BOUNDEDNESS OF COMPLEMENTS OF LOG CANONICAL PAIRS

ABSTRACT. Given an R-complementary pair with finite rational coefficients of fixed dimension,
we show the existence of a monotonic N-complement for some positive integer N. As a
consequence, we prove the boundedness of N-complements for any R-complementary pair with
DCC coefficients, answering a question of Shokurov.
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1. INTRODUCTION

We work over the field of complex numbers C.

The goal of this paper is to prove the boundedness of monotonic lc complements for any
R-complementary pair with finite rational coefficients. This improves a result of Birkar [Birl9,
Theorems 1.7 and 1.8] by removing the Fano type condition, hence resolves a conjecture of
Shokurov (cf. [Sho20, Conjecture 1]). Our results rely on the recent proofs of the abundance
conjecture [OAI26a] and Shokurov’s global index conjecture [OAI26d].

Theorem 1.1. Let d,p be two positive integers and ® C [0,1] N Q a finite set. Then there exist
a positive integer p | N depending only on d,p and ® satisfying the following.

Assume that (X/Z > z,B) is an R-complementary pair of dimension d such that B € ®.
Then (X/Z > z, B) has a monotonic N-complement (X/Z > z, BT).

As a consequence, boundedness of lc complements hold for any R-complementary pair with
DCC coefficients, improving a result of the second author with Han and Shokurov [HLS26,
Theorem 1.3] by removing the Fano type condition.

Corollary 1.2. Let d,p be two positive integers and ® C [0,1] a DCC set. Then there exist a
positive integer p | N depending only on d,p and ® satisfying the following.

Assume that (X/Z > z,B) is an R-complementary pair of dimension d such that B € ®.
Then (X/Z > z, B) has an N-complement (X/Z > z, BT).
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2 BOUNDEDNESS OF COMPLEMENTS OF LOG CANONICAL PAIRS

Structure of the paper. In Section 2 we fix notation and recall the results of [OAI26a, OAI26b,
OAI26¢, OAI26d] that we use. In Section 3 we reduce Theorem 1.1 to the case of a Q-factorial
dlt pair (Y, A) such that —(Ky + A) is semi-ample over the base, and in Section 4 we prove
the uniform denominator bounds for the canonical bundle formula that we need. Section 5
extends these bounds to the quotient of the base of a canonical bundle formula by a finite group.
Section 6 identifies the sections of an anti-pluricanonical sheaf on the union of lc centers over a
minimal lc center with the invariant sections on a source. Section 7 shows that the complements
of generalized pairs of Fano type given by [FM20] can be chosen uniformly over a finite base
change, and Section 8 collects the results on log canonicity under pullback which we need to
extend a complement from the lc centers to the whole pair. Theorem 1.1 is proved in Section 9.

2. PRELIMINARIES AND EXTERNAL INPUTS

We will adopt the standard notation and definitions on birational geometry in [Sho92, KM98,
BCHM10] and use them freely.

Definition 2.1. A contraction is a projective surjective morphism f : X — Z between normal
quasi-projective varieties such that f,.Ox = Oz.

Notation 2.2. Let X be a normal variety. We denote by C(X) the function field of X and
by div(p) the divisor of a nonzero rational function ¢ € C(X). For a prime divisor £ and an
R-divisor D on X, multg D is the multiplicity of D along E. Let D = ). d;D; be an R-divisor
on X, where the D; are the irreducible components of D. For a set I C R, we write D € [ if
d; € I for every i. For a positive integer N, we write NI C Z if Nb € Z for every b € I. We
define | D], [D], and {D} := D—| D] componentwise. A set I C R satisfies the descending chain
condition (DCC) if any decreasing sequence in I stabilizes, and the ascending chain condition
(ACQ) if any increasing sequence in I stabilizes. For a point v € R™, the rational envelope of v
is the smallest affine subspace of R™ containing v which is defined over Q (cf. [HLS26, Section
5]).

Let f: X — Z be a projective morphism of normal quasi-projective varieties and D, D’ two
R-Cartier R-divisors on X. We write D ~r z D' (resp. D ~qg 7z D', D ~z D')if D — D’ ~p f*L
(resp. D — D' ~q f*L, D — D' ~ f*L) for some R-Cartier R-divisor (resp. Q-Cartier Q-divisor,
Cartier divisor) L on Z. Let z € Z be a (not necessarily closed) point. A property of X, f, or
divisors on X holds over a neighborhood of z if it holds over U after replacing Z with an open
neighborhood U of z and X with f~1(U). In particular, D ~g 0 (resp. D ~g 0, D ~ 0) over
a neighborhood of z means D ~p 17 0 (resp. D ~g 0, D ~g 0) over some open neighborhood
U of z. Since any Cartier divisor on Z is principal over a neighborhood of z, D ~ 0 over
a neighborhood of z if and only if D = div(¢)) over a neighborhood of z for some nonzero
1 € C(X). We say that D is vertical/ Z if f(Supp D) # Z, and horizontal/Z if every component
of D dominates Z. We write D = D" 4 DV, where D" is horizontal/Z and DV is vertical/Z.

Let n := dim X. A rational top form on X is a nonzero element of A" Qcx)c. We fix
a rational top form w on X and let Ky := Div(w) be its divisor. For an integer m, an m-
canonical form on X is a nonzero rational section of Ox(mKx), that is, an element § = @w®™
with ¢ € C(X) nonzero; for m > 0 these are the nonzero elements of (A" Qc(x)/c)®™. We
define

Div () := div(e) + mKx,
which does not depend on the choice of w. If § is an m-canonical form, then #~! is a (—m)-
canonical form and Div(#~!) = — Div(f). For any birational map Y --» X of normal varieties,
we let Ky := Div(w) be the divisor of w on Y. In this way canonical divisors are chosen
compatibly on all birational models, and an m-canonical form on X is also an m-canonical form
on Y. We write Divy (f) and divy (¢) when the variety is not clear from the context.

Definition 2.3 (Pairs, cf. [CHL24, Definition 2.7]). A pair (X, B) consists of a normal quasi-
projective variety X and an R-divisor B > 0 on X such that Kx + B is R-Cartier. A pair
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(X/Z > z,B) consists of a contraction f: X — Z, a (not necessarily closed) point z € Z, and
an R-divisor B > 0 on X such that Kx + B is R-Cartier over a neighborhood of z. If B is a
Q-divisor, then we call (X, B) or (X/Z > z,B) a Q-pair. If (X/Z > z,B) is a pair for every
point z € Z, then we call (X/Z, B) a pair. If Z is a point, then we omit Z and z and call (X, B)
a projective pair. If f is the identity and z = z € X, then we write (X > z, B).

Let (X, B) be a pair. A prime divisor over X is a prime divisor F on a normal variety Y
with a projective birational morphism g : ¥ — X, and centerx £ := g(F) is the center of
E on X. Let Ky + By := ¢"(Kx + B). The log discrepancy of E with respect to (X, B) is
a(F, X, B) := 1 — multg By; it does not depend on Y. We say that (X, B) is lc (resp. klt) if
a(E,X,B) > 0 (resp. > 0) for every prime divisor E over X. An lc place of (X, B) is a prime
divisor E over X such that a(E, X, B) = 0, and an lc center of (X, B) is the center of an lc place.
A minimal lc center is an lc center which is minimal with respect to inclusion. We say that an
lc pair (X, B) is dlt if there exists a log resolution g : Y — X of (X, B) such that a(E, X, B) > 0
for every g-exceptional prime divisor £. We say that (X, B) is log smooth if X is smooth and
Supp B is a simple normal crossing (snc) divisor. We say that (X/Z > z, B) is lc (resp. kit) if
(X, B) is lc (resp. klt) over a neighborhood of z.

Let (X, B) be an lc pair and D > 0 an R-Cartier R-divisor on X. The lc threshold of D with
respect to (X, B) is

let(X, B; D) :=sup{t > 0| (X, B +tD) is lc}.

If f: X — T is a contraction and P is a prime divisor on T with generic point np, then
lct(X, B; D) over the generic point of P is

sup{t > 0| (X, B +tD) is lc over a neighborhood of np}.

Let (X, B) be a dlt Q-pair and W an lc center of (X, B). By [KM98, Theorem 2.44] and
[Kol16, Definition 3], W meets the largest open subset X*"¢ C X over which (X, B) is log
smooth; hence W N X" is an irreducible component of an intersection of components of | B].
Moreover, W is normal, and there is a Q-divisor By > 0 on W, the different of B on W, such
that Kw + Bw ~q (Kx + B)|w and (W, By) is dlt [Fujll, Lemma 10.2]. The different is
defined inductively from the different of a divisor [Koll6, Definition 4]. We call (W, Byy) the
adjunction pair of W.

Definition 2.4 (Complements, cf. [Birl9, 2.18]). Let (X/Z > z, B) be a pair and n a positive
integer. We say that (X/Z 5 z, B") is an R-complement of (X/Z > 2, B) if BT > B and, over
a neighborhood of z, (X, B") is lc and Kx + Bt ~g 0. If moreover B is a Q-divisor and
Kx + BT ~q 0 over a neighborhood of z, then we say that (X/Z 3 z, BT) is a Q-complement
of (X/Z > z,B). We say that (X/Z > z, B) is R-complementary if it has an R-complement.
We say that (X/Z 3 z, B) is an n-complement of (X/Z > z, B) if over a neighborhood of z,
(X,B")isle, n(Kx + BT) ~ 0, and
nBt >n|B]| + [(n+ 1){B}].
We say that (X/Z 2 z, BY) is a monotonic n-complement of (X /Z 3 z, B) if moreover BT > B.
If (X/Z 3 2,B") is an R-complement (resp. Q-complement, n-complement, monotonic n-
complement) of (X/Z > z,B) for every point z € Z, then we say that (X/Z, B") is an R-

complement (resp. Q-complement, n-complement, monotonic n-complement) of (X /Z, B). If Z
is a point, then we omit Z and z.

Definition 2.5 (Hyperstandard sets, [Birl9, 2.2]). Let SR C [0,1] N Q be a finite set such that
0,1 € R. We define

P(R) = {1 - % ’ r € R, n a positive integer} .

We say that a set I C [0, 1] is a hyperstandard set if I = ®(R) for some such . The set ®(R)
is a DCC set of rational numbers whose only accumulation point is 1.
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Definition 2.6 (b-divisors, cf. [Birl9, 2.7]). Let X be a normal quasi-projective variety. A
birational model of X is a normal variety Y with a projective birational morphism ¥ — X. A
b-divisor M over X consists of an R-divisor My on every birational model Y of X, such that
m«My: = My for every projective birational morphism 7 : Y’ — Y of birational models of X.
We say that M descends to a birational model X’ of X if My is R-Cartier and My = n*My for
every projective birational morphism 7 : Y — X’ from a birational model Y of X. We say that
M is b-R-Cartier (resp. b-Q-Cartier) if M descends to some birational model X’ (resp. descends
to some X’ with M, a Q-divisor). For a positive integer p, we say that pM is b-Cartier if M
descends to some X’ such that pMy- is Cartier. If X — U is a projective morphism, then we
say that M is b-nef/U if M descends to some X’ such that My is nef/U. For an R-Cartier
R-divisor D on X, we denote by D the b-divisor over X with Dy := 7*D for every birational
model 7 : Y — X.

Definition 2.7 (Generalized pairs, cf. [FM20, Definitions 2.2 and 2.11]). A generalized pair
(X,B+ M)/U consists of a projective morphism X — U of normal quasi-projective varieties,
a Q-divisor B > 0 on X, and a b-Q-Cartier b-divisor M over X which is b-nef/U, such that
Kx + B 4+ My is Q-Cartier. In [FM20], M- is required to be nef rather than nef/U; the two
conditions agree when U is affine. Let m : Y — X be a birational model of X to which M
descends, and define By by

(21) Ky+By+My:7T*(Kx—|—B+Mx).

For a prime divisor E on Y, the generalized log discrepancy of E with respect to (X, B + M)
is a(E,X,B 4+ M) := 1 — multg By; it does not depend on Y. We say that (X, B + M)/U is
generalized lc (resp. generalized klt) if a(E, X, B+ M) > 0 (resp. > 0) for every prime divisor F
over X. We omit U when it is a point or is clear from the context. If M = 0, then (X, B4+M)/U
is the Q-pair (X, B).

Let f : X — Z be a contraction and z € Z a point. A generalized pair (X/Z > z,B + M)
consists of f, z, a Q-divisor B > 0 on X, and a b-Q-Cartier b-divisor M over X, such that over a
neighborhood of z, M is b-nef/Z and Kx + B+My is Q-Cartier. We say that (X/Z > z, B+M)
is generalized lc (resp. generalized klt) if (X, B+ M)/Z is generalized lc (resp. generalized klt)
over a neighborhood of z. Let n be a positive integer. We say that (X/Z > z, Bt + M) is a
monotonic generalized n-complement of (X/Z > z, B+M) if BT > B and, over a neighborhood
of z,

(1) (X,Bt +M)/Z is generalized lc,

(2) n(Kx + BT +Mx) ~ 0, and

(3) nBT >n|B] + [(n+ 1){B}].
Here the b-divisor M is part of the data and is unchanged. In [FM20], such a B¥ is called
a strong (0,n)-complement of (X, B + M) over z. If M = 0, then a monotonic generalized
n-complement of (X /Z > z, B+ M) is a monotonic n-complement of (X/Z > z, B).

Definition 2.8 (Crepant maps, cf. [FG14a, Definition 2.11], [Kol16, Definition 2 and Paragraph
6]). Let (X, B) and (X', B’) be two Q-pairs. A birational map ¢ : X --» X' is crepant with
respect to (X, B) and (X', B’), and we write ¢ : (X, B) --» (X', B'), if p*(Kx + B) = ¢*(Kx’ +
B') for a common resolution p : W — X, ¢ : W — X' of ¢. Here a common resolution of ¢
consists of a normal variety W and projective birational morphisms p: W — X and ¢ : W — X’
such that ¢ = ¢ o p. This does not depend on the choice of the common resolution. Such maps
are called B-birational maps in [FG14a]. If X — V and X’ — V are morphisms and ¢ commutes
with them, then we say that ¢ is over V. The crepant birational self-maps of (X, B) over V
form a group, which we denote by Bir{, (X, B).

A crepant log structure f : (X,B) — T consists of an lc Q-pair (X, B) and a contraction
f:X — T such that Kx + B ~q 0. An lc center of f is the image f(W) of an Ic center W of
(X, B); f has finitely many lc centers. We say that f is dit (resp. Q-factorial dit) if (X, B) is
dlt (resp. X is Q-factorial and (X, B) is dlt).
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We will use the following results of [OAI26a, OAI26b, OAI26¢, OAI26d]. We refer to the
versions of these preprints indicated in the bibliography.

Following [Birl1l, Definition 2.1] and [OAI26a, Section 2], a log minimal model of a projective
pair (X, B) is a projective pair (X', B") with a birational map ¢ : X --» X’ such that B’ =
¢+B + E and Ky + B’ is nef, where E is the reduced ¢~ '-exceptional divisor. Moreover, we
require that a(D, X, B) < a(D, X', B') for every prime divisor D on X which is exceptional over
X', In [Birll, Definition 2.1], (X', B) is in addition required to be Q-factorial dlt. It is a good
minimal model of (X, B) if moreover K+ B’ is semi-ample, that is, Kx/+ B’ ~g ¢g* A for some
contraction g : X’ — V and some ample R-divisor A on V.

Theorem 2.9 ([OAI26a, Theorem 11.1 and Lemma 2.2]). Let (X, B) be a projective lc pair such
that Kx + B is pseudo-effective. Then (X, B) has a good minimal model (X', B"). Moreover, let
p: W — X and q : W — X’ be a common resolution of the induced birational map X --+ X'.
Then there exists a q-exceptional R-divisor E > 0 on W such that

(2.2) p"(Kx+B)=q¢"(Kx'+B)+E.

In the proof of [OAI26a, Proposition 2.5], the good minimal model is constructed as a Q-
factorial dlt log minimal model; see also the proof of [OAI26a, Corollary 12.1].

Theorem 2.10 ([OAI26a, Corollary 14.1]). Let m: X — Y be a projective surjective morphism
of normal complex analytic varieties. Let A > 0 be a Q-divisor on X such that D := Kx + A is
Q-Cartier and (X, A) is le, and assume that D is w-nef over all of Y. Then for every compact
subset W C Y, there exist an analytic open neighborhood U D W and a positive integer m
such that mD|x,, is Cartier, where Xy = 7~ Y(U), and the line bundle L := Ox, (mD|x,,) is
generated relative to my : Xy — U. That is, the evaluation map 7, (ny )L — L is surjective.

The analytic conventions here are those of [OAI26a, Section 14]. A complex analytic variety
is a reduced and irreducible Hausdorff second-countable complex analytic space. A projective
morphism is a proper morphism with a relatively ample line bundle. The Q-Cartier condition
is local on X. The divisor D is m-nef over Y if D has non-negative degree on every projective
curve contracted by 7.

Theorem 2.11 ([OAI26b, Theorem 1.2]). Let d be a non-negative integer and I C [0,1]NQ a
DCC set. Then there exists a positive integer a(d, I) depending only on d and I satisfying the
following. Assume that (X, B) is a projective lc Q-pair of dimension d such that B € I and
Kx + B ~Q 0. Then

(2.3) a(d, I)(Kx + B) ~ 0.

In (2.3), a(d,I)(Kx + B) ~ 0 means that a(d, I)(Kx + B) is a principal divisor; in particular
a(d,I)B is an integral divisor. A projective pair of dimension 0 is a point with B = 0, so we
may take a(0,]) = 1.

Definition 2.12 (Weights, [OAI26¢, Definition 4.1]). Let C' be a smooth projective curve, ¢ € C
a closed point, K := C(C), and z € K a rational uniformizer at c, that is, ord.(z) = 1. Let F//K
be a finitely generated regular field extension of transcendence degree s, that is, the function
field of a geometrically integral variety of dimension s over K, and let m be a positive integer.
A rational relative m-canonical form of F/K is a nonzero element ¢ of (A Qp/x)®™. Using the
identification of /\SJrl Qp/c with N’ Qr/k ®Kk Qx/c given by a fixed wedge order, we associate
with ¢ the m-canonical form
Q= pA(dz/2)*"
of F//C. The weight of ¢ at c is

. ordp(Q2) +m
(2.4) w,(p) == 1gfm
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where E runs over the normalized divisorial valuations of F'/C whose restriction to K is a
positive multiple of ord.. Here ordg(2) is the multiplicity of Div(Q2) along E on any normal
variety with function field F' on which F is a prime divisor. The weight depends only on F', ¢,
and ¢, and not on the choice of z [OAI26¢, Lemma 4.3(i)].

Let V be a normal geometrically integral projective variety over K with function field F. We
write Divy (¢) for the divisor of ¢ on V, defined as in Notation 2.2 with C replaced by K and
with Ky the divisor of a rational relative top form of V over K. Let B > 0 be a Q-divisor on V'
such that Ky + B is Q-Cartier. We say that (V, B) is geometrically lc (resp. geometrically klt)
if (Vg,Bg) is lc (resp. klt), where K is an algebraic closure of K.

Theorem 2.13 ([OAI26¢, Theorem 4.2 and Proposition 4.5]). Let s be a non-negative integer
and m a positive integer. Then there exists a positive integer q(s, m) depending only on s and
m satisfying the following. Let C, ¢, K, z, F/K, ¢, and Q be as in Definition 2.12. Let V be
a normal geometrically integral projective variety of dimension s over K with function field F,
and (V, B) a geometrically lc pair such that

Divy (¢) + mB = 0.
Then:

(1) als,mw. () € Z.

(2) Assume that s > 0. Then there exist a contraction f : N — C and a Q-divisor H > 0
on N which is horizontal/C satisfying the following. Let T := (f*C)reqa. Then N is
Q-factorial, the generic fiber Ny, of f is geometrically integral and birational to V over
K, (N, T+ H) is dlt, Ky +T+ H ~qc 0, and

1
p. Divy(2) + T + H = w.(p) f*c

over a neighborhood of c. In particular, Divy, (p) + mH, = 0, where H, := H|y,. If
H has no component of coefficient 1, then (Ny, Hy) is geometrically kit and Ky, is
Q-Cartier.

In Theorem 2.13(2), C(N) = K(N,) = F, so § is an m-canonical form on N. We may take
q(0,m) = m: if s = 0, then V = Spec K, ¢ € K*, and w.(p) = Z orde() (see the proof of
[OAI26¢, Theorem 4.2]).

Theorem 2.14 ([OAI26d, Lemma 2.1 and Theorem 6.1]). Let n be a non-negative integer and
m a positive integer. Then there exists a positive integer L(n,m) depending only on n and m
satisfying the following. Assume that (X, A) is a projective kit Q-pair of dimension n such that
m(Kx + A) ~ 0, and let 6 be an m-canonical form on X such that Div(0) = —mA. Then

for every crepant birational self-map ¢ of (X,A), we have ¢*0 = cf for some ¢ € C*, and
cklnm) — 1.

Here m(Kx + A) ~ 0 means that m(Kx + A) = div(¢)) for some nonzero ¢ € C(X); then
0 := " Lw®™ satisfies Div(d) = —mA, and any two such forms differ by a nonzero constant
[OAI26d, (2.1)]. A pair of dimension 0 is a point whose only birational self-map is the identity,
so we may take L(0,m) = 1.

Let m be a positive even integer, (Y,I") a projective dlt Q-pair, and 6 an m-canonical form on
Y such that Div(f) = —mI'. Let W be an lc center of (Y,I") of codimension k with adjunction
pair (W, T'y). By Definition 2.3, near the generic point of W the pair (Y,T') is log smooth and
W is a component of Dy N ---N Dy, where Dy,..., Dy are components of [I'|. Choose local
coordinates x1, ..., Tk, Y1, -, Ydimw at the generic point of W such that D; = (z; = 0) for each
1, and write

dx dx o
0:u<1/\"'/\k/\dyl/\"'/\dydimw> 5
1 Tk
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where u is a unit at the generic point of W because Div(f) = —mI'. The residue of # on W is
the m-canonical form

Ow = ulw (dyr A -+~ A dydimw )™
on W. Since m is even, Oy does not depend on the choice of the coordinates, and it coincides
with the iterated residue of # along any flag of lc centers between Y and W [OAI26d, Section
7.1]. We set 0y := 0 and I'y := I'. By [OAI26d, (7.2)], Div(fw) = —mI'w; in particular,
m(Kw +Tw) ~ 0 and mI'yy is an integral divisor. In the following theorem, a minimal lc center
of (Y,T') means a minimal lc center of (Y,I') if (Y,T") is not klt, and Y itself if (Y, T") is klt.

Theorem 2.15 ([OAI26d, Lemmas 7.1 and 7.2]). Let m be a positive even integer.

(1) Let (Y,T') be a projective dit Q-pair and 8 an m-canonical form on'Y such that Div(f) =
—mI'. Then for any two minimal lc centers A and A" of (Y,T'), there exists a crepant
birational map ¢ : (A, T4) --+ (A", T 4/) such that ¢*6a = 04.

(2) Let (Y,T') and (Y',T) be two projective dlt Q-pairs of the same dimension, and 6 and
0" m-canonical forms on'Y and Y’ such that Div(f) = —mI and Div(0') = —mI”. Let
7:Y --» Y’ be a birational map such that 70" = r0 for some r € C*. Then there
exist minimal lc centers A of (Y,T') and A" of (Y',T') and a crepant birational map
¥ (A, Ta) --» (A1) such that 0"y, = r6a, where (A',T",,) is the adjunction pair
of A" and 'y, is the residue of 0’ on A’.

3. PRELIMINARY REDUCTIONS

Lemma 3.1. Let n and k be positive integers.

(1) Let b < ¢ be real numbers in [0,1] such that nc is an integer. Then
(3.1) nlb] + [(n+ 1){b}] < ne.

(2) Let (X/Z > z,B) be a pair. If (X/Z 3 z,B%) is a monotonic n-complement of (X/Z >
z,B), then (X/Z 3 z,B™) is a monotonic kn-complement of (X/Z > z, B).

(3) Let (X/Z > z,B+ M) be a generalized pair such that knMx is a Weil divisor. If
(X/Z > z, B"+M) is a monotonic generalized n-complement of (X/Z > z, B+M), then
(X/Z 3 z, BT + M) is a monotonic generalized kn-complement of (X/Z 3 z, B+ M).

Proof. (1) If b =1, then ¢ = 1 and both sides of (3.1) are equal to n. Assume that b < 1. Then
the left hand side of (3.1) is [(n+1)b]. Write nb = [+ s, where [ is an integer and 0 < s < 1. If
s =0, then [(n+1)b] =1+ |b] =nb<nc. If s >0, then |(n+1)b] =1+ [s+b] <1+ 1 <ne,
as nc is an integer and nc > nb > [.

(2) and (3). We prove (3). The proof of (2) is the same with M = 0, since nB™ = n(Kx +
B1) —nKy is a Weil divisor over a neighborhood of z.

