAI26d, Lemma 2.1]. Since dimA ≤ r ≤ d − 1, Theorem 2.14 gives λL(dimA,a) = 1, and
L(dimA, a) | H0. Thus ζ−awH0 = 1, so e | awH0 = p∗w. This finishes the proof. �

Theorem 5.5. Let d ≥ 2 and m be positive integers, and put

E0 := lcm0≤j≤d−1 L(j,m), b := mE0,

q0 := lcm0≤j≤d−1 q(j, b), a := 2bq0,

H0 := lcm0≤j≤d−1 L(j, a), pv := aH0,(5.4)

where q(j, b) and L(j, ·) are the integers of Theorems 2.13 and 2.14. Let h : (X,B) → P
be a crepant log structure such that h is a contraction of normal quasi-projective varieties,
0 < dimP ≤ dimX ≤ d, B is a Q-divisor, and the generic fiber (Xη, Bη) of h is geometrically
klt over C(P ). Let ψ ∈ C(X) be a nonzero rational function and D a Q-Cartier Q-divisor on P
such that

(5.5) KX +B +
1

m
div(ψ) = h∗D,

and let BP and M be the discriminant part and the moduli part of (5.5) (Definition 4.2). Let G
be a finite group acting faithfully on P with quotient ρ : P → V . Assume that every σ ∈ G lifts
to a crepant birational self-map of (X,B) over σ, that is, there is a crepant birational self-map
σ̃ of (X,B) with h◦ σ̃ = σ ◦h. Let V → S be a projective morphism to a normal quasi-projective
variety. Let ωV be a rational top form on V , ωP := ρ∗ωV , and ωX a rational top form on X,
with canonical divisors KV , KP and KX . Then the following hold.

(1) There exists χ ∈ C(P )∗ such that the rational b-canonical form θ0 := (χ ◦ h)ψE0ω⊗b
X

satisfies

(5.6) Div(θ0) + bB = h∗
(
bD + div(χ)

)
and σ̃∗θ0 = θ0 for every crepant birational self-map σ̃ of (X,B) lying over an element of
G.

(2) Put Dβ := D + 1
b div(χ) and let Mβ be the moduli part of (5.6), so that Mβ,P ′ =

MP ′ + 1
b divP ′(χ) for every birational model P ′ of P . Let U be a normal variety with

a projective birational morphism τ : U → V , ρU : PU → U the normalization of U in
C(P ), τU : PU → P the induced morphism, KU := Div(τ∗ωV ), and KPU

:= Div(τ∗UωP ).
There exist a Q-Cartier Q-divisor DV on V , a b-Q-Cartier b-divisor MV over V , and,
for every such U , a Q-divisor BU on U , such that BV ≥ 0 and

Dβ = ρ∗DV ,(5.7)
Mβ,PU

= ρ∗UMV
U ,(5.8)

KPU
+BPU

= ρ∗U (KU +BU ),(5.9)
τ∗DV = KU +BU + MV

U(5.10)

for every such U . If MV descends to U , then BU is the Q-divisor defined by (2.1)
for (V,BV + MV ). For U = V , (5.9) and (5.10) read KP + BP = ρ∗(KV + BV ) and
DV = KV +BV + MV

V .
(3) (V,BV + MV )/S is a generalized lc pair. For every U as in (2), every prime divisor F

on U , and every prime divisor Q on PU over F , with ramification index e,

(5.11) 1− multQBPU
= e (1− multF BU ).
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(4) For every smooth variety U projective and birational over V , pvMV
U is a Cartier divisor,

and MV
U is nef over S if MV descends to U .

Proof. Put K := C(P ), K0 := C(V ) = KG, and r := dimX − dimP . Let ωX/P be the rational
relative top form with ωX = ωX/P ∧h∗ωP , and put α := ψ ω⊗m

X/P , a rational relative m-canonical
form on Xη. By (5.5), DivXη(α) = −mBη.

Step 1. We construct χ and prove (1).
Let A be the set of crepant birational self-maps of (X,B) lying over elements of G. Then A is

a group, and sending σ̃ to σ defines a homomorphism A → G, which is surjective by assumption
and whose kernel is A0 := BircP (X,B).

Let σ̃ ∈ A lie over σ and let p, q :W → X be a common resolution of σ̃, so that q = σ̃◦p. Since
σ̃ is crepant, p∗(KX +B) = q∗(KX +B) on W , the canonical divisors being chosen compatibly
with a fixed KW (Definition 2.8); write KW +ΓW for this divisor. For every rational n-canonical
form θ′ on X, unwinding the definitions gives

(5.12) DivW (p∗θ′) = p∗
(

DivX(θ′)+nB
)
−nΓW , DivW (q∗θ′) = q∗

(
DivX(θ′)+nB

)
−nΓW .

Suppose that DivX(θ′)+nB = h∗(nD′) for a Q-Cartier Q-divisor D′ on P . Since h◦q = σ◦h◦p,
(5.12) gives divW (q∗θ′/p∗θ′) = (h ◦ p)∗(nσ∗D′ − nD′). Thus the rational function q∗θ′/p∗θ′ has
zero divisor on the generic fiber of h ◦ p, which is a normal projective geometrically integral
variety over K, so it is the pullback of some c ∈ K∗. Hence

(5.13) σ̃∗θ′ = (c ◦ h) θ′ and σ∗D′ = D′ +
1

n
div(c).

The rational relative m-canonical forms α′ on Xη with DivXη(α
′) = −mBη, together with

0, form a one-dimensional K-vector space L. Indeed, the ratio α′/α is a rational function
with zero divisor on the normal projective variety Xη, hence lies in H0(Xη,OXη)

∗ = K∗ (cf.
Lemma 4.1). Applying (5.13) to θ := ψ ω⊗m

X = α ∧ (h∗ωP )
⊗m, with n = m and D′ = D, and

using σ∗ωP = ωP , we get σ̃∗α = cα with c ∈ K∗. Thus A acts on L and on L⊗E0 by pullback,
and σ̃∗(xα′) = σ∗(x) σ̃∗α′ for x ∈ K.

We claim that A0 acts trivially on L⊗E0 . Let g ∈ A0 and g∗α = cα with c ∈ K∗; it suffices
to show cL(r,m) = 1. If r = 0, then L = K and c = 1. Let r > 0. Let p, q : W → X be a
common resolution of g over P such that W is smooth and Σ := SuppΓW ∪Exc(p)∪Exc(q) is a
simple normal crossing divisor, where KW +ΓW := p∗(KX +B) = q∗(KX +B). Let P 0 ⊂ P be
a nonempty open subset satisfying the following. The variety P 0 is smooth, ωP generates ωP 0 ,
c ∈ O(P 0)∗, and P 0 ∩ SuppD = ∅. The morphism h is flat over P 0 with geometrically normal
and geometrically integral fibers. The variety W and all strata of Σ are smooth over P 0, and
Σ and B are horizontal over P 0. Such P 0 exists by generic flatness, generic smoothness, and
the openness of geometric normality and geometric integrality in flat proper families, since the
generic fiber of h is normal and geometrically integral (cf. [OAI26c, proofs of Proposition 7.1 and
Lemma 7.3] and the proof of Lemma 4.6). Let t ∈ P 0 be a point, closed or not, and let Xt, Wt,
Bt, ΓW,t and Σt be the fibers over SpecC(t) and the restrictions to them. Then Xt is a normal
geometrically integral projective variety of dimension r over C(t), Wt is smooth and geometrically
integral, Σt is a simple normal crossing divisor, and pt, qt :Wt → Xt are birational. The identity
KW +ΓW = p∗(KX +B) = q∗(KX +B) restricts to KWt +ΓW,t = p∗t (KXt +Bt) = q∗t (KXt +Bt)
(cf. [OAI26c, proof of Proposition 7.1]). Since (Xη, Bη) is geometrically klt and Σ is horizontal
over P 0, the coefficients of ΓW,t are less than one, so (Xt, Bt) is geometrically klt. Let θt be
the restriction to Xt of ψ ω⊗m

X/P . Since Div(θ) = −mB over P 0 by (5.5) and ωP generates ωP 0 ,
DivXt(θt) = −mBt. Restricting q∗θ = (c ◦ h ◦ p) p∗θ to Wt shows that gt := qt ◦ p−1

t satisfies
g∗t θt = c(t)θt. Let t be a closed point. By [OAI26d, Lemma 2.1], gt is a crepant birational
self-map of the projective klt pair (Xt, Bt), so Theorem 2.14 gives c(t)L(r,m) = 1. As this holds
for every closed point t ∈ P 0, cL(r,m) = 1. Since L(r,m) | E0, the claim follows.
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Consequently the action of A on L⊗E0 factors through G: for σ ∈ G there is cσ ∈ K∗ with
σ̃∗v = cσv for every lift σ̃ of σ, where v := α⊗E0 . As (σ̃τ̃)∗ = τ̃∗σ̃∗, we have cστ = τ∗(cσ)cτ . The
automorphisms τ∗ (τ ∈ G) of K over K0 are linearly independent over K, so there is x ∈ K
with

χ :=
∑
τ∈G

cτ τ
∗(x) ̸= 0,

and σ∗(χ)cσ =
∑

τ σ
∗(cτ )cσ(τσ)

∗(x) =
∑

τ cτσ(τσ)
∗(x) = χ for every σ ∈ G. Put β := χv =

χα⊗E0 . Then σ̃∗β = σ∗(χ)cσv = β for every σ̃ ∈ A, and θ0 = β ∧ (h∗ωP )
⊗b. Hence σ̃∗θ0 = θ0

for every σ̃ ∈ A, and
Div(θ0) = h∗ div(χ) + E0 div(ψ) + bKX

= h∗ div(χ) + E0

(
h∗(mD)−m(KX +B)

)
+ bKX = h∗

(
bD + div(χ)

)
− bB.

This proves (1).
Step 2. We prove (2) and (3), and the nefness in (4).

Applying (5.13) to θ0, with n = b, D′ = Dβ and c = 1, gives σ∗Dβ = Dβ for every σ ∈ G.
Lemma 5.3 gives DV with (5.7).

Let U , τ , ρU , τU , KU and KPU
be as in (2). Then G acts faithfully on PU over U , and

U = PU/G since ρU is finite and U is normal. The morphism τU is projective and birational.
Let tQ be the threshold at a prime divisor Q of PU of the sub-lc crepant pullback over PU

(Definition 4.2), so multQBPU
= 1− tQ. Every σ̃ ∈ A is a crepant birational self-map over the

automorphism σU of PU induced by σ. We claim that tσU (Q) = tQ. Let p, q : W → X be a
common resolution of σ̃ such that h ◦ p lifts to a morphism hW : W → PU , and KW + ΓW :=
p∗(KX + B) = q∗(KX + B). Since h ◦ q = σ ◦ h ◦ p, the morphism h ◦ q lifts to σU ◦ hW ,
and (σU ◦ hW )∗σU (Q) = h∗WQ. By Definition 4.2, tQ and tσU (Q) are both computed on the
sub-pair (W,ΓW ) with these structure morphisms, which proves the claim. Hence BPU

, KPU

and Mβ,PU
= τ∗UDβ −KPU

− BPU
are G-invariant. For a prime divisor F on U choose a prime

divisor Q of PU over F , with ramification index eQ, and put

multF BU := 1−
1− multQBPU

eQ
;

this does not depend on Q since G permutes the prime divisors over F transitively. At the
generic point of Q, write v = ueQw with u and v local equations of Q and F and w a unit. Then
ρ∗Udv = ueQ−1(eQw du + u dw), so multQKPU

= eQ multF KU + eQ − 1 (the Hurwitz formula).
Hence

KPU
+BPU

= ρ∗U (KU +BU ).

Put MV
U := τ∗DV −KU − BU . Then ρ∗UMV

U = τ∗UDβ −KPU
− BPU

= Mβ,PU
. Let U ′ → U be a

birational morphism of such models. The thresholds tQ and the ramification indices of the prime
divisors not contracted by PU ′ → PU are the same on PU ′ and PU . Thus BU ′ pushes forward to
BU , and the divisors MV

U form a b-divisor MV over V . This gives (5.8), (5.9), (5.10) and (5.11)
for every U . By Definition 4.2, 0 ≤ tQ ≤ 1 for every prime divisor Q on P , so BP ∈ [0, 1] and
BV ∈ [0, 1] by (5.11). In particular BV ≥ 0.

We show that MV is b-Q-Cartier. By Theorem 4.3(2), applied to (5.6) and the projective
morphism P → S, and after resolving the model obtained there, Mβ descends to a smooth
variety P ′ projective and birational over P with Mβ,P ′ nef over S. By [Har77, Theorem II.7.17],
P ′ is the blow-up of P along a coherent ideal sheaf I. Let P ′′ be the normalization of the
blow-up of P along the G-invariant ideal sheaf

∏
σ∈G σ

∗I. Then G acts on P ′′, P ′′ → P is
projective and birational, and it factors through P ′ by [Har77, Proposition II.7.14], because
IOP ′′ divides the invertible ideal

∏
σ σ

∗I · OP ′′ on the integral scheme P ′′ and is therefore
invertible. Since P ′′ is quasi-projective, every G-orbit in P ′′ lies in an affine open subset, so
the quotient P ′′/G exists [SGA1, Exposé V, Proposition 1.8]; it is a normal variety, proper and
birational over V . By Chow’s lemma [Har77, Exercise II.4.10] and normalization, there is a
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normal variety U0 projective and birational over P ′′/G, hence over V , and PU0 dominates P ′′

and P ′. Let U be normal, projective and birational over U0. Then Mβ,PU
is the pullback of

Mβ,P ′ , hence Q-Cartier and G-invariant, so by Lemma 5.3 and the injectivity of ρ∗U , MV
U is

Q-Cartier. For a birational morphism π : U ′ → U of such models, with πP : PU ′ → PU , we get
ρ∗U ′MV

U ′ = Mβ,PU′ = π∗PMβ,PU
= ρ∗U ′π∗MV

U , so MV
U ′ = π∗MV

U . Thus MV descends to U0.
Let U be smooth, projective and birational over V , such that MV descends to U , and let U1 be

a smooth variety projective and birational over both U and U0. Then MV
U1

is the pullback of MV
U ,

and ρ∗U1
MV

U1
= Mβ,PU1

is the pullback of Mβ,P ′ , hence nef over S. For a curve Σ ⊂ U1 contracted
over S, choose a curve Σ′ ⊂ PU1 mapping finitely onto Σ; then deg(Σ′ → Σ) (MV

U1
· Σ) =

Mβ,PU1
· Σ′ ≥ 0. Thus MV

U1
is nef over S, and so is MV

U . In particular (V,BV + MV )/S is a
generalized pair, with KV + BV + MV

V = DV Q-Cartier. On every U to which MV descends,
KU+BU+MV

U = τ∗DV by construction, so BU is the divisor defined by (2.1), and multF BU ≤ 1
because multQBPU

= 1− tQ ≤ 1. Hence (V,BV + MV )/S is generalized lc.
Step 3. We show that pvMV

U is Cartier for every smooth variety U projective and birational
over V .

Let F be a prime divisor on U and Q a prime divisor of PU over F , with ramification index
e. By (5.8), multQ Mβ,PU

= emultF MV
U . Since U is smooth, it suffices to show

(5.14) pv multF MV
U =

pv multQ Mβ,PU

e
∈ Z.

Let I ⊂ G be the inertia group of Q, that is, the group of elements of G fixing Q pointwise. It
is cyclic of order e, generated by an element σ acting on the conormal space of Q at its generic
point by a primitive e-th root of unity ζ (standard). Put k := dimP . Let σ′ ∈ I \ {1}. The
fixed locus of σ′ is smooth at a general point of Q, and its tangent space there is the fixed
subspace of the tangent space of PU (standard). Since σ′ acts on the conormal space of Q by
a nontrivial power of ζ, the fixed locus of σ′ coincides with Q near a general point of Q. Let
P 1
U ⊂ PU be the complement of the I-stable closed subsets Sing(PU ), Sing(Q), and the closure

of Fix(σ′) \Q for σ′ ∈ I \ {1}; none of them contains Q. Let A ⊂ P 1
U be an affine open subset

meeting Q, and P ◦ :=
⋂

σ′∈I σ
′(A), which is affine as PU is separated. Then P ◦ is a smooth

I-stable affine open subset meeting Q, and every element of I \{1} has fixed locus Q◦ := Q∩P ◦.
Let π : P ◦ → Y := P ◦/I be the quotient, so Y = SpecO(P ◦)I . At a point of Q◦, averaging
local coordinates over I gives a regular system of parameters u, t2, . . . , tk of P ◦ with u a local
equation of Q, σ∗u = ζu and σ∗ti = ti. Hence Y is smooth with local parameters ue, t2, . . . , tk,
and π is a cyclic cover of degree e which is étale outside Q◦ and totally ramified along Q◦.

Let µ : X̃ → X be a projective birational morphism from a smooth variety such that g :

X̃ → PU , τU ◦ g = h ◦ µ, is a morphism, and such that, writing K
X̃
+ Bc := µ∗(KX + B) and

θ̃0 := µ∗θ0, the divisor SuppBc∪Supp g∗Q∪Supp Div(θ̃0)∪Exc(µ) has simple normal crossings.
As in (5.12),

Div(θ̃0) + bBc = g∗(bDPU
), DPU

:= τ∗UDβ .

Let σ̃ ∈ A be a lift of σ and p, q : W̃ → X̃ a common resolution of σ̃ with W̃ smooth, so that
g ◦ q = σU ◦ g ◦ p. The morphism g has connected fibers, because K is algebraically closed in
C(X) and PU is normal; the same holds for g ◦ p.

Let Ȳ be a projective closure of Y . If k ≥ 2, let L1, . . . , Lk−1 be general members of a very
ample linear system on Ȳ , and let CY be a connected component of L1 ∩ · · · ∩Lk−1 ∩Y meeting
π(Q◦); if k = 1, put CY := Y . We apply Bertini’s theorem [Kle98, Theorem (4.1)] to the linear
systems |Lj | pulled back to the smooth varieties Y , P ◦, X̃◦ := g−1(P ◦) and W̃ ◦ := (g◦p)−1(P ◦),
and to the strata of X̃◦ with respect to the marked divisors above. These pullbacks are base point
free, and the following hold. The curve CY is smooth and meets the divisor π(Q◦) transversally
at finitely many points. These points, and the generic point of CY , avoid any proper closed
subset of π(Q◦), respectively of Y , chosen in advance, since L1∩· · ·∩Lk−1 meets a closed subset
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of Ȳ of dimension at most k − 1 in finitely many points. The curve C := π−1(CY ) is smooth
and I-stable, and it is irreducible because it is smooth and has a single point over any point of
CY ∩ π(Q◦). The varieties X̃C := g−1(C) and W̃C := (g ◦ p)−1(C) are smooth and irreducible,
the restrictions to X̃C of the marked divisors have simple normal crossings, and the restrictions
pC , qC : W̃C → X̃C are projective birational, being surjective with connected fibers between
varieties of the same dimension. Put gC := g|

X̃C
: X̃C → C.

