ON A CONJECTURE OF ESSER, TOTARO, AND WANG

JIHAO LIU

ABSTRACT. We disprove a conjecture of Esser and Totaro on relative primeness of two explicitly
constructible integers. Consequently, the large-index conjecture of Esser, Totaro, and Wang
fails in dimension 159. The main result of this paper is obtained by generative Al, particularly
Chatgpt 5.5 pro, and re-verified by the Rethlas system.

1. INTRODUCTION

Esser, Totaro, and Wang constructed klt Calabi—Yau varieties with large indices in arbitrary
dimensions [ETW22]. More precisely, [ETW22, Section 7] constructs a special class of kit Calabi-
Yau varieties with conjecturally large indices, formulated in [ETW22, Conjecture 7.10]. Later,
Esser and Totaro transformed [ETW22, Conjecture 7.10] into the following number-theoretic
conjecture [ET24, Proposition 7.3].

Conjecture 1.1 ([ET24, Conjecture 7.4]). For every integer n > 2, ged(m/!,, E,,) = 1.

Here m/), and E,, are two explicitly computable numbers defined as in [ET24, Sections 4 and 7).
See Construction A.1 below for an explicit definition of m), and E,, when n is odd. Conjecture 1.1
was verified for n < 30 [ET24, Section 7]. The following computation gives a counterexample to
Conjecture 1.1 and hence to the expected large-index construction in dimension 159.

Theorem 1.2. Conjecture 1.1 fails when n = 159 as
(1.1) 53 ’ E159 and 53 ’ m’159.
As a consequence, [ETW22, Conjecture 7.10] fails in dimension 159.

Proof. This follows from the computation in Proposition B.1, together with [ET24, Proposi-
tion 7.3]. ]

Remark 1.3. The main result of this paper is obtained by generative Al by asking 2 questions
to Chatgpt 5.5 pro without any mathematical inputs. Chatgpt 5.5 pro provided the right
counterexample and the Python code. The Rethlas system then verified that the proof and the
Python code are both correct. See [Ju+26] for a detailed introduction to the Rethlas system.

Due to the limitation of generative Al, it is possible that we have missed some related refer-
ences in the literature, and we welcome any comments from experts.
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APPENDIX A. THE NUMBERS

We construct the numbers used in Conjecture 1.1.

Construction A.1. In this paper, sg, s1, S2, . . . denote Sylvester’s sequence
(A.1) S0 =2, sjt1 = 55(s5 — 1)+ 1.
In the following, we fix a positive integer . We define:

o n:=2r—+1.

e b :=s;for0<i<r.
e b.; and By are defined recursively in the following way:
— For a finite tuple of indices I = (i1, 12,...,14x), we define the alternating product

(A'2) Br = bilbiz T bik - bi1 o ‘bik—1 et (_1)k71bi1 + (_1)k7

with the convention By = 1.
— For any 1 <+ <r 41, we define

(A.3) brvi =1+ (br1—i — 1) Britrirt2r—1,. r—1tirt2—i-

o t1 =D 11201
® g1 = Bl,2r,,..,r,r+1-

o We define

(A.4) oy = TR bl
e We define

(A.5) Eyr1 = M7
e We define

(A.6) Moy = boby 191 — bo + 1.

APPENDIX B. CODE
Below is the Python code used in the proof of Theorem 1.2.

Proposition B.1. The Python program below computes
(P, G = g1, T = tl, b/159, E159, m'159, b159) = (52, 34, 46, 34, 0, 0, 35) (HlOd 53)
where P = []1%5 b;.

p = 53

r =79

def B(I, Db):
"""Alternating product B_{i_1...i_k} via prefix products."""
m = len(I)
pref = [1]

for i in I:
pref.append((pref[-1] * b[i]l) % p)
return sum((1 if j % 2 == 0 else -1) * pref[m - j]
for j in range(m + 1)) % p

def B_recursive(I, b):
"""Recursioncheck: B_{i_1,i_2,...ui_k}y=ub_{i_ 1} B_{i_2,... ik} +,(-1) k.
(SN nnn
if len(I) == 0:
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return 1 % p
sign = 1 if len(I) % 2 == 0 else -1
return (b[I[0]] * B_recursive(I[1:], b) + sign) % p

s = [0] * (x + 2)
s[0] = 2
for i in range(r + 1):
sli+ 1] = (s[i] * (s[i]l - 1) + 1) % p

b = [None]l * (2 * r + 2)
for i in range(r + 1):
bl[i] = s[i]

for i in range(l, r + 2):
I=10
for q in range(i - 1):
I.extend([r + 1 + g, r - ql)
bl = (1 + (blr + 1 - 1] - 1) **x 2 x B(I, b)) % p
b2 (1 + (b[r + 1 - 1i] - 1) *x 2 * B_recursive(I, b)) % p
assert bl == b2
blr + i] = b1l

P=1
for j in range(l, 2 * r + 1):
P=(P*xbljl) %p

IT=10
for q in range(r):
I T.extend([r + 1 + q, r - ql)
T = B(I_T, b)
assert T == B_recursive(I_T, b)

I.G=1[]
for q in range(r):
I_G.extend([1 + q, 2 * r - ql)
G = B(I_G, b)
assert G == B_recursive(I_G, b)

bprime = ((1 + P + (s[1] - 1) * T) * pow(2, -1, p)) % p
E= (P + 1) *pow(2, -1, p)) % p
mprime = (b[0] * bprime * G - b[0] + 1) % p

assert (P, T, G, bprime, E, mprime, b[2*xr + 1]) == (52, 34, 46, 34, 0, 0, 35)

print("p_=", p, "ru=", r, "n =", 2*r + 1)

print("P =", P, "T =", T, "G_=", @)

print("bprime_159 =", bprime, " E_159 =", E, " mprime_159 =", mprime)
print("b_159, =", b[2*r + 1])
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