Possibly shrinking Z to a neighborhood of z, we may assume that (X, BT +M) is generalized
le, BY > B, and n(Kx + Bt +Mx) ~ 0. Then kn(Kx + BT + M) ~ 0, and

knBY = kn(Kx + BT +Myx) — knKx — knMx

is a Weil divisor. Let D be a prime divisor on X, b := multp B, and ¢ := multp BT. Since
(X, BT+M) is generalized lc, 0 < b < ¢ < 1, and kncis an integer. By (1), kn|b]+[(kn+1){b}| <
knc. Thus knB* > kn|B|+|(kn+1){B}], and (X/Z 5 z, B" + M) is a monotonic generalized
kn-complement of (X/Z > z, B+ M). O

Lemma 3.2 (cf. [Birl9, 6.1]). Let n be a positive integer, (X /Z > z,B) and (Y /Z > z, By) two
pairs, ¢ : X --+ Y a birational map over Z, andp : W — X andq: W — Y a common resolution
of ¢. Assume that ¢*(Ky + By) > p*(Kx + B) over a neighborhood of z. If (Y/Z > z,By) is a
monotonic n-complement of (Y /Z > z, By), then (X/Z > z, BT) is a monotonic n-complement
of (X/Z 3 z,B), where BT := p.q*(Ky + By') — Kx.
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Proof. Possibly shrinking Z to a neighborhood of z, we may assume that Kx + B and Ky + By
are R-Cartier, ¢*(Ky + By) > p*(Kx + B), (Y, By) is le, By > By, and n(Ky + By) = div(h)
for some nonzero rational function h € C(Y) = C(X). Then ng*(Ky + By-) = div(h) on W, so

1
n(Kx + B") = p.div(h) = div(h) and p*(Kx + B%)= =div(h) = ¢"(Ky + By).
n
In particular, n(Kx + B™) ~ 0. Since B; — By > 0 is R-Cartier,

B*—B = p,(¢"(Ky+By")—p" (Kx+B)) = p.q*(By —By)+p:(¢"(Ky+By)—p*(Kx+B)) > 0.

Thus BT > B > 0, and a(E, X, BT) = a(E,Y, By") > 0 for any prime divisor E over X, so
(X, BY) is le. Finally, nB™ = div(h) — nKx is a Weil divisor and every coefficient of BT is at
most 1, so nBT > n|B] + |[(n+ 1){B}| by Lemma 3.1(1). The lemma follows. O

Lemma 3.3. Let (X/Z > z,B) be an lc pair associated with contraction w: X — Z. Assume
that (X/Z > z,B7) is an R-complement of (X/Z > z,B). Then (X/Z > z,B) has a Q-
complement (X /Z > z,B'), such that for any prime divisor E over X with m(centerx E) 3 z,
we have that E is an lc place of (X, B) if and only if E is an lc place of (X, B’).

Proof. Possibly shrinking Z to a neighborhood of z, we may assume that (X/Z, B") is an
R-complement of (X /Z, B).

Write BT =Y, b;B;, b:= (by,...,by), and let V be the rational envelope of b in R™. Let
B(v) =", v;B; for any v = (vq,...,v,) € R™.

By Q-linearity of log discrepancies, any lc place of (X, B1) is an lc place of (X, B(v)) for
any v € V. By [HLS26, Theorem 5.6], (X, B(v)) is lc for any v € V such that ||v — b|| < 1.
Pick vg € V N Q™ such that ||vg — b|| < 1. Since B is a Q-divisor and BT > B, we have that
B(vg) > B. By linearity of log discrepancies again and since ||vg — b|| < 1, any lc place of
(X, B(vp)) is an lc place of (X, BT). By [HLS26, Lemma 5.3], Kx + B(vg) ~g,z 0. Thus we
may let B’ := B(vp). O

Lemma 3.4. Let h : P — S be a projective surjective morphism of normal quasi-projective
varieties and (P,0) an lc pair such that © is a Q-divisor and Kp + © is nef over S. Then
Kp + O is semi-ample over S.

Proof. Let E := Kp+0 and r a positive integer such that rE is Cartier. For any positive integer
m divisible by 7, let L,, := Op(mFE) and @, the cokernel of the evaluation map h*h.L,, — Ly,.
Then Q,, is coherent, h(Supp @) is closed in S, and L,, is base point free over S\ h(Supp Q).

Fix a closed point s € S. Let P#*, S%" h*" ©2" and E?*" be the associated complex analytic
objects. Then P*" and S®" are normal complex analytic varieties [SGA1, XII, Propositions 2.1
and 2.4]. Since h factors through a closed immersion P — PV x S over S, h*" is projective
and surjective. Since a log resolution of (P, ©) induces a log resolution of (P*", ©*") with the
same log discrepancies, (P*",©") is lc. Since every compact analytic curve in a fiber of h*"
is algebraic by Chow’s theorem, E?" is nef over S®". By Theorem 2.10 applied to the compact
subset {s} of S?", there exist an open neighborhood Uy of s in S*" and a positive integer m;
such that mgsFE?*" is Cartier and base point free over Us;. Replacing ms with rmg, we may
assume that 7 | ms. Then L3 is base point free over U;. By [SGAL, XII, Théoréme 4.2],
(haLipm, )™ = RIML3Y | and the analytification of the evaluation map of Ly, is the evaluation
map of L} . Since analytification is exact [SGA1, XII, Théoreme 1.1], Q& is the cokernel of
the evaluation map of L&, so Q2 vanishes on (h*")~!(U,). Let z € h™!(s) be a closed point.
Then Qum, « ®0p., Opan ; = (Q?,fjs)x =0, and @,z = 0 as Op,; — Opan, is faithfully flat
[SGA1, XII, Théoreme 1.1]. Thus the closed subset Supp Q.,, of P contains no closed point of
h=1(s), so Supp Qm, Nh~1(s) = 0 and s & h(Supp Qm, )

Since every nonempty closed subset of S contains a closed point and S is quasi-compact,
there are closed points s1,...,s; € S such that the open subsets S\ h(Supp Qmsi) cover S. Let
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. @m/ms, . .
m = lem(ms,, ..., ms,). Since Ly, = L, is base point free over S\ h(Supp @m,,) for each
1, Ly, is base point free over S, so F is semi-ample over S. O

Proposition 3.5. Let ® C [0,1] N Q be a finite set and (X/Z > z,B) an R-complementary
pair such that B € ®. Then, possibly shrinking Z to an affine neighborhood of z, there exist
a Q-factorial dit pair (Y,A) such that A € ® U {1}, a birational map ¢ : X --» Y over Z,
contractions g : Y = T and 7 : T — Z, and a Q-Cartier Q-divisor H on T ample over Z,
satisfying the following.

(1) We have
(3.2) —(Ky +A) ~q g"H.

(2) For any common resolution p: W — X and q: W — Y of ¢,
(3-3) ¢ (Ky + A) > p"(Kx + B).

In particular, if (Y /Z > z, A) has a monotonic n-complement for some positive integer n, then
(X/Z > z,B) has a monotonic n-complement.

Proof. Step 1. We construct a Q-factorial dlt pair (V, Ay ) birational to X over Z with Ay €
®U{1}, and a dlt pair (V, Ay) with Ky + Ay ~g —t(Ky + Ay ) for some rational number ¢ > 0.

Since (X/Z > z,B) is R-complementary, possibly shrinking Z to a neighborhood of z, we
may assume that (X, B) is lc. By Lemma 3.3, (X/Z > z,B) has a Q-complement (X/Z >
2, B"). Possibly shrinking Z to an affine neighborhood of z, we may assume that Z is affine,
(X,B') is lc, and Kx + B’ ~g 0. Let v : V — X be a Q-factorial dlt modification of (X, B)
[FG14a, Theorem 2.8]: v is a projective birational morphism, V' is Q-factorial, (V, B{,) is dlt, and
Ky + By, = v*(Kx + B'), where By, := v, !B’ + E, and E, is the reduced v-exceptional divisor.
Let By := v;!'B, and let Ay be the Q-divisor on V such that, for any prime divisor D on V,
multp Ay = 1 if multp Bj, = 1, and multp Ay = multp By otherwise. Then Ay € @ U {1},
and By < Ay < B{, as B < B'. Since (V, By,) is dlt, (V, Ay) is Q-factorial dlt. Since (X, B) is
lc and every v-exceptional prime divisor has coefficient 1 in Ay,

(3.4) v'(Kx +B)=Ky+By+» (1-a(E,X,B))E < Ky + Ay,
E

where E runs over the v-exceptional prime divisors. Let Gy := By, — Ay > 0 and Ay =
By, +tGy for a rational number ¢ > 0. No component of Gy is a component of | By, |, and the log
discrepancies of the finitely many exceptional divisors of a fixed log resolution of (V, Bf,) depend
continuously on ¢, so (V, Ay) is dlt for any 0 < ¢t < 1. We fix such a t. Since Ky + Bj, ~q 0,

(3.5) Ky + Ay ~q tGy ~qg —t(Ky + Ay).

Step 2. We run a (Ky + Ay)-MMP over Z and construct (Y, A) and ¢ satisfying (3.3).

Let (Xo, Bo) be a projective lc pair such that Kx, + By is pseudo-effective. By Theorem 2.9,
(Xo, Bo) has a good minimal model (X{), Bj)). Since an ample R-divisor is R-linearly equivalent
to an effective R-divisor, Ky, + By ~r Dy for some Dj > 0, and Kx, + By ~r Dy for some
Dy > 0 by (2.2). Thus [FG14a, Conjecture 5.1] holds in every dimension, and so does [Birll,
Conjecture 1.3] by [FG14a, Lemma 5.3]. By [Birll, Theorem 1.4] (cf. [FG14a, 2.20]), there is a
(Ky+Ay)-MMP over Z, ¢ : V --» Y, which consists of finitely many divisorial contractions and
flips and ends with a log minimal model or a Mori fiber space of (V/Z,Ay). Let Ay := ¥, Ay
and Gy = 9.Gy. Since ® is a birational contraction, Ky + Ay ~q tGy > 0 is pseudo-effective
over Z, so the MMP does not end with a Mori fiber space. Thus (Y, Ay) is a log minimal model
of (V/Z,Ay). In particular, Y is Q-factorial, (Y, Ay) is dlt, and Ky + Ay is nef over Z (see
[Birll, Definition 2.1]). Let A := ¢, Ay and By := ¢, Bj,. Then A € ®U {1}, Ay = By + Gy,
and 0 < A < Ay, so (Y, A) is Q-factorial dlt. Let r be a positive integer and h € C(V) a
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nonzero rational function such that r(Ky + Bj,) = div(h). Since 1 is a birational contraction,
r(Ky + By) = 9, div(h) = div(h), and (3.5) gives
(3.6) Ky + Ay ~Q —t(Ky + A)

Let ¢ :=pov ' : X -—>Y,andlet p: W — X and ¢ : W — Y be a common resolution
of ¢. If (3.3) holds on a higher model W/ — W, then it holds on W by pushing forward along
W' — W. Thus, possibly replacing W with a higher model, we may assume that p = v o py
for some morphism py : W — V. Since ¢ is a (Ky + Ay)-MMP, the negativity lemma [KM98,
Lemma 3.39] gives

(3.7) pv(Kyv +Av) = ¢*(Ky + Ay) > 0.
Moreover,

1
(3.8) P Ky + BYy) = —div(h) = ¢"(Ky + B)

Since Kv+AV = (1—|—%)(Kv+B{/)—%(Kv—|—A\/) and Ky+A = (1+%)(Ky+B§/)—%(Ky—I—Ay),
(3.7) and (3.8) give

* * 1 * *
0" (Ky +A4) = py(Ky + Av) = £ (5 (Kv + Av) = ¢ (Ky + Ay)) > 0.

Together with (3.4), ¢*(Ky +A4) > p{,(Kv + Av) > piv* (Kx + B) = p*(Kx + B). This is (3.3).

Step 3. We construct g, w, and H.

By Lemma 3.4, Ky + Ay is semi-ample over Z. By (3.6), —(Ky +A) ~g 1(Ky +Ay) is semi-
ample over Z. Let m be a positive integer such that L := —m(Ky + A) is Cartier and base point
free over Z. Since Z is affine, Oy (L) is generated by finitely many global sections, which define
a morphism p : Y — PV x Z over Z such that Oy (L) = p*Opnyz(1). Let Y ST 5L PN x Z
be the Stein factorization of p [Har77, Corollary I11.11.5]. Then ¢ is a contraction, T is a
normal variety projective over Z, and 7 is finite. Let Hp be a Cartier divisor on T such that
Or(Hr) = 7*Opny z(1). Then Hry is ample over Z as 7 is finite, and L ~ g*Hy. Let H := X Hp
and m : T — Z the induced morphism. Then (3.2) holds. Since X — Z is a contraction and
Y is birational to X over Z, mog : Y — Z is a contraction, hence so is 7. Finally, the last
assertion of the proposition follows from (3.3) and Lemma 3.2. O

4. CANONICAL BUNDLE FORMULAS

Lemma 4.1. Let f : X — T be a contraction between normal quasi-projective varieties and
v € C(X) a nonzero rational function such that div(v) is vertical over T. Then v = f*a for
some nonzero a € C(T). In particular, div(v) = f*div(a).

Proof. Let F be the generic fiber of f and K := C(T'). Then F is a normal projective variety
over K and H(F,Or) = K as f.Ox = Or. Since div(v) is vertical over T', v|r has neither zeros
nor poles on F. Thus v|p € H'(F,OF) = K, and we may let a := v|r (cf. [CHL24, Lemma
2.5]). O

Definition 4.2. Let f : (X, B) — T be a crepant log structure (Definition 2.8) such that B is
a Q-divisor and f is a contraction between normal quasi-projective varieties. Let P be a prime
divisor on T'. Then P is Cartier over a neighborhood of the generic point of P, and we define

tp :=lct(X, B; f*P)
over the generic point of P (Definition 2.3). Since (X, B) is Ic, tp > 0. Since f is surjective,
there is a prime divisor E on X such that f(F) = P, and multg(B + tpf*P) <1 gives tp < 1.
Moreover, tp = 1 for all but finitely many P. Indeed, let p : U — X be a log resolution
of (X,B) and Ky + By := p*(Kx + B). By generic smoothness [Har77, Corollary II1.10.7],

there is a dense open subset 79 C T such that U and all irreducible components of intersections
of components of Supp By U Exc(p) are smooth over TY. Let P be a prime divisor on T’ such
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that P NTY # (). Then over a neighborhood of the generic point of P, (f o p)*P is a reduced
divisor and Supp By U Exc(p) U Supp(f o p)*P is a simple normal crossing divisor. Since the
coefficients of By + (fop)* P are at most 1, (X, B+ f*P) is lc over a neighborhood of the generic
point of P by [KM98, Corollary 2.31], so tp > 1. The discriminant part of f is the Q-divisor
By := ) p(1 —tp)P, where P runs over all prime divisors on 7. It depends only on f and
(X, B).

Let m be a positive integer, 1) € C(X) a nonzero rational function, and L a Q-Cartier Q-divisor
on T'. Assume that m(Kx + B) + div(y) = f*(mL), that is,

1
(4.1) Kx + B+ po- div(y) = f*L.
The moduli part of (4.1) is the Q-divisor
MT ::L—KT—BT.

Let 7 : T — T be a projective birational morphism from a normal variety, X’ the normalization
of the main component of X xp T, and p: X’ — X and f' : X’ — T’ the induced morphisms.
Since C(T') is algebraically closed in C(X), f’ is a contraction. We define the Q-divisor By
by Kx' + Bx: = p*(Kx + B). For a Q-divisor D on a normal variety Z such that Kz + D is
Q-Cartier, we say that (Z, D) is sub-lc if a(F,Z, D) > 0 for any prime divisor E over Z, where
a(E,Z, D) is defined as in Definition 2.3. Thus (X', Bx/) is sub-lc. For any prime divisor P’
on T', let tpr be the largest rational number ¢ such that (X', Bxs + tf"*P’) is sub-lc over the
generic point of P’. Here sub-lc over the generic point of P’ means sub-lc over a neighborhood
of the generic point of P’ (Notation 2.2). Since log discrepancies are preserved under crepant
pullback, ¢tp» may be computed on any normal variety X” with a projective birational morphism
p’ o X" — X', using Kx» + Bxn = p"*(Kx/ + Bxs) and f’ oy in place of Bxs and f’ (cf.
[FG14b, 3.3]). If P’ is not T-exceptional, then 7 is an isomorphism over a neighborhood of the
generic point of 7(P') as T' is normal, so tpr = t.(pry. Let By := Y p/(1 —tp/) P’ and

MT’ =1L — KT’ - BT/,

where K7 is the canonical divisor compatible with K7 (Notation 2.2). Then By is a Q-divisor,
T« B = Bp, and 7.M7 = Mp. The discriminant b-divisor B of f and the moduli b-divisor M
of (4.1) are the b-divisors over T with By := By and My as above for every T" (Definition
26) We have 7" L = K7+ + By + My for every T.

This is the setting of [FG14b, Definition 3.2 and 3.3-3.4] and of [OAI26¢, (7.1)-(7.3)].
In the terminology of [FG14b, Definition 3.2], f is an lc-trivial fibration: the condition
rank f.Ox([A*(X, B)]) = 1 there, where A*(X, B) is the discrepancy b-divisor of (X, B) with
the components of coefficient —1 removed [FG14b, 2.3], holds because Ox ([A*(X, B)]) ~ Ox
as (X, B) is lc [FG14b, 2.3] and f.Ox = Op. If ¢’ and L’ also satisfy (4.1) with the same m,
then div(vy’' /1) = mf*(L' — L) is vertical over T, so ¢’ =1 - f*a for some nonzero a € C(T) by
Lemma 4.1, L' = L + X div(a), and M}, = My + L divyv(a) for every T7.

Theorem 4.3 ([FG14b, Theorem 3.6]). Let f : (X,B) — T, m, v, and L be as in Definition
4.2, m: T — S a proper morphism to a variety, and K the b-divisor over T with K = Ky for
every T (Notation 2.2). Then:

(1) K + B is b-Q-Cartier. That is, there exists a projective birational morphism T' — T
from a normal variety such that Ky + By is Q-Cartier and Ky + By = p* (K7 + Brv)
for any projective birational morphism p: W — T from a normal variety. In particular,
M descends to T".

(2) M is b-nef over S. That is, there exists a projective birational morphism T" — T from
a normal variety such that M descends to T and M is nef over S.

Lemma 4.4. Let d be a positive integer and ® C [0,1]NQ a finite set. Then there exists a finite
set R C [0,1] NQ with 0,1 € R depending only on d and ® satisfying the following.
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(1) U{1} C ®(R). Moreover, if (X, B) is a dit pair of dimension < d such that B € ®U{1}
and W is an lc center of (X, B), then By € ®(R), where (W, By) is the adjunction
pair of W (Definition 2.3).

(2) For any positive integer N such that NR C Z and any b € ®(R),

(4.2) N1b] + [(N +1){b}] = [Nb].
(3) ®(R) is a DCC set whose only accumulation point is 1.

Proof. Let (X, B) be a dlt pair and W an lc center of (X, B) of codimension k. By Definition 2.3
and [Kol16, Definition 4], there exist lc centers X = Wy D Wy D --- D Wy, = W of (X, B) such
that W; is a prime divisor on W;_; and a component of | By,_, | for each i, where (W, Byw,) is
the adjunction pair of W;. Moreover, (W;_1, Bw,_,) is dlt [Fujll, Lemma 10.2], and By, is the
different of By, , on W, that is, Kyw, + Bw, = (Kw,_, + Bw,_,)|w, is defined by adjunction.

Let /B’ C [0,1] N Q be a finite set with 0,1 € RR’. By [Birl9, Lemma 3.3] applied with p = 1
and M = 0, there is a finite set S(R’) C [0,1] N Q depending only on R’ satisfying the following.
If (X/,B’) is an lc pair such that B’ € ®(R’) and S’ is the normalization of a component
of |B'|, then Bgs € ®(S(R’)), where Kg + By := (Kx/ + B')|s/ is defined by adjunction.
Possibly enlarging &(R’), we may assume that R’ C S(R’). Let Rp :={0,1} U{1 —b| b e D},
R, = 6(R;_1) for 1 <i < d, and R := NRy. Then U {1} C &(NRy) C P(R). Let (X, B) and
W be asin (1) and Wy D --- D W), = W as above. Then By, = B € ®(Ry), and inductively
By, € ®(R;) for 1 <i < k. Since k < d, By € ®(Ry) C ®(R). This proves (1).

(2) If b =1, then both sides of (4.2) equal N. Assume that b < 1. Then |b] = 0 and {b} = b.
Write b =1— g with » € R, r > 0, and j a positive integer. Then Nr is a positive integer. Write
Nr =qj+ p with integers g > 0and 0 < p<j—1. Since 0 < p+r <3,

252 o2

Thus [(N +1)b) = N + 1 — [8FU) = N — | 82] = [Nb], which is (4.2).
(3) is [Birl9, 2.2]. 0

Lemma 4.5. Let d be a positive integer and I C [0,1] N Q a DCC set. Let a(s,I) be as in
Theorem 2.11 and m(d,I) := lemo<s<qa(s,I). Let K be a finitely generated field extension of C
and F' a normal geometrically integral projective variety over K of dimension < d. Let BF >0
be a Q-divisor on F' such that B € I, (F,Bf) is geometrically lc, and Kr + B ~qg 0. Then

Proof. Let s := dim F', K an algebraic closure of K, and (Fg, B) the base change of (F, Br)
to K. Since K is finitely generated over C, K is isomorphic to C as a field. Since K/K is
separable, F- is normal and By € I. Thus (F5, By) is a projective lc pair of dimension s with
KF, + Bg ~q 0, and a(s, I)(Kp, + Bg) ~ 0 by Theorem 2.11 (cf. [OAI26¢, Section 2.2]). In
particular, m(d, I)Bp is an integral divisor, and the integral divisor D := m(d,I)(Kr + Bp)
becomes principal on Fi. By [OAI26¢, Lemma 2.4], D ~ 0. O

Lemma 4.6. Let f : (X,B) — T, m, ¢, and L be as in Definition 4.2, s :== dim X — dim T,
7: W — T a projective birational morphism from a smooth variety, P a prime divisor on W,
a:=multp7*L, and tp as in Definition 4.2. Then there exist a smooth projective curve C, a
closed point ¢ € C, and a rational uniformizer z € C(C) at ¢ satisfying the following. There
exist a normal geometrically integral projective variety V- of dimension s over C(C'), a Q-divisor
By > 0 on V with (V,By) geometrically lc, and a rational relative m-canonical form ¢ of

C(V)/C(C) (Definition 2.12) such that Divy (p) + mBy =0 and
(4.3) wy(p) =a—1+tp =multp My + multp Ky .

In particular, q(s, m) multp My, € Z, where q(s, m) is as in Theorem 2.13.
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Proof. When T is projective, this is [OAI26¢, Lemma 7.3]. We follow its proof. Let r := dim T
and w the fixed rational top form with Kx = Div(w) (Notation 2.2). Let p : U — X be a log
resolution of (X, B) such that the induced birational map g : U --+ W is a morphism and

Y. := Supp By U Supp ¢g* P U Exc(p) U Supp Ky U Supp div(v))

is a simple normal crossing divisor, where K7+ By := p*(Kx + B) and Ky = Div(w). A stratum
of ¥ is an irreducible component of an intersection of components of . Then ¢ is a contraction,
as C(W) is algebraically closed in C(U) and W is normal. Pulling back (4.1) to U, we have

1
(4.4) Ky + By + . div(y)) = ¢"7*L.

Let Ei,..., E, be the prime divisors on U such that g(E;) = P, a; := multg, ¢*P, and b; :=
multy, By. By Definition 4.2 and [KM98, Corollary 2.31], tp = min; 1;:’".

Step 1. We construct a smooth curve C° C W through a general point ¢ of P and a smooth
model Y over C°.

Let T C T be a dense open subset satisfying the following. The morphism 7 is an isomorphism
over T, and T' N SuppL = (. The morphism f is flat over T, and its fibers over T are
geometrically normal and geometrically integral. Every irreducible component of p(Exc(p)) is
either disjoint from f~1(T") or flat over T'. The variety U and all strata of ¥ are smooth over
T'. Such T' exists. Indeed, the generic fiber of f is normal and geometrically integral as f is
a contraction (cf. [OAI26c, proof of Proposition 7.1]). The set of points of T' over which the
fibers of a flat proper morphism are geometrically normal and geometrically integral is open
(standard). Generic flatness and generic smoothness [Har77, Corollary I11.10.7] apply to the
finitely many morphisms above (cf. [OAI26¢, proof of Lemma 7.3]).

If r=1,1let C°:= W and ¢ := P. Assume that » > 2. By Hironaka’s resolution, there is a
smooth projective variety W containing W as an open subset. Let A be a very ample divisor on
W, A1,..., A1 € |A] general members, and P the closure of P in W. By [Har77, Corollaries
I11.7.9 and II1.10.9], C := Ay N---N A,_1 is a smooth connected curve, hence integral. Let
C° := C NW. The generic point n of C° lies in any given dense open subset of W, and we
require that n € 7=1(T!). Moreover, C misses the singular locus of P and meets P transversally,
and CNP # () as A is ample. Since C also misses any given closed subset of P of dimension
< r — 2, we may choose ¢ € C° N P outside any given proper closed subset of P. We choose
¢ outside g(F) for any prime divisor E C Suppg*P on U with g(E) # P and outside the
components of Supp 7*L other than P.

Let Y := g7 }(C°) and h := gy : Y — C°. By Bertini’s theorem [Kle98, Theorem 4.1]
applied successively to the base point free linear system ¢g*|A| on U and on the strata of 3,
>+ Z;;} g*A;j is a simple normal crossing divisor on U. In particular, Y is smooth and X|y is
a simple normal crossing divisor on Y. Since the fibers of h are fibers of g, they are connected.
Thus Y is connected, hence integral, and h is a contraction. Let K := C(C°) and F := C(Y).
Then F'/K is a regular extension of transcendence degree s.