Fix a point c ∈ C ∩ Q. Then σ|C has order e, fixes c, and acts on mc/m
2
c by ζ, since C is

transverse to Q at c. Let ηC be the generic point of C. Since ηC is a general point of P ◦, we may
assume that τU is an isomorphism near ηC , that χ is regular and invertible at η := τU (ηC), and
that η ∈ P 0, where P 0 is the open subset of Step 1. Thus the generic fiber of gC is birational
to the fiber FC := Xη of h over η. By the choice of P 0, (FC , BC), BC := B|FC

, is a normal
geometrically integral projective geometrically klt pair of dimension r ≤ d−1 over C(η) = C(C).
Put

β̃ := χψE0ω⊗b
X/P , so that θ̃0 = β̃ ∧ (g∗ωPU

)⊗b.

The relative form β̃ restricts to a rational relative b-canonical form βC on FC with Div(βC) +
bBC = 0.

Since σ̃∗θ0 = θ0 and σ∗UωPU
= ωPU

, we have q∗β̃ = p∗β̃ as relative forms on W̃ over PU .
Restricting to W̃C gives q∗CβC = p∗CβC . Hence the birational self-map qC ◦ p−1

C of X̃C lies over
σ|C and defines an automorphism γ of C(FC) = C(X̃C) with γ|C(C) = σ∗ and γ(βC) = βC .

We compute the weight of βC at c. Let u ∈ OPU ,c be a local equation of Q and ℓ1, . . . , ℓk−1

local equations at c of π∗L1, . . . , π
∗Lk−1. Then ℓ1, . . . , ℓk−1, u are local coordinates at c, u|C is

a uniformizer at c, and ωPU
= ϖdℓ1 ∧ · · · ∧ dℓk−1 ∧ du near c with div(ϖ) = KPU

near c. Since
c is a general point of Q, no component of SuppKPU

∪ SuppDPU
other than Q passes through

c, and every component of g∗Q meeting g−1(c) dominates Q. Put αQ := multQDPU
. Consider

the rational b-canonical form

Θ :=
θ̃0

g∗(ϖ ℓ1 · · · ℓk−1)b
= β̃ ∧ g∗

(dℓ1
ℓ1

∧ · · · ∧ dℓk−1

ℓk−1
∧ du

)⊗b

on the preimage under g of a neighborhood of c. Its iterated residue along the smooth divisors
g∗π∗Lj , 1 ≤ j ≤ k − 1, is ΘC := βC ∧ (g∗Cdu)

⊗b. Near g−1
C (c), adjunction gives

Div
X̃C

(ΘC) =
(

Div(Θ) + b
∑
j

g∗π∗Lj

)∣∣∣
X̃C

= −bBc
C + b g∗C

(
(DPU

−KPU
)|C

)
= −bBc

C + b (αQ − multQKPU
) g∗Cc,

where Bc
C := Bc|

X̃C
. Hence ΩC := βC ∧ (du/u)⊗b = u−bΘC satisfies

1

b
Div

X̃C
(ΩC) +Bc

C = (αQ − multQKPU
− 1) g∗Cc

near g−1
C (c). Every divisorial valuation E of C(FC) over C whose restriction to C(C) is a positive

multiple of ordc has a center in g−1
C (c), as gC is proper. Pulling back the last identity to a model

on which E is a divisor, we get
1
b ordE(ΩC) + 1

ordE(u)
= αQ − multQKPU

− 1 +
1− bE

ordE(u)
,

where bE is the coefficient of E in the crepant pullback of Bc
C . The infimum over E of the last

quotient is the lc threshold of the sub-pair (X̃C , B
c
C) with respect to g∗Cc over c. On the log

smooth sub-pair (X̃C , B
c
C) this threshold is the minimum of (1− bi)/ai over the components of

g∗Q meeting g−1(c), where bi is the coefficient in Bc and ai the multiplicity in g∗Q. Indeed, these
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components restrict to smooth divisors of X̃C with the same coefficients and multiplicities. This
minimum is tQ (cf. [OAI26c, proof of Lemma 7.3] and Lemma 4.6). By (2.4) and Definition 4.2,
(5.15) wu(βC) = αQ − multQKPU

− 1 + tQ = multQ Mβ,PU
.

The data C, c, σ|C , ζ, (FC , BC), βC and γ satisfy the hypotheses of Lemma 5.4 for d and b,
and the integer p∗ of (5.1) is pv. Hence e | pvwu(βC) = pv multQ Mβ,PU

by (5.15). This proves
(5.14) and finishes the proof. �

6. Sections on the union of lc centers over a minimal lc center

Definition 6.1 (Sources and springs, [Kol16, Definition 18]). Let q : (Y,A) → T be a dlt
crepant log structure (Definition 2.8) and V an lc center of q. A source of V is an lc center W
of (Y,A) such that q(W ) = V and W is minimal with respect to inclusion among the lc centers
of (Y,A) with image V . We always consider a source together with its adjunction pair (W,ΘW )

(Definition 2.3). Let W h−→ P
ρ−→ V be the Stein factorization of q|W [Har77, Corollary III.11.5],

so that P is normal, h is a contraction, and ρ is finite. We call P the spring of V . By [Kol16,
Theorem 10 and Definition 18], any two sources of V are crepant birational over V , and their
springs are isomorphic over V .

Let (W,ΘW ), h, P , and ρ be as in Definition 6.1. Since h is a contraction, C(P ) is the
algebraic closure of C(V ) in C(W ), and P is the normalization of V in C(P ). Thus every
crepant birational self-map γ of (W,ΘW ) over V induces an automorphism γ̄ of P over V with
h ◦ γ = γ̄ ◦h. We regard Aut(C(P )/C(V )) as the group of automorphisms of P over V , through
the normalization. Sending γ to γ̄ defines a group homomorphism

BircV (W,ΘW ) → Aut(C(P )/C(V )).

Theorem 6.2 ([Kol16, Proposition 19 and Definition 18]). Let q : (Y,A) → T be a Q-factorial
dlt crepant log structure, V an lc center of q, (W,ΘW ) a source of V , and W

h−→ P
ρ−→ V its

Stein factorization. Then:
(1) C(P )/C(V ) is a finite Galois extension.
(2) The homomorphism BircV (W,ΘW ) → Gal(C(P )/C(V )) is surjective.

We recall the notion of quasi-log canonical pairs [Fuj14, 2.6, Definitions 3.1 and 3.2]. A globally
embedded simple normal crossing pair (R,∆R) consists of a simple normal crossing divisor R
on a smooth variety M and an R-divisor B on M such that Supp(B + R) is a simple normal
crossing divisor and B and R have no common irreducible components. Here ∆R := B|R. Let
ν : Rν → R be the normalization and KRν + Ξ := ν∗(KR + ∆R). A stratum of (R,∆R) is an
irreducible component of R or the ν-image of an lc center of the sub-pair (Rν ,Ξ), that is, of
the center of a prime divisor F over Rν with a(F,Rν ,Ξ) = 0. A quasi-log canonical pair [T, ω]
consists of a variety T , an R-Cartier R-divisor ω on T , and a proper morphism f : (R,∆R) → T
from a globally embedded simple normal crossing pair with the following properties. We have
∆R ≤ 1, f∗ω ∼R KR+∆R, and OT ≃ f∗OR(⌈−∆<1

R ⌉), where ∆<1
R is the sum of the components

of ∆R with coefficient < 1. The qlc centers of [T, ω] are the images of the strata of (R,∆R).

Theorem 6.3 ([Fuj14, Theorem 3.4(ii)]). Let [T, ω] be a quasi-log canonical pair and x ∈ T a
point. Then the set of qlc centers of [T, ω] passing through x has a unique minimal element Wx,
and Wx is normal at x.

Lemma 6.4. Let q : (Y,A) → T be a crepant log structure and ω a Q-Cartier Q-divisor on T
such that KY +A ∼Q q

∗ω. Then [T, ω] is a quasi-log canonical pair whose qlc centers are T and
the lc centers of q.

Proof. Let µ : Ỹ → Y be a log resolution of (Y,A) and K
Ỹ
+ ∆ := µ∗(KY + A). Since (Y,A)

is lc and A ≥ 0, we have ∆ ≤ 1, and every component of ∆ with negative coefficient is µ-
exceptional. Thus ⌈−∆<1⌉ is an effective µ-exceptional divisor, so µ∗OỸ

(⌈−∆<1⌉) = OY as
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Y is normal, and (qµ)∗OỸ
(⌈−∆<1⌉) = q∗OY = OT . The pair (Ỹ ,∆) is a globally embedded

simple normal crossing pair: take M := Ỹ × A1, R := Ỹ × {0}, and B := ∆ × A1. Since
K

Ỹ
+ ∆ ∼Q (qµ)∗ω, the proper morphism qµ : (Ỹ ,∆) → T makes [T, ω] a quasi-log canonical

pair. As Ỹ is smooth, the strata of the globally embedded simple normal crossing pair (Ỹ ,∆)

are Ỹ and the lc centers of (Ỹ ,∆). Since a(F, Ỹ ,∆) = a(F, Y,A) for every prime divisor F
over Y and µ(center

Ỹ
F ) = centerY F , the images under µ of the lc centers of (Ỹ ,∆) are the lc

centers of (Y,A). Hence the qlc centers of [T, ω] are T and the images under q of the lc centers
of (Y,A). �
Theorem 6.5 ([Fuj17, Theorem 6.4]). Let (X,∆) be an lc pair and π : X → V a proper
morphism to a variety. Let L be a Cartier divisor on X such that H := L − (KX + ∆) is a
π-semi-ample R-divisor on X. Let D ≥ 0 be an R-divisor on X such that D ∼R,π tH for some
positive real number t, that is, D ∼R tH + π∗B for some R-Cartier R-divisor B on V . Let Z be
the union of the lc centers of (X,∆) contained in SuppD. Then the restriction map

π∗OX(L) → π∗OZ(L)

is surjective.

Here an R-Cartier R-divisor D on X is π-semi-ample if D ∼R
∑

i aiDi for finitely many
π-semi-ample Cartier divisors Di and positive real numbers ai [Fuj11, Definition 4.11].

Set-up 6.6. Let d ≥ 2 be an integer and Φ ⊂ [0, 1] ∩ Q a finite set. Let R be the finite set
given by Lemma 4.4 for d and Φ, and Γ := Φ(R). Let Y q−→ T

π−→ U be contractions of normal
quasi-projective varieties such that U is affine and dimY ≤ d. Let (Y,A) be a Q-factorial dlt
pair such that A ∈ Φ and
(6.1) −(KY +A) ∼Q q

∗H

for some Q-Cartier Q-divisor H on T which is ample over U . In particular q : (Y,A) → T is
a Q-factorial dlt crepant log structure. Let V ⊊ T be an lc center of q which is minimal with
respect to inclusion among all lc centers of q. Let ZV be the reduced union of all lc centers of
(Y,A) with image V . Since V is minimal, an lc center of (Y,A) is contained in ZV if and only
if its image is V . Fix a source (W,ΘW ) of V and its Stein factorization W

h−→ P
ρ−→ V . For an

lc center C of (Y,A) with q(C) = V , let C fC−→ PC
ρC−−→ V be the Stein factorization of q|C and

(C,ΘC) the adjunction pair of C; by Lemma 4.4(1), ΘC ∈ Γ. A source of V contained in C
dominates PC , and we have KC +ΘC ∼Q −f∗Cρ∗C(H|V ), where H|V denotes the restriction of a
Q-Cartier representative of H whose support does not contain V .

Let µ : Ỹ → Y be a log resolution of (Y,A) which is an isomorphism over the largest open
subset Y snc of Y over which (Y,A) is log smooth (standard). Write
(6.2) K

Ỹ
+ P1 + E = µ∗(KY +A), P1 := µ−1

∗ ⌊A⌋,
where the canonical divisors are chosen compatibly (Notation 2.2). Since (Y,A) is dlt, every µ-
exceptional prime divisor has positive log discrepancy ([KM98, Theorem 2.44], see also [Kol16,
Definition 3]), so every coefficient of E is less than 1. The coefficients of the µ-exceptional
components of E may be negative, and P1 and SuppE have no common components. A stratum
of P1 is an irreducible component of an intersection of components of P1. If C̃ is a stratum of
codimension k and D1, . . . , Dk are the components of P1 containing C̃, then no other component
of P1 + SuppE contains C̃. Hence the exceptional divisor of the blow-up of Ỹ along C̃ has log
discrepancy k − k = 0 with respect to (Ỹ , P1 + E). Thus every stratum of P1 is an lc center of
(Ỹ , P1 + E), and µ(C̃) is an lc center of (Y,A), because (Ỹ , P1 + E) and (Y,A) have the same
lc places. Conversely, let C be an lc center of (Y,A). By Definition 2.3, C meets Y snc, and
C ∩Y snc is an irreducible component of an intersection of components of ⌊A⌋. Hence the closure
C̃ of µ−1(C ∩ Y snc) is a stratum of P1, and µC := µ|

C̃
: C̃ → C is birational. Since µ is an
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isomorphism over the generic point of C, C̃ is the only stratum of P1 whose image is C. Thus
µ induces a bijection between the strata of P1 and the lc centers of (Y,A), and if C ′ ⊂ C are lc
centers of (Y,A), then C̃ ′ ⊂ C̃. Let Z̃V be the reduced union of all strata of P1 mapping onto V ,
so that µ(Z̃V ) = ZV , and W̃ the stratum with µ(W̃ ) =W . Every irreducible component of the
intersection of two strata of P1 is a stratum of P1, since P1 is a simple normal crossing divisor.
If the two strata are contained in Z̃V , then so is this component, by the minimality of V .

For a positive integer N we define the Cartier divisor
(6.3) LN := −N(K

Ỹ
+ P1)− ⌊(N + 1)E⌋

on Ỹ . A rational function φ is a section of O
Ỹ
(LN ) over an open subset if and only if the

rational (−N)-canonical form β := φω⊗(−N) satisfies Div(β) ≥ NP1 + ⌊(N + 1)E⌋ there, where
ω is the fixed rational top form with K

Ỹ
= Div(ω). We identify O

Ỹ
(LN ) with this sheaf of

(−N)-canonical forms.

Residues along strata. We keep the notation of Set-up 6.6, and we also regard Ỹ as a stratum
of P1, the intersection of the empty set of components, with µ(Ỹ ) = Y . Let C̃ be a stratum of
P1, D1, . . . , Dk the components of P1 containing C̃, C := µ(C̃), and

SC := (P1 −D1 − · · · −Dk)|C̃ , EC := E|
C̃
.

Then SC is a reduced divisor and SC + SuppEC is a simple normal crossing divisor on C̃. The
coefficients of EC are those of E, and ⌊(N +1)E⌋|

C̃
= ⌊(N +1)EC⌋. The strata of P1 contained

in C̃ are C̃ and the strata of SC . If C̃ ′ ⊂ C̃ is a stratum of P1 and D′
1, . . . , D

′
l are the components

of SC containing C̃ ′, then (SC −D′
1 − · · · −D′

l)|C̃′ = SC′ and EC |C̃′ = EC′ .
Iterating the adjunction isomorphism [Har77, Proposition II.8.20] along D′

1, . . . , D
′
l gives an

isomorphism ω
C̃
(D′

1 + · · · +D′
l)|C̃′ ≃ ω

C̃′ which is well defined up to sign, and its m-th tensor
power is well defined for every even integer m (cf. [Kol16, Definition 13]). Let m be an even
integer and θ a rational m-canonical form on C̃ such that no component of Div(θ) + m(D′

1 +

· · · +D′
l) contains C̃ ′. Then θ is a rational section of ω⊗m

C̃
(m(D′

1 + · · · +D′
l)) which is regular

and nonzero at the generic point of C̃ ′, and we denote by θ
C̃′ the rational m-canonical form on

C̃ ′ corresponding to θ|
C̃′ . We call θ

C̃′ the residue of θ on C̃ ′. By construction,

(6.4) Div(θ
C̃′) =

(
Div(θ) +m(D′

1 + · · ·+D′
l)
)
|
C̃′ .

The residue is multiplicative: (θ⊗θ′)
C̃′ = θ

C̃′⊗θ′C̃′ for forms of even degrees, and (gθ)
C̃′ = g|

C̃′θC̃′

for a rational function g on C̃ which is regular and nonzero at the generic point of C̃ ′. It is
transitive along flags of strata, it commutes with étale base change, and in local coordinates at
the generic point of C̃ ′ it is given by the formula recalled before Theorem 2.15. In particular, let
C ′ be an lc center of the dlt pair (C,ΘC), and let θ be a rational m-canonical form on C, viewed
on C̃, such that the residue θ

C̃′ is defined. Near the generic point of C ′, the pair (C,ΘC) is log
smooth and KC +ΘC is Cartier, so θ is a rational section of ω[m]

C (mΘC) there which is regular
and nonzero at the generic point of C ′. Then θ

C̃′ is the image of θ|C′ under the Poincaré residue
map Rm

C→C′ of Definition 5.1. Indeed, both are determined by their values at the generic point
of C ′, where µC is an isomorphism and both are given by the formula recalled before Theorem
2.15.

Applying this to local generators of O
Ỹ
(LN ), whose divisors are NP1 + ⌊(N + 1)E⌋ locally,

we obtain for every even positive integer N a canonical isomorphism
(6.5) O

Ỹ
(LN )|

C̃
≃ O

C̃

(
−NK

C̃
−NSC − ⌊(N + 1)EC⌋

)
,

where the right hand side is the sheaf of rational (−N)-canonical forms β on C̃ with Div(β) ≥
NSC +⌊(N+1)EC⌋. For a stratum C̃ ′ ⊂ C̃, the restriction map O

Ỹ
(LN )|

C̃
→ O

Ỹ
(LN )|

C̃′ sends
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a section β to β
C̃′ under (6.5), where β

C̃′ := 0 if β vanishes along C̃ ′, that is, if some component
of Div(β)−N(D′

1 + · · ·+D′
l) contains C̃ ′. We also write β|

C̃′ for β
C̃′ .

Lemma 6.7. Notation as in Set-up 6.6. Let C be an lc center of (Y,A) or C := Y , let C̃ be
the stratum of P1 with µ(C̃) = C, and µC := µ|

C̃
. Then:

(1) We have

(6.6) K
C̃
+ SC + EC = µ∗C(KC +ΘC),

where K
C̃

and KC are the divisors of one rational top form on C and ΘY := A. In
particular, ΘC = (µC)∗(SC+EC), and for every integer m and every rational m-canonical
form θ on C,

(6.7) Div
C̃
(θ) = µ∗C

(
DivC(θ) +mΘC

)
−m(SC + EC).