Step 2. We show that there is a Q-Cartier Q-divisor Lc on C° with mult. Lc = « and a
rational top form fy on Y with Ky := Div(fy) such that

1
(4.5) Ky + By + — div(¥]y) = h*Le,

where By := Byly. We also show that t. = tp, where t. is the largest rational number ¢ such
that (Y, By + th*c) is sub-lc over a neighborhood of c.
If r =1, let Lg := 7*L and 6y := w. Assume that » > 2. For each j, let A;» € |A]

be a general member and a; € C(W) a rational function with div(a;) = A} — A;. Then

c¢ Al Cc¢ Al and ¥+ 79" Aj + >, g% A} is a simple normal crossing divisor on U. Thus

Div(w-g*(a1---a,—1)) = Ky +)_; 9" A} — >, g" Aj has multiplicity —1 along each component of
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g*A;. Taking the residues of w - g*(a1 ---a,—1) along g* Ay, ..., 9" A, successively (cf. [Har77,
Proposition I1.8.20]), we obtain a rational top form y on Y with

Div(fy) = (KU + i g*A;.) jY
j=1

Since n € 77 HT"), C° ¢ Supp7*L. Restricting (4.4) to Y, we get (4.5) with Lo := (%L +
> Al)|ce. Since ¢ ¢ A for each j, C° meets P transversally at ¢, and ¢ does not lie on the
other components of Supp 7*L, we have mult. Lo = a.

Over a neighborhood of ¢ we have h*c = (¢*P)|y. By the choice of ¢, the prime divisors
on Y contained in Supp h*c are the irreducible components of E; NY for 1 < i < n, and each
component of E; N'Y has multiplicity a; in h*c and b; in By. Since Y|y is a simple normal

crossing divisor, t. = min; 1;;” = tp by [KM98, Corollary 2.31].

Step 3. We construct C, z, V, By, and ¢, and prove (4.3).
Let C' be the smooth projective curve containing C° as an open subset, so that C(C) = K,
and let z € K be a rational uniformizer at c. Let

@ = (0y /d2)®" -y, Q= p A (dz/2)%™ = 27 ™ply 03™.

Then ¢ is a rational relative m-canonical form of F'/K. Let E be a divisorial valuation of F'/C
whose restriction to K is a positive multiple of ord.. Since A is proper, F is a prime divisor
on some projective birational model 7 : Y/ — Y with 7(E) C h™(c). Let ap := ordg(z) =
multg 7*h*c > 0 and bg := multgy Bys, where Ky + By := F*(Ky + By). By (4.5) and
mult, Lo = a,

1
multy Ky, = multg 7*(Ky + By) — bp = cag — — ordg(¢|y) — bg.
m

Thus ordg(f2) = —mag + mmultg Ky + ordg(¢]y) = m(a — 1)ag — mbg, and

OrdE(Q)+m:a—l+1_bE:a—1 CL(E,KBy)'
m ordg(z) aE multg m*h*c

Taking the infimum over all such E, we get w,(p) =a—1+t. =a—1+tp by (2.4) and Step 2.

Since n € 771(T"), we regard n as a point of T with residue field K. Let V := X, be the fiber
of f over . The generic fiber Y;, of h is the fiber of fop over n; let p, : Y, — V' be the morphism
induced by p, and K an algebraic closure of K. By the choice of T, V is a normal geometrically
integral projective variety over K of dimension s and Y, is smooth over K. Moreover, the base
change Y7 of Xy, to K is a simple normal crossing divisor on Y3, Every irreducible component
Z of p(Exc(p)) meeting f~1(T") is flat over T!, so dimZ, = dimZ —r < s — 2. Since p is
an isomorphism over X \ p(Exc(p)), p, is an isomorphism over the complement of a closed
subset of V' of codimension > 2. Thus p;, is birational, the function field of V' is F', and Ely,
is p,-exceptional for every p-exceptional prime divisor £ on U. Let By := (py)+(Byly,). Since
By — > p(1—a(E,X,B))E = p; !B > 0, where E runs over the p-exceptional prime divisors
on U, we have By > 0.

Restricting (4.5) to Y;, we get Divy, (¢) + mByly, = 0, as (h*L¢)|y, = 0 and Kyly, =
Divy, (8y/dz), Y; being smooth over K. Pushing forward to V, we get Divy(¢) + mBy = 0,
where Ky := Divy (fy /dz). In particular, Ky + By is Q-Cartier and Ky, + By |y, = pj(Kv+Bv),
as both sides equal —% div(¢]y,). Now Vi is normal, Y= — Vi is projective birational, ¥4
is a simple normal crossing divisor, and the coefficients of By are at most 1 as (X, B) is lc.
By [KMO98, Corollary 2.31], (Y, By %) is sub-lc, so (Vg, By, %) is lc, where By and By, are
the base changes of Byly, and By. Thus (V, By) is geometrically lc. Finally, multp My, =
a —multp Ky — (1 — tp) by Definition 4.2, which gives (4.3). The last assertion follows from
Theorem 2.13(1), as multp Ky € Z. O
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The following theorem is essentially [OAI26¢, Proposition 7.1 and Theorem 7.2] when T is
projective and [ is finite.

Theorem 4.7. Let d be a positive integer and I C [0,1]NQ a DCC set. Then there exist positive
integers m | p and a DCC set A C [0,1] N Q depending only on d and I satisfying the following.
Assume that f : (X,B) — T is a crepant log structure such that f is a contraction between
normal quasi-projective varieties, 0 < dim7T < dimX < d, B € I, and Kx + B ~g f*Lq for
some Q-Cartier Q-divisor Ly on T. Then:
(1) There exist a nonzero ¢ € C(X) and a Q-Cartier Q-divisor L ~g Lo on T such that
m(Kx + B) + div(y) = f*(mL).
(2) Br >0 and By € A.
(8) For any v and L satisfying (4.1) with this m, M is b-Q-Cartier, and pMyy is Cartier
for any smooth variety W projective birational over T'.
(4) If moreover T — S is a projective morphism to a normal quasi-projective variety, then
My is nef over S for any smooth variety W projective birational over T such that M
descends to W. In particular, there exists such a W, and pMyy is Cartier and nef over

S.

Proof. Let m := m(d,I) be as in Lemma 4.5 and p := lem(m, ¢(0,m),...,q(d — 1,m)), where
q(s,m) is as in Theorem 2.13. Let T be the set of all lc thresholds lct(X’, B’; M'), where (X', B')
is an lc pair of dimension < d such that B’ € I and M’ > 0 is a nonzero Cartier divisor on X".
By [HMX14, Theorem 1.1], T satisfies the ACC. Let A := {1 —t|t € T nNJ[0,1]}, a DCC subset
of [0,1] N Q. We show that m, p, and A satisfy the requirements.

(1) Let K := C(T), F the generic fiber of f, Bp := B|p, and Kr := Kx|p. Then K is the
divisor of the relative top form w/f*wp of F over K, where w and wp are the fixed rational
top forms with Kx = Div(w) and Kp = Div(wr) (Notation 2.2). Since f is a contraction and
(X, B) is lc, F' is a normal geometrically integral projective variety over K of dimension < d—1,
(F, Br) is geometrically lc, Bp € I, and Kp + Br ~g 0 (cf. [OAI26¢, proof of Proposition
7.1]). By Lemma 4.5, there exists a nonzero 1) € C(X) such that m(Kpr + Bp) + div(¢|p) = 0.
Thus G := m(Kx + B) + div(y) is vertical over T'. Choose a positive integer k and a nonzero
u € C(X) such that k(Kx + B — f*Lg) = div(u). Then div(u™¢*) = k(G — mf*Lg) is vertical
over T. By Lemma 4.1, u™¢* = f*a for some nonzero a € C(T), so kG = f*(kmLg + div(a)).
Thus L := Lo + 7% div(a) satisfies the requirements.

(2) Let P be a prime divisor on 7. By Definition 4.2, 0 < tp < 1,50 By > 0. Let T' C T
be an open subset containing the generic point of P such that P is Cartier on T X! .=
fHTY), and 7 : X — X! a log resolution of (X!, Supp B U Supp f*P). By [KM98, Corollary
2.31], tp is the minimum of a(E’, X, B)/ multg 7* f*P over the finitely many prime divisors
E' C Suppr*f*P on X with f(x(E')) = P. Let T° C T" be the complement of the union of
f(w(E")) for the prime divisors E’ C Supp 7* f*P with f(7(E’)) # P, and X° := f~}(T°). Then
tp = let(X°, Bl xo; f*P|xo0) by [KM98, Corollary 2.31] again. Thus tp € T and 1 —tp € A.

(3) By Theorem 4.3(1), M is b-Q-Cartier. Let W be a smooth variety projective birational
over T and P a prime divisor on W. By Lemma 4.6, ¢(s,m)multp My € Z, where s =
dim X —dim7T < d — 1. Thus pMyy is an integral divisor on W, hence Cartier as W is smooth.

(4) By Theorem 4.3(2), there exists a projective birational morphism 7”7 — T from a normal
variety such that M descends to 7" and My is nef over S. Let W be a smooth variety projective
birational over T" such that M descends to W, and W’ a smooth variety with projective birational
morphisms p : W/ — W and p” : W — T" over T. Then p*My = My = p*Mpn is nef over
S. Since p is surjective, My is nef over .S by the projection formula. The last assertion follows
from (3) by taking W to be a resolution of 7. O

Proposition 4.8. Let R C [0,1] N Q be a finite set with 0,1 € R and p a positive integer. Let

(4.6) R[p] ::mu{;—;

,
r € R, 4,J positive integers, i < p, j < p} .
i
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Then R[p| is a finite subset of [0,1] N Q containing 0 and 1. Let f : (X,B) — T, m, v, and L
be as in Definition 4.2. Assume that m | p, B € ®(R), and pMr is an integral divisor. Then
By € ®(Rp]).

In particular, if I = ®(R) in Theorem 4.7 and p is as in Theorem 4.7, then we may take
A = O(R[p]).

Proof. If r € R and 4, j are positive integers with i < p and j < £, then r > 0, j < p, and
0<% — 1% < 1. Thus R]p| is a finite subset of [0,1] N Q, and 0,1 € R C RIp|.

Let P be a prime divisor on T', t := tp, and « := multp L. Let E be a prime divisor on X
such that f(E) = P, a := multg f*P, and b := multg B. Then a is a positive integer, b € ®(R),
and at+b < 1 as (X, B+tf*P) is lc over the generic point of P. Since P is the only component
of Supp L containing f(E), multg f*(mL) = maa. Comparing the multiplicities along E of the
two sides of m(Kx + B) +div(y) = f*(mL), we get m(ac—b) € Z, hence p(aa —b) € Z as m | p.
Since pMr is integral and multp M7 = o« — multp K7 — (1 —t), we get p(a +t) € Z. Thus

l:=plat+b)=a-pla+t)—plaax —b) € Z,

and 0 <1l <p. Writeb=1— g with r € R and j a positive integer, and let ¢ := p —[. Then

Ifi=0,then1-t=1- 7€ ®(NR). Ifi21,then§—%:at20,soj§%and%—%em[p].
Thus 1 — ¢ € ®(R[p|]) in both cases, and Br € ®(R[p]) (cf. the proof of [CHL24, Proposition
3.1)).

Finally, assume that I = ®(R) in Theorem 4.7. Let ¢ and L be as in Theorem 4.7(1) and
7: W — T a resolution. By Theorem 4.7(3), pMyy is Cartier, so pMp = 7,.(pMy) is an integral
divisor. Thus Br € ®(R[p]), and ®(R[p]) is a DCC set whose only accumulation point is 1 by
[Bir19, 2.2]. O

5. CANONICAL BUNDLE FORMULAS OVER FINITE QUOTIENTS

For a dlt pair (X, A) and an lc center Z of (X, A) we write (Z, Az) for the adjunction pair
of Z (Definition 2.3), so Az = Diff;A in the notation of [Kol16, Definition 4].

Definition 5.1 ([Kol16, Definitions 9 and 13]). A standard P'-link is a Q-factorial dlt pair
(X,D;1 + D2 + A) whose only lc centers are D and Ds, together with a proper morphism
m: X — Ssuchthat Kx +D1+Dy+A ~qg - 0and 7|p, : D; — S is an isomorphism for i = 1, 2.
Moreover, every reduced fiber of 7 is isomorphic to P'. Let g : X — S be a proper morphism
from a dlt pair (X, A) such that Kx + A ~g,4 0. Two lc centers Z1, Zo of (X, A) are directly
P!-linked if there is an lc center W D Zy U Zy with g(W) = g(Z1) = g(Z3) such that (W, Ay)
is crepant birational to a standard P!-link (X', Dy + Do + A’) with Z; mapping to D;. They
are P!-linked if there are lc centers Z; = Z{,...,Z], = Zy such that Z/ and Z[,, are directly
P!-linked for every i.

Let m be a positive even integer such that mA is an integral divisor and the sheaf w[;(n] (mA) =
Ox(m(Kx+A)) is locally free, and let Z be an lc center of (X, A). Tterating the Poincaré residue
maps for divisors gives the Poincaré residue map

Wy W (mA)|z = wy (mAz) == Oz(m(Kz + Az)),

which is an isomorphism. Let 6 be an m-canonical form on X with Div(d) = —mA. Then 0

generates wg?] (mA), and R%_, ,(0|z) is the residue 6 of § on Z defined by the local formula
preceding Theorem 2.15, which makes sense for any dlt pair. In particular, 8z generates

W (mA z) and Div(6z) = —mAy (cf. [OAI26d, (7.2)]).
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Theorem 5.2 ([Koll6, Theorem 10 and Proposition 14]). Let f : (X,A) — S be a proper
morphism from a dlt pair to a variety such that Kx + A ~q ¢ 0, and let s € S be a point such
that f~'(s) is connected.

(1) Let Z be minimal among the lc centers of (X, A) such that s € f(Z), and let W be an lc
center of (X, A) such that s € f(W). Then there is an lc center Zy C W such that Z
and Zyy are P'-linked. In particular, all minimal lc centers Z; of (X, A) with s € f(Z;)
are P'-linked to each other.

(2) Assume moreover that f is a crepant log structure, that m is a positive even integer such

that wg(n] (mA) ~ f*L for a line bundle L on S, and that Zy, Zs are minimal lc centers
of (X,A) with f(Z1) = f(Z2). Then there is a birational map ¢ : Zs --+ Z1 such that

R%—)Zg (9‘22) = ¢* nXI—>Z1 (9‘Z1)
[m]

as rational sections of w[ZTZ] (mAz,), for every section § of f*L ~ wy ' (mA) over an open
subset of X meeting Z1 and Zs.

The map ¢ in (2) is a composition of the birational maps induced by P!-links; these links are
obtained by an MMP over S, so ¢ is over S, and it is crepant birational for the pairs (Za, Az,)
and (Z1,Az,) [Koll6, proof of Theorem 10 and Proposition 14].

Let p: P — V be a finite surjective morphism of normal varieties. For a prime divisor F' on
V we put p*F = EQ eQQ, where ) runs over the prime divisors of P with p(Q) = F and eq
is the ramification index of p along ). This is the pullback of F' from the regular locus of V,
whose complement has preimage of codimension at least two in P; it extends the pullback of
Q-Cartier Q-divisors, and p* is injective on Q-divisors. If p is the quotient by a finite group G
acting faithfully on P, then G permutes the prime divisors over F' transitively, as the fibers of
p are G-orbits, and p.p*F = deg(p)F = |G|F.

Lemma 5.3. Let G be a finite group acting faithfully on a normal quasi-projective variety P with
quotient p: P — V, and let D be a G-invariant Q-Cartier Q-divisor on P. Then Dy := |—(1;|p*D
is a Q-Cartier Q-divisor on V', and it is the unique Q-divisor on V with p*Dy = D.

Proof. Let F' be a prime divisor on V and @1, ...,Q, the prime divisors of P over F'. Since
G permutes the Q; transitively, they have the same ramification index e and the same degree
[ =1[C(Q;) : C(F)], and efg = |G|. Since D is G-invariant, multg, D = multg, D for every i.
Thus multg, p*p«D = e - gf multg, D = |G|multg, D, so p*Dy = D. Uniqueness follows from
the injectivity of p*.

Let n be a positive integer such that nD is Cartier and v € V a closed point. Since p~!(v)
is finite and P is quasi-projective, there is an affine open subset A C P containing p~!(v); the
sheaf O4(nD) is generated by global sections, and a general global section does not vanish at
any point of p~!(v). Hence nD = div(¢) on an open subset of P containing p~!(v) for some
¢ € C(P)*. As p is closed, after shrinking V to a neighborhood of v we may assume that
nD = div(p) on P. Put N(p) := [[,cq0*¢ € C(P)¢ = C(V). Then

p* divy (N(p)) = divp(N(p)) = Y o*divp(p) =n Y _ 0*D =n|G|D = p*(n|G|Dy),
ceG ceG
so n|G|Dy = divy (N(p)) near v. Thus Dy is Q-Cartier. O

Lemma 5.4. Let d > 2 and b be positive integers, and put

(5.1)  qo :=lemo<j<q—14(34,b), a := 2bqo, Hy :=lemg<j<q—1 L(j, a), Py = aHy,

where q(j,b) and L(j,a) are the integers of Theorems 2.13 and 2.14. Let C be a smooth curve,
¢ € C a closed point, K := C(C), and o an automorphism of C of finite order such that
o(c) = c and o* acts on m./m2 by multiplication by a primitive e-th root of unity (. Let (F, Br)
be a normal geometrically integral projective pair over K of dimension r < d — 1 which is
geometrically klt, and let B be a rational relative b-canonical form on F with Div(8) + bBr = 0.
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Let v be an automorphism of the field C(F) such that v|x = o* and v(5) = B, where vy acts on
(A" QC(F)/K)®b through its action on Qc(py/c. Then

€ | p*wz(ﬁ)7

where z € K is a uniformizer at ¢ and w,(B) is the weight of Definition 2.12, computed on the
smooth projective curve containing C'.

Proof. Let C be the smooth projective curve containing C. Then o extends to an automorphism
of C' of the same order, and w, () depends only on K, ¢ and 3 (Definition 2.12). Let n be the

order of o. Then (" =1 and (¢*)'z = (*z (mod m?), so
n—1
> (Tio%)z € O,
is a uniformizer at ¢ with o*u = Cu. Put w = w,(8) = w.(8) and Q := B A (du/u)®’. By
Theorem 2.13(1), q(r,b)w € Z, hence aw € Z.

Suppose 7 = 0. Then F = Spec K, Bp = 0, f € K*, and w = ord.(8)/b by (2.4). Write
B = uFv with k = ord.(3) and v € Of,.- Since B =(B) = 0" = CFuba*v, we get v(c) = CFu(e),
so e | k and e | p,w = 2qoHok.

Suppose r > 0.

u =

S|

Step 1. We construct a dlt pair (N, y), projective over a neighborhood of ¢, and a rational
a-canonical form 0 with Div(0) = —al'p and v*0 = (~**4.

By Theorem 2.13(2), there are a contraction f : N — C whose generic fiber is birational to
F and a Q-divisor H > 0 on N horizontal over C satisfying the following. Put T := (f*¢)eq.
Then (N, T+ H) is dlt, Ky +T + H ~g ¢ 0, Div(8) + bH; = 0 on the generic fiber IV;, and

1
EDiVN(Q) +T+ H=wf"c

on f~1(Cy) for some open neighborhood Cy of ¢ in C. Since Div(8) = —bBr = —bH,,, the
pairs (F, Bp) and (N,, H,) are crepant birational (cf. [OAI26d, Lemma 2.1]), so (N, H,) is
geometrically klt. As H is horizontal, all coefficients of H are less than one. Shrinking Cj,

we may assume that Cp is o-stable and that u has neither zeros nor poles on Cp \ {c}. Put
Ny := f_l(C[)), I'y:= (T+ H)‘NO, and

0 = u~ WO/t

Then 6 is a rational a-canonical form on Ny, and Div(0) = —awf*c+ a(wf*c—T — H) = —al'y
on Ny. The pair (No,I'g) is dlt with [I'g] =T and Ky, +I'o ~q,c, 0.

The automorphism v of C(F) = C(V) defines a birational self-map of Ny lying over o|c,,
which we also denote by . Since v(8) = 5 and o*(du/u) = du/u, we have v*2 = Q and

(5.2) VO =M,  Ai=( " eC

Step 2. We find a projective klt pair (A,I'4) of dimension at most r with a(K4+1I'4) ~ 0 and
a crepant birational self-map g of (A,T'4) with g*04 = A4, where Div(04) = —al 4.

Every lc center of (Ny,I'g) is contained in |I'g| = T, hence is projective. Let k > 1 be the
largest codimension of an lc center of (Ny,I'g) and A an lc center of codimension k. Then A is
a minimal lc center, and (A,T"4) is a projective klt pair, since its lc centers correspond to the lc
centers of (Np,I'g) properly contained in A (cf. [Koll6, Definition 18]). Its residue 64 satisfies
Div(64) = —al' g (Definition 5.1); in particular a(K4 +I'4) ~ 0. At the generic point of A the
pair (Ny,T'g) is log smooth, and A is a component of the intersection of exactly k& components
of T.

Since f oy = oo f, the graph of « lies in Ny x¢, No, where the second factor is viewed
over Cy through o~!o f. Since f is projective, the closure of the graph is projective over Ny
by either projection. Hence there are a smooth variety W and projective birational morphisms
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p,q : W — Ny with ¢ = vop. We choose W as follows. Let W7 — Ny be a log resolution
of (No,I'g) which is an isomorphism over the log smooth locus of (Ng,T'g) (Szabd’s resolution
lemma; standard). Let W — Wj be a composition of blow-ups of smooth centers having simple
normal crossings with the accumulated boundary (Hironaka; standard) such that ¢ :=yopisa
morphism and Supp I'iy U Exc(p) U Exc(q) is a simple normal crossing divisor, where

Kw+Tw = p*(KNO —|—F0>

The Q-divisor I'yy need not be effective; we call (W, T'y) a sub-pair, and it is log smooth. By
(5.2), Diviy (¢*0) = Divyy (p*0) = —al'w, so 7y is crepant and Ky + 'y = ¢*(Kn, + o) as well,
the canonical divisors being chosen compatibly.

We claim that there is an irreducible component Z of an intersection of k coefficient-one
components of I'yy with p(Z) = A. The strict transform of A on Wj is such a component. A
blow-up whose center does not contain the generic point of the current Z does not change Z near
its generic point. Suppose that the center contains the generic point of Z. Since the center has
simple normal crossings with the boundary and any further equation would cut Z properly, it is
locally the intersection of h of the k coeflicient-one components through Z. If h = 1, the blow-up
is an isomorphism near Z. If h > 2, the exceptional divisor has log discrepancy h —h = 0, hence
coefficient one, and in each chart it meets the strict transforms of the other £ — 1 components in
a codimension-k stratum dominating Z. This proves the claim by induction (cf. [OAI26d, proof
of Lemma 7.2]).

Blowing up Z (or taking Z itself if k£ = 1) gives an lc place of (W, 'yy), hence of (Ng, ') with
respect to both p and ¢. Thus A’ := ¢(Z) is an lc center of (Ny, I'g) with dim A’ < dim Z = dim A.
By the maximality of k, A’ is a minimal lc center of codimension k, with projective klt adjunction
pair (A", T'4/), and q|z : Z — A" and p|z : Z — A are generically finite and dominant.

We show that ¢z is birational and that

(5.3) (¢"0)z = (alz)"0u,

where (¢*0) 7 is the residue of ¢*0 along Z, defined by the same local formula as in Theorem 2.15
at the generic point of the log smooth sub-pair (W, T'yy). At the generic points of A’ and Z choose
regular parameters x1,...,x, and z1,..., 2z of the coefficient-one components through A’ and
Z, completed by coordinates y1,...,y,—x and wy, ..., w,_; along A’ and Z, where n := dim Nj.
No other component of Supp I'g, respectively of Supp I'yy U Exc(q), contains A’, respectively Z,
by the simple normal crossing property. Hence 6 = g (dx1 /a1 A+ Adxg/xp Adyr A+ Adyn_1)®?
with g a unit at the generic point of A, 84 = g|a(dy1 A+ - -Adypn_1)®%, and ¢*z; = u; Hj zj” with
u; units at the generic point of Z and e;; non-negative integers. Let M be the matrix expressing
q*(dz;/x;) and ¢*dy; in the basis dz;j/z;, dw;. Modulo the ideal of Z, M is block triangular with
diagonal blocks £ := (e;;) and the Jacobian matrix J of ¢|z. Since Diviy(¢*6) = —al'w, the
coefficient (g o ¢)(det M)® of ¢*6 in the basis (dz1/21 A -+ Ndzg/zx Adwy A -+ - A dw,_)®% is a
unit at the generic point of Z, so det £ # 0, det J # 0, and

(¢"0)z = (det E)*(q|2)"0ar-

Choose positive real numbers aq, ..., ag linearly independent over Q and let v be the monomial
valuation of C(W) = C(Np) at the generic point of Z with v(z;) = «;. Let R be a regular local
ring and v’ a real valuation centered on R whose values on a regular system of parameters of
R are positive and Q-linearly independent. Then the value group of v’ is generated by these
values, and the residue field of v’ is that of R [OAI26d, (7.6)]. Applied to Oy, , this gives value
group »_; Zaj and residue field C(Z). The values v(z;) = }_; e;ja; are positive and Q-linearly
independent because det £ # 0, so the same statement applied to O, ,, gives value group
> Zv(z;) and residue field C(A’). Comparing, E is unimodular and C(Z) = C(A’). Thus q|z
is birational and (det E)* =1 as a is even, which proves (5.3). The same argument shows that
p|z is birational and (p*0)z = (p|z)*0a.
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Put ¢ :=q|z o (p|z)"t: A--» A'. By (5.2) and (5.3), ¥*04 = Ma. Now fo : (N, Tg) — Co
is a dlt crepant log structure, w][f;(])(af 0) is trivialized by 6, and A, A’ are minimal lc centers with
f(A) = f(A") = {c}. Theorem 5.2(2) gives a birational map ¢ : A --» A’ with ¢*04 = 4.
Then g := ¢! 09 is a birational self-map of A with g*04 = M4, and g is crepant for (A, T 4)
by [OAI26d, Lemma 2.1]. Since dim A < r < d — 1, Theorem 2.14 gives \(dmAe) — 1 and
L(dim A, a) | Hy. Thus (-0 =1, s0 e | awHy = p,w. This finishes the proof. O

Theorem 5.5. Let d > 2 and m be positive integers, and put

E[) = lcmogjgd,1 L(], m), b:.= mE(),
qo := lemo<j<q—1 q(J, b), a := 2bqo,
(5.4) H[) = lcmogjgd,1 L(], a), Dy = aH(),

where q(j7,b) and L(j,-) are the integers of Theorems 2.18 and 2.14. Let h : (X,B) — P
be a crepant log structure such that h is a contraction of normal quasi-projective varieties,
0<dimP <dimX < d, B is a Q-divisor, and the generic fiber (X, By,) of h is geometrically
klt over C(P). Let ¢ € C(X) be a nonzero rational function and D a Q-Cartier Q-divisor on P
such that

1
(5.5) Kx + B+ —div(y) = h*D,

and let Bp and M be the discriminant part and the moduli part of (5.5) (Definition 4.2). Let G
be a finite group acting faithfully on P with quotient p: P — V. Assume that every o € G lifts
to a crepant birational self-map of (X, B) over o, that is, there is a crepant birational self-map
& of (X,B) with hod =cooh. Let V — S be a projective morphism to a normal quasi-projective
variety. Let wy be a rational top form on V, wp := p*wy, and wx a rational top form on X,
with canonical divisors Ky, Kp and Kx. Then the following hold.

(1) There exists x € C(P)* such that the rational b-canonical form 6y := (x o h)l/}EOw}@;b
satisfies

(5.6) Div(6y) + bB = h*(bD + div(x))

and 6*0y = by for every crepant birational self-map & of (X, B) lying over an element of
G.

(2) Put Dg := D + 3div(x) and let Mg be the moduli part of (5.6), so that Mg p =
Mp: + %din/ (x) for every birational model P' of P. Let U be a normal variety with
a projective birational morphism 7 : U — V, py : Py — U the normalization of U in
C(P), v : Py — P the induced morphism, Ky := Div(T*wy), and Kp, := Div(1jwp).
There exist a Q-Cartier Q-divisor Dy on V', a b-Q-Cartier b-divisor MV over V, and,
for every such U, a Q-divisor By on U, such that By > 0 and

(5.7) Dg = p"Dy,

(5.8) Mg p, = piy My,

(5.9) Kp, + Bp, = py(Ku + Bu),
(5.10) Dy = Ky + By + MY,

for every such U. If MV descends to U, then By is the Q-divisor defined by (2.1)
for (V,By + MV). For U =V, (5.9) and (5.10) read Kp + Bp = p*(Ky + By) and
Dy = Ky + By + My,.

(3) (V,By +MV)/S is a generalized lc pair. For every U as in (2), every prime divisor F
on U, and every prime divisor () on Py over F, with ramification indez e,

(5.11) 1 —multg Bp, = e (1 — multy By).
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(4) For every smooth variety U projective and birational over V., vag is a Cartier divisor,
and Mg is nef over S if MV descends to U.

Proof. Put K := C(P), Ko := C(V) = K¢, and r := dim X — dim P. Let wx/p be the rational
relative top form with wx = wy,/p Ah*wp, and put a := ¢ w?}’}q’P, a rational relative m-canonical
form on X;. By (5.5), Divx, (o) = —mB,,.

Step 1. We construct x and prove (1).

Let A be the set of crepant birational self-maps of (X, B) lying over elements of G. Then A is
a group, and sending & to o defines a homomorphism A — G, which is surjective by assumption
and whose kernel is Aj := Birp (X, B).

Let 6 € Alie over o and let p,q : W — X be a common resolution of &, so that ¢ = Gop. Since
& is crepant, p*(Kx + B) = ¢*(Kx + B) on W, the canonical divisors being chosen compatibly
with a fixed Ky (Definition 2.8); write Ky + 'y for this divisor. For every rational n-canonical
form 0’ on X, unwinding the definitions gives

(5.12) Divy (p*0') = p*(Divx (¢') + nB) —nI'w, Diviy (¢"0') = ¢*(Divx (0') + nB) —nl'wy.

Suppose that Divx (6) +nB = h*(nD’) for a Q-Cartier Q-divisor D’ on P. Since hoq = ogohop,
(5.12) gives divyy (¢*0'/p*¢’) = (ho p)*(no*D’ —nD’). Thus the rational function ¢*6’/p*6’ has
zero divisor on the generic fiber of h o p, which is a normal projective geometrically integral
variety over K, so it is the pullback of some ¢ € K*. Hence

1
(5.13) 50" = (coh)d and o*D' = D' + = div(c).
n

The rational relative m-canonical forms o' on X, with Divy, (/) = —mB,,, together with
0, form a one-dimensional K-vector space £. Indeed, the ratio o/« is a rational function
with zero divisor on the normal projective variety X,, hence lies in H(X,,Ox,)* = K* (cf.
Lemma 4.1). Applying (5.13) to 0 := Y w$™ = a A (h*wp)®™, with n = m and D’ = D, and
using o*wp = wp, we get 6*a = ca with ¢ € K*. Thus A acts on £ and on £8F0 by pullback,
and ¢*(za/) = o*(x) 6%/ for x € K.

We claim that Ay acts trivially on £L&F0. Let g € Ag and g*a = ca with ¢ € K*; it suffices
to show ¢ = 1. If r = 0, then £ = K and ¢ = 1. Let r > 0. Let p,¢g : W — X be a
common resolution of g over P such that W is smooth and ¥ := Supp 'y U Exc(p) UExc(q) is a
simple normal crossing divisor, where Ky + 'y := p*(Kx + B) = ¢*(Kx + B). Let P C P be
a nonempty open subset satisfying the following. The variety P is smooth, wp generates wpo,
c € O(PY*, and P° N Supp D = (). The morphism A is flat over P’ with geometrically normal
and geometrically integral fibers. The variety W and all strata of ¥ are smooth over P%, and
Y. and B are horizontal over P°. Such PV exists by generic flatness, generic smoothness, and
the openness of geometric normality and geometric integrality in flat proper families, since the
generic fiber of h is normal and geometrically integral (cf. [OAI26¢, proofs of Proposition 7.1 and
Lemma 7.3] and the proof of Lemma 4.6). Let t € P? be a point, closed or not, and let X;, W;,
By, T'w, and X be the fibers over Spec C(t) and the restrictions to them. Then X; is a normal
geometrically integral projective variety of dimension r over C(t), W is smooth and geometrically
integral, ¥; is a simple normal crossing divisor, and p;, ¢; : W; — X; are birational. The identity
Kw +T'w = p"(Kx + B) = ¢*(Kx + B) restricts to Ky, + 'w = pj (Kx, + Bt) = ¢/ (Kx, + Bt)
(cf. [OAI26¢, proof of Proposition 7.1]). Since (X, B;) is geometrically klt and ¥ is horizontal
over PO, the coefficients of I'w are less than one, so (X, By) is geometrically klt. Let 6; be
the restriction to X; of ww?};np. Since Div(f) = —mB over PY by (5.5) and wp generates wpo,
Divyx, (0;) = —mB;. Restricting ¢*0 = (c o h o p) p*0 to W; shows that g; := ¢; o p; * satisfies
9760 = c(t)0;. Let t be a closed point. By [OAI26d, Lemma 2.1], g; is a crepant birational
self-map of the projective klt pair (X3, B;), so Theorem 2.14 gives c(t)L(T’m) = 1. As this holds
for every closed point ¢t € P, ¢L("™m) = 1. Since L(r,m) | Ey, the claim follows.
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Consequently the action of A on L£&F0 factors through G: for o € G there is ¢, € K* with
F*v = cov for every lift & of o, where v := a®F0. As (67)* = 7*6*, we have ¢,» = 7*(cy)c,. The
automorphisms 7% (7 € G) of K over K| are linearly independent over K, so there is z € K

with
X = Z cr () # 0,
TG
and o*(x)co = >, 0%(cr)co(T0)*(x) = Y, ro(T0)*(x) = X for every 0 € G. Put f:= xv =
xa®Fo, Then 6*8 = 0*(x)c,v = B for every & € A, and 0y = B A (h*wp)®’. Hence %0y = 6y
for every & € A, and

Div(fy) = h*div(x) + Eo div(y)) + bK x
= h*div(x) + Eo(h*(mD) — m(Kx + B)) + bKx = h*(bD + div(x)) — bB.
This proves (1).

Step 2. We prove (2) and (3), and the nefness in (4).

Applying (5.13) to 0y, with n = b, D’ = Dg and ¢ = 1, gives 6*Dg = Dg for every o € G.
Lemma 5.3 gives Dy with (5.7).

Let U, 7, pu, v, Ky and Kp, be as in (2). Then G acts faithfully on Py over U, and
U = Py /G since py is finite and U is normal. The morphism 7y is projective and birational.
Let tg be the threshold at a prime divisor ) of Py of the sub-lc crepant pullback over Py
(Definition 4.2), so multg Bp, =1 —tg. Every ¢ € A is a crepant birational self-map over the
automorphism oy of Py induced by o. We claim that ¢5,) = tq. Let p,g : W — X be a
common resolution of & such that h o p lifts to a morphism hyw : W — Py, and Kyw + 'y =
p*(Kx + B) = ¢*(Kx + B). Since hogq = o o h o p, the morphism h o ¢ lifts to oy o hyy,
and (oy o hw)*oy(Q) = hjy@Q. By Definition 4.2, tg and t,, () are both computed on the
sub-pair (W,T'yw ) with these structure morphisms, which proves the claim. Hence Bp,, Kp,
and Mg p, = 777Dg — Kp, — Bp, are G-invariant. For a prime divisor F' on U choose a prime

[%
divisor @) of Py over F', with ramification index eg, and put

1 —multg Bp,

eQ ’
this does not depend on @ since G permutes the prime divisors over F' transitively. At the
generic point of @), write v = u®@w with v and v local equations of () and F' and w a unit. Then
pidv = u@ (equ du + udw), so multg Kp, = egmultr Ky + eg — 1 (the Hurwitz formula).
Hence

multy By =1 —

Kp, + Bp, = pyy(Ku + By).
Put M}, := 7Dy — Ky — By. Then pjM}; = 73;Dg — Kp, — Bp, = Mg p,. Let U' — U be a
birational morphism of such models. The thresholds g and the ramification indices of the prime
divisors not contracted by Py — Py are the same on Py and Py. Thus By pushes forward to
By, and the divisors M}; form a b-divisor MY over V. This gives (5.8), (5.9), (5.10) and (5.11)
for every U. By Definition 4.2, 0 < tg < 1 for every prime divisor @ on P, so Bp € [0,1] and
By € [0,1] by (5.11). In particular By > 0.

We show that MY is b-Q-Cartier. By Theorem 4.3(2), applied to (5.6) and the projective
morphism P — S, and after resolving the model obtained there, Mg descends to a smooth
variety P’ projective and birational over P with Mg p nef over S. By [Har77, Theorem I1.7.17],
P’ is the blow-up of P along a coherent ideal sheaf Z. Let P” be the normalization of the
blow-up of P along the G-invariant ideal sheaf [[,.;0*Z. Then G acts on P”, P" — P is
projective and birational, and it factors through P’ by [Har77, Proposition I1.7.14], because
ZOpn divides the invertible ideal [[ o*Z - Opr on the integral scheme P” and is therefore
invertible. Since P” is quasi-projective, every G-orbit in P” lies in an affine open subset, so
the quotient P”/G exists [SGA1, Exposé V, Proposition 1.8]; it is a normal variety, proper and
birational over V. By Chow’s lemma [Har77, Exercise 11.4.10] and normalization, there is a



BOUNDEDNESS OF COMPLEMENTS OF LOG CANONICAL PAIRS 23

normal variety Uy projective and birational over P”/G, hence over V, and Py, dominates P”
and P’. Let U be normal, projective and birational over Uy. Then Mg p, is the pullback of
Mg p/, hence Q-Cartier and G-invariant, so by Lemma 5.3 and the injectivity of pf;, Mg is
Q-Cartier. For a birational morphism 7 : U’ — U of such models, with 7p : Py» — Py, we get
p*U,ME, =Mpgp, = 7pMp p, = p*U,ﬂ'*M‘lj, SO M[‘f, = W*Mg. Thus MV descends to Up.

Let U be smooth, projective and birational over V', such that MY descends to U, and let U; be
a smooth variety projective and birational over both U and Uy. Then M‘,jl is the pullback of M‘,j,
and p;}lMZl = Mg, Py, s the pullback of Mg pr, hence nef over S. For a curve ¥ C U; contracted
over S, choose a curve ¥ C Py, mapping finitely onto 3; then deg(X — X) (M‘U/1 - X)) =
Mg p,, - X" > 0. Thus Mgl is nef over S, and so is MY;. In particular (V, By + M")/S is a
generalized pair, with Ky + By + M“; = Dy Q-Cartier. On every U to which MY descends,
Ky +By+M), = 7" Dy by construction, so By is the divisor defined by (2.1), and multy By <1
because multg Bp, = 1 —tg < 1. Hence (V, By + MV)/S is generalized lc.

Step 3. We show that vag is Cartier for every smooth variety U projective and birational
over V.

Let F' be a prime divisor on U and @ a prime divisor of Py over F', with ramification index
e. By (5.8), multg Mg p, = emultp My;. Since U is smooth, it suffices to show

ltoM
(5.14) pymultp MY, = LPRQ TSP
e

Z.

Let I C G be the inertia group of @), that is, the group of elements of G fixing ) pointwise. It
is cyclic of order e, generated by an element ¢ acting on the conormal space of () at its generic
point by a primitive e-th root of unity ¢ (standard). Put k := dim P. Let ¢/ € T\ {1}. The
fixed locus of ¢’ is smooth at a general point of ), and its tangent space there is the fixed
subspace of the tangent space of Py (standard). Since ¢’ acts on the conormal space of @ by
a nontrivial power of ¢, the fixed locus of ¢’ coincides with () near a general point of Q. Let
Pl C Py be the complement of the I-stable closed subsets Sing(Py), Sing(Q), and the closure
of Fix(o’) \ @ for o’ € I\ {1}; none of them contains Q. Let A C P} be an affine open subset
meeting @, and P° := (1 ,.;0'(A), which is affine as Py is separated. Then P° is a smooth
I-stable affine open subset meeting @), and every element of I\ {1} has fixed locus Q° := QN P°.
Let 7 : P° — Y := P°/I be the quotient, so Y = Spec O(P°)!. At a point of Q°, averaging
local coordinates over I gives a regular system of parameters u,to,...,t; of P° with u a local
equation of @), c*u = (u and o*t; = t;. Hence Y is smooth with local parameters u®,to, ..., tg,
and 7 is a cyclic cover of degree e which is étale outside ° and totally ramified along Q°.
_Let p: X — X be a projective birational morphism from a smooth variety such that g :
X — Py, 7y og = hop, is a morphism, and such that, writing K + B := p*(Kx + B) and
Oy := 1o, the divisor Supp B¢ U Supp ¢*Q U Supp Div(éo) UExc(u) has simple normal crossings.
As in (5.12),

Div(6y) + bB® = ¢g*(bDp, ), Dp, = 1;Dg.

Let 6 € A be a lift of 0 and p,q: W — X a common resolution of & with W smooth, so that
goq = oy ogop. The morphism g has connected fibers, because K is algebraically closed in
C(X) and Py is normal; the same holds for g o p.

Let Y be a projective closure of Y. If k > 2, let Lq,...,L,_1 be general members of a very
ample linear system on Y, and let Cy be a connected component of L1 N---M L_; NY meeting
m(Q°); if k =1, put Cy := Y. We apply Bertini’s theorem [Kle98, Theorem (4.1)] to the linear
systems |L;| pulled back to the smooth varieties Y, P°, X°:= g 1(P°) and We = (gop)~L(P°),
and to the strata of X° with respect to the marked divisors above. These pullbacks are base point
free, and the following hold. The curve Cy is smooth and meets the divisor 7(Q°) transversally
at finitely many points. These points, and the generic point of Cy, avoid any proper closed
subset of m(Q°), respectively of Y, chosen in advance, since L1 N---N Ly_1 meets a closed subset
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of Y of dimension at most k& — 1 in finitely many points. The curve C' := 7~!(Cy) is smooth
and [I-stable, and it is irreducible because it is smooth and has a single point over any point of
Cy N7(Q°). The varieties X¢ := g~ }(C) and We = (g op)~1(C) are smooth and irreducible,
the restrictions to Xc of the marked divisors have simple normal crossings, and the restrictions
pC,qc - WC — XC are projective birational, being surjective with connected fibers between
varieties of the same dimension. Put go 1= g| ¢ %ot Xc — C.

Fix a point ¢ € C N Q. Then o|c has order e, fixes ¢, and acts on m./m? by (, since C is
transverse to @) at c. Let ¢ be the generic point of C'. Since 7¢ is a general point of P°; we may
assume that 7y is an isomorphism near 7¢, that y is regular and invertible at 7 := 7(n¢), and
that n € P°, where P is the open subset of Step 1. Thus the generic fiber of g¢ is birational
to the fiber Fo := X, of h over 7. By the choice of P% (F¢,Be), Be = B|F., is a normal
geometrically integral projective geometrically klt pair of dimension r < d—1 over C(n) = C(C).
Put

B = Xd}EOwX/P, so that 0y = B A (g*wpU)®b.

The relative form 8 restricts to a rational relative b-canonical form B¢ on Fyr with Div(5c) +
bBc = 0.

Since 6*6y = 90 and ojwp, = wp,, we have q*ﬁ = p*,@’ as relative forrns on W over Py.
Restricting to WC gives q&Bc = piBc. Hence the birational self-map g¢ o pC of XC lies over

o|c and defines an automorphism ~ of C(F¢) = C(X¢) with Ylewy = o* and v(Bc) = Be-

We compute the weight of B¢ at c. Let u € Op, . be a local equation of Q and f1,...,0_1
local equations at ¢ of 7Ly, ..., m*Lg_1. Then ¢1,...,¢x_1,u are local coordinates at ¢, u|¢c is
a uniformizer at ¢, and wp, = wdli A--- Adly_1 A du near ¢ with div(w) = Kp, near c. Since
c is a general point of ), no component of Supp Kp, U Supp Dp,, other than () passes through
¢, and every component of g*Q meeting ¢~ '(c) dominates Q. Put o := multg Dp,. Consider
the rational b-canonical form

0o

O :=
g (wly - L)

d€1 dﬁk,l ®b
N (61 AR /\du)

on the preimage under g of a neighborhood of c. Its iterated residue along the smooth divisors
*"Lj, 1 <j<k—1,is O¢:= fc A (ggdu)@)b. Near ggl(c), adjunction gives

DiVXc(QC) = (Div(@) + bzg*W*Lj> ‘Xc = —bB& + bgzv((DpU — KpU)|c)
J

= —bB¢ + b(ag —multg Kp, ) g¢c,

where Bg := B[ . Hence Q¢ = o A (du/u)®® = u="O¢ satisfies
1
3 Div)}c (Qc) + B¢ = (aQ —multg Kp, — 1) gz‘;c

near g;'(c). Every divisorial valuation E of C(F¢) over C whose restriction to C(C) is a positive
multiple of ord, has a center in gél(c), as go is proper. Pulling back the last identity to a model
on which F is a divisor, we get

1
BOTdE(Qc)Jrl 1—-bg
= —multg Kp, — 14+ ———
ordg(u) @ —mite Bry + ordg(u)’

where bp is the coefficient of E in the crepant pullback of B¢.. The infimum over E of the last

quotient is the lc threshold of the sub-pair ()Z'C, B¢,) with respect to gfc over c. On the log
smooth sub-pair (X, B¢) this threshold is the minimum of (1 — b;)/a; over the components of
g*Q meeting g~ (c), where b; is the coefficient in B¢ and a; the multiplicity in g*@Q. Indeed, these
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components restrict to smooth divisors of )Nfc with the same coefficients and multiplicities. This
minimum is ¢g (cf. [OAI26¢, proof of Lemma 7.3] and Lemma 4.6). By (2.4) and Definition 4.2,

(5.15) wy(Beo) = ag —multg Kp, — 1+ tg = multg Mg p, .

The data C, ¢, ol|c, ¢, (Fco,Be), fo and « satisfy the hypotheses of Lemma 5.4 for d and b,
and the integer p, of (5.1) is p,. Hence e | pywy(Bc) = py, multg Mg p, by (5.15). This proves
(5.14) and finishes the proof. O

6. SECTIONS ON THE UNION OF LC CENTERS OVER A MINIMAL LC CENTER

Definition 6.1 (Sources and springs, [Koll6, Definition 18]). Let ¢ : (Y, A) — T be a dlt
crepant log structure (Definition 2.8) and V' an lc center of q. A source of V is an lc center W
of (Y, A) such that ¢(W) =V and W is minimal with respect to inclusion among the lc centers
of (Y, A) with image V. We always consider a source together with its adjunction pair (W, Oy)

(Definition 2.3). Let W 2 P 2 V be the Stein factorization of qlw [Har77, Corollary I11.11.5],
so that P is normal, h is a contraction, and p is finite. We call P the spring of V. By [Koll6,
Theorem 10 and Definition 18], any two sources of V' are crepant birational over V', and their
springs are isomorphic over V.

Let (W,©yw), h, P, and p be as in Definition 6.1. Since h is a contraction, C(P) is the
algebraic closure of C(V) in C(W), and P is the normalization of V' in C(P). Thus every
crepant birational self-map v of (W, Oy ) over V induces an automorphism 7 of P over V with
ho~y =#oh. We regard Aut(C(P)/C(V)) as the group of automorphisms of P over V', through
the normalization. Sending v to 7 defines a group homomorphism

Bir{ (W, O ) — Aut(C(P)/C(V)).
Theorem 6.2 ([Kol16, Proposition 19 and Definition 18]). Let ¢ : (Y, A) — T be a Q-factorial

dlt crepant log structure, V an lc center of q, (W,0Ow) a source of V, and W hop 2 v ots
Stein factorization. Then:

(1) C(P)/C(V) is a finite Galois extension.

(2) The homomorphism Bir{, (W, Oy ) — Gal(C(P)/C(V)) is surjective.

We recall the notion of quasi-log canonical pairs [Fujl4, 2.6, Definitions 3.1 and 3.2]. A globally
embedded simple normal crossing pair (R, AR) consists of a simple normal crossing divisor R
on a smooth variety M and an R-divisor B on M such that Supp(B + R) is a simple normal
crossing divisor and B and R have no common irreducible components. Here Ag := B|g. Let
v : R — R be the normalization and Kgv + = := v*(Kgr + Agr). A stratum of (R, ApR) is an
irreducible component of R or the v-image of an lc center of the sub-pair (R”, =), that is, of
the center of a prime divisor F' over R with a(F, R”,Z) = 0. A quasi-log canonical pair [T, w]
consists of a variety T', an R-Cartier R-divisor w on T', and a proper morphism f : (R,Agr) = T
from a globally embedded simple normal crossing pair with the following properties. We have
Ar <1, ffw~r Kr+ Ag, and O ~ f*OR([—AEI]), where Af%l is the sum of the components
of Ap with coefficient < 1. The qglc centers of [T,w] are the images of the strata of (R, Ag).

Theorem 6.3 ([Fujl4, Theorem 3.4(ii)]). Let [T,w] be a quasi-log canonical pair and v € T a
point. Then the set of qlc centers of [T, w] passing through x has a unique minimal element W,
and Wy is normal at x.

Lemma 6.4. Let q : (Y, A) — T be a crepant log structure and w a Q-Cartier Q-divisor on T
such that Ky + A ~q ¢*w. Then [T,w] is a quasi-log canonical pair whose glc centers are T and
the lc centers of q.

Proof. Let ju: Y — Y be a log resolution of (Y, A) and Ky + A= p*(Ky + A). Since (Y, A)
is lc and A > 0, we have A < 1, and every component of A with negative coefficient is u-
exceptional. Thus [-A<!] is an effective p-exceptional divisor, so 1, Oy ([—A<1]) = Oy as
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Y is normal, and (qu)«Os ([—A<']) = ¢.0y = Op. The pair (Y,A) is a globally embedded
simple normal crossing pair: take M := Y x Al, R := =Y x {0}, and B := A x A'. Since
Ky + A ~Q (qu)*w, the proper morphism qu : (Y A) — T makes [T,w] a quasi-log canonical

pair. As Y is smooth, the strata of the globally embedded simple normal crossing pair (Y A)
are Y and the lc centers of (Y,A). Since a(F,Y,A) = a(F,Y, A) for every prime divisor F
over Y and p(centery F') = centery F', the images under y of the lc centers of (Y, A) are the lc

centers of (Y, A). Hence the glc centers of [T,w] are T and the images under ¢ of the lc centers
of (Y, A). O

Theorem 6.5 ([Fujl7, Theorem 6.4]). Let (X,A) be an lc pair and m : X — V a proper
morphism to a variety. Let L be a Cartier divisor on X such that H :== L — (Kx + A) is a
m-semi-ample R-divisor on X. Let D > 0 be an R-divisor on X such that D ~g r tH for some
positive real number t, that is, D ~r tH + 7* B for some R-Cartier R-divisor B on V. Let Z be
the union of the lc centers of (X, A) contained in Supp D. Then the restriction map

W*Ox(L) — F*Oz(L)
18 surjective.

Here an R-Cartier R-divisor D on X is mw-semi-ample if D ~g ) . a;D; for finitely many
m-semi-ample Cartier divisors D; and positive real numbers a; [Fujl1l, Definition 4.11].