(2) Let N be a positive even integer such that NR ⊂ Z. Then

(6.8) (µC)∗OC̃

(
−NK

C̃
−NSC − ⌊(N + 1)EC⌋

)
= OC

(
−NKC − ⌈NΘC⌉

)
as subsheaves of the constant sheaf of rational (−N)-canonical forms. That is, for a
rational (−N)-canonical form β on C and an open subset C◦ ⊂ C, we have Div

C̃
(β) ≥

NSC + ⌊(N +1)EC⌋ on µ−1
C (C◦) if and only if DivC(β) ≥ ⌈NΘC⌉ on C◦. In particular,

(µC)∗
(
O

Ỹ
(LN )|

C̃

)
≃ OC(−NKC − ⌈NΘC⌉) by (6.5).

Proof. (1) If C = Y , then (6.6) is (6.2). Assume that C is an lc center of (Y,A), and let
D1, . . . , Dk be the components of P1 containing C̃. Let m be a positive even integer such that
m(KY + A) is Cartier. Let σ be an m-canonical form on Y such that G := DivY (σ) +mA is a
Cartier divisor whose support does not contain C. For example, we may take σ := ψω⊗m

Y for
a rational function ψ with div(ψ) = −m(KY + A) near the generic point of C. Then σ is a
rational section of ω[m]

Y (mA) with divisor G, so by [Kol16, Definition 13] the Poincaré residue
θC := Rm

Y→C(σ|C) is a rational section of ω[m]
C (mΘC) with divisor G|C , that is,

DivC(θC) +mΘC = G|C .

By (6.2), Div
Ỹ
(σ) = µ∗(DivY (σ)−mKY ) +mK

Ỹ
= µ∗G−m(P1 + E). Hence

Div
Ỹ
(σ) +m(D1 + · · ·+Dk) = µ∗G−m(P1 −D1 − · · · −Dk)−mE,

and no component of this divisor contains C̃. Thus the residue σ
C̃

is defined, and by (6.4) its
divisor is µ∗C(G|C)−m(SC + EC). As σ

C̃
= θC , we get

Div
C̃
(θC) = µ∗C

(
DivC(θC) +mΘC

)
−m(SC + EC).

On the other hand, writing θC = φω⊗m
C , we have Div

C̃
(θC) = µ∗C divC(φ) + mK

C̃
=

µ∗C(DivC(θC) −mKC) +mK
C̃

. Comparing the two expressions and dividing by m gives (6.6).
Pushing forward (6.6) gives ΘC = (µC)∗(SC+EC), and the same computation with an arbitrary
θ gives (6.7).

(2) Let Q be a prime divisor on C and F its strict transform on C̃. Since SC and SuppEC

have no common components, F is a component of SC if and only if multQΘC = 1, and F is a
component of EC with coefficient e if and only if multQΘC = e ∈ (0, 1). Since ΘC ∈ Γ = Φ(R)
and NR ⊂ Z, Lemma 4.4(2) gives

(6.9) (µC)∗
(
NSC + ⌊(N + 1)EC⌋

)
= N⌊ΘC⌋+ ⌊(N + 1){ΘC}⌋ = ⌈NΘC⌉.

Let β be a rational (−N)-canonical form on C. We have DivC(β) = (µC)∗ Div
C̃
(β). If Div

C̃
(β) ≥

NSC + ⌊(N + 1)EC⌋ on µ−1
C (C◦), then DivC(β) ≥ ⌈NΘC⌉ on C◦ by (6.9).
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Conversely, assume that DivC(β) ≥ ⌈NΘC⌉ on C◦. Write β = φω
⊗(−N)
C . Then N(KC +ΘC)

and DivC(β)−NKC = div(φ) are Q-Cartier, so DivC(β)−NΘC is a Q-Cartier Q-divisor, and
it is effective on C◦. By (6.7),

Div
C̃
(β)−N(SC + EC) = µ∗C

(
DivC(β)−NΘC

)
≥ 0

on µ−1
C (C◦). Let F be a prime divisor on µ−1

C (C◦) and e its coefficient in SC + EC . Then
multF Div

C̃
(β) ≥ Ne, hence multF Div

C̃
(β) ≥ ⌈Ne⌉. If F is a component of SC , then ⌈Ne⌉ = N

is the coefficient of F in NSC + ⌊(N + 1)EC⌋. Otherwise e < 1, and
⌊(N + 1)e⌋ ≤ ⌈Ne⌉,

because (N +1)e < Ne+1 ≤ ⌈Ne⌉+1. Thus Div
C̃
(β) ≥ NSC + ⌊(N +1)EC⌋ on µ−1

C (C◦). This
proves (6.8), and the last assertion follows from (6.5). �
Lemma 6.8. Let f : (X,∆) → S be a crepant log structure such that f is a contraction between
normal quasi-projective varieties. Let a be a positive integer and θ a rational a-canonical form
on X such that

Div(θ) + a∆ = f∗(aD)

for some Q-Cartier Q-divisor D on S. Let N be a positive multiple of a and β a nonzero rational
(−N)-canonical form on X. Then Div(β) ≥ N∆ if and only if

β = (f∗u) θ⊗(−N/a)

for some nonzero u ∈ C(S) such that E := 1
N divS(u) −D ≥ 0. In this case u is unique, E is

Q-Cartier, and

(6.10) 1

N
Div(β)−∆ = f∗E.

Moreover, for an open subset S◦ ⊂ S, we have Div(β) ≥ N∆ on f−1(S◦) if and only if
β = (f∗u)θ⊗(−N/a) with E ≥ 0 on S◦.
Proof. Put v := β ⊗ θ⊗(N/a), a nonzero rational function on X. Then

div(v) = Div(β) + N

a
Div(θ) =

(
Div(β)−N∆

)
+ f∗(ND).

Assume that Div(β) ≥ N∆ on f−1(S◦). Since f∗(ND) is vertical over S, the horizontal part of
div(v) is effective, so v has no poles on the generic fiber F of f . As f is a contraction, F is a
normal projective variety over C(S) with H0(F,OF ) = C(S), so u := v|F is a nonzero element
of C(S) and v = f∗u (cf. the proof of Lemma 4.1). Thus Div(β) −N∆ = f∗(div(u) −ND) =
f∗(NE), which is (6.10), and E is Q-Cartier. Since f is surjective, for every prime divisor Q on
S◦ some component of f∗Q dominates Q, and the coefficient of this component in f∗(NE) has
the sign of multQE. Hence E ≥ 0 on S◦. The uniqueness of u is clear.

Conversely, if β = (f∗u)θ⊗(−N/a) with E ≥ 0 on S◦, then Div(β) = f∗ div(u) − N
a Div(θ) =

N∆+ f∗(NE) ≥ N∆ on f−1(S◦). �
Since Div(β) is an integral divisor, Div(β) ≥ N∆ if and only if Div(β) ≥ ⌈N∆⌉. Thus

Lemma 6.8 describes the sections of OX(−NKX − ⌈N∆⌉) over f−1(S◦): they are the forms
(f∗u)θ⊗(−N/a) with u ∈ C(S) and div(u) ≥ ND on S◦, together with 0.
Lemma 6.9. Let f : (X,∆) → S be a dlt crepant log structure such that f is a contraction
between normal quasi-projective varieties. Let a be a positive even integer and θ a rational
a-canonical form on X such that Div(θ) + a∆ = f∗(aD) for some Q-Cartier Q-divisor D on S.
Let Z1 and Z2 be minimal lc centers of (X,∆) such that f(Z1) = f(Z2) = S, with adjunction
pairs (Zi,∆Zi). Then:

(1) For i = 1, 2, the Poincaré residue θZi := Ra
X→Zi

(θ|Zi) of Definition 5.1, taken over the
open subset of S where aD is Cartier, is a nonzero rational a-canonical form on Zi, and

Div(θZi) + a∆Zi = (f |Zi)
∗(aD).
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(2) There exists a crepant birational map ϕ : (Z2,∆Z2) 99K (Z1,∆Z1) over S such that
ϕ∗θZ1 = θZ2.

(3) Let Z1
h1−→ P1

π1−→ S be the Stein factorization of f |Z1 and τ an automorphism of P1

over S. Then there exists a crepant birational self-map γ of (Z1,∆Z1) over S such that
h1 ◦ γ = τ ◦ h1 and γ∗θZ1 = θZ1.

Proof. Let S◦ ⊂ S be a dense open subset over which aD is Cartier, and put X◦ := f−1(S◦).
On X◦, the divisor a(KX + ∆) = f∗(aD) − Div(θ) is Cartier, so a∆ is integral, the sheaf
ω
[a]
X (a∆) of rational a-canonical forms θ′ with Div(θ′)+a∆ ≥ 0 is locally free, and θ is a rational

section of it with divisor f∗(aD). Since Zi dominates S, its generic point lies over S◦ and no
component of f∗(aD) contains Zi. Thus θ|Zi is a nonzero rational section of ω[a]

X (a∆)|Zi over
S◦, and θZi := Ra

X→Zi
(θ|Zi) is a nonzero rational a-canonical form on Zi.

(1) Let k be a positive integer such that kaD is Cartier. Then ka(KX + ∆) = f∗(kaD) −
kDiv(θ) is Cartier on X. As above, ω[ka]

X (ka∆) is locally free, θ⊗k is a rational section of
it with divisor f∗(kaD), and θ⊗k|Zi is a nonzero rational section of ω[ka]

X (ka∆)|Zi with divisor
(f |Zi)

∗(kaD). Since Rka
X→Zi

is an isomorphism onto ω[ka]
Zi

(ka∆Zi), the rational ka-canonical form
η := Rka

X→Zi
(θ⊗k|Zi) on Zi satisfies Div(η) + ka∆Zi = (f |Zi)

∗(kaD). At the generic point of Zi,
the residue maps are given by the formula recalled before Theorem 2.15, which is multiplicative,
so η = θ⊗k

Zi
. Dividing by k gives (1).

Let i, j ∈ {1, 2}, and let ϕ : Zj 99K Zi be a birational map over S such that ϕ∗θZi = θZj .
We claim that ϕ is crepant with respect to (Zj ,∆Zj ) and (Zi,∆Zi). Let p : Z ′ → Zj and
r : Z ′ → Zi be a common resolution of ϕ, so that r = ϕ ◦ p and f |Zj ◦ p = f |Zi ◦ r, and let
KZ′ +Γp := p∗(KZj +∆Zj ) and KZ′ +Γr := r∗(KZi +∆Zi). By the computation of (5.12) and
(1),

DivZ′(p∗θZj ) = p∗(f |Zj )
∗(aD)− aΓp and DivZ′(r∗θZi) = r∗(f |Zi)

∗(aD)− aΓr.

Since p∗θZj = p∗ϕ∗θZi = r∗θZi and p∗(f |Zj )
∗(aD) = r∗(f |Zi)

∗(aD), we get Γp = Γr. This proves
the claim.

(2) The fiber of f over the generic point of S is connected [Har77, Corollary III.11.3], and
Z1 ∩ X◦ and Z2 ∩ X◦ are minimal lc centers of (X◦,∆|X◦) with image S◦. The form θ is
a section of ω[a]

X (a∆) ≃ f∗OS◦(aD) over the open subset X◦ \ Supp f∗(aD), which meets Z1

and Z2. Theorem 5.2(2), applied to f : X◦ → S◦ and L := OS◦(aD), gives a birational map
ϕ : Z2 99K Z1 with θZ2 = ϕ∗θZ1 . The map ϕ is a composition of the birational maps induced
by P1-links, and these are over S◦, because the P1-links in the proof of [Kol16, Theorem 10] are
obtained by an MMP over the base [Kol16, proof of Theorem 10 and Proposition 14]. Thus ϕ is
over S, and it is crepant by the claim. This proves (2).

(3) By [Kol16, Proposition 19], C(P1)/C(S) is a Galois extension. Its Galois group is the
group H of automorphisms of P1 over S, as P1 is the normalization of S in C(P1). Shrinking
S◦, we may assume that π1 is étale over S◦, and we put P ◦

1 := π−1
1 (S◦). Then P ◦

1 → S◦ is a
finite étale Galois cover with group H, so P ◦

1 ×S◦ P ◦
1 is the disjoint union of the graphs of the

elements of H. Put X1 := X ×S P
◦
1 , with projections τX : X1 → X and f1 : X1 → P ◦

1 , and
∆1 := τ∗X∆. Since τX is étale and the generic fiber of f is geometrically integral, X1 is a normal
variety, f1 is a contraction, (X1,∆1) is dlt, and KX1 +∆1 ∼Q,P ◦

1
0. The lc centers of (X1,∆1)

are the irreducible components of the preimages of the lc centers of (X,∆). The form θ1 := τ∗Xθ
satisfies Div(θ1)+a∆1 = f∗1 (aπ

∗
1D). The preimage of Z1 in X1 is Z1×S P

◦
1 = Z1×P1 (P1×S P

◦
1 ),

the disjoint union of the subvarieties
Zσ := {(z, σ(h1(z))) | z ∈ h−1

1 (P ◦
1 )}, σ ∈ H,

each of which is mapped isomorphically onto h−1
1 (P ◦

1 ) by τX . We write jσ : Zσ → Z1 for
this isomorphism; it identifies (Zσ,∆Zσ) with (Z1,∆Z1), and f1|Zσ = σ ◦ h1 ◦ jσ. Since Z1 is a
minimal lc center of (X,∆), the pair (Z1,∆Z1) is klt by the correspondence of lc centers in [Kol16,
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Definition 18], so the Zσ are minimal lc centers of (X1,∆1), with image P ◦
1 . By (2) applied to f1,

θ1, Zid, and Zτ , there is a crepant birational map ϕ : Zτ 99K Zid over P ◦
1 with ϕ∗(θ1)Zid = (θ1)Zτ .

Since Poincaré residues commute with étale base change, (θ1)Zσ = j∗σθZ1 for every σ. Put
γ := jid◦ϕ◦j−1

τ , a birational self-map of Z1. Then γ∗θZ1 = (j−1
τ )∗ϕ∗j∗idθZ1 = (j−1

τ )∗(θ1)Zτ = θZ1 .
Moreover, f1|Zid ◦ ϕ = f1|Zτ gives h1 ◦ jid ◦ ϕ = τ ◦ h1 ◦ jτ , that is, h1 ◦ γ = τ ◦ h1. As τ is over
S, γ is over S, and γ is crepant by the claim applied with i = j = 1. This proves (3). �

Lemma 6.10. Let h : (W,ΘW ) → P be a crepant log structure such that h is a contraction
between normal quasi-projective varieties, and let g be a birational self-map of W with h ◦ g = h.
Assume that g is crepant over a dense open subset P ◦ ⊂ P , that is, the restriction of g to h−1(P ◦)
is a crepant birational self-map of (h−1(P ◦),ΘW |h−1(P ◦)). Then g ∈ BircP (W,ΘW ).

Proof. Let p, q :W ′ →W be a common resolution of g, so that q = g ◦ p and h ◦ q = h ◦ p, and
put KW ′ +Γp := p∗(KW +ΘW ) and KW ′ +Γq := q∗(KW +ΘW ). We show that Γp = Γq. Since
KW+ΘW ∼Q h

∗L for some Q-Cartier Q-divisor L on P , we have Γp−Γq ∼Q (hp)∗L−(hq)∗L = 0.
Since g is crepant over P ◦, Γp − Γq is supported in (hp)−1(P \ P ◦). Thus a positive multiple of
Γp − Γq is the divisor of a rational function on W ′, and this divisor is vertical over P . As hp is
a contraction, Lemma 4.1 gives a Q-Cartier Q-divisor F on P with Γp − Γq = (hp)∗F , that is,

p∗(KW +ΘW ) = q∗(KW +ΘW + h∗F ).

Let Q be a prime divisor on P and tQ := lct(W,ΘW ;h∗Q) over the generic point of Q (Definition
4.2), so that 0 ≤ tQ ≤ 1 and (W,ΘW + tQh

∗Q) is lc over the generic point of Q. Over a
neighborhood of the generic point of Q, we have h∗F = multQ F · h∗Q, so

p∗(KW +ΘW + tQh
∗Q) = q∗

(
KW +ΘW + (tQ + multQ F )h∗Q

)
there. Suppose that multQ F > 0. Since p and q are birational morphisms over P , the last
identity shows that the pair (W,ΘW + (tQ + multQ F )h∗Q) has the same log discrepancies over
the generic point of Q as (W,ΘW+tQh

∗Q), so it is lc over the generic point of Q. This contradicts
the definition of tQ. Hence multQ F ≤ 0. Applying the same argument to g−1, with the common
resolution q, p and with −F in place of F , we get multQ F ≥ 0. Thus F = 0 and Γp = Γq. �

Lemma 6.11. Let X be a smooth variety, D a simple normal crossing divisor on X, and Z ⊂ X
the reduced union of finitely many strata of D, that is, of irreducible components of intersections
of components of D. Let Z1, . . . , Zr be the irreducible components of Z and L an invertible sheaf
on X. Then for all i ̸= j the scheme-theoretic intersection Zi ∩ Zj is reduced, and the sequence

0 → L|Z →
r⊕

i=1

L|Zi →
⊕
i<j

L|Zi∩Zj

is exact, where the last map sends (si)i to (si|Zi∩Zj − sj |Zi∩Zj )i<j. In particular, sections si of
L|Zi over the open subsets Zi ∩X◦, for an open subset X◦ ⊂ X, such that si and sj agree on
Zi ∩ Zj ∩X◦ for all i, j glue to a unique section of L|Z over Z ∩X◦.

Proof. Tensoring with L−1, we may assume that L = OX . The statements are local, and it
suffices to check the exactness of a sequence of coherent sheaves at the closed points. Let x ∈ Z
be a closed point. Since the components of D through x are smooth and meet transversally,
there is a regular system of parameters x1, . . . , xn of OX,x such that these components are
(x1 = 0), . . . , (xp = 0). Every Zi containing x is a stratum of D, and the intersection of the
components of D containing Zi is smooth, hence irreducible near x. Thus the ideal of Zi in OX,x

is Ii := (xj | j ∈ Ji) for a subset Ji ⊂ {1, . . . , p}. The ideal of Zi∩Zj is Ii+Ij = (xk | k ∈ Ji∪Jj),
which is prime, so Zi ∩ Zj is reduced near x. The ideal of Z is

⋂
i Ii. Since the completion

ÔX,x = C[[x1, . . . , xn]] is faithfully flat over OX,x, it suffices to show that the sequence

0 → ÔX,x/
⋂

i Ii →
⊕

i ÔX,x/Ii →
⊕

i<j ÔX,x/(Ii + Ij)
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is exact, where the ideals are extended to the completion; here i and j run over the indices with
x ∈ Zi and x ∈ Zj . Exactness at the first term is clear. Let (fi)i be in the kernel of the last
map. The ring ÔX,x/Ii is the ring of power series in the variables xk with k /∈ Ji, and we write
fi as such a power series. For a monomial m in x1, . . . , xn, let S(m) be the set of indices i such
that no variable of m lies in {xk | k ∈ Ji}. If i, j ∈ S(m), then m is a nonzero monomial in
ÔX,x/(Ii + Ij), so the coefficients of m in fi and in fj agree. Let cm be this common coefficient
if S(m) ̸= ∅, and cm := 0 otherwise. Then f :=

∑
m cmm satisfies f ≡ fi (mod Ii) for every

i. This proves the exactness at the middle term, and the last assertion follows by applying the
exact sequence on X◦. �

Theorem 6.12. Notation as in Set-up 6.6. Let A := BircV (W,ΘW ) and G := Gal(C(P )/C(V )).
(1) V is normal, (W,ΘW ) is klt, and ρ : P → V is the quotient of P by G. Every element

of G is induced by an element of A.
(2) Let bR be a positive integer such that bRR ⊂ Z and bRΦ ⊂ Z, let m be the integer given

by Theorem 4.7 for d and Γ, and let m0 := lcm
(
m, a(0,Γ), . . . , a(d−1,Γ)

)
, where a(s,Γ)

is as in Theorem 2.11. Put

(6.11) a0 := 2 lcm(bR,m0), Q0 := lcm0≤s≤d−1 L(s, a0), N0 := a0Q0,

where L(s, a0) is as in Theorem 2.14. Then N0 is a positive even integer depending only
on d and Φ, and N0Φ ⊂ Z, N0R ⊂ Z. For every positive multiple N of N0 the following
hold.

(3) Let C be an lc center of (Y,A) with q(C) = V and C̃ ⊂ Z̃V its stratum. Then
(µ|

C̃
)∗
(
O

Ỹ
(LN )|

C̃

)
= OC(−NKC − ⌈NΘC⌉) by (6.5) and (6.8). In particular, for every

open subset U ′ ⊂ V , the sections of O
Ỹ
(LN )|

W̃
over (qµ)−1(U ′) ∩ W̃ are the rational

(−N)-canonical forms β on W such that

(6.12) Div(β) ≥ ⌈NΘW ⌉ on (ρh)−1(U ′),

together with 0.
(4) Let U ′ ⊂ V be an open subset, β a form satisfying (6.12), and γ ∈ A. Then γ∗β satisfies

(6.12). The resulting action of A on the sheaf (ρh)∗OW (−NKW−⌈NΘW ⌉) on V is trivial
on the kernel of A → G, so it factors through G. We denote by

(
(ρh)∗OW (−NKW −

⌈NΘW ⌉)
)G the subsheaf of A-invariant sections.

(5) Restriction from Z̃V to W̃ , followed by the identification in (3), induces an isomorphism
of sheaves on V

(6.13) (qµ|
Z̃V

)∗
(
O

Ỹ
(LN )|

Z̃V

)
≃

(
(ρh)∗OW (−NKW − ⌈NΘW ⌉)

)G
.

In particular, the restriction map H0(Z̃V ,OỸ
(LN )) → H0(W̃ ,O

Ỹ
(LN )) is injective, and

(6.14) im
[
H0(Z̃V ,OỸ

(LN )) → H0(W̃ ,O
Ỹ
(LN ))

]
= H0

(
W,OW (−NKW − ⌈NΘW ⌉)

)G
.

(6) The restriction map H0(Ỹ ,O
Ỹ
(LN )) → H0(Z̃V ,OỸ

(LN )) is surjective.
(7) Let U ′ ⊂ V be an open subset, β ̸= 0 an A-invariant form satisfying (6.12), and s the

section of O
Ỹ
(LN )|

Z̃V
over (qµ)−1(U ′) with s|

W̃
= β given by (5). Let C be an lc center

of (Y,A) with q(C) = V . Then there exist an a0-canonical form θ0C on C and a Q-Cartier
Q-divisor DC on PC with

Div(θ0C) + a0ΘC = f∗C(a0DC),

and a unique nonzero aC ∈ C(PC) with the following properties. Put

(6.15) θC :=
(θ0C)

⊗(N/a0)

f∗CaC
, E′

C :=
1

N
divPC

(aC)−DC , Θ+
C := ΘC + f∗CE

′
C .
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Then E′
C ≥ 0 on ρ−1

C (U ′), the N -canonical form θC satisfies Div(θC) = −NΘ+
C , and s|

C̃

corresponds under (3) to θ−1
C . Moreover, let WC be a source of V contained in C, with

Stein factorization WC
hC−−→ PWC

→ V . Then s|
W̃C

is the crepant transport of β, that is,
s|

W̃C
= (ϕ−1)∗β for every crepant birational map ϕ : (W,ΘW ) 99K (WC ,ΘWC

) over V ,
and

(6.16) 1

N
Div

(
s|

W̃C

)
−ΘWC

= (fC |WC
)∗E′

C .

In (7), the section s|
W̃C

does not depend on ϕ by (4), since two such maps differ by an element
of A, and such maps exist by Theorem 5.2(1) and [Kol16, Definition 18], because W and WC are
sources of V . By (6.10), Θ+

C − ΘC = f∗CE
′
C is the difference between the boundary 1

N Div(θ−1
C )

defined by the section and ΘC , and N(KC +Θ+
C) ∼ 0 over ρ−1

C (U ′).

Proof. Step 1. We prove (1).
By (6.1), KY +A ∼Q q

∗(−H), so Lemma 6.4 shows that [T,−H] is a quasi-log canonical pair
whose qlc centers are T and the lc centers of q. Let x ∈ V be a point and Wx the minimal qlc
center through x given by Theorem 6.3. Then Wx ⊂ V ⊊ T , so Wx is an lc center of q contained
in V , and Wx = V by the minimality of V . Hence V is normal at every point.

Let W ′ be any source of V . By [Kol16, Definition 18], the lc centers of (W ′,ΘW ′) are the
lc centers of (Y,A) properly contained in W ′. Such an lc center C ′ satisfies q(C ′) ⊂ V , hence
q(C ′) = V by the minimality of V , which contradicts the minimality of W ′. Thus (W ′,ΘW ′) is
klt. In particular every source of V is a minimal lc center of (Y,A).

By Theorem 6.2(1), C(P )/C(V ) is Galois, so C(P )G = C(V ). As G acts on P over V , the
morphism P/G → V is finite and birational onto the normal variety V , hence an isomorphism.
The last assertion of (1) is Theorem 6.2(2).
Step 2. We fix the constants in (2), and for every lc center C of (Y,A) with q(C) = V we
construct an a0-canonical form θ0C and describe the sections of O

Ỹ
(LN )|

C̃
and their restrictions

to the sources of V contained in C.
The integers in (6.11) depend only on d and Φ, since R and Γ do, and N0 is even. As bR | N0,

we have N0Φ ⊂ Z and N0R ⊂ Z. Fix a positive multiple N of N0.
Let C be an lc center of (Y,A) with q(C) = V . By Set-up 6.6, fC : (C,ΘC) → PC is a dlt

crepant log structure, fC is a contraction, ΘC ∈ Γ, dimC ≤ d− 1, and KC +ΘC ∼Q f
∗
CL

0
C with

L0
C := −ρ∗C(H|V ). If dimV > 0, then Theorem 4.7(1), applied to d, Γ, and fC , gives a nonzero

ψ ∈ C(C) and a Q-Cartier Q-divisor DC on PC such that m(KC + ΘC) + div(ψ) = f∗C(mDC);
we put ψC := ψa0/m. If dimV = 0, then PC is a point and C is a projective variety with
KC +ΘC ∼Q 0, so a(dimC,Γ)(KC +ΘC) ∼ 0 by Theorem 2.11; since a(dimC,Γ) | a0, there is
a nonzero ψC ∈ C(C) with a0(KC +ΘC)+ div(ψC) = 0, and we put DC := 0. In both cases the
a0-canonical form θ0C := ψCω

⊗a0
C satisfies

(6.17) Div(θ0C) + a0ΘC = f∗C(a0DC).

Let U ′ ⊂ V be an open subset. We apply Lemma 6.8 to fC , θ0C , and a0 | N . Together with
Lemma 6.7(2) and (6.5), it shows that the sections of O

Ỹ
(LN )|

C̃
over (qµ)−1(U ′)∩ C̃ are 0 and

the forms
(6.18) βC = (f∗Cu) (θ

0
C)

⊗(−N/a0), u ∈ C(PC) \ {0}, div(u) ≥ NDC on ρ−1
C (U ′).

Let W ′ be a source of V contained in C, let W ′ h′
−→ P ′ ρ′−→ V be its Stein factorization, and let

π′ : P ′ → PC be the morphism over V induced by fC |W ′ , so that fC |W ′ = π′◦h′; it exists because
P ′ = SpecV (q|W ′)∗OW ′ , and it is finite and surjective. Let D′

1, . . . , D
′
l be the components of SC

containing W̃ ′. By (6.7) and (6.17),

Div
C̃
(θ0C) + a0(D

′
1 + · · ·+D′

l) = (fCµC)
∗(a0DC)− a0(SC −D′

1 − · · · −D′
l)− a0EC .
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No component of the right hand side contains W̃ ′: W̃ ′ dominates PC , and W̃ ′ is a stratum of
the simple normal crossing divisor SC + SuppEC . Hence the residue

θW ′ := (θ0C)W̃ ′

is a well-defined nonzero a0-canonical form on W ′, and by (6.4), Set-up 6.6, and Lemma 6.7(1)
applied to W ′,
(6.19) Div(θW ′) + a0ΘW ′ = (fC |W ′)∗(a0DC) = h′∗(a0π

′∗DC).

Moreover θW ′ is the Poincaré residue Ra0
C→W ′(θ0C |W ′), as explained after (6.4). For a section βC

as in (6.18), the rational function f∗Cu is regular and nonzero at the generic point of W̃ ′, so the
multiplicativity of residues gives

(6.20) βC |W̃ ′ =
(
(f∗Cu)|W ′

)
θ
⊗(−N/a0)
W ′ = (h′∗π′∗u) θ

⊗(−N/a0)
W ′ ̸= 0.

In particular, restriction from C̃ to W̃ ′ is injective on the sections of O
Ỹ
(LN )|

C̃
over (qµ)−1(U ′)∩

C̃.
Step 3. We prove (3) and (4).

Since N is even and NR ⊂ Z, (3) is Lemma 6.7(2) together with (6.5).
Let (W1,Θ1) and (W2,Θ2) be sources of V with Stein factorizations Wi

hi−→ Pi
ρi−→ V , let

ϕ : (W1,Θ1) 99K (W2,Θ2) be a crepant birational map over V , and let β be a rational (−N)-
canonical form on W2 with Div(β) ≥ NΘ2 on (ρ2h2)

−1(U ′). We claim that Div(ϕ∗β) ≥ NΘ1

on (ρ1h1)
−1(U ′). Let p : W ′ → W1 and r : W ′ → W2 be a common resolution of ϕ, so that

r = ϕ ◦ p, and let KW ′ + Γ′ := p∗(KW1 + Θ1) = r∗(KW2 + Θ2). Since ϕ is over V , we have
r−1((ρ2h2)

−1(U ′)) = p−1((ρ1h1)
−1(U ′)). By the computation of (5.12),

DivW ′(r∗β) = r∗
(

Div(β)−NΘ2

)
+NΓ′.

The Q-divisor Div(β)−NΘ2 is Q-Cartier, being the difference of Div(β)−NKW2 and N(KW2 +
Θ2), and it is effective over U ′. Hence r∗(Div(β) −NΘ2) ≥ 0 over U ′, and pushing forward by
p gives DivW1(ϕ

∗β) = p∗r
∗(Div(β)−NΘ2) +NΘ1 ≥ NΘ1 over U ′. This proves the claim, and

the first assertion of (4) is the case W1 =W2 =W , ϕ = γ.
Let A0 be the kernel of A → G, that is, the set of γ ∈ A with h◦γ = h. We construct a rational

N0-canonical form θ0 on W and a Q-Cartier Q-divisor D0 on P such that Div(θ0) + N0ΘW =
h∗(N0D0) and γ∗θ0 = θ0 for every γ ∈ A. If dimV = 0, then W is projective, (W,ΘW ) is
klt, and Div(θ0W ) = −a0ΘW by (6.17). Theorem 2.14 gives γ∗θ0W = cγθ

0
W with c

L(dimW,a0)
γ = 1

for every γ ∈ A; as dimW ≤ d − 1, cQ0
γ = 1, and we put θ0 := (θ0W )⊗Q0 and D0 := 0. If

dimV > 0, we apply Theorem 5.5 to h : (W,ΘW ) → P , with m := a0, ψ := ψW , D := DW ,
the group G acting on P with quotient ρ, and S := U . Its hypotheses hold: h is a contraction,
0 < dimP ≤ dimW ≤ d, the generic fiber of h is geometrically klt because (W,ΘW ) is klt,
(6.17) is (5.5), every element of G lifts to an element of A by (1), and V → U is projective.
Its constants are E0 = lcm0≤j≤d−1 L(j, a0) = Q0 and b = a0Q0 = N0. Theorem 5.5(1) gives a
nonzero χ ∈ C(P ) such that θ0 := (χ◦h)ψQ0

W ω⊗N0
W satisfies Div(θ0)+N0ΘW = h∗(N0DW+div(χ))

and γ∗θ0 = θ0 for every γ ∈ A; we put D0 := DW + 1
N0

div(χ).
Now let β satisfy (6.12) and γ ∈ A0. By Lemma 6.8 applied to h, θ0, and N0 | N , we have

β = (h∗u)θ
⊗(−N/N0)
0 for some nonzero u ∈ C(P ). Since h ◦ γ = h and γ∗θ0 = θ0,

γ∗β = (h∗u) (γ∗θ0)
⊗(−N/N0) = β.

Thus A0 acts trivially, which proves (4).
Step 4. We show that the restriction map in (5) is injective.

Let U ′ ⊂ V be an open subset and s a section of O
Ỹ
(LN )|

Z̃V
over (qµ)−1(U ′) such that

s|
W̃

= 0. Let C̃ ⊂ Z̃V be a stratum, C := µ(C̃), and WC a source of V contained in C. By Step
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2, s|
C̃

= 0 if s|
W̃C

= 0. Since Z̃V is reduced and is the union of its strata, it suffices to show
that s|

W̃C
= 0 for every source WC of V .

Let v be the generic point of V . The fiber q−1(v) is connected [Har77, Corollary III.11.3], and
W and WC are minimal lc centers of (Y,A) with v ∈ q(W )∩q(WC) by Step 1. By Theorem 5.2(1),
W and WC are P1-linked. By Definition 5.1, there exist lc centers W = Z1, Z2, . . . , Zn =WC of
(Y,A) and lc centers W ′′

i ⊃ Zi ∪Zi+1 for 1 ≤ i < n such that q(W ′′
i ) = q(Zi) = q(Zi+1) = V and

(W ′′
i ,ΘW ′′

i
) is crepant birational to a standard P1-link with Zi and Zi+1 mapping to its two lc

centers. Since the two lc centers of a standard P1-link are prime divisors, its lc places are the
valuations along them, and crepant birational pairs have the same lc places. Thus Zi and Zi+1

are the only lc centers of (W ′′
i ,ΘW ′′

i
), their adjunction pairs are klt by the correspondence of lc

centers in [Kol16, Definition 18], and they are sources of V . If s|
Z̃i

= 0, then s|
W̃ ′′

i
= 0 by Step

2 applied to W ′′
i and its source Zi, hence s|

Z̃i+1
= 0. By induction on i, s|

W̃C
= 0.

Step 5. We show that there is a dense open subset V 0 ⊂ V with the following property. For every
σ ∈ G there is a birational self-map γσ of W with h ◦ γσ = σ ◦h whose restriction to (ρh)−1(V 0)
is a crepant birational self-map of ((ρh)−1(V 0),ΘW |(ρh)−1(V 0)), such that γ∗σ(s|W̃ ) = s|

W̃
for

every open subset U ′ ⊂ V and every section s of O
Ỹ
(LN )|

Z̃V
over (qµ)−1(U ′).

If dimV = 0, then P = V is a point, G is trivial, and V 0 := V and γid := idW have the
required property. Assume that dimV > 0. Since C(P )/C(V ) is a finite separable extension,
C(P ) = C(V )[x]/(p) for a monic irreducible polynomial p with coefficients in C(V ). Let T1 ⊂ T
be an affine open subset meeting V such that the coefficients of p are regular on V ∩ T1, and
let p̃ ∈ O(T1)[x] be a monic polynomial whose restriction to V ∩ T1 is p. Let T 0 ⊂ T1 be the
open subset where the discriminant of p̃ does not vanish; it meets V because p is separable. Put
V 0 := V ∩T 0 and P 0 := ρ−1(V 0). The scheme SpecO(T 0)[x]/(p̃) is finite and étale over T 0, and
its restriction over V 0 is SpecO(V 0)[x]/(p), which is finite and étale over V 0 with function field
C(P ), hence equal to P 0. Let T ′ be the connected component of SpecO(T 0)[x]/(p̃) containing
P 0. Then T ′ is a normal variety, τ : T ′ → T 0 is finite and étale, and τ−1(V 0) = P 0 with
τ |P 0 = ρ|P 0 . In particular P 0 → V 0 is a finite étale Galois cover with group G, so P 0 ×V 0 P 0 is
the disjoint union of the graphs of the elements of G.