Set-up 6.6. Let d > 2 be an integer and ® C [0,1] N Q a finite set. Let PR be the finite set
given by Lemma 4.4 for d and ®, and I' := ®(R). Let Y & T 5 U be contractions of normal
quasi-projective varieties such that U is affine and dimY < d. Let (Y, A) be a Q-factorial dlt
pair such that A € ® and

(6.1) —(Ky +A)~qq¢'H
for some Q-Cartier Q-divisor H on T which is ample over U. In particular ¢ : (Y, A) — T is
a Q-factorial dlt crepant log structure. Let V' C T be an lc center of ¢ which is minimal with

respect to inclusion among all lc centers of q. Let Zy be the reduced union of all lc centers of
(Y, A) with image V. Since V' is minimal, an lc center of (Y, A) is contained in Zy if and only

if its image is V. Fix a source (W, Oy ) of V and its Stein factorization W 2 P £ V. For an

lc center C' of (Y, A) with ¢(C) =V, let C Je, P £S5 V be the Stein factorization of g|c and
(C,0¢) the adjunction pair of C; by Lemma 4.4(1), ©¢ € I'. A source of V' contained in C'
dominates Pc, and we have K¢ + O¢ ~q —f&p(H|v), where H|y denotes the restriction of a
Q-Cartier representative of H whose support does not contain V.

Let p: Y — Y be a log resolution of (Y, A) which is an isomorphism over the largest open
subset Y*"¢ of Y over which (Y, A) is log smooth (standard). Write

(6.2) Ky + P+ E=p"(Ky +4),  Pr=p'A],

where the canonical divisors are chosen compatibly (Notation 2.2). Since (Y, A) is dlt, every u-
exceptional prime divisor has positive log discrepancy ([KM98, Theorem 2.44], see also [Kol16,
Definition 3]), so every coefficient of E is less than 1. The coefficients of the p-exceptional
components of E¥ may be negative, and P; and Supp F have no common components. A stratum
of P is an irreducible component of an intersection of components of ;. If C is a stratum of
codimension k and Dy, ..., Dy are the components of P, containing C’ then no other component
of P + Supp E contains C Hence the exceptional divisor of the blow-up of Y along C has log
dlscrepancy k — k = 0 with respect to (Y P, + E). Thus every stratum of P; is an lc center of
(Y, P, + E), and p(C) is an lc center of (Y, A), because (Y, P, + E) and (Y, A) have the same
lc places. Conversely, let C' be an lc center of (Y, A). By Definition 2.3, C' meets Y*"¢, and
C'NY*™€ is an irreducible component of an intersection of components of | A|. Hence the closure
C of p=1(C NY*™™©) is a stratum of Pi, and po = pla C — C is birational. Since p is an
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isomorphism over the generic point of C, C is the only stratum of P; whose image is C'. Thus
p induces a bijection between the strata of Py and the lc centers of (Y, A), and if ¢’ C C are lc
centers of (Y, A), then C’ c C. Let Zy be the reduced union of all strata of P, mapping onto V',
so that u(Zy) = Zy, and W the stratum with ,u(W) = W. Every irreducible component of the
intersection of two strata of Pj is a stratum of Py, since P; is a simple normal crossing divisor.
If the two strata are contained in ZV, then so is this component, by the minimality of V.

For a positive integer IV we define the Cartier divisor

(6.3) Ly :=—N(Kg + P) - (N + 1)E|

on Y. A rational function ¢ is a section of Oy (Ly) over an open subset if and only if the
rational (—N)-canonical form B := pw®(~N) satisfies Div(8) > NP, + | (N + 1)E| there, where
w is the fixed rational top form with Ky = Div(w). We identify Oy (Ly) with this sheaf of
(—N)-canonical forms.

Residues along strata. We keep the notation of Set-up 6.6, and we also regard Y as a stratum
of Py, the intersection of the empty set of components, with u(Y) =Y. Let C be a stratum of
Py, Dq,..., Dy the components of P; containing C, C' := u(C), and

SC = (Pl_Dl_"'_Dk>|é, EC :E‘é
Then S¢ is a reduced divisor and S¢ + Supp E¢ is a simple normal crossing divisor on C. The
coefficients of E¢ are those of £/, and [(N +1)E||5 = [(N +1)E¢]. The strata of Py contained
in C are C and the strata of Sc. If C' ¢ C'is a stratum of P, and Dj, ..., Dj are the components
of S¢ containing C’, then (S¢ =Dy —--- = D))z = Scr and Ec|5 = Ecr.

Iterating the adjunction isomorphism [Har77, Proposition I1.8.20] along D1,..., D] gives an
isomorphism wg (D] 4 -+ - + Dj)|5 =~ wg which is well defined up to sign, and its m-th tensor
power is well defined for every even integer m (cf. [Koll6, Definition 13]). Let m be an even

integer and # a rational m-canonical form on C such that no component of Div(6) + m(D] +
.-+ + Dj) contains C’. Then 6 is a rational section of w?m(m(D’l + -+ + Dj)) which is regular

and nonzero at the generic point of C’ , and we denote by 6, the rational m-canonical form on

C' corresponding to 0]z We call 0, the residue of 6 on C’. By construction,
(6.4) Div(0z,) = (Div(0) + m(Dy +---+ D))z
The residue is multiplicative: (§®6')5, = 6 5,@0’5, for forms of even degrees, and (g0) 5, = glz.05

for a rational function g on C which is regular and nonzero at the generic point of . Tt is
transitive along flags of strata, it commutes with étale base change, and in local coordinates at
the generic point of C' it is given by the formula recalled before Theorem 2.15. In particular, let
C’ be an lc center of the dlt pair (C,0O¢), and let § be a rational m-canonical form on C, viewed
on C , such that the residue 6, is defined. Near the generic point of C’, the pair (C,0¢) is log

smooth and K¢ + O¢ is Cartier, so 6 is a rational section of wgn ](m@c) there which is regular

and nonzero at the generic point of C’. Then 0, is the image of 0|cr under the Poincaré residue
map R, of Definition 5.1. Indeed, both are determined by their values at the generic point
of C’, where p¢ is an isomorphism and both are given by the formula recalled before Theorem
2.15.

Applying this to local generators of O (L), whose divisors are NPy + [(N + 1)E] locally,
we obtain for every even positive integer N a canonical isomorphism

where the right hand side is the sheaf of rational (—N)-canonical forms 8 on C with Div(3) >

NS¢+ |[(N+1)E¢]. For a stratum C’ C C, the restriction map Oz (Ln)lg — Oz (Ln)| g sends
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a section 3 to 5, under (6.5), where 5, := 0 if 3 vanishes along C’ , that is, if some component
of Div(8) — N(D} + --- + Dj) contains C’. We also write Bla for Bz,

Lemma 6.7. Notation as in Set-up 6.6. Let C be an lc center of (Y, A) or C :=Y, let C be
the stratum of Py with u(C) = C, and pc = plg. Then:

(1) We have
(6.6) K5+S0+EC:,U,*C(K(1+90),

where K& and K¢ are the divisors of one rational top form on C and ©y = A. In
particular, ©c = (uc)«(Sc+Ec), and for every integer m and every rational m-canonical

form 6 on C,
(6.7) Divs(0) = p&(Dive(0) + mOc¢) — m(Sc + Ec).
(2) Let N be a positive even integer such that NR C Z. Then
(6.8) (h0)+Og(— NEKg— NS¢ — [(N +1)Ec]) = Oc(~ NKc — [NOc¢])

as subsheaves of the constant sheaf of rational (—N)-canonical forms. That is, for a
rational (—N)-canonical form 8 on C' and an open subset C° C C, we have Div(8) >
NS¢+ (N +1)Ec] on ug'(C°) if and only if Dive(8) > [NOc] on C°. In particular,
(1)« (O3 (Ln)|g) = Oc(=NEKc — [NOc]) by (6.5).

Proof. (1) If C =Y, then (6.6) is (6.2). Assume that C is an lc center of (Y, A), and let
D+, ..., Dy be the components of P; containing C. Let m be a positive even integer such that
m(Ky + A) is Cartier. Let ¢ be an m-canonical form on Y such that G := Divy(c) + mA is a
Cartier divisor whose support does not contain C. For example, we may take o := wwgm for
a rational function v with div(y)) = —m(Ky + A) near the generic point of C. Then o is a

rational section of w)[,m } (mA) with divisor G, so by [Koll6, Definition 13| the Poincaré residue

Oc := Ry, ~(o|c) is a rational section of w[cm}(m@c) with divisor G|¢, that is,

Dive(6c) + mO¢c = Gle.
By (6.2), Divg(0) = p*(Divy (o) — mKy) + mKy = u*G — m(Py + E). Hence
Divg (o) + m(Dy + -+ + Dg) = p*G —m(Py — Dy — -+ - — D) — mE,

and no component of this divisor contains C. Thus the residue o is defined, and by (6.4) its
divisor is ug (Gle) —m(Sc + Ec). As oz = ¢, we get

Divs(0c) = ué(Dive(6c) + mO¢) — m(Sc + Ec).

On the other hand, writing ¢ = @w@™, we have Divg(0c) = pidive(p) + mKz =
pg(Dive(0c) — mKeo) + mKg. Comparing the two expressions and dividing by m gives (6.6).
Pushing forward (6.6) gives ©¢ = (1)« (Sc + E¢), and the same computation with an arbitrary
0 gives (6.7).

(2) Let @ be a prime divisor on C' and F' its strict transform on C. Since S¢ and Supp Ec
have no common components, F' is a component of S¢ if and only if multg ©c =1, and F' is a
component of E¢ with coeflicient e if and only if multg ©c = e € (0,1). Since O¢ € I' = ®(%R)
and NR C Z, Lemma 4.4(2) gives

(6.9) (L)« (NSc + [(N +1)Ec]) = N|©c| + [(N + 1){6¢}] = [NO¢].

Let 3 be a rational (—IV)-canonical form on C. We have Dive(8) = (uc)« Diva(8). If Divs(8) >
NSc + [(N +1)Ec| on pug'(C®), then Dive(B8) > [NO¢] on C° by (6.9).
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Conversely, assume that Dive(8) > [NO¢]| on C°. Write § = gpw?(_N). Then N (K¢ + ©¢)
and Divg(f) — NK¢ = div(p) are Q-Cartier, so Divg(8) — NO¢ is a Q-Cartier Q-divisor, and
it is effective on C°. By (6.7),

Divg(8) — N(Sc + Ec) = ui:(Dive(8) — NOc¢) > 0

on ug5'(C°). Let F be a prime divisor on ug'(C°) and e its coefficient in Sc + Ec. Then
multy Div(8) > Ne, hence multp Divs(8) > [Nel. If F'is a component of Sc, then [Ne| = N
is the coefficient of F' in NS¢ + | (N + 1)E¢]. Otherwise e < 1, and

(N +1)e] < [Nef,

because (N +1)e < Ne+1 < [Ne|+1. Thus Divs(8) > NS¢+ (N +1)Ec] on ug' (C°). This
proves (6.8), and the last assertion follows from (6.5). O

Lemma 6.8. Let f : (X,A) — S be a crepant log structure such that f is a contraction between
normal quasi-projective varieties. Let a be a positive integer and 0 a rational a-canonical form
on X such that

Div(0) + aA = f*(aD)
for some Q-Cartier Q-divisor D on S. Let N be a positive multiple of a and 3 a nonzero rational
(=N)-canonical form on X. Then Div(3) > NA if and only if

B = (fru) ==/

for some nonzero u € C(S) such that E := % divg(u) — D > 0. In this case u is unique, E is
Q-Cartier, and

(6.10) %Div(ﬂ) A= B

Moreover, for an open subset S° C S, we have Div(8) > NA on f~1(S°) if and only if
B = (f*u)o2 =N/ with E >0 on S°.

Proof. Put v := 8 ® 020N/%) 4 nonzero rational function on X. Then
N
div(v) = Div(B) + — Div(#) = (Div(8) — NA) + f*(ND).

Assume that Div(8) > NA on f~1(S°). Since f*(ND) is vertical over S, the horizontal part of
div(v) is effective, so v has no poles on the generic fiber F' of f. As f is a contraction, F' is a
normal projective variety over C(S) with H°(F,Op) = C(S), so u := v|p is a nonzero element
of C(S) and v = f*u (cf. the proof of Lemma 4.1). Thus Div(8) — NA = f*(div(u) — ND) =
f*(NE), which is (6.10), and F is Q-Cartier. Since f is surjective, for every prime divisor @) on
S° some component of f*@Q) dominates @, and the coefficient of this component in f*(NFE) has
the sign of multg E. Hence £/ > 0 on S°. The uniqueness of u is clear.

Conversely, if 8 = (f*u)0®~N/®) with E > 0 on S°, then Div(8) = f*div(u) — & Div(d) =
NA + f*(NE) > NA on f71(S°). O

Since Div(f) is an integral divisor, Div(8) > NA if and only if Div(3) > [NA]. Thus
Lemma 6.8 describes the sections of Ox(—~NKy — [NA]) over f71(S°): they are the forms
(f*u)®(=N/9) with u € C(S) and div(u) > ND on S°, together with 0.

Lemma 6.9. Let f : (X,A) — S be a dit crepant log structure such that f is a contraction
between mormal quasi-projective varieties. Let a be a positive even integer and 6 a rational
a-canonical form on X such that Div(6) + aA = f*(aD) for some Q-Cartier Q-divisor D on S.
Let Zy and Zy be minimal lc centers of (X, A) such that f(Z1) = f(Z2) = S, with adjunction

pairs (Z;,Agz,). Then:
(1) For i = 1,2, the Poincaré residue 0z, := R%_,; (0|z,) of Definition 5.1, taken over the
open subset of S where aD is Cartier, is a nonzero rational a-canonical form on Z;, and

Div(fz,) +alz, = (f|z)" (aD).
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(2) There ezists a crepant birational map ¢ : (Z2,Az,) --+ (Z1,Az) over S such that
¢ 0z, =0z,.

(8) Let Zy N Py ™5 S be the Stein factorization of f|z, and T an automorphism of Py
over S. Then there exists a crepant birational self-map v of (Z1,Az,) over S such that
hioy=T1ohy and yv*0z, =0z,.

Proof. Let S° C S be a dense open subset over which aD is Cartier, and put X° := f~1(S°).
On X°, the divisor a(Kx + A) = f*(aD) — Div(0) is Cartier, so aA is integral, the sheaf
wgﬁ} (aA) of rational a-canonical forms 6" with Div(6') +aA > 0 is locally free, and 6 is a rational
section of it with divisor f*(aD). Since Z; dominates S, its generic point lies over S° and no
component of f*(aD) contains Z;. Thus 6|z, is a nonzero rational section of w;] (aA)|z, over
S°, and Oz, := RS _, 7 (0|z,) is a nonzero rational a-canonical form on Z;.

(1) Let k be a positive integer such that kaD is Cartier. Then ka(Kx + A) = f*(kaD) —

kDiv(0) is Cartier on X. As above, w[Xka](kaA) is locally free, §%* is a rational section of

it with divisor f*(kaD), and 0%*|z, is a nonzero rational section of w[Xka](kaAﬂ 7, with divisor
(flz,)*(kaD). Since R, 7, 1s an isomorphism onto w[ZIza] (kaAyz,), the rational ka-canonical form

n = RI}?(‘;ZZ_ (6%%|5.) on Z; satisfies Div(n) + kaAz, = (f|z,)*(kaD). At the generic point of Z;,
the residue maps are given by the formula recalled before Theorem 2.15, which is multiplicative,
son= H?f. Dividing by k gives (1).

Let i,5 € {1,2}, and let ¢ : Z; --» Z; be a birational map over S such that ¢*0z7, = 0z,.
We claim that ¢ is crepant with respect to (Z;,Az;) and (Z;,Az). Let p : Z' — Z; and
r: Z' — Z; be a common resolution of ¢, so that r = ¢ o p and f|Zj op = f|z, or, and let
Kz + Ty = p"(Kz; +Agz) and Kz + Ty :=1*(Kz, + Az,). By the computation of (5.12) and
(1),

Divz(p*0z;) = p*(flz,)" (aD) — al', and Divy (r*0z,) = r*(f|z,)*(aD) — al',.

Since p*0z, = p*¢*0z, = r*0z, and p*(f|z,)*(aD) = r*(f|z)*(aD), we get I') = I';. This proves
the claim.

(2) The fiber of f over the generic point of S is connected [Har77, Corollary I11.11.3], and
Z1 N X° and Z3 N X° are minimal lc centers of (X° A|xo) with image S°. The form 6 is

a section of w;] (aA) ~ f*Ogo(aD) over the open subset X° \ Supp f*(aD), which meets Z;
and Zs. Theorem 5.2(2), applied to f : X° — S° and £ := Ogo(aD), gives a birational map
@ Zy --» Zy with 0z, = ¢*0z,. The map ¢ is a composition of the birational maps induced
by P!-links, and these are over S°, because the P!-links in the proof of [Kol16, Theorem 10] are
obtained by an MMP over the base [Kol16, proof of Theorem 10 and Proposition 14]. Thus ¢ is
over S, and it is crepant by the claim. This proves (2).

(3) By [Koll6, Proposition 19], C(P;)/C(S) is a Galois extension. Its Galois group is the
group H of automorphisms of P; over S, as P; is the normalization of S in C(P;). Shrinking
S°, we may assume that 7 is étale over S°, and we put Pf := m; *(S°). Then P — S° is a
finite étale Galois cover with group H, so Py xgo Py is the disjoint union of the graphs of the
elements of H. Put X; := X xg Py, with projections 7x : X; — X and f; : X1 — Py, and
Ay := 7% A. Since Tx is étale and the generic fiber of f is geometrically integral, X is a normal
variety, f1 is a contraction, (Xi,A;) is dlt, and Kx, + A ~q,pp 0. The lc centers of (X1,4A1)
are the irreducible components of the preimages of the lc centers of (X, A). The form 0 := 756
satisfies Div(61) +aA; = f{(aniD). The preimage of Z; in X is Z) xg Py = Z1 xp, (P1 Xg Py),
the disjoint union of the subvarieties

Zy = {(2,0(h1(2))) | z € h{(P)}, o€,

each of which is mapped isomorphically onto hl_l(Pf) by 7x. We write j, : Z, — Z; for
this isomorphism; it identifies (Z,, Az ) with (Z1,Az,), and fi|z, = 0 0 hy 0 j,. Since Z; is a
minimal lc center of (X, A), the pair (Z1, Az, ) is klt by the correspondence of lc centers in [Kol16,
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Definition 18], so the Z, are minimal lc centers of (X, A1), with image P;. By (2) applied to fi,
01, Ziq, and Z., there is a crepant birational map ¢ : Z; --» Ziq over P{ with ¢*(01)z, = (61)z,
Since Poincaré residues commute with étale base change, (61)z, = jifz, for every o. Put
v := jiao¢poj; !, a birational self-map of Z;. Then v*0z, = (j71)*¢*j50z = (j71)*(01)z, = 0z,.
Moreover, fi|z, 0 ¢ = fi|z, gives hio jigo¢ =T o hjoj, thatis, hyoy=7Tohy. As T is over
S, 7 is over S, and + is crepant by the claim applied with ¢ = j = 1. This proves (3). O

Lemma 6.10. Let h : (W,©w) — P be a crepant log structure such that h is a contraction
between normal quasi-projective varieties, and let g be a birational self-map of W with ho g = h.
Assume that g is crepant over a dense open subset P° C P, that is, the restriction of g to h=1(P°)
is a crepant birational self-map of (h™1(P°),Ow|,-1(pey). Then g € Birh(W, Ow).

Proof. Let p,q: W' — W be a common resolution of ¢, so that g = gop and hoq = ho p, and
put Ky + 1), := p*(KW + Ow) and Ky + Iy := ¢ (Kw + Ow). We show that r,="1,. Since
Kw+0Ow ~g h*L for some Q-Cartier Q-divisor L on P, we have I',—I'y ~q (hp)*L—(hq)*L = 0.
Since g is crepant over P°, ', — I, is supported in (hp)~'(P\ P°). Thus a positive multiple of
I', — Ty is the divisor of a rational function on W', and this divisor is vertical over P. As hp is
a contraction, Lemma 4.1 gives a Q-Cartier Q-divisor F' on P with I', — I'; = (hp)*F, that is,

p*(KW + @W) = q*(KW + Ow + h*F).

Let @ be a prime divisor on P and tg := lct(W, Oy ; h*Q) over the generic point of @ (Definition
4.2), so that 0 < tg < 1 and (W,Ow + toh*Q) is lc over the generic point of Q). Over a
neighborhood of the generic point of (), we have h*F' = multg F - h*@, so

p*(Kw + Ow + toh*Q) = ¢* (Kw + Ow + (tg + multg F)h*Q)

there. Suppose that multg F' > 0. Since p and ¢ are birational morphisms over P, the last
identity shows that the pair (W, Ow + (tg + multg F)h*Q) has the same log discrepancies over
the generic point of Q as (W, Ow +tgoh*Q), so it is Ic over the generic point of ). This contradicts
the definition of Zg. Hence multg F' < 0. Applying the same argument to g~ !, with the common
resolution ¢, p and with —F' in place of F', we get multg ' > 0. Thus F =0and I'y =1';. U

Lemma 6.11. Let X be a smooth variety, D a simple normal crossing divisor on X, and Z C X
the reduced union of finitely many strata of D, that is, of irreducible components of intersections
of components of D. Let Z1,...,Z, be the irreducible components of Z and L an invertible sheaf
on X. Then for all i # j the scheme-theoretic intersection Z; N Z; is reduced, and the sequence

,
0— £|Z — @£|Zi — @£|ZiﬂZj
i=1 i<j
is exact, where the last map sends (s;); to (silz,nz, — Sjlzinz,)i<j- In particular, sections s; of
Lz, over the open subsets Z; N X°, for an open subset X° C X, such that s; and s; agree on
ZiNZ;NX° for alli,j glue to a unique section of L|; over Z N X°.

Proof. Tensoring with £7!, we may assume that £ = Ox. The statements are local, and it
suffices to check the exactness of a sequence of coherent sheaves at the closed points. Let x € Z
be a closed point. Since the components of D through z are smooth and meet transversally,
there is a regular system of parameters x1,...,z, of Ox, such that these components are
(z1 = 0),...,(zp = 0). Every Z; containing x is a stratum of D, and the intersection of the
components of D containing Z; is smooth, hence irreducible near x. Thus the ideal of Z; in Ox ,
is I; :== (z; | j € J;) forasubset J; C {1,...,p}. Theideal of Z;NZ;is I; +1; = (x| k € J;UJ;),
which is prime, so Z; N Z; is reduced near x. The ideal of Z is (), I;. Since the completion
9) x,z = C[x1,...,x,]] is faithfully flat over Ox ., it suffices to show that the sequence

0— @Xw/ﬂi I — @l 6X,a:/[i — @Kj @X,x/(Lj + Ij)
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is exact, where the ideals are extended to the completion; here ¢ and j run over the indices with
x € Z; and x € Z;. Exactness at the first term is clear. Let (f;); be in the kernel of the last
map. The ring O x,z/1i is the ring of power series in the variables xj with k ¢ .J;, and we write
fi as such a power series. For a monomial m in z1,...,z,, let S(m) be the set of indices i such
that no variable of m lies in {zy | k € J;}. If i,j € S(m), then m is a nonzero monomial in
9) x,z/(Ii + 1), so the coefficients of m in f; and in f; agree. Let ¢, be this common coefficient
if S(m) # 0, and ¢, := 0 otherwise. Then f := )"  c¢,m satisfies f = f; (mod I;) for every
i. This proves the exactness at the middle term, and the last assertion follows by applying the
exact sequence on X°. O

Theorem 6.12. Notation as in Set-up 6.6. Let A := Bir{,(W, Oy ) and G := Gal(C(P)/C(V)).

(1) V is normal, (W,Ow) is klt, and p : P — V is the quotient of P by G. FEvery element
of G is induced by an element of A.

(2) Let by be a positive integer such that by C Z and by® C Z, let m be the integer given
by Theorem 4.7 for d and T, and let mgy := lem (m, a(0,1),...,a(d—1, F)), where a(s,T)
is as in Theorem 2.11. Put

(6.11) apg = 2lcm(bm, mo), QQ = lcmogsgd_l L(S, ao), No = aoQQ,

where L(s,ag) is as in Theorem 2.14. Then Ny is a positive even integer depending only
on d and ®, and Nog® C Z, NoR C Z. For every positive multiple N of Ny the following
hold.

(3) Let C be an lc center of (Y,A) with ¢q(C) = V and C C Zy its stratum. Then
(1l5)+ (O3 (Ln)ls) = Oc(=NKg — [NOc¢]) by (6.5) and (6.8). In pﬂ"ticular, for every
open subset U' C V, the sections of Oy (Ly)|g over (qu)~X(U") N W are the rational
(—=N)-canonical forms  on W such that

(6.12) Div(B8) > [NOw] on (ph)~ (U,

together with 0.

(4) Let U' C V be an open subset, B a form satisfying (6.12), and v € A. Then v*f satisfies
(6.12). The resulting action of A on the sheaf (ph).Ow (—NKw—[NOw|) on'V is trivial
on the kernel of A — G, so it factors through G. We denote by ((ph)*OW(—NKW —

(N@WD)G the subsheaf of A-invariant sections.

(5) Restriction from Zy to W, followed by the identification in (3), induces an isomorphism
of sheaves on V.

G
(6.13) (qulz )« (O5(LNn)lz,) = ((ph)Ow (~NEw — [NOw])) "
In particular, the restriction map H*(Zy, Oy (Ly)) — HO(W, Og(Ly)) is injective, and
(6.14)  im [H(Zv,Op(Ly)) — HY(W, 05 (Ln))] = H*(W, Ow (~NKw — [N@W]))G.