Let Y 0 := q−1(T 0), Y ′ := Y 0 ×T 0 T ′, with projections τY : Y ′ → Y 0 and q′ : Y ′ → T ′, and
A′ := τ∗YA. Let Ỹ ′ := Ỹ ×T 0 T ′, with projections τ

Ỹ
: Ỹ ′ → Ỹ and µ′ : Ỹ ′ → Y ′, and let P ′

1, E′,
and L′

N be the pullbacks of P1, E, and LN . Since τY and τ
Ỹ

are étale and the generic fibers
of q and qµ are geometrically integral, Y ′ and Ỹ ′ are normal varieties and q′ is a contraction.
The pair (Y ′, A′) is dlt of dimension ≤ d with A′ ∈ Φ, and µ′ is a log resolution of (Y ′, A′) with
K

Ỹ ′ + P ′
1 + E′ = µ′∗(KY ′ + A′). The lc centers of (Y ′, A′) are the irreducible components of

the preimages of the lc centers of (Y 0, A), and µ′ is an isomorphism over their generic points.
The strata of P ′

1 are the irreducible components of the preimages of the strata of P1. If C is an
lc center of (Y,A) with q(C) = V , then the irreducible components of τ−1

Y (C) are isomorphic
over P 0 to C ×PC

P 0 for the finitely many morphisms P 0 → PC over V 0, because PC is étale
over V 0. Hence they are lc centers of (Y ′, A′) with image P 0 and with connected fibers over P 0.
Conversely every lc center of (Y ′, A′) with image P 0 arises in this way. Therefore Set-up 6.6,
the residue formalism, Lemma 6.7, and Step 2 apply to (Y ′, A′), µ′, P ′

1, E′, L′
N , the lc center P 0

of q′, and the lc centers of (Y ′, A′) with image P 0, with V and the PC replaced by P 0. Indeed,
their proofs use only that q′ is a contraction with KY ′ + A′ ∼Q −q′∗τ∗H, that (Y ′, A′) is dlt
with A′ ∈ Φ, and that µ′ is a log resolution of (Y ′, A′) which is an isomorphism over the generic
points of its lc centers. The differents of A′ lie in Γ by Lemma 4.4(1). Let Z̃ ′ be the union of
the strata of P ′

1 with image P 0; it is the preimage of Z̃V ∩ (qµ)−1(V 0).
Put W 0 := (ρh)−1(V 0). Then τ−1

Y (W 0) =W 0×V 0 P 0 is the disjoint union of the subvarieties

Wσ := {(w, σ(h(w))) | w ∈W 0}, σ ∈ G,
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and the first projection jσ :Wσ →W 0 is an isomorphism identifying (Wσ,ΘWσ) with (W 0,ΘW ),
with q′|Wσ = σ ◦ h ◦ jσ. Since (W,ΘW ) is klt, the Wσ are minimal lc centers of (Y ′, A′) with
image P 0. Let s be a section of O

Ỹ
(LN )|

Z̃V
over (qµ)−1(U ′), β := s|

W̃
, and s′ := τ∗

Ỹ
s, a section

of O
Ỹ ′(L

′
N )|

Z̃′ over (q′µ′)−1(τ−1(U ′ ∩V 0)). Since the residue isomorphisms (6.5) commute with
étale base change, s′|

W̃σ
= j∗σβ for every σ ∈ G, where W̃σ is the stratum of P ′

1 with image Wσ.
Fix σ ∈ G. The fiber of q′ over the generic point of P 0 is connected [Har77, Corollary

III.11.3]. By Theorem 5.2(1) and Definition 5.1, as in Step 4, there exist minimal lc centers
Wid = Z ′

1, Z
′
2, . . . , Z

′
n =Wσ of (Y ′, A′) and lc centers W ′′

i ⊃ Z ′
i ∪Z ′

i+1 of (Y ′, A′) with q′(W ′′
i ) =

q′(Z ′
i) = P 0, for 1 ≤ i < n, such that Z ′

i and Z ′
i+1 are the only lc centers of (W ′′

i ,ΘW ′′
i
). Let

f ′′i := q′|W ′′
i
: W ′′

i → P 0; it is a contraction. By Step 2 applied to (Y ′, A′) and W ′′
i , there are

an a0-canonical form θ′′i on W ′′
i and a Q-Cartier Q-divisor D′′

i on P 0 with Div(θ′′i ) + a0ΘW ′′
i
=

f ′′∗i (a0D
′′
i ), and

s′|
W̃ ′′

i
= (f ′′∗i ui) (θ

′′
i )

⊗(−N/a0) and s′|
Z̃′
j
=

(
(f ′′∗i ui)|Z′

j

)
(θ′′i )

⊗(−N/a0)
Z′
j

(j = i, i+ 1)

for some ui ∈ C(P 0), by (6.18) and (6.20); here ui = 0 is allowed. By Lemma 6.9(2), applied
to f ′′i , θ′′i , Z ′

i, and Z ′
i+1, there is a crepant birational map ϕi : Z ′

i+1 99K Z ′
i over P 0 with

ϕ∗i (θ
′′
i )Z′

i
= (θ′′i )Z′

i+1
. Since ϕi is over P 0, (f ′′∗i ui)|Z′

i+1
= ϕ∗i

(
(f ′′∗i ui)|Z′

i

)
, and therefore

s′|
Z̃′
i+1

= ϕ∗i
(
s′|

Z̃′
i

)
(1 ≤ i < n).

Put Ψ := ϕ−1
n−1◦· · ·◦ϕ

−1
1 :Wid 99KWσ, a crepant birational map over P 0 with Ψ∗(s′|

W̃σ
) = s′|

W̃id
,

and γ := jσ ◦Ψ◦ j−1
id . Then γ is a birational self-map of W over V , and its restriction to W 0 is a

crepant birational self-map of (W 0,ΘW |W 0). Since q′|Wσ ◦Ψ = q′|Wid , we get σ◦h◦jσ◦Ψ = h◦jid,
that is, h ◦ γ = σ−1 ◦ h. Moreover

γ∗β = (j−1
id )∗Ψ∗j∗σβ = (j−1

id )∗Ψ∗(s′|
W̃σ

)
= (j−1

id )∗
(
s′|

W̃id

)
= β.

The map γ was constructed from the chain Z ′
1, . . . , Z

′
n alone and does not depend on s. Replacing

σ by σ−1, we obtain γσ as required.
Step 6. We prove (5) and (7).

Let U ′ ⊂ V be an open subset, s a section of O
Ỹ
(LN )|

Z̃V
over (qµ)−1(U ′), and β := s|

W̃
. Let

γ ∈ A lie over σ ∈ G, and let V 0 and γσ be as in Step 5. Then g := γ−1
σ ◦ γ is a birational

self-map of W with h◦g = h, and its restriction to (ρh)−1(V 0) is a crepant birational self-map of
((ρh)−1(V 0),ΘW |(ρh)−1(V 0)). By Lemma 6.10, applied to h and P ◦ := ρ−1(V 0), we have g ∈ A0.
By (4) and Step 5, γ∗β = g∗γ∗σβ = g∗β = β. Thus β is A-invariant. Together with Step 4, it
remains to show that every nonzero A-invariant β satisfying (6.12) is the restriction of a section
s over (qµ)−1(U ′), and that (7) holds for s.

Let β be such a form. For every lc center C of (Y,A) with q(C) = V we fix a source WC of
V contained in C, with Stein factorization WC

hC−−→ PWC

ρWC−−−→ V and with the finite surjective
morphism πC : PWC

→ PC of Step 2, so that fC |WC
= πC ◦ hC . By Theorem 5.2(1) and [Kol16,

Definition 18], there is a crepant birational map ϕC : (W,ΘW ) 99K (WC ,ΘWC
) over V . Put

βWC
:= (ϕ−1

C )∗β. By the claim in Step 3, Div(βWC
) ≥ ⌈NΘWC

⌉ on (ρWC
hC)

−1(U ′). Since β
is A-invariant and two choices of ϕC differ by an element of A, the form βWC

does not depend
on ϕC , and it is invariant under BircV (WC ,ΘWC

) = ϕCAϕ−1
C . More generally, for every source

W ′ of V we define βW ′ in the same way, so that ψ∗βW2 = βW1 for every crepant birational map
ψ : (W1,ΘW1) 99K (W2,ΘW2) over V between sources of V .

By (6.19), the form θWC
= (θ0C)W̃C

satisfies Div(θWC
) + a0ΘWC

= h∗C(a0π
∗
CDC). Lemma 6.8,

applied to hC , θWC
, and a0 | N , gives a nonzero a ∈ C(PWC

) with

βWC
= (h∗Ca) θ

⊗(−N/a0)
WC

and 1

N
div(a)− π∗CDC ≥ 0 on ρ−1

WC
(U ′).
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The extension C(PWC
)/C(V ) is Galois by Theorem 6.2(1), applied to the source WC , and

C(V ) ⊂ C(PC) ⊂ C(PWC
). Hence C(PWC

)/C(PC) is Galois, its Galois group HC is the
group of automorphisms of PWC

over PC , and C(PWC
)HC = C(PC). Let τ ∈ HC . By

Step 2, θWC
= Ra0

C→WC
(θ0C |WC

). By Lemma 6.9(3), applied to the dlt crepant log structure
fC : (C,ΘC) → PC , the form θ0C , the minimal lc center WC of (C,ΘC), and τ , there is a crepant
birational self-map γτ of (WC ,ΘWC

) over PC with hC ◦ γτ = τ ◦ hC and γ∗τ θWC
= θWC

. As
γτ ∈ BircV (WC ,ΘWC

),
βWC

= γ∗τβWC
= (h∗Cτ

∗a) θ
⊗(−N/a0)
WC

,

so τ∗a = a for every τ ∈ HC , and a = π∗CaC for a unique nonzero aC ∈ C(PC). Put E′
C :=

1
N div(aC) −DC . Then π∗CE

′
C = 1

N div(a) − π∗CDC ≥ 0 on ρ−1
WC

(U ′) = π−1
C (ρ−1

C (U ′)), and since
πC is finite and surjective, E′

C ≥ 0 on ρ−1
C (U ′). By (6.18),

βC := (f∗CaC) (θ
0
C)

⊗(−N/a0)

is a section of O
Ỹ
(LN )|

C̃
over (qµ)−1(U ′) ∩ C̃, which we denote by sC , and sC |W̃C

=

(h∗Cπ
∗
CaC)θ

⊗(−N/a0)
WC

= βWC
by (6.20).

We show that sC |W̃ ′ = βW ′ for every source W ′ of V contained in C. By Step 1, WC and W ′

are minimal lc centers of (C,ΘC) with image PC . Lemma 6.9(2), applied to fC and θ0C , gives a
crepant birational map ψ : (W ′,ΘW ′) 99K (WC ,ΘWC

) over PC with ψ∗θWC
= θW ′ . Since ψ is

over PC , (f∗CaC)|W ′ = ψ∗((f∗CaC)|WC

)
, so (6.20) gives

sC |W̃ ′ = ψ∗
((

(f∗CaC)|WC

)
θ
⊗(−N/a0)
WC

)
= ψ∗βWC

= βW ′ .

Now let C̃1 and C̃2 be irreducible components of Z̃V and R̃ an irreducible component of
C̃1 ∩ C̃2. By Set-up 6.6, R̃ is a stratum of P1 contained in Z̃V ; let R := µ(R̃) and WR a
source of V contained in R. By the transitivity of residues and the previous paragraph, sC1 |R̃
and sC2 |R̃ are sections of O

Ỹ
(LN )|

R̃
over (qµ)−1(U ′) ∩ R̃ whose restrictions to W̃R both equal

βWR
. By Step 2, sC1 |R̃ = sC2 |R̃. Since C̃1 ∩ C̃2 is reduced (Lemma 6.11), sC1 and sC2 agree on

C̃1 ∩ C̃2. By Lemma 6.11, applied on the open subset (qµ)−1(U ′) of Ỹ , the sections sC for the
irreducible components C̃ of Z̃V glue to a section s of O

Ỹ
(LN )|

Z̃V
over (qµ)−1(U ′). If C̃ ⊃ W̃

is an irreducible component of Z̃V , then s|
W̃

= sC |W̃ = βW = β. This proves (6.13), and (6.14)
is the case U ′ = V .

Finally, let C be any lc center of (Y,A) with q(C) = V , and let C̃1 ⊃ C̃ be an irreducible
component of Z̃V . Then s|

W̃C
= sC1 |W̃C

= βWC
= sC |W̃C

, so s|
C̃

= sC by Step 2. Thus s|
C̃

corresponds to βC = θ−1
C with θC as in (6.15), and Div(θC) = −Div(βC) = −NΘC−f∗C(NE′

C) =

−NΘ+
C by (6.10). Let W ′ be any source of V contained in C, with Stein factorization W ′ h′

−→
P ′ → V and with π′ : P ′ → PC as in Step 2. Then s|

W̃ ′ = sC |W̃ ′ = βW ′ is the crepant transport
of β, and βW ′ = (h′∗π′∗aC)θ

⊗(−N/a0)
W ′ by (6.20). By (6.19), Lemma 6.8 applies to h′, θW ′ , π′∗DC ,

and u := π′∗aC , and (6.10) gives
1

N
Div(βW ′)−ΘW ′ = h′∗

( 1

N
div(π′∗aC)− π′∗DC

)
= h′∗π′∗E′

C = (fC |W ′)∗E′
C ,

which is (6.16). This proves (7).

Step 7. We prove (6).
Put ΓN := P1 + {(N + 1)E}. Then (Ỹ ,ΓN ) is log smooth with coefficients in [0, 1], hence lc

[KM98, Corollary 2.31], and its lc centers are the strata of ⌊ΓN⌋ = P1 (Definition 2.3). By (6.2)
and (6.3),

(6.21) LN − (K
Ỹ
+ΓN ) = −(N +1)(K

Ỹ
+P1+E) = −(N +1)µ∗(KY +A) ∼Q (N +1)(qµ)∗H,
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which is semi-ample over U . Let k be a positive integer such that kH is Cartier and very
ample over U , and let J ⊂ OT be the ideal sheaf of V . Replacing k by a multiple, we may
assume that J ⊗OT (kH) is generated by its global sections, since U is affine and π is projective
[Har77, Theorem II.5.17]. Let V1, . . . , Vr be the lc centers of q not contained in V and ηi the
generic point of Vi. Since ηi /∈ V , the global sections of J ⊗ OT (kH) vanishing at ηi form a
proper linear subspace of H0(T,J ⊗ OT (kH)). As C is infinite, there is a global section of
J ⊗ OT (kH) ⊂ OT (kH) vanishing at none of the ηi. Let DT be its zero divisor. Then DT is
an effective Cartier divisor with DT ∼ kH, V ⊂ SuppDT , and Vi ̸⊂ SuppDT for every i. Put
D̃ := (qµ)∗DT ≥ 0. By (6.21), D̃ ∼Q

k
N+1

(
LN − (K

Ỹ
+ ΓN )

)
. A stratum C̃ of P1 is contained

in Supp D̃ = (qµ)−1(SuppDT ) if and only if the lc center qµ(C̃) of q is contained in SuppDT ,
if and only if qµ(C̃) ⊂ V , if and only if qµ(C̃) = V by the minimality of V . Hence the union
of the lc centers of (Ỹ ,ΓN ) contained in Supp D̃ is Z̃V . Theorem 6.5, applied to (Ỹ ,ΓN ), the
proper morphism πqµ : Ỹ → U , LN , and D̃, shows that (πqµ)∗OỸ

(LN ) → (πqµ)∗
(
O

Ỹ
(LN )|

Z̃V

)
is surjective. Since U is affine, taking global sections gives (6). This finishes the proof. �

7. Complements of generalized pairs of Fano type

Let X → Z be a projective morphism of normal quasi-projective varieties. We say that X is
of Fano type over Z if there exists a Q-divisor ∆ ≥ 0 on X such that (X,∆) is klt and −(KX+∆)
is nef and big over Z (cf. [Bir19, 2.10], [FM20, Definition 2.10]).

Let Y be a smooth variety and D a reduced snc divisor on Y with irreducible components
D1, . . . , Dm. A stratum of D is an irreducible component of Di1 ∩ · · · ∩ Dic for some distinct
indices i1, . . . , ic, where c ≥ 0. In particular, Y is a stratum of D. Every stratum of D is smooth,
and D has finitely many strata.

Lemma 7.1. Let Y be a smooth quasi-projective variety, D a reduced snc divisor on Y , L an
invertible sheaf on Y , and H ⊂ H0(Y,L) a finite-dimensional subspace which generates L. Let
a ∈ H be a general element and La the divisor of zeros of a. Then La is smooth, La contains
no stratum of D, and D + La is an snc divisor.

Proof. Let Σ be a stratum of D and HΣ the image of the restriction map H → H0(Σ,L|Σ).
Then HΣ generates L|Σ. For a ∈ H with a|Σ ̸= 0, the scheme La ∩ Σ is the divisor of zeros of
a|Σ on Σ. If dimHΣ = 1, then a|Σ vanishes nowhere on Σ, so La ∩ Σ = ∅. If dimHΣ ≥ 2, then
HΣ defines a base point free linear system on the smooth variety Σ, and a general member of
this linear system is smooth by [Kle98, Theorem 4.1]. Since the restriction map is linear and
surjective onto HΣ, for a general a ∈ H we have a|Σ ̸= 0 and La∩Σ is either empty or a smooth
divisor on Σ. As D has finitely many strata, we may choose a such that this holds for every
stratum Σ of D. Taking Σ = Y , La is smooth. Since a|Σ ̸= 0 for every stratum Σ, La contains
no stratum of D.

Let y ∈ La be a point, D1, . . . , Dc the components of D containing y, and Σ the irreducible
component of D1 ∩ · · · ∩ Dc containing y. Let f1, . . . , fc be local equations of D1, . . . , Dc at y
and ℓ a local equation of La at y. Since D is snc, df1, . . . , dfc are linearly independent at y
and TyΣ =

⋂c
i=1 ker dfi. Since La ∩ Σ is a smooth divisor on Σ with local equation ℓ|Σ at y,

the restriction of dℓ to TyΣ is nonzero. Thus df1, . . . , dfc, dℓ are linearly independent at y, and
D + La is snc at y. Since La is reduced and contains no component of D, D + La is an snc
divisor. �

Lemma 7.2. Let g : Q → S be a contraction with S affine, and let (Q,BQ + M)/S be a
generalized klt pair such that

(7.1) −(KQ +BQ + MQ) ∼Q,S HQ

for some Q-Cartier Q-divisor HQ on Q which is ample over S. Then Q is of Fano type over S.
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Proof. Let τ : Q′ → Q be a log resolution of (Q,BQ) such that M descends to Q′, and write
KQ′ +B′ +MQ′ = τ∗(KQ +BQ +MQ). By [Har77, Theorem II.7.17 and Proposition II.7.13], τ
is the blow-up of a coherent ideal sheaf I on Q, and I ·OQ′ = OQ′(−E) for some Cartier divisor
E ≥ 0 on Q′. Since S is affine and HQ is ample over S, HQ is ample (cf. [Har77, Theorem
II.7.6]). By [Har77, Exercise II.7.14(b)], there exists a positive integer m such that mHQ is
Cartier and A′ := mτ∗HQ − E is ample over S.

Let π : Q′′ → Q′ be a log resolution of (Q′, SuppB′+E), and write KQ′′ +B′′ = π∗(KQ′ +B′)
and E′′ := π∗E. Since M descends to Q′′ and (Q,BQ + M) is generalized klt, every coefficient
of B′′ is less than 1. Fix a rational number 0 < ϵ < 1 such that every coefficient of B′′ + ϵ

mE
′′

is less than 1. Since MQ′ is nef over S,

L := MQ′ +
ϵ

m
A′

is ample over S. Since S is affine, there is an integer k ≥ 2 such that kL is Cartier and OQ′(kL)
is generated by global sections (cf. [Har77, Theorem II.7.6]). Let H ⊂ H0(Q′,OQ′(kL)) be a
finite-dimensional subspace generating OQ′(kL), a ∈ H a general element, and J the divisor of
zeros of a. By Lemma 7.1 applied to Q′′, Supp(B′′ +E′′) and π∗H, π∗J is smooth and contains
no component of Supp(B′′ + E′′), and Supp(B′′ + E′′) + π∗J is snc. Let

C ′ :=
ϵ

m
E +

1

k
J and Γ′′ := B′′ +

ϵ

m
E′′ +

1

k
π∗J.

Then C ′ ≥ 0, KQ′′ + Γ′′ = π∗(KQ′ +B′ + C ′), SuppΓ′′ is snc, and every coefficient of Γ′′ is less
than 1. Moreover,

C ′ ∼Q
ϵ

m
E + L = MQ′ + ϵτ∗HQ.

Let ∆ := τ∗(B
′ + C ′) = BQ + τ∗C

′ ≥ 0. By (7.1),

KQ′ +B′ + C ′ ∼Q τ
∗(KQ +BQ + MQ) + ϵτ∗HQ ∼Q,S −(1− ϵ)τ∗HQ.

Thus there exist a Q-Cartier Q-divisor LS on S, a positive integer r, and a nonzero rational
function φ ∈ C(Q) such that

KQ′ +B′ + C ′ + (1− ϵ)τ∗HQ = (g ◦ τ)∗LS +
1

r
div(φ).

Pushing forward to Q, we get KQ + ∆ + (1 − ϵ)HQ = g∗LS + 1
r div(φ). Hence KQ + ∆ is

Q-Cartier, τ∗(KQ+∆) = KQ′ +B′+C ′, and −(KQ+∆) ∼Q,S (1− ϵ)HQ is ample over S. Since
(τ ◦ π)∗(KQ +∆) = KQ′′ + Γ′′, where Q′′ is smooth, SuppΓ′′ is snc, and every coefficient of Γ′′

is less than 1, the pair (Q,∆) is klt [KM98, Corollary 2.31]. Thus Q is of Fano type over S. �

Theorem 7.3 ([FM20, Theorem 1.2 and Conjecture 1.1]). Let e and p be positive integers and
Λ ⊂ [0, 1] ∩ Q a DCC set whose accumulation points are rational. Then there exists a positive
integer n depending only on e, p and Λ satisfying the following. Assume that X → Z is a
contraction of normal quasi-projective varieties and (X,B + M)/Z is a generalized lc pair of
dimension e such that

(1) B ∈ Λ,
(2) M descends to a birational model X ′ of X such that MX′ is nef and pMX′ is Cartier,
(3) X is of Fano type over Z, and
(4) −(KX +B + MX) is nef over Z.

Then for every point z ∈ Z, there exists a monotonic generalized n-complement (X/Z ∋ z,B+ +
M) of (X/Z ∋ z,B + M).

In [FM20], the nef part of a generalized pair is required to be nef on a birational model where
it descends, as in Theorem 7.3(2). If Z is affine, then every complete curve on X ′ is contracted
to a point by X ′ → Z, so MX′ is nef if it is nef over Z.
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Proposition 7.4. Let d, p, q be positive integers and Λ ⊂ [0, 1]∩Q a DCC set whose accumulation
points are rational. Then there exists a positive integer N divisible by p and q and depending
only on d, p, q and Λ satisfying the following.

Let f : X → U be a projective morphism of normal quasi-projective varieties with dimX ≤ d,
let X v−→ S

ν−→ U be the Stein factorization of f , and let u ∈ f(X) be a point. Let (X,B + M)/S
be a generalized lc pair such that

(1) B ∈ Λ,
(2) M descends to a birational model X ′ of X such that pMX′ is Cartier,
(3) X is of Fano type over S, and
(4) −(KX +B + MX) is nef over S.

Then there exist an open neighborhood U◦ of u in U , a nonzero rational function a ∈ C(X), and
a Q-divisor B+ on X◦ := f−1(U◦) with B+ ≥ B|X◦, such that (X◦, B+ + M)/U◦ is generalized
lc and

(7.2) N(KX◦ +B+ + MX◦) = divX◦(a) and NB+ ≥ N⌊B|X◦⌋+ ⌊(N + 1){B|X◦}⌋.

Proof. For each integer 1 ≤ e ≤ d, let ne be the positive integer given by Theorem 7.3 for e, p
and Λ, and let

N := lcm(p, q, n1, . . . , nd).

If dimX = 0, then X is a point, B = 0 and MX = 0, and we may take U◦ := U , B+ := 0
and a := 1. Thus we may assume that dimX ≥ 1, and we let e := dimX. Recall that v is a
contraction, ν is finite [Har77, Corollary III.11.5], and S is a normal quasi-projective variety as
OS = v∗OX .

Step 1. We reduce to the case where u is a closed point and U is affine, and construct
complements near the points of ν−1(u).

Let u0 ∈ {u} be a closed point. Then u0 ∈ f(X) as f(X) is closed, and every open subset
of U containing u0 contains u. Thus we may replace u by u0 and assume that u is a closed
point. Let U1 be an affine open neighborhood of u in U , X1 := f−1(U1) and S1 := ν−1(U1).
Then X1 → S1 → U1 is the Stein factorization of X1 → U1, and X1 → U1 with the generalized
lc pair (X1, B|X1 + M)/S1 satisfies the hypotheses of the proposition. Since every open subset
of U1 is open in U , the conclusion for X1 → U1 implies the conclusion for f . Replacing U , S
and X by U1, S1 and X1, we may assume that U is affine. Then S is affine as ν is finite, and
ν−1(u) = {s1, . . . , sr} is a nonempty finite set.

Since M is b-nef over S, possibly replacing X ′ by a higher birational model, we may assume
that MX′ is nef over S. Since S is affine, MX′ is nef. By Theorem 7.3 applied to v : X → S,
for each 1 ≤ i ≤ r there exists a monotonic generalized ne-complement (X/S ∋ si, B

+
i + M)

of (X/S ∋ si, B + M). Since ne | N , there exist affine open neighborhoods Si of si in S and
nonzero rational functions ai ∈ C(X) such that, with XSi := v−1(Si),
(7.3)
(XSi , B

+
i + M)/Si is generalized lc, N(KX +B+

i + MX) = div(ai) on XSi , B+
i ≥ B.

Step 2. We construct a smooth birational model Y of X, a Cartier divisor F and a Q-divisor
Ξ on Y such that every coefficient of Ξ is at most one over a neighborhood of ν−1(u).

Since pMX′ is Cartier and p | N , NMX is a Weil divisor. Let

(7.4) J := OX(−NKX − ⌈NB⌉ −NMX) ⊂ C(X),

where for a Weil divisor D on X we denote by OX(D) the coherent subsheaf of the constant sheaf
C(X) whose sections over an open subset V are the rational functions g with div(g) + D ≥ 0
on V . By (7.3), NB+

i is a Weil divisor and NB+
i ≥ NB on XSi , so NB+

i ≥ ⌈NB⌉ and
div(ai) ≥ NKX + ⌈NB⌉+NMX on XSi . Thus ai ∈ H0(XSi ,J ). Since S is affine, the coherent
sheaf v∗J is generated by finitely many global sections a′1, . . . , a′t ∈ H0(X,J ) ⊂ C(X), which
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are not all zero as a1 ̸= 0. Since Si is affine, we may write ai =
∑t

j=1(cij ◦ v) a′j on XSi for some
cij ∈ OS(Si).

Let µ : Y → X be a projective birational morphism from a smooth variety Y such that
M descends to Y and the rational map X 99K Pt−1 defined by (a′1 : · · · : a′t) extends to a
morphism on Y (cf. [Har77, Example II.7.17.3]). Near each point of Y , this morphism is given
by the regular functions a′j/a′j0 for some j0, so the OY -submodule of C(Y ) = C(X) generated
by a′1, . . . , a

′
t is invertible. We write it as OY (−F ) for a Cartier divisor F on Y . Let H ⊂

H0(Y,OY (−F )) be the span of a′1, . . . , a′t. Then H generates OY (−F ), and for every nonzero
a ∈ H we have

(7.5) divY (a) = F + La, La ≥ 0,

where La is the divisor of zeros of a as a section of OY (−F ). Let

(7.6) Ξ :=
1

N
F −KY − MY .

Replacing Y by a log resolution of (Y, SuppΞ) and F , MY by their pullbacks, we may assume
that SuppΞ is snc. The OY -submodule generated by a′1, . . . , a′t is again OY (−F ), and (7.5) and
(7.6) still hold.

Let Q be a prime divisor on Y . Since OY (−F ) is generated by a′1, . . . , a′t, we have multQ F =
minj multQ divY (a

′
j). Suppose that vµ(Q) meets Si. Then multQ divY (cij ◦ v ◦ µ) ≥ 0 for every

j with cij ̸= 0, so multQ divY (ai) ≥ multQ F . Let Ξi := 1
N divY (ai) − KY − MY . By (7.3),

KY + Ξi + MY = µ∗(KX + B+
i + MX) over Si. Since M descends to Y and (XSi , B

+
i + M)/Si

is generalized lc, multQ Ξi ≤ 1 by (2.1). Since Ξi − Ξ = 1
N (divY (ai)− F ) by (7.6), we get

multQ Ξ = multQ Ξi −
1

N

(
multQ divY (ai)− multQ F

)
≤ multQ Ξi ≤ 1.

Let Ξ>1 be the sum of the components of Ξ with coefficient greater than one, and let S◦ :=
S \ vµ(SuppΞ>1). Then S◦ is open as vµ is proper. Since multQ Ξ ≤ 1 for every prime divisor
Q on Y such that vµ(Q) meets some Si, we have s1, . . . , sr ∈ S◦. Every coefficient of Ξ on
Y ◦ := (vµ)−1(S◦) is at most one.

Step 3. We choose a and B+, and show that (X◦, B+ + M)/U◦ is generalized lc.
By Lemma 7.1 applied to Y ◦, SuppΞ|Y ◦ and the restriction of H to Y ◦, for a general a ∈ H

the divisor La|Y ◦ is smooth, La|Y ◦ has no common component with Ξ|Y ◦ , and Supp(Ξ+La)|Y ◦

is snc. Fix such an a, and let

B+ :=
1

N
divX(a)−KX − MX .

Then N(KX +B+ + MX) = divX(a), and NB+ is a Weil divisor. Since a ∈ H0(X,J ), by (7.4)
we have divX(a) ≥ NKX + ⌈NB⌉+NMX , so NB+ ≥ ⌈NB⌉ and B+ ≥ B ≥ 0. For every prime
divisor D on X, Lemma 3.1(1) applied to b := multD B and c := 1

N ⌈Nb⌉ gives

N multD B+ ≥ ⌈Nb⌉ ≥ N⌊b⌋+ ⌊(N + 1){b}⌋.

By (7.5) and (7.6),

(7.7) µ∗(KX +B+ + MX) =
1

N
divY (a) = KY + Ξ+

1

N
La + MY .

Let U◦ := U \ ν(S \ S◦) and X◦ := f−1(U◦). Since ν is finite, U◦ is open [Har77, Exercise
II.3.5(b)], and u ∈ U◦ as ν−1(u) ⊂ S◦. Then B+|X◦ ≥ B|X◦ , and B+|X◦ satisfies (7.2). It
suffices to show that (X◦, B+ + M)/U◦ is generalized lc. Since ν is finite, every complete curve
on Y whose image in U is a point has a point as its image in S. Thus MY is nef over U , and M
is b-nef over U◦. Moreover X◦ ⊂ v−1(S◦), so µ−1(X◦) ⊂ Y ◦. On Y ◦, the support of Ξ + 1

NLa

is snc, and every coefficient of Ξ + 1
NLa is at most one, since every coefficient of Ξ is at most



42 BOUNDEDNESS OF COMPLEMENTS OF LOG CANONICAL PAIRS

one, La is reduced and has no common component with Ξ, and 1
N ≤ 1. Since M descends to Y ,

(X◦, B+ + M)/U◦ is generalized lc by (7.7) and [KM98, Corollary 2.31]. �

8. Log canonicity under pullback

Proposition 8.1. Let Y g−→ T
π−→ Z be contractions of normal quasi-projective varieties with

dimT > 0, and (Y,A) an lc pair such that A is a Q-divisor and KY + A ∼Q,T 0, so that
g : (Y,A) → T is a crepant log structure. Let m be a positive integer, ψ ∈ C(Y ) a nonzero
rational function, and DT a Q-Cartier Q-divisor on T such that

(8.1) KY +A+
1

m
div(ψ) = g∗DT .

Let BT be the discriminant part of g and M the moduli b-divisor of (8.1) (Definition 4.2), so
that DT = KT +BT +MT . Assume that M descends to a birational model T ′ of T and that MT ′

is nef over Z. Then:
(1) Let P ≥ 0 be a Q-Cartier Q-divisor on T . Then (T,BT + P + M)/Z is a generalized

pair, and (Y,A+ g∗P ) is lc if and only if (T,BT + P + M)/Z is generalized lc.
(2) Let n be a positive integer such that m | n, P a Q-Cartier Q-divisor on T , L a Cartier

divisor on Z, and u ∈ C(T ) a nonzero rational function such that n(DT + P ) = π∗L +
div(u). Then

(8.2) n(KY +A+ g∗P ) = (π ◦ g)∗L+ div
(
(u ◦ g)ψ−n/m

)
.

(3) Let n be a positive integer such that m | n and z ∈ Z a point. If (T/Z ∋ z,B+
T + M)

is a monotonic generalized n-complement of (T/Z ∋ z,BT + M), then B+
T − BT is Q-

Cartier over a neighborhood of z and, possibly after shrinking Z to a neighborhood of z,
(Y /Z ∋ z,A+ g∗(B+

T −BT )) is a monotonic n-complement of (Y /Z ∋ z,A).

Proof. For a prime divisor Q on T , let tQ be as in Definition 4.2, so that BT =
∑

Q(1 − tQ)Q.
Since g is surjective, there is a prime divisor F on Y such that g(F ) = Q. Since (Y,A+ tQg

∗Q)
is lc over the generic point of Q and A ≥ 0, tQ multF g∗Q ≤ 1, so tQ ≤ 1. Thus BT ≥ 0. Since
M descends to T ′, MT ′ is nef over Z, and KT +BT + MT = DT is Q-Cartier, (T,BT + M)/Z is
a generalized pair (Definition 2.7).

(1) Since P ≥ 0 is Q-Cartier, (T,BT + P + M)/Z is a generalized pair. Let τ : T ′′ → T
be a birational model of T , and µ : Y ′′ → Y , g′′ : Y ′′ → T ′′, and AY ′′ as in Definition
4.2, so that KY ′′ + AY ′′ = µ∗(KY + A) and (Y ′′, AY ′′) is sub-lc. Let E be a prime divisor
on T ′′ and tE the largest rational number t such that (Y ′′, AY ′′ + tg′′∗E) is sub-lc over the
generic point of E, so that BT ′′ =

∑
E(1 − tE)E (Definition 4.2). Over the generic point of E

we have τ∗P = (multE τ∗P )E, hence µ∗g∗P = g′′∗τ∗P = (multE τ∗P )g′′∗E. Thus, for every
rational number t, (Y ′′, AY ′′ +µ∗g∗P + tg′′∗E) is sub-lc over the generic point of E if and only if
t ≤ tE−multE τ∗P . If τ factors through T ′, then M descends to T ′′ andKT ′′+BT ′′+MT ′′ = τ∗DT

(Definition 4.2), so
(8.3) a(E, T,BT + P + M) = 1− multE(BT ′′ + τ∗P ) = tE − multE τ∗P
by (2.1).

Suppose that (Y,A+ g∗P ) is lc. Since KY ′′ +AY ′′ + µ∗g∗P = µ∗(KY +A+ g∗P ), (Y ′′, AY ′′ +
µ∗g∗P ) is sub-lc, so tE −multE τ∗P ≥ 0 for every T ′′ and E as above. Since every prime divisor
over T is a prime divisor on some birational model T ′′ of T such that τ factors through T ′,
(T,BT + P + M)/Z is generalized lc by (8.3).

Conversely, suppose that (T,BT + P + M)/Z is generalized lc, and let F be a prime divisor
over Y . If g(centerY F ) = T , then centerY F ̸⊂ Supp g∗P , so a(F, Y,A+ g∗P ) = a(F, Y,A) ≥ 0.
Otherwise, g(centerY F ) is a proper closed subset of T , and the restriction v of ordF to C(T ) is
a nontrivial discrete valuation. The residue field of v is a subfield of C(F ), and elements of C(F )
algebraically independent over it lift to elements of C(Y ) algebraically independent over C(T ).
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Thus the residue field of v has transcendence degree dimT −1 over C. By [KM98, Lemma 2.45],
there exist a birational model τ : T ′′ → T of T and a prime divisor E on T ′′ such that v = e ordE

for some positive integer e; we may assume that τ factors through T ′. Let µ : Y ′′ → Y , g′′,
AY ′′ , and tE be as above. Then g′′(centerY ′′ F ) = E as v = e ordE , so g′′∗E has multiplicity
e along F and a(F, Y ′′, AY ′′ + sg′′∗E) = a(F, Y ′′, AY ′′) − es for every rational number s. Since
(Y ′′, AY ′′ + tEg

′′∗E) is sub-lc over the generic point of E, a(F, Y ′′, AY ′′) ≥ etE . Hence
a(F, Y,A+ g∗P ) = a(F, Y ′′, AY ′′ + µ∗g∗P ) = a(F, Y ′′, AY ′′)− emultE τ∗P

≥ e(tE − multE τ∗P ) ≥ 0

by (8.3). Thus (Y,A+ g∗P ) is lc. This proves (1).
(2) Multiplying (8.1) by n and using g∗ div(u) = div(u ◦ g), we get

n(KY +A+ g∗P ) = g∗
(
n(DT + P )

)
− n

m
div(ψ) = (π ◦ g)∗L+ div(u ◦ g)− div(ψn/m),

which is (8.2).
(3) Let P := B+

T − BT . Possibly shrinking Z to a neighborhood of z, we may assume that
(T,B+

T +M)/Z is generalized lc and n(KT+B
+
T +MT ) ∼ 0 (Definition 2.7). Then P ≥ 0, and P is

Q-Cartier since DT and KT +B
+
T +MT are. By (1), (Y,A+g∗P ) is lc. Write n(DT +P ) = div(u)

for a nonzero u ∈ C(T ). By (2) with L = 0, n(KY + A + g∗P ) ∼ 0, and n(A + g∗P ) is a Weil
divisor. Since A+ g∗P ≥ A, we have

n(A+ g∗P ) ≥ ⌈nA⌉ ≥ n⌊A⌋+ ⌊(n+ 1){A}⌋

(cf. Lemma 3.1). Thus (Y /Z ∋ z,A + g∗P ) is a monotonic n-complement of (Y /Z ∋ z,A)
(Definition 2.4). �

Let (X,B) be a dlt Q-pair and S an lc center of (X,B). We write (S,Θ) for the adjunction
pair of S (Definition 2.3); Θ is the different of B on S, obtained by iterating the different for
divisors [Kol92, 16.5–16.6] along a chain of irreducible components of ⌊B⌋ [Kol16, Definition 4].