(6) The restriction map HO(Y, Oy(Ln)) — HO(Zy, O (L)) is surjective.
(7) Let U' C V be an open subset, B # 0 an A-invariant form satisfying (6.12), and s the
section of Oy (Ln)|z,, over (qu)~"(U") with sl = B given by (5). Let C be an lc center

of (Y, A) with (C) = V. Then there exist an ag-canonical form 02, on C and a Q-Cartier
Q-divisor Do on Po with
Div(62) + apOc = f&(aoDe),
and a unique nonzero ac € C(P¢) with the following properties. Put
(0)2 N/

L. *
(615) QC = W, E/Cv = NlePC(CLC) — DC, @g = @C + fCE/C
C
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Then Ef, >0 on pg'(U"), the N-canonical form Oc satisfies Div(0c) = —NOf, and sl
corresponds under (3) to 951. Moreover, let We be a source of V' contained in C, with

Stein factorization We h—c> Py, — V. Then 8|WC is the crepant transport of B, that is,

S|Wc = (¢71)*B for every crepant birational map ¢ : (W,Ow) --+ (We, Ow,) over V,
and
1 . .

In (7), the section S|Wc does not depend on ¢ by (4), since two such maps differ by an element
of A, and such maps exist by Theorem 5.2(1) and [Kol16, Definition 18], because W and W are
sources of V. By (6.10), ©f — O¢ = fXE/ is the difference between the boundary + Div(@él)
defined by the section and O¢, and N (K¢ + 0F) ~ 0 over p' (U).

Proof. Step 1. We prove (1).

By (6.1), Ky + A ~q ¢*(—H), so Lemma 6.4 shows that [T, —H] is a quasi-log canonical pair
whose glc centers are T" and the lc centers of q. Let © € V' be a point and W, the minimal qlc
center through z given by Theorem 6.3. Then W, C V C T, so W, is an lc center of ¢ contained
in V, and W, =V by the minimality of V. Hence V is normal at every point.

Let W' be any source of V. By [Koll6, Definition 18], the lc centers of (W', ©yp) are the
lc centers of (Y, A) properly contained in W’. Such an lc center C satisfies ¢(C’) C V, hence
q(C") =V by the minimality of V', which contradicts the minimality of W’. Thus (W', Oy~) is
klt. In particular every source of V' is a minimal lc center of (Y, A).

By Theorem 6.2(1), C(P)/C(V) is Galois, so C(P)¢ = C(V). As G acts on P over V, the
morphism P/G — V is finite and birational onto the normal variety V', hence an isomorphism.
The last assertion of (1) is Theorem 6.2(2).

Step 2. We fix the constants in (2), and for every lc center C' of (Y, A) with ¢(C) = V we
construct an ag-canonical form 62, and describe the sections of Oy (Ly)|5 and their restrictions
to the sources of V' contained in C'.

The integers in (6.11) depend only on d and ®, since R and I' do, and Ny is even. As by | Ny,
we have Ng® C Z and NyR C Z. Fix a positive multiple N of Nj.

Let C be an lc center of (Y, A) with ¢(C') = V. By Set-up 6.6, fo : (C,0¢) — Pc is a dlt
crepant log structure, fc is a contraction, ©c € I', dimC < d —1, and K¢ +O¢ ~q féLOC with
L% = —p&(H|y). If dim V' > 0, then Theorem 4.7(1), applied to d, I, and f¢, gives a nonzero
Y € C(C) and a Q-Cartier Q-divisor D¢ on Pc such that m(K¢ + ©¢) + div(y) = f&(mDc);
we put Yo = /™ If dimV = 0, then Pc is a point and C is a projective variety with
Ko +0¢ ~g 0, so a(dimC,T") (K¢ + ©¢) ~ 0 by Theorem 2.11; since a(dim C,T") | ag, there is
a nonzero ¢ € C(C) with ag(K¢ + O¢) + div(ic) = 0, and we put D¢ := 0. In both cases the

ag-canonical form 0%, := @Z)Cw%ao satisfies

(6.17) Div(6¢) + a0Oc = f&(aoDe).

Let U’ C V be an open subset. We apply Lemma 6.8 to fc, HOC, and ag | N. Together with

Lemma 6.7(2) and (6.5), it shows that the sections of Oy (Ly)|g over (qu)~'(U')N C are 0 and
the forms

(6.18) Bo = (feu) (02)2N/w0) 4y e C(Pe) \ {0}, div(u) > ND¢ on po'(U").

Let W’ be a source of V' contained in C, let W’ " P! 25 V be its Stein factorization, and let
7' : P! = P be the morphism over V induced by fo|w, so that fo|ws = n’oh/; it exists because
P" = Specy (qlw)«Owr, and it is finite and surjective. Let D7, ..., D] be the components of S¢

containing W’. By (6.7) and (6.17),
Div(08) + ao(Dy + -+ - + Dy) = (fope) (aoDe) — ao(Sc — Dy — -+ — Dy) — apEc.



34 BOUNDEDNESS OF COMPLEMENTS OF LOG CANONICAL PAIRS

No component of the right hand side contains W’: W’ dominates Pr, and W' is a stratum of
the simple normal crossing divisor S¢ + Supp F¢. Hence the residue

Oy = (eg)w,

is a well-defined nonzero ag-canonical form on W', and by (6.4), Set-up 6.6, and Lemma 6.7(1)
applied to W,

(6.19) DiV(@W/) + a()@W/ = (fc’W/)*(aoDc) = h/*(aoﬂ/*Dc).

Moreover By is the Poincaré residue R,y (62|w), as explained after (6.4). For a section S¢

as in (6.18), the rational function fiu is regular and nonzero at the generic point of W' , S0 the
multiplicativity of residues gives

(6:20) el = ((ew)lw) o) = (W) 037 20

In particular, restriction from C to W is injective on the sections of Oy (Ly)|g over (qu)~1(U")N
C.

Step 3. We prove (3) and (4).
Since N is even and NR C Z, (3) is Lemma 6.7(2) together with (6.5).

Let (W1,01) and (W2,02) be sources of V' with Stein factorizations W; LN P2 v det
¢ (W1,01) --» (Wa,02) be a crepant birational map over V, and let 5 be a rational (—N)-
canonical form on Wy with Div(3) > N©y on (p2h) 1 (U’). We claim that Div(¢*3) > NO;
on (p1h1) (U"). Let p: W' — Wy and r : W — W, be a common resolution of ¢, so that
r = ¢op, and let Ky + 1" := p*(Kw, + 1) = r*(Kw, + ©2). Since ¢ is over V, we have
1 ((p2h2)~H(U")) = p~ ((p1h1)~1(U")). By the computation of (5.12),

Divyy (r*B) = r*(Div(8) — NO2) + NT'.

The Q-divisor Div(8) — NOg is Q-Cartier, being the difference of Div(8) — N Ky, and N (K, +
©,), and it is effective over U’. Hence r*(Div(3) — N©O2) > 0 over U’, and pushing forward by
p gives Divyy, (¢*3) = pur*(Div(8) — NO3) + NO1 > NO; over U’. This proves the claim, and
the first assertion of (4) is the case Wy = Wy =W, ¢ = 7.

Let Ag be the kernel of A — G, that is, the set of v € A with hoy = h. We construct a rational
Ny-canonical form 6y on W and a Q-Cartier Q-divisor Dy on P such that Div(6y) + NoOw =
h*(NoDy) and v*6y = 6y for every v € A. If dimV = 0, then W is projective, (W, O ) is
klt, and Div(6),) = —ag©Ow by (6.17). Theorem 2.14 gives v*6};, = ¢}, with cg(dlmwﬂo) =1
for every v € A; as dmW < d — 1, cgo = 1, and we put 0y := (9%,)®QO and Dy := 0. If
dimV > 0, we apply Theorem 5.5 to h : (W, 0w ) — P, with m := ag, ¥ := Yw, D := Dy,
the group G acting on P with quotient p, and S := U. Its hypotheses hold: h is a contraction,
0 < dimP < dimW < d, the generic fiber of h is geometrically klt because (W, Oy ) is klt,
(6.17) is (5.5), every element of G lifts to an element of A by (1), and V' — U is projective.
Its constants are Ey = lemo<j<q—1 L(j,a0) = Qo and b = agQo = No. Theorem 5.5(1) gives a
nonzero x € C(P) such that 0y := (Xoh)wg})w%]vo satisfies Div(6p)+No©Ow = h*(NoDw +div(x))
and v*0y = 6y for every v € A; we put Dy := Dy + NLO div(x).

Now let g satisfy (6.12) and v € Ag. By Lemma 6.8 applied to h, 6y, and Ny | N, we have
g = (h*u)&?(_N/NO) for some nonzero u € C(P). Since h o~y = h and v*0y = 6,

7B = (h*u) (v°00) * N = .
Thus Ap acts trivially, which proves (4).

Step 4. We show that the restriction map in (5) is injective.

Let U’ C V be an open subset and s a section of Oy (Ln)|z, over (qu)~1(U") such that

sliz = 0. Let C C Zy be a stratum, C := u(C), and W¢ a source of V contained in C. By Step
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2, s|lg =0if S|WC — 0. Since Zy is reduced and is the union of its strata, it suffices to show
that S|Wc = 0 for every source W of V.

Let v be the generic point of V. The fiber ¢~ (v) is connected [Har77, Corollary I11.11.3], and
W and W¢ are minimal lc centers of (Y, A) with v € ¢(W)Ng(W¢) by Step 1. By Theorem 5.2(1),
W and W¢ are P!-linked. By Definition 5.1, there exist Ic centers W = Zy, Zs, ..., Z, = W¢ of
(Y, A) and lc centers W/ D Z; U Z; 41 for 1 < i < n such that ¢(W/") = ¢(Z;) = ¢(Zi11) =V and
(W, @Wi") is crepant birational to a standard P'-link with Z; and Z;,; mapping to its two lc
centers. Since the two lc centers of a standard P!-link are prime divisors, its lc places are the
valuations along them, and crepant birational pairs have the same lc places. Thus Z; and Z; 4
are the only lc centers of (W', @W{’)’ their adjunction pairs are klt by the correspondence of lc
centers in [Koll16, Definition 18], and they are sources of V. If S|'Z]— =0, then S‘Wi,, = 0 by Step

2 applied to W/ and its source Z;, hence S|Z-+1 = 0. By induction on 1, S’WC =0.

Step 5. We show that there is a dense open subset V? C V with the following property. For every
o € G there is a birational self-map v, of W with ho~, = ¢ o h whose restriction to (ph)~*(V?)
is a crepant birational self-map of ((ph)_l(VO),@W|(ph)f1(V0)), such that 7, (slz) = slg for
every open subset U’ C V and every section s of Oy (Ln)|z,, over (qu)~1(U").

If dimV = 0, then P = V is a point, G is trivial, and V? := V and 7iq := idw have the
required property. Assume that dimV > 0. Since C(P)/C(V) is a finite separable extension,
C(P) = C(V)[z]/(p) for a monic irreducible polynomial p with coefficients in C(V'). Let Ty C T
be an affine open subset meeting V' such that the coefficients of p are regular on V N 77, and
let p € O(T1)[x] be a monic polynomial whose restriction to V N Ty is p. Let T° C Ty be the
open subset where the discriminant of p does not vanish; it meets V' because p is separable. Put
VO :=VNT? and P° := p~1(V?). The scheme Spec O(T?)[x]/(p) is finite and étale over T, and
its restriction over V' is Spec O(V?)[x]/(p), which is finite and étale over V? with function field
C(P), hence equal to P°. Let T be the connected component of Spec O(T°)[z]/(p) containing
PY. Then T’ is a normal variety, 7 : 7" — T° is finite and étale, and 7=1(VY) = PY with
7|po = p|po. In particular PY — V? is a finite étale Galois cover with group G, so PV xy0 P? is
the disjoint union of the graphs of the elements of G.

Let YV := ¢ 1(TY), Y’ := Y x40 T’, with projections 7y : Y/ — Y% and ¢’ : Y/ — T’, and
A :=15A. Let Y’ :=Y x0T, with projections Ty Y'Y and i/ :Y' — Y’ and let P|, E/,
and L’N be the pullbacks of P, FE, and Ly. Since 1y and Ty are étale and the generic fibers
of ¢ and qu are geometrically integral, Y’ and Y’ are normal varieties and ¢ is a contraction.
The pair (Y’ A) is dlt of dimension < d with A" € ®, and p' is a log resolution of (Y’ A") with
Ky, + P{ + E' = p*(Ky + A’). The lc centers of (Y’, A’) are the irreducible components of
the preimages of the lc centers of (Y, A), and ' is an isomorphism over their generic points.
The strata of Pj are the irreducible components of the preimages of the strata of P;. If C' is an
le center of (Y, A) with ¢(C') = V, then the irreducible components of 75.!(C) are isomorphic
over P° to C x Pe PY for the finitely many morphisms P° — Pg over VO, because Pg is étale
over VO, Hence they are lc centers of (Y’, A’) with image P and with connected fibers over P°.
Conversely every lc center of (Y, A’) with image P° arises in this way. Therefore Set-up 6.6,
the residue formalism, Lemma 6.7, and Step 2 apply to (Y', 4"), i/, P{, E', L'y, the lc center P°
of ¢/, and the lc centers of (Y, A’) with image PY, with V and the P replaced by PY. Indeed,
their proofs use only that ¢’ is a contraction with Kys + A’ ~g —¢*7*H, that (Y’, A’) is dlt
with A" € ®, and that p’ is a log resolution of (Y’, A’) which is an isomorphism over the generic
points of its lc centers. The differents of A’ lie in I’ by Lemma 4.4(1). Let Z’ be the union of
the strata of P| with image PY; it is the preimage of Zy 0 (qu)~H(V0).

Put W0 := (ph)~1(V?). Then 3.} (W?) = W0 x 0 PY is the disjoint union of the subvarieties

Wy, = {(w,o(h(w))) | w e WO}, o€@q,
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and the first projection j, : W, — W0 is an isomorphism identifying (W, Oy, ) with (W°, Oy),
with ¢'|w, = o0 o ho j,. Since (W, Ow) is klt, the W, are minimal lc centers of (Y’, A") with
image PC. Let s be a section of Oy (L )|z, over (qu)~"(U"), B := sl and & := T=s, a section
of Og,(Ly)|5 over (¢'1/)~ (=1 (U'NV?)). Since the residue isomorphisms (6.5) commute with
étale base change, s’ ‘Wn = jxf for every o € GG, where Wa is the stratum of P with image W,.
Fix ¢ € G. The fiber of ¢’ over the generic point of P? is connected [Har77, Corollary
II1.11.3]. By Theorem 5.2(1) and Definition 5.1, as in Step 4, there exist minimal lc centers
Wia = 21, Zy, ..., Z), = W, of (Y, A") and Ic centers W' D Zj U Z; , of (Y', A) with ¢'(W}") =
¢(Z]) = P°, for 1 < i < n, such that Z] and Z/ , are the only lc centers of (W[, ©wn). Let
Il = q/|W¢" : W — PY% it is a contraction. By Step 2 applied to (Y’, A’) and W/, there are
an ag-canonical form 0 on W/’ and a Q-Cartier Q-divisor D! on P° with Div(6/) + a¢®Oy» =
fI*(aoDy), and L

iy = () @)V and 5 = (7)) 077 (=i
for some u; € C(PY), by (6.18) and (6.20); here u; = 0 is allowed. By Lemma 6.9(2), applied
to f, 6!, Z!, and Z/ ,, there is a crepant birational map ¢; : Z/,; --» Z] over P° with
67 (07) 2 = (9;’)214“. Since ¢; is over PP, (f{'*ui)|zg+1 = gf);‘((fl-”*uiﬂzz{), and therefore

S/|Z§+1 = ¢;‘(s’|z4) (1<i<mn).

Put ¥ := ¢ ' 0---0¢; ' : Wig -——» Wy, a crepant birational map over P? with U (s'l) = s’\wd,
and v := j,oWPo jial. Then v is a birational self-map of W over V, and its restriction to W0 is a
crepant birational self-map of (W0, O |yy0). Since ¢'|w, oV = ¢|w.,, we get 0ohoj,oW = hojiq,
that is, h oy = 0~ o h. Moreover

7*/8 — (.71(_11)*\1]*.7:-5 — (]1:11)*\11* (3/|WG) — (.]1(_11)*(8,””‘71(1) — B
The map 7 was constructed from the chain Z], ..., Z] alone and does not depend on s. Replacing
o by 01, we obtain 7, as required.

Step 6. We prove (5) and (7).

Let U’ C V be an open subset, s a section of O?(LN)’ZV over (qu) 1 (U"), and 3 := 5|W' Let
v € Alie over o € G, and let V? and 7, be as in Step 5. Then g := v, ! o~ is a birational
self-map of W with hog = h, and its restriction to (ph) ™1 (V") is a crepant birational self-map of
((ph)1(V°), ©w (pn)-1(v0y). By Lemma 6.10, applied to h and P° := p~1(V?), we have g € Ao.
By (4) and Step 5, v*8 = ¢*vi8 = g*5 = B. Thus 8 is A-invariant. Together with Step 4, it
remains to show that every nonzero A-invariant § satisfying (6.12) is the restriction of a section
s over (qu)~1(U’), and that (7) holds for s.

Let 8 be such a form. For every lc center C of (Y, A) with ¢(C) =V we fix a source W¢ of

V contained in C, with Stein factorization W¢g he, Py, Y, v and with the finite surjective
morphism 7¢ : Py, — Pc of Step 2, so that fo|w,. = m¢ o h¢. By Theorem 5.2(1) and [Koll6,
Definition 18], there is a crepant birational map ¢¢ : (W,0w) --» (W¢,Ow,,) over V. Put
Bwe = (¢5)*B. By the claim in Step 3, Div(Bw,) > [NOw,] on (pw.hc) H(U’). Since B
is A-invariant and two choices of ¢¢ differ by an element of A, the form Sy, does not depend
on ¢¢, and it is invariant under Bir§{,(We, Ow,) = qbchﬁal. More generally, for every source
W' of V we define By in the same way, so that ¢*fw, = Bw, for every crepant birational map
v (Wi, Ow,) --» (Wa, Oy, ) over V between sources of V.

By (6.19), the form 6y, = (900>WC satisfies Div(0w,,) + aoOw, = hé(aoniDe). Lemma 6.8,
applied to h¢, 0w, and ag | N, gives a nonzero a € C(Py,,) with

—NJ/a 1 _
Bw. = (h&a) Hﬁ/(c N/ao) and N div(a) — m&Dc > 0 on pwlc(U').
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The extension C(Py,)/C(V) is Galois by Theorem 6.2(1), applied to the source W¢, and
C(V) c C(Pc) ¢ C(Pw,). Hence C(Pw,)/C(Pc) is Galois, its Galois group H¢ is the
group of automorphisms of Py, over Pp, and C(Pw.)#¢ = C(Pc). Let 7 € Ho. By
Step 2, 0w, = R chwg"wc)- By Lemma 6.9(3), applied to the dlt crepant log structure
fo : (C,0¢) — Pg, the form 62, the minimal lc center W of (C,O¢), and 7, there is a crepant
birational self-map v, of (W¢,Ow,) over Pc with hg oy = 7o he and V0w, = Ow,. As
Vr € Bir?/(WCa @Wc)7

BWC _ ’Y:/BWC _ (hsz*a) 6%}(;]\//110)7

so 7*a = a for every 7 € Hg, and a = 7jiac for a unique nonzero ac € C(P¢). Put Ej =
% div(ac) — D¢. Then niEf, = + div(a) — 75 De > 0 on pa}c (U") = 75" (pa" (U")), and since
7c is finite and surjective, B, > 0 on p;'(U’). By (6.18),

o = (feac) (62)7N/w
is a section of Oy(Ly)|s over (qu)~'(U’) N C, which we denote by sc, and SC’WC =
* % —N/a
(hemgac)bie ™) = By, by (6.20).
We show that sc|j7, = Bw for every source W’ of V' contained in C'. By Step 1, W¢ and W'
are minimal lc centers of (C, O¢) with image Po. Lemma 6.9(2), applied to fc and 9%, gives a

crepant birational map ¢ : (W', Op) --» (We, Ow,,) over P with ¢*0y,, = Owr. Since 1 is
over Pe, (foac)lwr = ¢* ((féac)lwe), so (6.20) gives

selgp = 0" (((f2ac)lwe )™ ) = 0 B = .

N Novz let 61 and 6‘2 be i~rreducible components of ZV and IE an irreducible component of
C1 N Cy. By Set-up 6.6, R is a stratum of P contained in Zy; let R := pu(R) and Wg a
source of V contained in R. By the transitivity of residues and the previous paragraph, sc, | 7
and s, |5 are sections of Oy (Ly)|5 over (qu)~H(U’) N R whose restrictions to Wg both equal
Bwy- By Step 2, s, |5 = sc,|p- Since C1 N Cy is reduced (Lemma 6.11), s¢, and s¢, agree on
C1 N Cy. By Lemma 6.11, applied on the open subset (qu)~!(U’) of Y, the sections s¢ for the
irreducible components C' of Zyi glue to a section s of Op(Ln)|z, over (qu)~Y(U"). TC D> W
is an irreducible component of Zy, then s[ = scli = Bw = B. This proves (6.13), and (6.14)
is the case U' = V. ~ _

Finally, let C be any lc center of (Y, A) with ¢(C) = V, and let C; D C be an irreducible
component of Zy. Then S|WC = SCIIWC = Bw, = SC"WC, so s|5 = s¢ by Step 2. Thus s|5
corresponds to B¢ = 951 with 6¢ as in (6.15), and Div(dc) = — Div(fc) = —NOc— fE(NEL) =
—N@g by (6.10). Let W’ be any source of V' contained in C, with Stein factorization W’ M,
P’ — V and with 7’ : P’ — Pc as in Step 2. Then sl = sclg = Bw is the crepant transport
of 8, and By = (h/*w’*ac)H%,_N/ao) by (6.20). By (6.19), Lemma 6.8 applies to b/, Oy, 7"* D¢,
and u := m*ac, and (6.10) gives

1 : * 1 : * * * * *
N Div(Bw) — O = K’ (N div(t™ac) — 7' Dc> = W*1"™*Eq = (folw) Eq,
which is (6.16). This proves (7).

Step 7. We prove (6).

Put I'ny := Py + {(V + 1)E}. Then (Y,I'y) is log smooth with coefficients in [0, 1], hence lc
[KMO98, Corollary 2.31], and its lc centers are the strata of |I'y] = P; (Definition 2.3). By (6.2)
and (6.3),

(6.21) Ly — (K¢ +Tn) = = (N+1)(Kg + P+ E) = =(N+1)p*(Ky + A) ~q (N +1)(qu)*H,
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which is semi-ample over U. Let k be a positive integer such that kH is Cartier and very
ample over U, and let J C Or be the ideal sheaf of V. Replacing k& by a multiple, we may
assume that J ® Op(kH) is generated by its global sections, since U is affine and 7 is projective
[Har77, Theorem I1.5.17]. Let Vi,...,V, be the lc centers of ¢ not contained in V' and 7; the
generic point of V;. Since 7; ¢ V, the global sections of J ® Op(kH) vanishing at n; form a
proper linear subspace of HY(T,J ® Op(kH)). As C is infinite, there is a global section of
J @ Op(kH) C Op(kH) vanishing at none of the n;. Let Dr be its zero divisor. Then Dy is
an effective Cartier divisor with Dp ~ kH, V' C Supp Dr, and V; ¢ Supp Dy for every i. Put
D := (qu)*Dr > 0. By (6.21), D ~q NLH(LN — (K3 +T'n)). A stratum C of P is contained
in Supp D = (qu)~Y(Supp D7) if and only if the lc center q,u(CN’) of ¢ is contained in Supp Dr,
if and only if q,u(é) C V, if and only if q,u(é) = V by the minimality of V. Hence the union
of the lc centers of (Y,I'y) contained in Supp D is Zy. Theorem 6.5, applied to (Y,Ty), the
proper morphism 7qu : Y — U, Ly, and D, shows that (mqu)«Og(Ln) — (ﬂqu)*(O?(LN)\gv)
is surjective. Since U is affine, taking global sections gives (6). This finishes the proof. O

7. COMPLEMENTS OF GENERALIZED PAIRS OF FANO TYPE

Let X — Z be a projective morphism of normal quasi-projective varieties. We say that X is
of Fano type over Z if there exists a Q-divisor A > 0 on X such that (X, A) is kit and —(Kx +A)
is nef and big over Z (cf. [Birl9, 2.10], [FM20, Definition 2.10]).

Let Y be a smooth variety and D a reduced snc divisor on Y with irreducible components
Dy, ...,Dp. A stratum of D is an irreducible component of D;, N ---N D;_ for some distinct
indices i1, ..., 1., where ¢ > 0. In particular, Y is a stratum of D. Every stratum of D is smooth,
and D has finitely many strata.

Lemma 7.1. Let Y be a smooth quasi-projective variety, D a reduced snc divisor on'Y, L an
invertible sheaf on'Y, and H C H°(Y, L) a finite-dimensional subspace which generates L. Let
a € H be a general element and L, the divisor of zeros of a. Then L, is smooth, L, contains
no stratum of D, and D + L, is an snc divisor.