Theorem 8.2 ([Kol16, Corollary 11]). Let f : (X,B) → Z be a dlt crepant log structure, S an
lc center of (X,B), (S,Θ) the adjunction pair of S, and S g−→ T

τ−→ Z the Stein factorization of
f |S. Then:

(1) g : (S,Θ) → T is a dlt crepant log structure.
(2) For every lc center VT of g, τ(VT ) is an lc center of f . Moreover, every lc center of

(S,Θ) which is minimal among the lc centers of (S,Θ) dominating VT is minimal among
the lc centers of (X,B) dominating τ(VT ).

(3) For every lc center V of f , every irreducible component of τ−1(V ) is an lc center of g.

Theorem 8.3 ([Kaw07, Theorem]). Let X be a normal variety, S a reduced divisor on X, and
B ≥ 0 an R-divisor on X such that S and SuppB have no common irreducible component and
KX + S +B is R-Cartier. Let ν : Sν → S be the normalization of S and Bν the different of B
on Sν as in [Kaw07], so that KSν +Bν = ν∗((KX + S +B)|S). Then (X,S +B) is lc near S if
and only if (Sν , Bν) is lc.

Let X be a normal variety and ∆ ≥ 0 an R-divisor on X such that KX +∆ is R-Cartier. The
non-lc locus Nlc(X,∆) is the complement of the largest open subset of X on which (X,∆) is lc.
An lc center of (X,∆) is centerX E for a prime divisor E over X such that a(E,X,∆) = 0 and
centerX E ̸⊂ Nlc(X,∆) (cf. [Fuj11, 4.4 and Definition 4.6]).

Theorem 8.4 ([Fuj17, Theorem 6.3]). Let X be a normal variety and π : X → V a proper
morphism to a variety such that π∗OX = OV . Let ∆ ≥ 0 be an R-divisor on X such that
KX +∆ is R-Cartier and −(KX +∆) is semi-ample over V . Let x ∈ V be a closed point such
that Nlc(X,∆) ∩ π−1(x) ̸= ∅. Then Nlc(X,∆) ∩ π−1(x) is connected and intersects every lc
center C of (X,∆) such that C ∩ π−1(x) ̸= ∅.
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Proposition 8.5. Let f : (X,B) → Z be a dlt crepant log structure with dimZ > 0, S an lc
center of (X,B) dominating Z, and (S,Θ) the adjunction pair of S. Let H ≥ 0 be a Q-Cartier
Q-divisor on Z. Then (X,B + f∗H) is lc if and only if (S,Θ+ (f |S)∗H) is lc. In particular,
(8.4) lct(X,B; f∗H) = lct(S,Θ; (f |S)∗H),

where both sides are +∞ if H = 0.

Proof. Assume first that S is an irreducible component of ⌊B⌋. Since S dominates Z, S ̸⊂
Supp f∗H. By Definition 2.3, S is normal. Since f∗H is Q-Cartier, the different of B−S+f∗H
on S is Θ+ (f |S)∗H (cf. [Kol92, 16.5–16.6]), and

KS +Θ+ (f |S)∗H ∼Q (KX +B + f∗H)|S .
By Theorem 8.3, (X,B + f∗H) is lc near S if and only if (S,Θ+ (f |S)∗H) is lc. It remains to
show that (X,B+f∗H) is lc if it is lc near S. Suppose not. Then Nlc(X,B+f∗H) is nonempty
and disjoint from S. Let x ∈ Z be a closed point in f(Nlc(X,B + f∗H)). Let E be an lc place
of (X,B) such that centerX E = S. Since S ̸⊂ Supp f∗H, a(E,X,B + f∗H) = a(E,X,B) = 0.
Since S ∩ Nlc(X,B + f∗H) = ∅, S is an lc center of (X,B + f∗H). Since S dominates Z and
f |S is proper, S ∩ f−1(x) ̸= ∅. Since f is a contraction, f∗OX = OZ . Since KX + B ∼Q,Z 0,
−(KX + B + f∗H) ∼Q,Z 0 is semi-ample over Z. By Theorem 8.4, Nlc(X,B + f∗H) ∩ f−1(x)
intersects S, a contradiction.

In general, we prove the first assertion by induction on dimX. We may assume that S is not
an irreducible component of ⌊B⌋. By Definition 2.3, S ⊊ S′ for some irreducible component S′

of ⌊B⌋. Let (S′,Θ′) be the adjunction pair of S′ and S′ g′−→ Z ′ τ ′−→ Z the Stein factorization of
f |S′ . By Theorem 8.2(1), g′ : (S′,Θ′) → Z ′ is a dlt crepant log structure. By [Kol16, Definitions
4 and 18], S is an lc center of (S′,Θ′) and its adjunction pair is (S,Θ). Moreover, S′ and S
dominate Z ′, dimZ ′ = dimZ > 0, g′∗τ ′∗H = (f |S′)∗H, and (g′|S)∗τ ′∗H = (f |S)∗H. By the case
treated above, (X,B + f∗H) is lc if and only if (S′,Θ′ + (f |S′)∗H) is lc. By induction applied
to g′, S, and τ ′∗H, the latter holds if and only if (S,Θ + (f |S)∗H) is lc. This proves the first
assertion.

Finally, since (X,B) and (S,Θ) are lc and log discrepancies are affine in t, the sets
{t ∈ R≥0 | (X,B + tf∗H) is lc} and {t ∈ R≥0 | (S,Θ+ t(f |S)∗H) is lc}

are intervals containing 0. By the first assertion applied to tH for every rational t ≥ 0, they
have the same rational points. Thus they have the same supremum, which is (8.4). �

9. Proof of the main theorems

Proof of Theorem 1.1. Step 1. We fix the constants.
Let d0 := max{d, 2} and Φ1 := Φ ∪ {1}. Let R be the finite set given by Lemma 4.4 for d0

and Φ1, and Γ := Φ(R). Then Φ1 ⊂ Γ, and Γ is a DCC set whose only accumulation point is
1. Let bR be the smallest positive integer such that bRR ⊂ Z and bRΦ ⊂ Z. Let m1 | p1 be
the positive integers given by Theorem 4.7 for d0 and Γ, and let Λ := Φ(R[p1]), where R[p1] is
defined in (4.6). By Proposition 4.8, Theorem 4.7 holds for d0 and Γ with m1, p1, and Λ, and
Λ is a DCC set whose only accumulation point is 1. Let N0 be the positive even integer defined
in (6.11) for d0, Φ1, bR, and m1. Since bR | N0 by (6.11), N0Φ ⊂ Z and N0R ⊂ Z. Let E0,
b := m1E0, and pv be the integers defined in (5.4) for d0 and m1; then m1 | b | pv. Let

qprop := lcm(N0, b, p1, pv),

and let nprop and ndom be the positive integers given by Proposition 7.4 for (d0, pv, qprop,Λ) and
for (d0, p1, 1,Λ) respectively. Let a(s,Γ) be as in Theorem 2.11 for 0 ≤ s ≤ d0, and let
(9.1) N := p · lcm

(
N0, nprop, ndom, p1, pv, b, a(0,Γ), . . . , a(d0,Γ)

)
.

Then N depends only on d, p, and Φ, p | N , and N is a positive even multiple of N0. In
particular, NΦ1 ⊂ Z and NR ⊂ Z. We show that N satisfies the requirements of the theorem.
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Step 2. We reduce to the case where z is a closed point, and we construct a Q-factorial dlt pair
(Y,A) with contractions Y g−→ T

π−→ Z.
Let (X/Z ∋ z,B) be an R-complementary pair of dimension d such that B ∈ Φ. Possibly

shrinking Z to a neighborhood of z, we may assume that (X/Z,B+) is an R-complement of
(X/Z,B) for some B+. Let z0 be a closed point of {z}. Then (X/Z ∋ z0, B) is R-complementary,
and every open neighborhood of z0 contains z. Thus a monotonic N -complement of (X/Z ∋
z0, B) is a monotonic N -complement of (X/Z ∋ z,B). Replacing z with z0, we may assume
that z is a closed point.

By Proposition 3.5, possibly shrinking Z to an affine neighborhood of z, there exist a Q-
factorial dlt pair (Y,A) with A ∈ Φ1 and a birational map X 99K Y over Z with the following
properties. There are contractions g : Y → T and π : T → Z and a Q-Cartier Q-divisor H on T
ample over Z such that −(KY + A) ∼Q g∗H. If (Y /Z ∋ z,A) has a monotonic N -complement,
then so does (X/Z ∋ z,B). Here dimY = d, and g : (Y,A) → T is a Q-factorial dlt crepant log
structure (Definition 2.8). It suffices to show that (Y /Z ∋ z,A) has a monotonic N -complement.

The lc centers of g are finitely many closed subvarieties V1, . . . , Vr of T , and π(Vi) is closed in
Z for each i, as π is proper. Replacing Z with an affine neighborhood of z in Z \

⋃
z /∈π(Vi)

π(Vi),
and Y and T with their preimages, we may assume that z ∈ π(V ) for every lc center V of g.
Indeed, the lc centers of (Y,A) over the smaller base are the nonempty intersections of the lc
centers of (Y,A) with the preimage of the smaller base. The properties of (Y,A), g, π, and H
listed above are preserved. Let Tz := π−1(z) and Yz := (π ◦ g)−1(z). Then every lc center of g
meets Tz, and every lc center of (Y,A) meets Yz.

There are two cases. Either every lc center of (Y,A) dominates T , which includes the case
⌊A⌋ = 0, or some lc center of g is a proper subset of T . In the second case, let V ⊊ T be
an lc center of g which is minimal with respect to inclusion among the lc centers of g properly
contained in T . Then V is minimal with respect to inclusion among all lc centers of g.

Step 3. We show that (Y /Z ∋ z,A) has a monotonic N -complement when every lc center of
(Y,A) dominates T .

Assume first that dimT = 0. Then Z is a point as π is surjective, Y is projective, and
KY + A ∼Q 0. Since (Y,A) is a projective lc pair of dimension d ≤ d0 with A ∈ Φ1 ⊂ Γ,
Theorem 2.11 gives a(d,Γ)(KY + A) ∼ 0, so N(KY + A) ∼ 0 by (9.1). Since NA is a Weil
divisor and every coefficient of A is at most 1, Lemma 3.1(1) gives NA ≥ N⌊A⌋+ ⌊(N +1){A}⌋.
Thus (Y /Z ∋ z,A) is a monotonic N -complement of itself.

Assume that dimT > 0. Then 0 < dimT ≤ dimY = d ≤ d0, A ∈ Γ, and KY +A ∼Q g
∗(−H).

By Theorem 4.7(1) for d0 and Γ, there exist a nonzero ψ ∈ C(Y ) and a Q-Cartier Q-divisor DT

on T such that

(9.2) KY +A+
1

m1
div(ψ) = g∗DT , DT = KT +BT + MT ∼Q −H.

Here BT is the discriminant part of g, and M is the moduli b-divisor of (9.2) (Definition 4.2). By
Theorem 4.7(2)–(4), applied with S := Z, and Proposition 4.8, BT ≥ 0 and BT ∈ Λ. Moreover,
M descends to a smooth variety T ′ projective and birational over T such that p1MT ′ is Cartier
and nef over Z. In particular, (T,BT + M)/Z is a generalized pair (Definition 2.7).

We show that (T,BT + M)/Z is generalized klt. Let F be a prime divisor over T . Let
τ : T ′′ → T be a birational model of T which factors through T ′ and on which F is a prime
divisor. Let µ′′ : Y ′′ → Y , g′′ : Y ′′ → T ′′, AY ′′ , tF , and BT ′′ be as in Definition 4.2. Then
KY ′′ + AY ′′ = µ′′∗(KY + A), multF BT ′′ = 1 − tF , and KT ′′ + BT ′′ + MT ′′ = τ∗DT . By (2.1),
a(F, T,BT +M) = 1−multF BT ′′ = tF . Let ν : Ŷ → Y ′′ be a log resolution of (Y ′′, SuppAY ′′ ∪
Supp g′′∗F ) over a neighborhood of the generic point of F . By [KM98, Corollary 2.31] (cf. the
proof of Theorem 4.7(2)), tF is the minimum of a(F ′, Y ′′, AY ′′)/multF ′ ν∗g′′∗F over the finitely
many prime divisors F ′ ⊂ Supp ν∗g′′∗F on Ŷ with g′′(ν(F ′)) = F . Suppose that tF = 0.
Then a(F ′, Y ′′, AY ′′) = 0 for some such F ′. Regarded as a prime divisor over Y , F ′ is an
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lc place of (Y,A) with g′′(centerY ′′ F ′) = F . Thus centerY F ′ is an lc center of (Y,A) with
g(centerY F ′) = τ(F ) ⊊ T , which contradicts our assumption. Hence tF > 0 for every F , and
(T,BT + M)/Z is generalized klt.

Since π is a contraction, Z is affine, and −(KT +BT +MT ) ∼Q H is ample over Z, Lemma 7.2
shows that T is of Fano type over Z. The Stein factorization of π is T π−→ Z

id−→ Z, dimT ≤ d0,
z ∈ π(T ), BT ∈ Λ, p1MT ′ is Cartier, and −(KT + BT + MT ) is nef over Z. By Proposition 7.4
for (d0, p1, 1,Λ) and Definition 2.7, possibly shrinking Z to a neighborhood of z, there exists
a Q-divisor B+

T ≥ BT on T such that (T/Z ∋ z,B+
T + M) is a monotonic generalized ndom-

complement of (T/Z ∋ z,BT + M). Since p1 | N and p1MT ′ is Cartier, NMT is a Weil divisor,
so (T/Z ∋ z,B+

T + M) is a monotonic generalized N -complement of (T/Z ∋ z,BT + M) by
Lemma 3.1(3). Possibly shrinking Z again, we may write N(KT + B+

T + MT ) = divT (u) for
some nonzero u ∈ C(T ) (Notation 2.2). Let A+ := A + g∗(B+

T − BT ). The hypotheses of
Proposition 8.1 hold for Y g−→ T

π−→ Z, (Y,A), m1, ψ, DT , and T ′, and m1 | N . By Proposition
8.1(2) with L = 0,

(9.3) N(KY +A+) = divY

(
(u ◦ g)ψ−N/m1

)
over a neighborhood of z, and by Proposition 8.1(3), (Y /Z ∋ z,A+) is a monotonic N -
complement of (Y /Z ∋ z,A).

Step 4. Assume that V ⊊ T is as in Step 2. We fix a source (W,ΘW ) of V and, if dimV > 0,
we construct a generalized klt pair (V,BV + MV ) with BV ∈ Λ which is of Fano type over the
Stein factorization of V → Z, and an invariant rational b-canonical form θ0 on W .

Set-up 6.6 applies with (d,Φ, U, q) replaced by (d0,Φ1, Z, g): Z is affine, dimY = d ≤ d0,
(Y,A) is Q-factorial dlt with A ∈ Φ1, (6.1) is (3.2), and V ⊊ T is a minimal lc center of g. We
use the notation of Set-up 6.6. Thus ZV is the union of the lc centers of (Y,A) with image
V , and (W,ΘW ) is a source of V with Stein factorization W

h−→ P
ρ−→ V . The log resolution

µ : Ỹ → Y , the divisors P1, E, and LN , and the closed subsets Z̃V and W̃ of Ỹ are as in
(6.2) and (6.3). For an lc center C of (Y,A) with g(C) = V , (C,ΘC) is its adjunction pair and
C

fC−→ PC
ρC−−→ V is the Stein factorization of g|C . In particular, ΘW ∈ Γ, dimW ≤ d − 1, and

KW + ΘW ∼Q −h∗ρ∗(H|V ). Let A := BircV (W,ΘW ) and G := Gal(C(P )/C(V )). By Theorem
6.12(1), V is normal, (W,ΘW ) is klt, ρ is the quotient of P by G, and every element of G is
induced by an element of A. Thus H|V is a Q-Cartier Q-divisor on V which is ample over Z,
and every γ ∈ A satisfies h ◦ γ = σ ◦ h for the element σ ∈ G it induces. Let ωW be the rational
top form on W fixed in Notation 2.2, so that KW = Div(ωW ).

If dimV = 0, then V and P are points and G is trivial. Assume for the rest of this step that
dimV > 0. Fix a rational top form ωV on V , and let KV := Div(ωV ) and KP := Div(ρ∗ωV ).
The morphism h : (W,ΘW ) → P is a crepant log structure, h is a contraction of normal quasi-
projective varieties, 0 < dimP ≤ dimW ≤ d0, ΘW ∈ Γ, and KW + ΘW ∼Q h∗L0 for the
Q-Cartier Q-divisor L0 := −ρ∗(H|V ) on P . By Theorem 4.7(1) for d0 and Γ, there exist a
nonzero ψW ∈ C(W ) and a Q-Cartier Q-divisor DP ∼Q −ρ∗(H|V ) on P such that

(9.4) KW +ΘW +
1

m1
div(ψW ) = h∗DP , DP = KP +BP + MP .

Here BP is the discriminant part of h, and M is the moduli b-divisor of (9.4) (Definition 4.2). By
Theorem 4.7(2)–(4), applied with S := Z, and Proposition 4.8, BP ≥ 0 and BP ∈ Λ. Moreover,
M descends to a smooth variety P ′ projective and birational over P such that p1MP ′ is Cartier
and nef over Z.

We apply Theorem 5.5 to h : (W,ΘW ) → P , m1, ψW , DP , G, ρ, S := Z, ωV , and ωW . Its
hypotheses hold. We have d0 ≥ 2, G acts faithfully on P with quotient ρ, every σ ∈ G lifts to
an element of A, and V → Z is projective. Since h is a contraction, the generic fiber Wη of h is
a normal geometrically integral variety over C(P ). The pair (Wη,ΘW |Wη) is geometrically klt.
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Indeed, the base change to an algebraic closure of C(P ) of a log resolution of (W,ΘW ) is a log
resolution of the geometric generic fiber of h with the same coefficients, all less than 1 (cf. the
proof of Lemma 4.6). The constants of Theorem 5.5 for d0 and m1 are E0, b, and pv of Step 1.
Theorem 5.5(1) gives a nonzero χ ∈ C(P ) with the following property. The rational b-canonical
form θ0 := (χ ◦ h)ψE0

W ω⊗b
W on W satisfies Div(θ0) + bΘW = h∗(bDP + div(χ)), and γ∗θ0 = θ0 for

every γ ∈ A. Theorem 5.5(2)–(4) give a Q-Cartier Q-divisor DV on V , a Q-divisor BV ≥ 0 on
V , and a b-Q-Cartier b-divisor MV over V such that (V,BV + MV )/Z is generalized lc and

(9.5) DP +
1

b
div(χ) = ρ∗DV , KP +BP = ρ∗(KV +BV ), DV = KV +BV + MV

V .

Moreover, pvMV
V ′ is Cartier for every smooth variety V ′ projective and birational over V , and

MV
V ′ is nef over Z if MV descends to V ′. For a birational model τ : U → V of V , let ρU : PU → U ,

BPU
, and BU be as in Theorem 5.5(2). Then (5.11) holds for every prime divisor F on U and

every prime divisor Q on PU over F . If MV descends to U , then BU is the Q-divisor defined by
(2.1) for (V,BV + MV ). By (9.5),
(9.6) Div(θ0) = bh∗ρ∗DV − bΘW .

We show that (V,BV + MV )/Z is generalized klt. Let F be a prime divisor over V . Let
τ : U → V be a birational model of V to which MV descends and on which F is a prime
divisor, and let Q be a prime divisor on PU over F , with ramification index eQ. Let W ′′ be the
normalization of the main component of W ×P PU , h′′ : W ′′ → PU the induced morphism, and
KW ′′ + ΘW ′′ the pullback of KW + ΘW . By Definition 4.2, multQBPU

= 1 − tQ, where tQ is
the largest rational number t such that (W ′′,ΘW ′′ + th′′∗Q) is sub-lc over the generic point of Q.
As in Step 3, tQ is the minimum of the finitely many quotients a(F ′,W ′′,ΘW ′′)/multF ′ ν∗h′′∗Q,
where ν is a log resolution of (W ′′, SuppΘW ′′ ∪ Supph′′∗Q) over a neighborhood of the generic
point of Q and F ′ ⊂ Supp ν∗h′′∗Q runs over the prime divisors with h′′(ν(F ′)) = Q. Since
(W,ΘW ) is klt, a(F ′,W ′′,ΘW ′′) = a(F ′,W,ΘW ) > 0 for every such F ′. Thus tQ > 0, and
a(F, V,BV + MV ) = 1− multF BU = tQ/eQ > 0 by (5.11).

We show that BV ∈ Λ. Let F be a prime divisor on V and Q a prime divisor on P over F ,
with ramification index e. Since BP ∈ Λ = Φ(R[p1]), we may write multQBP = 1 − r

j with
r ∈ R[p1] and j a positive integer. By (5.11) for U = V , multF BV = 1− r

ej ∈ Φ(R[p1]).
We show that DV ∼Q −H|V . By (9.5), ρ∗(DV +H|V ) ∼Q DP + ρ∗(H|V ) ∼Q 0. Let k be a

positive integer and ξ ∈ C(P ) a nonzero rational function such that kρ∗(DV +H|V ) = divP (ξ).
As in the proof of Lemma 5.3, ρ∗ divV (

∏
σ∈G σ

∗ξ) =
∑

σ∈G σ
∗ divP (ξ) = ρ∗

(
k|G|(DV +H|V )

)
,

so k|G|(DV +H|V ) = divV (
∏

σ∈G σ
∗ξ) by the injectivity of ρ∗.

Finally, let V v−→ SV
ν−→ Z be the Stein factorization of V → Z. Then v is a contraction, ν is

finite, and SV is normal and affine. Since Z is affine, H|V is ample, hence ample over SV . Since
MV is b-nef over Z, it is b-nef over SV . Thus (V,BV + MV )/SV is a generalized klt pair, and
−(KV + BV + MV

V ) = −DV ∼Q H|V is ample over SV , which is (7.1). By Lemma 7.2, V is of
Fano type over SV .
Step 5. We construct an A-invariant rational (−N)-canonical form sW on W satisfying (6.12)
for U ′ = V , and a Q-Cartier Q-divisor EV ≥ 0 on V such that (W,ΘW + h∗ρ∗EV ) is lc.

Assume first that dimV > 0. We apply Proposition 7.4 for (d0, pv, qprop,Λ) to V → Z, its
Stein factorization V

v−→ SV
ν−→ Z, the point z ∈ π(V ), and (V,BV + MV )/SV . Its hypotheses

hold by Step 4: dimV ≤ d0, (V,BV + MV )/SV is generalized lc, BV ∈ Λ, MV descends to a
smooth variety V ′ with pvMV

V ′ Cartier, V is of Fano type over SV , and −(KV +BV +MV
V ) ∼Q H|V

is nef over SV . Thus there exist an open neighborhood Z◦ of z, a nonzero u0 ∈ C(V ), and a
Q-divisor B+

V ≥ BV on V ∩ π−1(Z◦) such that (V ∩ π−1(Z◦), B+
V + MV )/Z◦ is generalized lc

and nprop(KV + B+
V + MV

V ) = divV (u0) on V ∩ π−1(Z◦). Let Z ′ be an affine neighborhood of
z in Z◦, and let Y ′, T ′, V ′, W ′, P ′, and Ỹ ′ be the preimages of Z ′. Every lc center of g meets
Tz, so Set-up 6.6 applies to Y ′ → T ′ → Z ′, (Y ′, A|Y ′), V ′, and the source (W ′,ΘW |W ′), and the
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conclusions of Steps 2 and 4 restrict to Z ′. Let A′ := BircV ′(W ′,ΘW |W ′). Restriction defines an
injective homomorphism A → A′ over G = Gal(C(P ′)/C(V ′)). We show that it is surjective.
Let γ′ ∈ A′ lie over σ ∈ G, and let γσ ∈ A lie over σ (Theorem 6.12(1)). Then γ−1

σ ◦ γ′ is a
birational self-map of W with h◦γ−1

σ ◦γ′ = h, and it is crepant over the dense open subset P ′ of
P . By Lemma 6.10, γ−1

σ ◦γ′ ∈ BircP (W,ΘW ) ⊂ A. Thus γ′ is the restriction of γσ ◦(γ−1
σ ◦γ′) ∈ A.

Replacing Z, Y , T , V , W , P , Ỹ , and A with Z ′, Y ′, T ′, V ′, W ′, P ′, Ỹ ′, and A′, we may assume
that Z◦ = Z. In particular, γ∗θ0 = θ0 for every γ ∈ A by Step 4. Let EV := B+

V −BV ≥ 0 and
u := u

N/nprop
0 . Then EV is Q-Cartier, as DV and KV +B+

V + MV
V are, and (9.5) gives

(9.7) N(DV + EV ) = divV (u), (V,BV + EV + MV )/Z is generalized lc.

Let

(9.8) sW := (h∗ρ∗u) θ
⊗(−N/b)
0 , so that Div(sW ) = NΘW +Nh∗ρ∗EV

by (9.6) and (9.7). Thus sW is a nonzero rational (−N)-canonical form on W with Div(sW ) ≥
NΘW , hence Div(sW ) ≥ ⌈NΘW ⌉ as Div(sW ) is a Weil divisor, which is (6.12) for U ′ = V . Let
γ ∈ A and σ ∈ G with h ◦ γ = σ ◦ h. Then γ∗(h∗ρ∗u) = h∗σ∗ρ∗u = h∗ρ∗u as ρ ◦ σ = ρ, and
γ∗θ0 = θ0 as shown above. Thus sW is A-invariant.

We show that (W,ΘW + h∗ρ∗EV ) is lc. Let P vP−→ SP → Z be the Stein factorization of
P → Z. Then W

h−→ P
vP−→ SP are contractions of normal quasi-projective varieties, dimP > 0,

and (W,ΘW ) is lc with KW + ΘW ∼Q,P 0. The identity Div(θ0) + bΘW = h∗(bDP + div(χ))
reads

KW +ΘW +
1

b
div

(
(χ ◦ h)ψE0

W

)
= h∗Dβ , Dβ := DP +

1

b
div(χ) = ρ∗DV .

Its moduli b-divisor Mβ satisfies Mβ,P ′′ = MP ′′ + 1
b divP ′′(χ) for every birational model P ′′ of P

(Theorem 5.5(2)), so Mβ descends to P ′ and Mβ,P ′ is nef over Z, hence over SP . By Proposition
8.1(1), applied to W

h−→ P
vP−→ SP and the Q-Cartier Q-divisor ρ∗EV ≥ 0 on P , it suffices to

show that (P,BP + ρ∗EV + Mβ)/SP is generalized lc. Let Q be a prime divisor over P . Since
C(P )/C(V ) is finite, the restriction of ordQ to C(V ) is a discrete valuation whose residue field
has transcendence degree dimV − 1 over C. By [KM98, Lemma 2.45], it is a positive multiple
of ordF for a prime divisor F on a birational model τ : U → V of V ; possibly replacing U with
a higher model, we may assume that MV descends to U . Then Q is a prime divisor on PU over
F (standard); let eQ be its ramification index. Computing on a birational model of PU to which
Mβ descends, Definition 4.2 and (2.1) give

a(Q,P,BP + ρ∗EV + Mβ) = 1− multQBPU
− multQ ρ∗Uτ∗EV = eQ

(
1− multF (BU + τ∗EV )

)
,

where the second equality follows from (5.11) and multQ ρ∗UF = eQ. Since MV descends to
U and KU + BU + MV

U = τ∗DV by (5.10), BU + τ∗EV is the Q-divisor defined by (2.1) for
(V,BV + EV + MV ), so 1 − multF (BU + τ∗EV ) = a(F, V,BV + EV + MV ) ≥ 0 by (9.7). Thus
(P,BP + ρ∗EV + Mβ)/SP is generalized lc, and (W,ΘW + h∗ρ∗EV ) is lc.

Assume now that dimV = 0. Then W is projective, (W,ΘW ) is klt with ΘW ∈ Γ, dimW ≤
d0 − 1, and KW + ΘW ∼Q 0. By Theorem 2.11 and (9.1), N(KW + ΘW ) = div(φW ) for some
nonzero φW ∈ C(W ). Let EV := 0 and sW := φWω

⊗(−N)
W . Then Div(sW ) = NΘW = NΘW +

Nh∗ρ∗EV , so sW satisfies the equality in (9.8) and (6.12), and (W,ΘW + h∗ρ∗EV ) = (W,ΘW )
is lc. Since G is trivial, A is the kernel of A → G, so sW is A-invariant by Theorem 6.12(4).

Step 6. We construct a monotonic N -complement (Y /Z ∋ z,A+) of (Y /Z ∋ z,A).
By Steps 4 and 5, sW is a nonzero A-invariant rational (−N)-canonical form on W satisfying

(6.12) for U ′ = V , and N is a positive multiple of N0. By Theorem 6.12(5), there is a section
s ∈ H0(Z̃V ,OỸ

(LN )) such that s|
W̃

= sW . By Theorem 6.12(6), s = s̃|
Z̃V

for some s̃ ∈
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H0(Ỹ ,O
Ỹ
(LN )). By Set-up 6.6, s̃ = φω⊗(−N) is a rational (−N)-canonical form on Ỹ , hence

on Y , for some nonzero φ ∈ C(Y ), and Div
Ỹ
(s̃) ≥ NP1 + ⌊(N + 1)E⌋. Let

A+ :=
1

N
DivY (s̃) =

1

N
divY (φ)−KY and R := A+ −A.

Then N(KY + A+) = divY (φ), as in (9.3), and KY + A+ is Q-Cartier. Since N is even and
NR ⊂ Z, Lemma 6.7(2) for C = Y gives DivY (s̃) ≥ ⌈NA⌉, that is, NA+ ≥ ⌈NA⌉. Since
A ∈ Φ1 ⊂ Φ(R), (4.2) gives

NA+ ≥ ⌈NA⌉ = N⌊A⌋+ ⌊(N + 1){A}⌋.
In particular, A+ ≥ A ≥ 0, and R ≥ 0 is Q-Cartier. It remains to show that (Y,A+) is lc over
a neighborhood of z.

Let C be an lc center of (Y,A) with g(C) = V , C̃ ⊂ Z̃V its stratum, µC := µ|
C̃

, D1, . . . , Dk

the components of P1 containing C̃, and SC and EC as in Set-up 6.6. Let θC , E′
C ≥ 0, and

Θ+
C = ΘC + f∗CE

′
C be given by Theorem 6.12(7) for U ′ = V , β = sW , and s. Then Div(θC) =

−NΘ+
C , and s|

C̃
corresponds to θ−1

C ̸= 0 under (6.5). By the definition of the restriction map
after (6.5), no component of Div

Ỹ
(s̃)−N(D1 + · · ·+Dk) contains C̃, and the residue of s̃ on C̃

is θ−1
C . By (6.7) for Y ,

Div
Ỹ
(s̃)−N(D1 + · · ·+Dk) = Nµ∗R+N(P1 −D1 − · · · −Dk) +NE.

Since C̃ meets µ−1(Y snc) (Set-up 6.6), no µ-exceptional divisor contains C̃. Hence every prime
divisor containing C̃ has nonnegative coefficient in each of µ∗R, P1 −D1 − · · · −Dk, and E, the
non-exceptional part of E being µ−1

∗ {A} by (6.2). Thus C̃ ̸⊂ Suppµ∗R, so C ̸⊂ SuppR as µ is
an isomorphism over the generic point of C. By (6.4) and (6.7) for C,

Nµ∗C(R|C) +N(SC + EC) = Div
C̃
(θ−1

C ) = Nµ∗C(Θ
+
C −ΘC) +N(SC + EC).

Pushing forward by µC , we get R|C = Θ+
C −ΘC = f∗CE

′
C .

We show that (C,Θ+
C) is lc. If dimV = 0, then PC is a point, E′

C = 0, and (C,Θ+
C) = (C,ΘC) is

dlt. Assume that dimV > 0. Let WC ⊂ C be a source of V , and let ϕ : (W,ΘW ) 99K (WC ,ΘWC
)

be a crepant birational map over V , which exists by Definition 6.1. Let p : W ′ → W and
r :W ′ →WC be a common resolution of ϕ, and KW ′ +Γ′ := p∗(KW +ΘW ) = r∗(KWC

+ΘWC
).

By Theorem 6.12(7), r∗(s|
W̃C

) = p∗sW . The divisors Div(s|
W̃C

)−NΘWC
and Div(sW )−NΘW

are Q-Cartier by (6.16) and (9.8), and the computation of (5.12) gives
r∗
(

Div(s|
W̃C

)−NΘWC

)
= DivW ′(p∗sW )−NΓ′ = p∗

(
Div(sW )−NΘW

)
.

By (6.16) and (9.8), r∗(fC |WC
)∗E′

C = p∗h∗ρ∗EV . Hence
r∗
(
KWC

+ΘWC
+ (fC |WC

)∗E′
C

)
= p∗

(
KW +ΘW + h∗ρ∗EV

)
,

and (WC ,ΘWC
+ (fC |WC

)∗E′
C) is lc by Step 5. If WC = C, this is the assertion. Otherwise,

fC : (C,ΘC) → PC is a dlt crepant log structure by Theorem 8.2(1), dimPC = dimV > 0,
and WC is an lc center of (C,ΘC) dominating PC whose adjunction pair is (WC ,ΘWC

) [Kol16,
Definitions 4 and 18]. By Proposition 8.5 applied to fC , WC , and E′

C , (C,ΘC + f∗CE
′
C) is lc.

We show that (Y,A+) is lc near C. By Definition 2.3 and [Kol16, Definition 4], there exist lc
centers Y =W0 ⊃W1 ⊃ · · · ⊃Wk = C of (Y,A) such that Wi is a prime divisor on Wi−1 and a
component of ⌊ΘWi−1⌋ for each i. Here (Wi,ΘWi) is the adjunction pair of Wi, ΘW0 := A, and
ΘWi is the different of ΘWi−1 −Wi on Wi. Each Wi is normal and contains C, so Wi ̸⊂ SuppR,
and R|Wi ≥ 0 is Q-Cartier, with R|Wk

= f∗CE
′
C . We show by descending induction on i that

(Wi,ΘWi + R|Wi) is lc near C. For i = k this was shown above. Let i ≥ 1, and assume that
(Wi,ΘWi +R|Wi) is lc near C. Let Y ◦ := Y \ Nlc(Wi,ΘWi +R|Wi), an open neighborhood of C
in Y . On Wi−1 ∩ Y ◦, the reduced divisor Wi and Supp(ΘWi−1 −Wi +R|Wi−1) have no common
component, as Wi has coefficient 1 in ΘWi−1 and Wi ̸⊂ SuppR ⊃ Supp(R|Wi−1). Moreover,
KWi−1 + ΘWi−1 + R|Wi−1 is Q-Cartier, and the different of ΘWi−1 − Wi + R|Wi−1 on Wi is
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ΘWi +R|Wi [Kol92, 16.5–16.6], which is lc on Wi∩Y ◦. By Theorem 8.3, (Wi−1,ΘWi−1 +R|Wi−1)
is lc near Wi ∩ Y ◦, hence near C. For i = 0 we get that (Y,A+) is lc near C. Since C was
arbitrary, (Y,A+) is lc near ZV .

Finally, π ◦ g : Y → Z is a contraction, −(KY + A+) ∼Q 0 is semi-ample over Z, and z is
a closed point. Let FW be an lc place of (Y,A) with centerY FW = W . Since W ̸⊂ SuppR,
a(FW , Y, A

+) = a(FW , Y, A) = 0, and W ∩ Nlc(Y,A+) = ∅ as (Y,A+) is lc near ZV ⊃ W .
Thus W is an lc center of (Y,A+), and W ∩ Yz ̸= ∅ as z ∈ π(V ). If Nlc(Y,A+) ∩ Yz ̸= ∅,
then Nlc(Y,A+) ∩ Yz ∩ W ̸= ∅ by Theorem 8.4, a contradiction. Thus Nlc(Y,A+) ∩ Yz = ∅.
Since π ◦ g is proper, (π ◦ g)(Nlc(Y,A+)) is a closed subset of Z not containing z. Replacing Z
with its complement, (Y,A+) is lc. Therefore (Y /Z ∋ z,A+) is a monotonic N -complement of
(Y /Z ∋ z,A).

Step 7. We finish the proof.
By Steps 3 and 6, in both cases of Step 2, (Y /Z ∋ z,A) has a monotonic N -complement. By

Proposition 3.5 and Lemma 3.2, (X/Z ∋ z,B) has a monotonic N -complement. Since p | N
and N depends only on d, p, and Φ by Step 1, this finishes the proof. �

Proof of Corollary 1.2. It follows from Theorem 1.1, Theorem 2.9, and [HLS26, arXiv version
2, Theorem 8.25]. �
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