Proof. Let ¥ be a stratum of D and Hy the image of the restriction map H — H(X, L|x).
Then Hsy, generates L|y. For a € H with a|s # 0, the scheme L, N'Y is the divisor of zeros of
aly on X. If dim Hy, = 1, then aly, vanishes nowhere on 3, so L, N3 = (. If dim Hy, > 2, then
Hy defines a base point free linear system on the smooth variety ¥, and a general member of
this linear system is smooth by [Kle98, Theorem 4.1]. Since the restriction map is linear and
surjective onto Hy, for a general a € H we have a|y; # 0 and L, N3 is either empty or a smooth
divisor on . As D has finitely many strata, we may choose a such that this holds for every
stratum 3 of D. Taking ¥ =Y, L, is smooth. Since a|s; # 0 for every stratum X, L, contains
no stratum of D.

Let y € L, be a point, D1, ..., D, the components of D containing y, and X the irreducible
component of Dy N---N D, containing y. Let fi,..., f. be local equations of Dy,..., D, at y
and { a local equation of L, at y. Since D is snc, dfy,...,df. are linearly independent at y
and T,X = (\;_, kerdf;. Since L, N Y is a smooth divisor on ¥ with local equation /|5, at y,
the restriction of df to T),X is nonzero. Thus df1,...,df.,dl are linearly independent at y, and
D + L, is snc at y. Since L, is reduced and contains no component of D, D + L, is an snc
divisor. O

Lemma 7.2. Let g : Q — S be a contraction with S affine, and let (Q,Bg + M)/S be a
generalized Elt pair such that

(7.1) —(Kq + Bg +Mgq) ~q,s Hg

for some Q-Cartier Q-divisor Hg on Q) which is ample over S. Then @ is of Fano type over S.
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Proof. Let 7 : Q" — @ be a log resolution of (Q, Bg) such that M descends to @', and write
Ko + B +Mg = m™(Kqg + Bg +Mg). By [Har77, Theorem I1.7.17 and Proposition II1.7.13], 7
is the blow-up of a coherent ideal sheaf Z on @, and Z-Og = Og/(—FE) for some Cartier divisor
E > 0on Q. Since S is affine and Hg is ample over S, Hg is ample (cf. [Har77, Theorem
I1.7.6]). By [Har77, Exercise I1.7.14(b)], there exists a positive integer m such that mHg is
Cartier and A" := mrt*Hg — E is ample over S.

Let 7 : Q" — @' be a log resolution of (Q’, Supp B’ + E), and write Kg» + B" = n*(K¢g + B')
and E” := 7*E. Since M descends to Q" and (Q, Bg + M) is generalized klt, every coefficient
of B” is less than 1. Fix a rational number 0 < € < 1 such that every coefficient of B” + £ E”
is less than 1. Since My is nef over S,

€
L:=My + —A
@+

is ample over S. Since S is affine, there is an integer £ > 2 such that kL is Cartier and Og/ (kL)
is generated by global sections (cf. [Har77, Theorem I1.7.6]). Let H C H°(Q',Og (kL)) be a
finite-dimensional subspace generating O¢g/(kL), a € H a general element, and J the divisor of
zeros of a. By Lemma 7.1 applied to Q”, Supp(B” + E”) and n*H, 7*.J is smooth and contains
no component of Supp(B” + E”), and Supp(B” + E") + n*J is snc. Let

1 1
' =SFE+>J and T":=B'+ SE"+ 7*J.
m k m k

Then C" > 0, Kgn +T" = n*(K¢g + B' 4+ C"), SuppI"” is snc, and every coefficient of I is less
than 1. Moreover,

C' ~g —E+L=Mg + er* H.
m
Let A :=7,(B'+ (') = Bg + .C" > 0. By (7.1),
Kg + B+’ ~o T (Kg +Bg +Mg) +et"Hg ~q,s —(1 —€)7"Hyg.

Thus there exist a Q-Cartier Q-divisor Lg on S, a positive integer r, and a nonzero rational
function ¢ € C(Q) such that

1
Ky +B' +C' +(1—e7mHg=(go7)"Ls+ - div(ep).

Pushing forward to Q, we get Kg + A+ (1 — €)Hg = g*Lg + L div(p). Hence Ko + A is
Q-Cartier, 7"(Kg+A) = Koy + B’ +C’', and —(Kg+A) ~q,s (1 —€)Hg is ample over S. Since
(Tom)*(Kg+ A) = Kgr + I, where Q" is smooth, SuppI'” is snc, and every coefficient of I
is less than 1, the pair (@, A) is kit [KM98, Corollary 2.31]. Thus @ is of Fano type over S. O

Theorem 7.3 ([FM20, Theorem 1.2 and Conjecture 1.1]). Let e and p be positive integers and
A C[0,1]NQ a DCC set whose accumulation points are rational. Then there exists a positive
integer n depending only on e, p and A satisfying the following. Assume that X — Z is a
contraction of normal quasi-projective varieties and (X, B + M)/Z is a generalized lc pair of
dimension e such that

(1) B €A,

(2) M descends to a birational model X' of X such that Mx is nef and pMx is Cartier,

(3) X is of Fano type over Z, and

(4) —(Kx + B +My) is nef over Z.
Then for every point z € Z, there exists a monotonic generalized n-complement (X/Z > z, Bt +
M) of (X/Z > z,B+M).

In [FM20], the nef part of a generalized pair is required to be nef on a birational model where
it descends, as in Theorem 7.3(2). If Z is affine, then every complete curve on X' is contracted
to a point by X’ — Z, so My is nef if it is nef over Z.
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Proposition 7.4. Let d, p, q be positive integers and A C [0, 1]NQ a DCC set whose accumulation
points are rational. Then there exists a positive integer N divisible by p and q and depending
only on d,p,q and A satisfying the following.

Let f : X — U be a projective morphism of normal quasi-projective varieties with dim X < d,
let X % S % U be the Stein factorization of f, and let u € f(X) be a point. Let (X,B +M)/S
be a generalized lc pair such that

(1) B €A,

(2) M descends to a birational model X' of X such that pMx is Cartier,
(8) X is of Fano type over S, and

(4) —(Kx + B+ Mx) is nef over S.

Then there exist an open neighborhood U° of u in U, a nonzero rational function a € C(X), and
a Q-divisor B on X° := f~1(U°) with B* > B|xo, such that (X°, Bt +M)/U° is generalized
lc and

(72)  N(Kxo+ Bt +Mxo) =divxe(a) and NBT > N|B|xo| + [(N + 1){B|x-}].

Proof. For each integer 1 < e < d, let n. be the positive integer given by Theorem 7.3 for e, p
and A, and let

N :=lem(p, ¢, n1,...,nq).

If dim X = 0, then X is a point, B = 0 and My = 0, and we may take U° := U, BT := 0
and a := 1. Thus we may assume that dim X > 1, and we let e := dim X. Recall that v is a
contraction, v is finite [Har77, Corollary II1.11.5], and S is a normal quasi-projective variety as

OS = U*OX.

Step 1. We reduce to the case where u is a closed point and U is affine, and construct
complements near the points of v~ (u).

Let ug € {u} be a closed point. Then uy € f(X) as f(X) is closed, and every open subset
of U containing ug contains u. Thus we may replace u by ug and assume that u is a closed
point. Let U; be an affine open neighborhood of u in U, X; := f~1(U;) and S; := v~ 1(U).
Then X — S1 — Uj is the Stein factorization of X1 — Uy, and X1 — Uy with the generalized
lc pair (X1, B|x, + M)/S; satisfies the hypotheses of the proposition. Since every open subset
of Uy is open in U, the conclusion for X; — U; implies the conclusion for f. Replacing U, S
and X by Ui, S1 and X7, we may assume that U is affine. Then S is affine as v is finite, and
v~(u) = {s1,...,5,} is a nonempty finite set.

Since M is b-nef over S, possibly replacing X’ by a higher birational model, we may assume
that My is nef over S. Since S is affine, M x- is nef. By Theorem 7.3 applied to v : X — 5,
for each 1 < i < r there exists a monotonic generalized ne-complement (X/S > s;, B + M)
of (X/S 3 s;, B+ M). Since ne | N, there exist affine open neighborhoods S; of s; in S and
nonzero rational functions a; € C(X) such that, with Xg, := v=1(S;),

(7.3)
(Xs,, B +M)/S,; is generalized lc, N(Kx + Bjf + Mx) = div(a;) on Xg;, B > B.

Step 2. We construct a smooth birational model Y of X, a Cartier divisor F' and a Q-divisor
Z on Y such that every coefficient of = is at most one over a neighborhood of v~1(u).
Since pMx is Cartier and p | N, NMx is a Weil divisor. Let

(7.4) J = Ox(~NKx — [NB] - NMy) C C(X),

where for a Weil divisor D on X we denote by Ox (D) the coherent subsheaf of the constant sheaf
C(X) whose sections over an open subset V' are the rational functions g with div(g) + D > 0
on V. By (7.3), NB; is a Weil divisor and NB;” > NB on Xg,, so NB” > [NB] and
div(a;) > NKx + [NB] + NMy on Xg,. Thus a; € H°(Xg,,J). Since S is affine, the coherent
sheaf v,J is generated by finitely many global sections a},...,a, € H°(X,J) C C(X), which
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!/

. . . ot
are not all zero as a1 # 0. Since S; is affine, we may write a; = > _,_;(c;j0v) @}

cij € Og(S;).

Let © : Y — X be a projective birational morphism from a smooth variety Y such that
M descends to Y and the rational map X --» P!=! defined by (a} : --- : a}) extends to a
morphism on Y (cf. [Har77, Example 11.7.17.3]). Near each point of Y, this morphism is given
by the regular functions a’;/a’ for some jo, so the Oy-submodule of C(Y) = C(X) generated
by df,...,a; is invertible. We write it as Oy (—F) for a Cartier divisor F on Y. Let H C
HY(Y, Oy (—F)) be the span of a,...,a}. Then H generates Oy (—F), and for every nonzero
a € H we have

on Xg, for some

(7.5) divy(a) = F + L, L, >0,

where L, is the divisor of zeros of a as a section of Oy (—F). Let
1

7.6 HEi=—F—- Ky —My.

(7.6 P Ky My

Replacing Y by a log resolution of (Y, SuppZ) and F, My by their pullbacks, we may assume
that Supp = is snc. The Oy-submodule generated by af, ..., a; is again Oy (—F), and (7.5) and
(7.6) still hold.

Let @ be a prime divisor on Y. Since Oy (—F) is generated by af, ..., a}, we have multg F =
min; multq divy (a}). Suppose that vu(Q) meets S;. Then multq divy (¢;j 0 v o p) > 0 for every
J with ¢;; # 0, so multg divy(a;) > multg F. Let =; := %diVy(CLi) — Ky — My. By (7.3),
Ky + 5, +My = p*(Kx + Bj + My) over S;. Since M descends to Y and (Xsi,B;r +M)/S;
is generalized lc, multg Z; < 1 by (2.1). Since E; — E = 3 (divy (a;) — F) by (7.6), we get

1
multg 2 = multg Z; — N (multg divy (a;) — multg F) < multg Z; < 1.
Let Z>! be the sum of the components of = with coefficient greater than one, and let S° :=
S\ vu(Supp E>1). Then S° is open as vy is proper. Since multg E < 1 for every prime divisor
Q@ on Y such that vu(Q) meets some S;, we have sq,...,s, € S°. Every coefficient of Z on
Y° := (vu)~1(S°) is at most one.

Step 3. We choose a and B, and show that (X°, BT +M)/U° is generalized lc.

By Lemma 7.1 applied to Y°, Supp E|y. and the restriction of H to Y°, for a general a € H
the divisor Lg|ye is smooth, Ly|ye has no common component with Z|yo, and Supp(E + Ly)|ye
is snc. Fix such an a, and let

1
B+ = NdiVX(a) - KX — Mx.

Then N(Kx + BT +My) = divy(a), and NB* is a Weil divisor. Since a € H*(X, J), by (7.4)
we have divx(a) > NKx +[NB]+ NMy, so NBt > [NB] and Bt > B > 0. For every prime
divisor D on X, Lemma 3.1(1) applied to b := multp B and ¢ := % [ND] gives

Nmultp BT > [Nb] > N|b] + (N + 1){b}].
By (7.5) and (7.6),

1 1
(7.7) p(Kx + BT +My) = NdiVy(a):Ky+E+NLa+My.

Let U° := U\ v(S\ S°) and X° := f~1(U°). Since v is finite, U° is open [Har77, Exercise
11.3.5(b)], and u € U° as v~ !(u) € S°. Then Bt|xo > B|xo, and BT |xo satisfies (7.2). It
suffices to show that (X°, BT +M)/U° is generalized lc. Since v is finite, every complete curve
on Y whose image in U is a point has a point as its image in .S. Thus My is nef over U, and M
is b-nef over U°. Moreover X° C v~ 1(5°), so p~1(X°) C Y°. On Y°, the support of = + & Lg
is snc, and every coefficient of = + %La is at most one, since every coefficient of = is at most
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one, L, is reduced and has no common component with =, and % < 1. Since M descends to Y,
(X°, BT +M)/U° is generalized lc by (7.7) and [KM98, Corollary 2.31]. O

8. LOG CANONICITY UNDER PULLBACK

Proposition 8.1. Let Y 9 7 Iy Z be contractions of normal quasi-projective varieties with
dimT > 0, and (Y, A) an lc pair such that A is a Q-divisor and Ky + A ~gr 0, so that
g: (Y,A) — T is a crepant log structure. Let m be a positive integer, 1p € C(Y) a nonzero
rational function, and Dp a Q-Cartier Q-divisor on T such that

1
(8.1) Ky + A+ —div(¥) = 9" Dr.

Let Bp be the discriminant part of g and M the moduli b-divisor of (8.1) (Definition 4.2), so
that Dy = Kp + By +Myp. Assume that M descends to a birational model T' of T and that My
is nef over Z. Then:

(1) Let P > 0 be a Q-Cartier Q-divisor on T. Then (T,Br + P+ M)/Z is a generalized
pair, and (Y, A+ g*P) is lc if and only if (T, Br + P+ M)/Z is generalized lc.

(2) Let n be a positive integer such that m | n, P a Q-Cartier Q-divisor on T, L a Cartier
divisor on Z, and u € C(T') a nonzero rational function such that n(Dp + P) = n*L +
div(u). Then

(8.2) n(Ky + A+ ¢"P) = (o0 g)*L + div <(u o g)¢—n/m) .

(3) Let n be a positive integer such that m | n and z € Z a point. If (T/Z > z, B} + M)
is a monotonic generalized n-complement of (T/Z > z, Br + M), then B — Br is Q-
Cartier over a neighborhood of z and, possibly after shrinking Z to a neighborhood of z,
(Y/Z > 2, A+ g*(B} — Br)) is a monotonic n-complement of (Y /Z 3 z, A).

Proof. For a prime divisor @ on T, let ¢t be as in Definition 4.2, so that By = ZQ(l - t9)Q.
Since g is surjective, there is a prime divisor F' on Y such that g(F') = Q. Since (Y, A+1t9g*Q)
is lc over the generic point of @) and A > 0, tgmultr g*@Q < 1, so tg < 1. Thus By > 0. Since
M descends to T, My is nef over Z, and K + By + My = Dy is Q-Cartier, (T, By + M)/Z is
a generalized pair (Definition 2.7).

(1) Since P > 0 is Q-Cartier, (T, By + P + M)/Z is a generalized pair. Let 7 : 7" — T
be a birational model of T, and u : Y/ — Y, ¢” : Y” — T”, and Ay» as in Definition
4.2, so that Ky» + Ayn = p*(Ky + A) and (Y”, Ay») is sub-le. Let E be a prime divisor
on T” and tg the largest rational number ¢ such that (Y, Ay~ + t¢g"*FE) is sub-lc over the
generic point of F, so that By» = ) (1 — tg)E (Definition 4.2). Over the generic point of £
we have 7P = (multg 7*P)E, hence p*¢*P = ¢"*7*P = (multg 7*P)g"*E. Thus, for every
rational number t, (Y, Ayn + p*g* P +tg"*E) is sub-lc over the generic point of E if and only if
t < tp—multg 7*P. If 7 factors through T”, then M descends to T" and Kyn+Bpn+Mpin = 7% Dp
(Definition 4.2), so

(83) G(E,T, Br+ P+ M) =1- multE(BTu + T*P) =t —multg 7P

by (2.1).

Suppose that (Y, A+ g*P) is lc. Since Ky» + Ayn + p*g*P = p*(Ky + A+ ¢g*P), (Y, Ayn +
p*g*P) is sub-lc, so tp —multg 7P > 0 for every T” and E as above. Since every prime divisor
over T is a prime divisor on some birational model 7" of T such that 7 factors through 77,
(T, Br + P +M)/Z is generalized lc by (8.3).

Conversely, suppose that (T, By + P + M)/Z is generalized lc, and let F' be a prime divisor
over Y. If g(centery F') =T, then centery F' ¢ Supp g* P, so a(F,Y,A+ ¢*P) = a(F,Y,A) > 0.
Otherwise, g(centery F') is a proper closed subset of T', and the restriction v of ordr to C(T') is
a nontrivial discrete valuation. The residue field of v is a subfield of C(F'), and elements of C(F)
algebraically independent over it lift to elements of C(Y') algebraically independent over C(T).
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Thus the residue field of v has transcendence degree dim 7' — 1 over C. By [KM98, Lemma 2.45],
there exist a birational model 7 : T — T of T and a prime divisor E on T” such that v = eordg
for some positive integer e; we may assume that 7 factors through 7. Let p : Y = Y, ¢”,
Ayn, and tg be as above. Then ¢”(centery~ F) = E as v = eordg, so ¢"*FE has multiplicity
e along F and a(F,Y", Ayn + sg”*E) = a(F,Y", Ayn) — es for every rational number s. Since
(Y Ayn + tgg" E) is sub-lc over the generic point of E, a(F,Y", Ay») > etg. Hence

a(F,Y,A+ g*P) = a(F,Y" Ay + p*g*P) = a(F,Y", Ayn) — emultg 7° P
>e(tp —multg 7°P) >0

by (8.3). Thus (Y, A+ ¢g*P) is lc. This proves (1).
(2) Multiplying (8.1) by n and using g* div(u) = div(u o g), we get

n(Ky +A+g*P)=g" (n(DT + P)) — % div(y) = (rog)* L+ div(uog) — div(¢"/m),

which is (8.2).

(3) Let P := B; — Bp. Possibly shrinking Z to a neighborhood of z, we may assume that
(T, B} +M)/ Z is generalized lc and n(Kr+ B, +Mg) ~ 0 (Definition 2.7). Then P > 0, and P is
Q-Cartier since Dy and K+ B +Mgp are. By (1), (Y, A+g*P) is lc. Write n(Dr+P) = div(u)
for a nonzero u € C(T"). By (2) with L =0, n(Ky + A+ g*P) ~ 0, and n(A + ¢g*P) is a Weil
divisor. Since A + g*P > A, we have

n(A+g P) > [nA] = n[A] + [(n + 1){A}]

(cf. Lemma 3.1). Thus (Y/Z > 2z, A + g*P) is a monotonic n-complement of (Y /Z > z, A)
(Definition 2.4). O

Let (X, B) be a dlt Q-pair and S an lc center of (X, B). We write (S, ©) for the adjunction
pair of S (Definition 2.3); © is the different of B on S, obtained by iterating the different for
divisors [Kol92, 16.5-16.6] along a chain of irreducible components of | B] [Koll16, Definition 4].

Theorem 8.2 ([Kol16, Corollary 11]). Let f : (X, B) — Z be a dit crepant log structure, S an

le center of (X, B), (S,0) the adjunction pair of S, and S 27 5 Z the Stein factorization of
fls. Then:

(1) g:(S,0) = T is a dlt crepant log structure.

(2) For every lc center Vip of g, (V) is an lc center of f. Moreover, every lc center of
(S, ©) which is minimal among the lc centers of (S, ©) dominating Vi is minimal among
the lc centers of (X, B) dominating T(Vr).

(3) For every lc center V of f, every irreducible component of 7=*(V) is an lc center of g.

Theorem 8.3 ([Kaw07, Theorem]). Let X be a normal variety, S a reduced divisor on X, and
B > 0 an R-divisor on X such that S and Supp B have no common irreducible component and
Kx + S+ B is R-Cartier. Let v : S” — S be the normalization of S and BY the different of B
on S” as in [Kaw07], so that Kgv + B¥ = v*((Kx +S + B)|s). Then (X, S+ B) is lc near S if
and only if (S¥,B) is lc.

Let X be a normal variety and A > 0 an R-divisor on X such that Kx + A is R-Cartier. The
non-lc locus Nlc(X, A) is the complement of the largest open subset of X on which (X, A) is le.
An lc center of (X, A) is centerx E for a prime divisor E over X such that a(E, X, A) = 0 and
centery E ¢ Nlc(X, A) (cf. [Fujll, 4.4 and Definition 4.6]).

Theorem 8.4 ([Fujl7, Theorem 6.3]). Let X be a normal variety and @ : X — V a proper
morphism to a variety such that m,.Ox = Oy. Let A > 0 be an R-divisor on X such that
Kx + A is R-Cartier and —(Kx + A) is semi-ample over V.. Let x € V' be a closed point such
that Nlc(X,A) N7~ 1(z) # 0. Then Nle(X,A) N7 Y(x) is connected and intersects every lc
center C of (X, A) such that C N7~ t(z) # 0.
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Proposition 8.5. Let f : (X,B) — Z be a dlt crepant log structure with dimZ > 0, S an lc
center of (X, B) dominating Z, and (S, ©) the adjunction pair of S. Let H > 0 be a Q-Cartier
Q-divisor on Z. Then (X,B + f*H) is lc if and only if (S,0 + (f|s)*H) is lc. In particular,

(8.4) let(X, B; f*H) = 1ct(S, ©; (f|s)"H),
where both sides are 400 if H = 0.

Proof. Assume first that S is an irreducible component of |B|. Since S dominates Z, S ¢
Supp f*H. By Definition 2.3, S is normal. Since f*H is Q-Cartier, the different of B— S+ f*H
on S is © + (f|s)*H (cf. [Kol92, 16.5-16.6]), and

Ks+0+ (fls)"H ~q (Kx + B+ f*H)|s.

By Theorem 8.3, (X, B + f*H) is lc near S if and only if (S,© + (f|s)*H) is lc. It remains to
show that (X, B+ f*H) is lc if it is lc near S. Suppose not. Then Nlc(X, B+ f*H) is nonempty
and disjoint from S. Let x € Z be a closed point in f(Nlc(X, B+ f*H)). Let E be an lc place
of (X, B) such that centerx £ = S. Since S ¢ Supp f*H, a(E,X,B+ f*H) = a(E,X,B) = 0.
Since SN Nle(X, B+ f*H) = (), S is an lc center of (X, B + f*H). Since S dominates Z and
fls is proper, SN f~1(x) # 0. Since f is a contraction, f,Ox = Oz. Since Kx + B ~g.z 0,
—(Kx + B+ f*H) ~q,z 0 is semi-ample over Z. By Theorem 8.4, Nlc(X, B + f*H) N f~1(z)
intersects S, a contradiction.

In general, we prove the first assertion by induction on dim X. We may assume that S is not
an irreducible component of | B|. By Definition 2.3, S C S’ for some irreducible component S’

T

of | B]. Let (S’,0’) be the adjunction pair of §" and §" £+ 7’ ™, 7 the Stein factorization of
fls’. By Theorem 8.2(1), ¢’ : (5',0") — Z' is a dlt crepant log structure. By [Kol16, Definitions
4 and 18], S is an lc center of (S’,0’) and its adjunction pair is (S,©). Moreover, S’ and S
dominate Z’, dim 7’ = dim Z > 0, "7 H = (f|s)*H, and (¢'|s)*7*H = (f|s)*H. By the case
treated above, (X, B+ f*H) is lc if and only if (5,0’ + (f|s)*H) is le. By induction applied
to ¢’, S, and 7*H, the latter holds if and only if (S,0 + (f|s)*H) is le. This proves the first
assertion.
Finally, since (X, B) and (S, ©) are lc and log discrepancies are affine in ¢, the sets

{teRso | (X,B+tf*H)islc} and {te€R>o| (5,0 +1t(fls)"H) is lc}

are intervals containing (0. By the first assertion applied to tH for every rational ¢ > 0, they
have the same rational points. Thus they have the same supremum, which is (8.4). O

9. PROOF OF THE MAIN THEOREMS

Proof of Theorem 1.1. Step 1. We fix the constants.

Let dy := max{d,2} and ®; := ® U {1}. Let R be the finite set given by Lemma 4.4 for dj
and @1, and T' := ®(R). Then ®; C I, and T" is a DCC set whose only accumulation point is
1. Let by be the smallest positive integer such that by C Z and bx® C Z. Let mq | p1 be
the positive integers given by Theorem 4.7 for dy and I', and let A := ®(R[p1]), where R[p1] is
defined in (4.6). By Proposition 4.8, Theorem 4.7 holds for dy and I" with m;, p1, and A, and
A is a DCC set whose only accumulation point is 1. Let Ny be the positive even integer defined
in (6.11) for do, ®1, bk, and my. Since by | Nog by (6.11), Ng® C Z and NyR C Z. Let Ey,
b := m1FEy, and p, be the integers defined in (5.4) for dy and mq; then my | b | p,. Let

Adprop ‘= lcm(NO) buplapv)u

and let nprop and ngom be the positive integers given by Proposition 7.4 for (do, py, ¢prop, A) and
for (do, p1,1, A) respectively. Let a(s,T') be as in Theorem 2.11 for 0 < s < dy, and let

(9.1) N :=p-lecm (No,nprop,ndom,pl,pv, b,a(0,T),... ,a(do,F)).

Then N depends only on d, p, and ®, p | N, and N is a positive even multiple of Ny. In
particular, N®; C Z and NR C Z. We show that N satisfies the requirements of the theorem.
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Step 2. We reduce to the case where z is a closed point, and we construct a Q-factorial dlt pair
(Y, A) with contractions Y % 7' 5 Z.

Let (X/Z > z,B) be an R-complementary pair of dimension d such that B € ®. Possibly
shrinking Z to a neighborhood of z, we may assume that (X/Z, B") is an R-complement of
(X/Z, B) for some B*. Let z be a closed point of {z}. Then (X/Z > 2y, B) is R-complementary,
and every open neighborhood of zy contains z. Thus a monotonic N-complement of (X/Z >
20, B) is a monotonic N-complement of (X/Z > z, B). Replacing z with zp, we may assume
that z is a closed point.

By Proposition 3.5, possibly shrinking Z to an affine neighborhood of z, there exist a Q-
factorial dlt pair (Y, A) with A € ®; and a birational map X --+ Y over Z with the following
properties. There are contractions g : Y — T and 7 : T — Z and a Q-Cartier Q-divisor H on T’
ample over Z such that —(Ky + A) ~qg ¢*H. If (Y/Z > 2, A) has a monotonic N-complement,
then so does (X/Z 3 z,B). Here dimY =d, and g : (Y, A) — T is a Q-factorial dlt crepant log
structure (Definition 2.8). It suffices to show that (Y /Z > z, A) has a monotonic N-complement.

The lc centers of g are finitely many closed subvarieties Vi,...,V, of T, and 7(V}) is closed in
Z for each i, as 7 is proper. Replacing Z with an affine neighborhood of z in Z \ Uzgéw(%) ©(Vi),
and Y and T with their preimages, we may assume that z € 7(V') for every lc center V of g.
Indeed, the lc centers of (Y, A) over the smaller base are the nonempty intersections of the lc
centers of (Y, A) with the preimage of the smaller base. The properties of (Y, A), g, m, and H
listed above are preserved. Let T, := 7~!(z) and Y} := (7 0 g)~!(z). Then every lc center of g
meets T, and every lc center of (Y, A) meets Y.

There are two cases. Either every lc center of (Y, A) dominates 7', which includes the case
|A] = 0, or some lc center of g is a proper subset of 7. In the second case, let V' C T be
an lc center of g which is minimal with respect to inclusion among the lc centers of g properly
contained in 7. Then V is minimal with respect to inclusion among all lc centers of g.

Step 3. We show that (Y/Z > z, A) has a monotonic N-complement when every lc center of
(Y, A) dominates 7.

Assume first that dimT = 0. Then Z is a point as 7 is surjective, Y is projective, and
Ky + A ~qg 0. Since (Y, A) is a projective lc pair of dimension d < dp with A € & C T,
Theorem 2.11 gives a(d,I")(Ky + A) ~ 0, so N(Ky + A) ~ 0 by (9.1). Since NA is a Weil
divisor and every coefficient of A is at most 1, Lemma 3.1(1) gives NA > N|A| + [(N+1){A}].
Thus (Y/Z > z,A) is a monotonic N-complement of itself.

Assume that dim7 > 0. Then 0 < dim7 < dimY =d < dp, A €I, and Ky + A ~q ¢*(—H).
By Theorem 4.7(1) for dy and I, there exist a nonzero ¢ € C(Y') and a Q-Cartier Q-divisor Dy
on T such that

1
1

Here By is the discriminant part of g, and M is the moduli b-divisor of (9.2) (Definition 4.2). By
Theorem 4.7(2)—(4), applied with S := Z, and Proposition 4.8, Br > 0 and By € A. Moreover,
M descends to a smooth variety 7" projective and birational over T" such that p;M7 is Cartier
and nef over Z. In particular, (T, By +M)/Z is a generalized pair (Definition 2.7).

We show that (T, By + M)/Z is generalized klt. Let F' be a prime divisor over T. Let
7 :T” — T be a birational model of T" which factors through 7”7 and on which F' is a prime
divisor. Let p” : Y" =Y, ¢’ :Y" — T", Ayn, tp, and Bp» be as in Definition 4.2. Then
Kyn 4+ Ayn = ,LLH*(KY + A), multg By = 1 —tp, and Kpv + Bpr + Mypw = 7™ Dp. By (2.1),
a(F,T,Byr+M) =1—multp By» =tp. Let v: Y — Y be a log resolution of (YY", Supp Ay» U
Supp ¢"*F') over a neighborhood of the generic point of F. By [KM98, Corollary 2.31] (cf. the
proof of Theorem 4.7(2)), tp is the minimum of a(F',Y", Ayn~)/ multp v*¢g"* F over the finitely
many prime divisors F’ C Suppr*¢”*F on Y with g"(v(F")) = F. Suppose that tp = 0.
Then a(F',Y" Ay») = 0 for some such F’. Regarded as a prime divisor over Y, F’ is an
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lc place of (Y, A) with ¢”(centery» F') = F. Thus centery F’ is an lc center of (Y, A) with
g(centery F') = 7(F) C T, which contradicts our assumption. Hence tr > 0 for every F, and
(T, Br + M)/ Z is generalized klt.

Since 7 is a contraction, Z is affine, and — (K7 + Br+Mry) ~g H is ample over Z, Lemma 7.2

shows that T is of Fano type over Z. The Stein factorization of 7 is T = Z Y,z , dimT < dp,
z € m(T), By € A, pyMp is Cartier, and —(Kp + By + My) is nef over Z. By Proposition 7.4
for (do,p1,1,A) and Definition 2.7, possibly shrinking Z to a neighborhood of z, there exists
a Q-divisor B;E > Bpr on T such that (T'/Z > z,B%r + M) is a monotonic generalized ngom-
complement of (7'/Z > z, By + M). Since p; | N and p1Mp» is Cartier, NMy is a Weil divisor,
so (I'/Z > z B + M) is a monotonic generalized N-complement of (T'/Z > z, By + M) by
Lemma 3.1(3). Possibly shrinking Z again, we may write N(K7 + Bj + Mr) = divy(u) for
some nonzero u € C(T) (Notation 2.2). Let AT := A + ¢g*(Bf — Br). The hypotheses of

Proposition 8.1 hold for Y & T 5 Z, (Y, A), my, ¥, Dp, and T', and my | N. By Proposition
8.1(2) with L = 0,

(9.3) N(Ky + AT) = divy ((uo g)p~ /™)

over a neighborhood of z, and by Proposition 8.1(3), (Y/Z > z,A") is a monotonic N-
complement of (Y/Z > z, A).

Step 4. Assume that V' C T is as in Step 2. We fix a source (W, Oy ) of V and, if dimV > 0,
we construct a generalized klt pair (V, By + M) with By € A which is of Fano type over the
Stein factorization of V' — Z, and an invariant rational b-canonical form 6y on W.

Set-up 6.6 applies with (d,®,U, q) replaced by (do,®1,7Z,g): Z is affine, dimY = d < dp,
(Y, A) is Q-factorial dlt with A € &, (6.1) is (3.2), and V C T is a minimal lc center of g. We
use the notation of Set-up 6.6. Thus Zy is the union of the lc centers of (Y, A) with image

V, and (W, O ) is a source of V with Stein factorization W b P2 V. The log resolution

u Y — Y, the divisors P, F, and Ly, and the closed subsets ZV and W of Y are as in
(6.2) and (6.3). For an lc center C of (Y, A) with ¢(C) =V, (C,BO¢) is its adjunction pair and

C f—c> Pc L2, V is the Stein factorization of glc. In particular, Oy € I', dimW < d — 1, and
Kw + Ow ~q —h*p*(H|y). Let A := Bir{,(W,Ow) and G := Gal(C(P)/C(V)). By Theorem
6.12(1), V is normal, (W, Oy ) is klt, p is the quotient of P by G, and every element of G is
induced by an element of A. Thus H|y is a Q-Cartier Q-divisor on V' which is ample over Z,
and every v € A satisfies hoy = o o h for the element ¢ € GG it induces. Let wy be the rational
top form on W fixed in Notation 2.2, so that Ky = Div(ww ).

If dimV =0, then V and P are points and G is trivial. Assume for the rest of this step that
dimV > 0. Fix a rational top form wy on V, and let Ky := Div(wy) and Kp := Div(p*wy).
The morphism h : (W, 0y ) — P is a crepant log structure, h is a contraction of normal quasi-
projective varieties, 0 < dim P < dimW < dy, Ow € I', and Kw + Ow ~qg h*Lg for the
Q-Cartier Q-divisor Ly := —p*(H|y) on P. By Theorem 4.7(1) for dy and T', there exist a
nonzero ¢y € C(W) and a Q-Cartier Q-divisor Dp ~g —p*(H|y) on P such that

1
(9.4) Kw—i-@w—i-mfdiv(ww) = h*Dp, Dp=Kp+ Bp+ Mp.
1

Here Bp is the discriminant part of h, and M is the moduli b-divisor of (9.4) (Definition 4.2). By
Theorem 4.7(2)—(4), applied with S := Z, and Proposition 4.8, Bp > 0 and Bp € A. Moreover,
M descends to a smooth variety P’ projective and birational over P such that p;Mp: is Cartier
and nef over Z.

We apply Theorem 5.5 to h : (W,0w) — P, mi, ¥w, Dp, G, p, S := Z, wy, and wy. Its
hypotheses hold. We have dy > 2, GG acts faithfully on P with quotient p, every o € G lifts to
an element of A, and V' — Z is projective. Since h is a contraction, the generic fiber W, of h is
a normal geometrically integral variety over C(P). The pair (W, Ow|w,) is geometrically klt.
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Indeed, the base change to an algebraic closure of C(P) of a log resolution of (W, Oy ) is a log
resolution of the geometric generic fiber of h with the same coefficients, all less than 1 (cf. the
proof of Lemma 4.6). The constants of Theorem 5.5 for dy and m; are Ey, b, and p, of Step 1.
Theorem 5.5(1) gives a nonzero x € C(P) with the following property. The rational b-canonical
form 6y := (x o h)w%})w%}’ on W satisfies Div(0y) + bOw = h*(bDp + div(x)), and v*0y = 6 for
every v € A. Theorem 5.5(2)—(4) give a Q-Cartier Q-divisor Dy on V, a Q-divisor By > 0 on
V, and a b-Q-Cartier b-divisor MY over V such that (V, By +M")/Z is generalized lc and

1
(9.5)  Dp+3div(x)=p"Dyv,  Kp+Bp=p'(Ky+Bv), Dv=Ky+By+ MY

Moreover, va“f, is Cartier for every smooth variety V' projective and birational over V', and
Mg, is nef over Z if MY descends to V’. For a birational model 7 : U — V of V, let py : Py — U,
Bp,, and By be as in Theorem 5.5(2). Then (5.11) holds for every prime divisor F' on U and
every prime divisor Q on Py over F. If MV descends to U, then By is the Q-divisor defined by
(2.1) for (V, By +MV). By (9.5),

(9.6) Div(6y) = bh*p* Dy — bOyy.

We show that (V, By + MVY)/Z is generalized kit. Let F be a prime divisor over V. Let
7 : U — V be a birational model of V to which MY descends and on which F is a prime
divisor, and let @ be a prime divisor on P over F, with ramification index eg. Let W” be the
normalization of the main component of W xp Py, h” : W” — Py the induced morphism, and
Ky + Oy the pullback of Ky + Oyy. By Definition 4.2, multg Bp, = 1 — tg, where tg is
the largest rational number ¢ such that (W”, Oy +th"*Q) is sub-lc over the generic point of Q.
As in Step 3, ¢ is the minimum of the finitely many quotients a(F', W”, Oy )/ multp v*h"™*Q,
where v is a log resolution of (W”, Supp Oy~ U Supp h”*@Q) over a neighborhood of the generic
point of @ and F’' C Supp v*h"*Q runs over the prime divisors with h”(v(F’")) = Q. Since
(W,0w) is klt, a(F',W", Ownr) = a(F',W,0w) > 0 for every such F'. Thus tg > 0, and
a(F,V,By + M") =1 —multp By = tg/eq > 0 by (5.11).

We show that By € A. Let F' be a prime divisor on V and @ a prime divisor on P over F,
with ramification index e. Since Bp € A = ®(R[p1]), we may write multg Bp = 1 — % with
r € R[p1] and j a positive integer. By (5.11) for U =V, multp By =1 — 5 € ®(Rp1]).

We show that Dy ~q —Hly. By (9.5), p*(Dy + Hl|y) ~qo Dp+p *(Hly) ~q 0. Let k be a
positive integer and £ € C(P) a nonzero ratlonal function such that kp*(Dy + H|y) = divp(§)
As in the proof of Lemma 5.3, p* divy ([[,cq 0*8) = > ,cq 0 divp(€) = p*(k|G|(Dv + H|v)),
so k|G|(Dy + H|y) = divV(HaeG c*§) by the injectivity of p*.

Finally, let V 2 Sy = Z be the Stein factorization of V' — Z. Then v is a contraction, v is
finite, and Sy is normal and affine. Since Z is affine, H|y is ample, hence ample over Sy . Since
MV is b-nef over Z, it is b-nef over Sy. Thus (V, By +MV)/Sy is a generalized klt pair, and
—(Ky + By + MY,) = =Dy ~q H|y is ample over Sy, which is (7.1). By Lemma 7.2, V is of
Fano type over Sy .

Step 5. We construct an A-invariant rational (—NN)-canonical form sy on W satisfying (6.12)
for U' =V, and a Q-Cartier Q-divisor Ey > 0 on V such that (W, Oy + h*p*Ey) is lc.
Assume first that dimV' > 0. We apply Proposition 7.4 for (do, pv, gprop, A) to V. — Z, its
Stein factorization V' % Sy % Z, the point z € 7(V), and (V, By + M")/Sy. Its hypotheses
hold by Step 4: dimV < dg, (V, By +M")/Sy is generalized lc, By € A, MV descends to a
smooth variety V' with pUM“f, Cartier, V is of Fano type over Sy, and —(Kv—l—BV—i-M“;) ~q Hlv
is nef over Sy. Thus there exist an open neighborhood Z° of z, a nonzero uy € C(V), and a
Q-divisor By > By on V N7~ 1(Z°) such that (V N7 1(Z°), By + M)/Z° is generalized lc
and nprop(Kv + By + MY) = divy (uo) on VN 7=1(Z°). Let Z' be an affine neighborhood of
zin Z°, and let Y/, T', V', W', P’, and Y’ be the preimages of Z’. Every lc center of g meets
T., so Set-up 6.6 applies to Y/ — T" — Z' (Y, Aly+), V', and the source (W', Oy |w-), and the



48 BOUNDEDNESS OF COMPLEMENTS OF LOG CANONICAL PAIRS

conclusions of Steps 2 and 4 restrict to Z’. Let A" := Bir{,, (W', Oy |w). Restriction defines an
injective homomorphism A — A" over G = Gal(C(P’)/C(V")). We show that it is surjective.
Let 7/ € A’ lie over o € G, and let v, € A lie over o (Theorem 6.12(1)). Then 7, !0+ is a
birational self-map of W with hov;toq/ = h, and it is crepant over the dense open subset P’ of
P. By Lemma 6.10, v, 1oy’ € Birp (W, ©w) C A. Thus 7' is the restriction of 7, 0 (v, " 07') € A.
Replacing Z, Y, T, V, W, P, Y, and Awith Z/, Y', T, V!, W', P, Y', and A’, we may assume
that Z° = Z. In particular, 90 = 0 for every v € A by Step 4. Let EV = B — By > 0 and

U= uN/nP“’p. Then Ey is Q-Cartier, as Dy and Ky + B> + MV, are, and (9.5) gives
0 ) 1% 1% ) g

(9.7) N(Dy + Ey) = divy (u), (V, By + Ey +M")/Z is generalized lc.
Let
(9.8) sw = (h*p*u) 0?(_N/b), so that Div(sw) = NOw + Nh*p*Ey

by (9.6) and (9.7). Thus sy is a nonzero rational (—N)-canonical form on W with Div(sy ) >
NOywy, hence Div(sy) > [NOw | as Div(sy) is a Weil divisor, Wthh is (6.12) for U' = V. Let
v € Aand 0 € G with ho~y = oo h. Then v*(h*p*u) = h*o*p*u = h*p*u as po o = p, and
v*0y = Oy as shown above. Thus sy is A-invariant.

We show that (W, Oy + h*p*Ey) is lc. Let P 2Py Sp — Z be the Stein factorization of

P—Z Then W2 P g p are contractions of normal quasi-projective varieties, dim P > 0,
and (VV, @W) is lc with Ky + Ow ~q,p 0. The identity Div(eo) + Oy = h*(pr + le( ))
reads

1 1
KW+@W—|—gdiv((Xoh) Yy =h*Dg,  Dg:= Dp + 3 div(x) = p"Dy.

Its moduli b-divisor Mg satisfies Mg pr = Mpr + % divpr(x) for every birational model P” of P
(Theorem 5.5(2)), so Mg descends to P’ and Mg pr is nef over Z, hence over Sp. By Proposition

8.1(1), applied to W LNy N Sp and the Q-Cartier Q-divisor p*Ey > 0 on P, it suffices to
show that (P, Bp + p*Eyv + Mpg)/Sp is generalized lc. Let @ be a prime divisor over P. Since
C(P)/C(V) is finite, the restriction of ordg to C(V) is a discrete valuation whose residue field
has transcendence degree dim V' — 1 over C. By [KMO98, Lemma 2.45], it is a positive multiple
of ordp for a prime divisor F' on a birational model 7 : U — V of V; possibly replacing U with
a higher model, we may assume that MY descends to U. Then @ is a prime divisor on Py over
F (standard); let eg be its ramification index. Computing on a birational model of Py to which
Mj descends, Definition 4.2 and (2.1) give

a(Q, P,Bp + p*Ey + Mﬁ) =1—multg Bp, —multg pT Ey = eQ(l — multp(By + T*Ev)),

where the second equality follows from (5.11) and multg pj;F' = eq. Since MY descends to
U and Ky + By + Mg = 7*Dy by (5.10), By + 7*Ey is the Q-divisor defined by (2.1) for
(V,By + Ey + M), so 1 —multg(By + 7°Ey) = a(F,V,By + Ey + M) > 0 by (9.7). Thus
(P,Bp + p*Ey + Mg)/Sp is generalized lc, and (W, Ow + h*p*Ey) is lc.

Assume now that dim V' = 0. Then W is projective, (W, Oy ) is klt with Oy € I, dim W <
do — 1, and Ky + Ow ~q 0. By Theorem 2.11 and (9.1), N(Kw + Ow) = div(pw) for some
nonzero oy € C(W). Let Ey := 0 and sy := @ngf(_m Then Div(sy) = NOw = NOy +
Nh*p*Ey, so sy satisfies the equality in (9.8) and (6.12), and (W, ©w + h*p*Ey) = (W, Ow)
is Ic. Since G is trivial, A is the kernel of A — G, so sy is A-invariant by Theorem 6.12(4).

Step 6. We construct a monotonic N-complement (Y /Z 3 2z, A™) of (Y/Z > z, A).
By Steps 4 and 5, sy is a nonzero A-invariant rational (—N)-canonical form on W satisfying
(6.12) for U’ = V, and N is a positive multiple of Ny. By Theorem 6.12(5), there is a section

5 € HO(ZV,OY/(LN)) such that s|;7 = sw. By Theorem 6.12(6), s = §|Zv for some § €



BOUNDEDNESS OF COMPLEMENTS OF LOG CANONICAL PAIRS 49

HO(EN/,(’));(LN)). By Set-up 6.6, § = ¢ w® ) is a rational (—N)-canonical form on Y, hence
on Y, for some nonzero ¢ € C(Y), and Divy(5) > NP+ [(N +1)E]. Let

At = %DivY(é) = %divY(go) - Ky and R:=A" - A

Then N(Ky + A™) = divy(p), as in (9.3), and Ky + A" is Q-Cartier. Since N is even and
NR C Z, Lemma 6.7(2) for C = Y gives Divy(8) > [NA], that is, NAT > [NA]. Since
Ae d; C P(R), (4.2) gives
NAT > [NA] = N|A| + (N + 1){A}].

In particular, A* > A > 0, and R > 0 is Q-Cartier. It remains to show that (Y, A™") is lc over
a neighborhood of z. L

Let C be an lc center of (Y, A) with g(C') =V, C' C Zy its stratum, uc = plg, D1, .., Dy
the components of P; containing C~', and S¢ and E¢ as in Set-up 6.6. Let ¢, Ef, > 0, and
0L = Oc¢ + fLEL be given by Theorem 6.12(7) for U’ = V, 8 = sy, and s. Then Div(f¢) =
—NO/, and 8|5 corresponds to 651 # 0 under (6.5). By the definition of the restriction map
after (6.5), no component of Divg(8) — N(Dq + - -- 4 Dy) contains C, and the residue of § on C
is 05'. By (6.7) for Y,

Dive:(3) — N(Di + -+ D) = Nu*R+ N(Py — Dy — --- — Dy,) + NE.

Since C' meets = 1Y) (Set-up 6.6), no p-exceptional divisor contains C. Hence every prime
divisor containing C' has nonnegative coefficient in each of u*R, Py — Dy — -+ — Dy, and E, the
non-exceptional part of E being u;{A} by (6.2). Thus C ¢ Supp u*R, so C ¢ Supp R as p is

an isomorphism over the generic point of C. By (6.4) and (6.7) for C,
Nug(Rle) + N(Sc + Ec) = Diva(05') = Nug (0 — ©c) + N(Sc + Ec).

Pushing forward by uc, we get R|c = ©f5 — O¢ = fLEL.

We show that (C, @g) islc. If dim V' = 0, then Pc is a point, Ef, = 0, and (C, @g) = (C,0¢) is
dlt. Assume that dim V' > 0. Let W C C be a source of V', and let ¢ : (W, O ) --» (We, Ow,,)
be a crepant birational map over V', which exists by Definition 6.1. Let p : W/ — W and
r: W' — We be a common resolution of ¢, and Ky +I" := p*(Kw + Ow) = r*(Kw, + Ow,).
By Theorem 6.12(7), r*(s|fw7€) = p*sy. The divisors DiV(S|WC) — NOyy,, and Div(sy) — NOw
are Q-Cartier by (6.16) and (9.8), and the computation of (5.12) gives

T*(DiV(S’WC) — NOwy,,) = Div(p*sw) — NI = p*( Div(sw) — NOw).
By (6.16) and (9.8), 7*(fc|w. )" Ey = p*h*p*Ey. Hence

" (Kwe 4+ Owe + (felwe) Eg) = p* (Kw + Ow + h*p*Ev),

and (We, Ow,, + (folwe )" E) is 1c by Step 5. If We = C, this is the assertion. Otherwise,
fo : (C,0¢) — Pc is a dlt crepant log structure by Theorem 8.2(1), dim Po = dimV > 0,
and We is an lc center of (C,©¢) dominating Po whose adjunction pair is (We, ©Ow,,) [Koll6,
Definitions 4 and 18]. By Proposition 8.5 applied to fc, We, and Ef,, (C,O¢ + f&E) is le.

We show that (Y, A™") is lc near C. By Definition 2.3 and [Kol16, Definition 4], there exist lc
centers Y =Wy D Wy D --- D W = C of (Y, A) such that W is a prime divisor on W;_; and a
component of |Oyy,_, | for each i. Here (W;, Oy,) is the adjunction pair of W;, Oy, := A, and
Oy, is the different of Oy, , — W; on W;. Each W; is normal and contains C, so W; ¢ Supp R,
and R|w, > 0 is Q-Cartier, with R|w, = f&En. We show by descending induction on ¢ that
(Wi, ©w, + R|w;,) is lc near C. For i = k this was shown above. Let i > 1, and assume that
(Wi, ©Ow, + R|w;,) is lc near C. Let Y° :=Y \ Nle(W;, Ow, + R|w,), an open neighborhood of C'
inY. On W;_; NY?°, the reduced divisor W; and Supp(©Ow, , — Wi + R|w,_,) have no common
component, as W; has coefficient 1 in Oy, , and W; ¢ Supp R D Supp(R|w,_,). Moreover,
Kw, , + ©Ow,_, + Rlw,_, is Q-Cartier, and the different of Ow, , — W; + R|w,_, on W; is
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Ow, + Rlw, [Kol92, 16.5-16.6], which is lc on W;NY°. By Theorem 8.3, (W;_1,Ow,_, + R|w,_,)
is Ic near W; N'Y°, hence near C. For i = 0 we get that (Y, A") is lc near C. Since C was
arbitrary, (Y, A™) is lc near Zy .

Finally, mog : Y — Z is a contraction, —(Ky + A™") ~q 0 is semi-ample over Z, and z is
a closed point. Let Fy be an lc place of (Y, A) with centery Fiy = W. Since W ¢ Supp R,
a(Fw,Y,A") = a(Fw,Y,A) = 0, and W N Nlc(Y, A") = 0 as (Y, A") is lc near Zy D W.
Thus W is an lc center of (Y, A1), and WNY, # 0 as z € n(V). If Nle(Y,AT)NY, # 0,
then Nlc(Y, AT)NY, N W # 0 by Theorem 8.4, a contradiction. Thus Nlc¢(Y,;AT)NY, = 0.
Since 7 o g is proper, (7o g)(Nlc(Y, AT)) is a closed subset of Z not containing 2. Replacing Z
with its complement, (Y, AT) is le. Therefore (Y/Z 2 2, A*) is a monotonic N-complement of
Y/Z> =z A).

Step 7. We finish the proof.
By Steps 3 and 6, in both cases of Step 2, (Y/Z > z, A) has a monotonic N-complement. By
Proposition 3.5 and Lemma 3.2, (X/Z > z, B) has a monotonic N-complement. Since p | N

and N depends only on d, p, and ® by Step 1, this finishes the proof. O

Proof of Corollary 1.2. Tt follows from Theorem 1.1, Theorem 2.9, and [HLS26, arXiv version

2, Theorem 8.25]. O
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