NONHYPERLINEAR GROUPS EXIST

JIHAO LIU

ABSTRACT. We construct a countable discrete group that is not hyperlinear. It is a wreath
product built from a polynomial elementary subgroup of an explicit Laurent semidirect product,
and a specified nonidentity product of two lamps vanishes under every homomorphism into a
tracial matrix ultraproduct. We prove that commutants of finitely generated Kazhdan groups
are internal in the original matrix dimensions, and that an internal subgroup commutant is
normalized by a Kazhdan group generated by subgroup compressions. The argument constructs
expanding matrix blocks from a quotient spectral gap, matches their full multiplicity algebras,
and controls both matrix sizes and multiplicities under compression. The main result of this
paper was obtained using the Danus system.
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1. INTRODUCTION

Hyperlinearity asks whether finite pieces of a group admit arbitrarily accurate unitary matrix
models in normalized Hilbert—Schmidt norm. For d > 1 we write

trg = Tr /d, = (Tr(a*2)/d)"*  (z € My(C)).

A discrete group H is hyperlinear if, for every finite symmetric F' C H containing the identity e
and every ¢ > 0, there are d > 1 and a map ¢ : F' — U(d) with ¢(e) = I such that

l6(gh) — d(g)d()ll2.a <€ (g,h,gh € F),

and
l¢(g) — d(h) V2| <e (gh€F, g#h).

The dimension is unrestricted. The problem is therefore to find an obstruction that survives
every choice of matrix size. Spectral rigidity provides a possible source of such an obstruction,
but the normalization allows errors to concentrate on subspaces of small relative dimension.

Date: September 21, 2026.
2020 Mathematics Subject Classification. Primary 20F65; Secondary 20E22, 22D10, 46L.10.
Key words and phrases. Hyperlinear groups, Kazhdan property (T), tracial ultraproducts, internal commutants,
wreath products.
1



2 JIHAO LIU

The question comes from Connes’ embedding problem [Con76], which asks whether every
separable II; factor embeds into an ultrapower R of the hyperfinite 11y factor R. A countable
group H is hyperlinear if and only if its group von Neumann algebra L(H), with its canonical
trace, embeds into R¥; this is due to Kirchberg, Radulescu [Rad08] and Ozawa, see [Pes08,
Section 8]. Ji, Natarajan, Vidick, Wright and Yuen [Ji*21] proved that MIP* = RE. Through
the connection between Connes’ embedding problem and Tsirelson’s problem established by
Fritz [Fri12], Junge, Navascues, Palazuelos, Perez-Garcia, Scholz and Werner [Jun™11], and
Ozawa [Ozal3], their theorem gives the first tracial von Neumann algebras that do not embed
into R“. Whether such an algebra can be the von Neumann algebra of a group remained open,
and this is the question of the existence of a nonhyperlinear group. Theorem 1.1 answers it: the
group von Neumann algebra L(W) does not embed into R“. The proof of Theorem 1.1 does not
use [Jit21]. Tt therefore also gives a proof of the negative answer to Connes’ embedding problem
that is independent of MIP* = RE.

Several approaches connect this problem with rigidity of approximate representations.
Dogon [Dog23, Theorems 1.3 and 1.6] obtains nonhyperlinear central extensions under weak
completely positive stability, in particular under flexible Hilbert—Schmidt stability, together with
the stated Kazhdan and extension hypotheses. Dogon and Vigdorovich [DV25, Theorem 1.3]
develop this approach for groups with a uniform spectral gap in finite-dimensional representations.
If such a group is Hilbert—Schmidt stable and admits a central extension by Z with finite
abelianization, they obtain a nonhyperlinear finite central extension of the base group. Their
question on approximation of representations of SLs(Z) by congruence representations through
odd congruence quotients would supply a concrete application [DV25, Question 1.4 and
Corollary 1.5]. These results make the stability premise a precise remaining input. Strict stability
in the original dimension is a different demand: Becker and Lubotzky [BL20, Theorem 1.3(ii)]
show that infinite hyperlinear Kazhdan groups fail strict Hilbert—Schmidt stability.

Other approximation problems also lead close to the group question. Taller and Vidick [TV25,
Theorem 5.2 and Remark 5.3] prove that approximating the quantum value of a linear constraint
system game is RE-hard, with a positive completeness loss. Their discussion of the group
consequence requires perfect completeness [TV25, Section 1, p. 3], which [TV25, Theorem 5.2]
does not establish. Manzoor [Man25, Theorems 1.1 and 1.2] constructs a non-co-hyperlinear
invariant random subgroup and a probability-measure- preserving equivalence relation whose
von Neumann algebra is not Connes embeddable. A nonembeddable trace obtained in this way
need not be the canonical trace of a discrete group. Thus these results leave distinct interfaces
to the finite-local group obstruction considered here.

Our construction uses rigidity under subgroup compression. Kun’s expander decomposition
for sofic approximations of Kazhdan groups [Kunl6, Theorem 1] supplies a model for turning a
spectral gap into finite components. OpenAl [Ope26, Theorem 1.1] constructed the first nonsofic
group. Its proof rests on a criterion for a group generated by a Kazhdan subgroup together with
finitely many elements that conjugate this subgroup into itself [Ope26, Proposition 2.3]; this
is the compression hypothesis used throughout the present paper. Alekseev and Thom [AT26]
describe centralizers of such permutation approximations and ask for a unitary analogue in [AT26,
Open Problem 6.2(a)]. Thom [Tho26] calls this question the centralizer problem and shows that
a positive answer implies the existence of a finitely generated nonhyperlinear group; see the
discussion after Theorem 1.3. Building on [Ope26], Kun and Thom [KT26] prove normalization
of permutation centralizers under subgroup compression and use it to construct explicit nonsofic
wreath products. The polynomial and Laurent groups used below are supplied by [KT26,
Theorem E and Section 5.2]. Eckhardt [Eck26, Theorem 4.3] obtains a related obstruction to
operator-norm matrix approximation. To obtain a normalized Hilbert—Schmidt obstruction, one
needs finite matrix algebras realizing the entire unitary commutant and a normalization theorem
for these algebras. Permutation components and operator-norm estimates do not themselves
supply those two statements.
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We show that a specific wreath product from the Kun—Thom family is not hyperlinear. Let
Fy be the field of two elements and put

Ry = Folx1, x9, 23], R = ]Fg[xlil, xétl, x3ﬂ]

For a unital ring B, let EL3(B) be the subgroup of GL3(B) generated by the matrices I3 + bE;j,
where b € B, i # j, and Ej; is the usual matrix unit. For a column vector v € 73 write
z¥ = 2 25?2®. A matrix A € SL3(Z) acts by aa(x?) = 247, extended to the Laurent ring and
matrix entries. Define

F:EL3(R+)7 G:EL;J,(R) A SLg(Z), W = (@ CQ) x G.
G/r
Here (5 is the group of order two, I' lies in the first factor of G, and G acts on the left cosets by
left translation. For a coset x write a, for its nonidentity lamp. Set

t = (I3, 13 + E12), Yo = (I3 + x2E12, I3), b = ayyrasr.
For a nonprincipal ultrafilter w on N and positive integers d,,, the tracial matrix ultraproduct
n—w

is the algebra of uniformly operator-norm-bounded sequences modulo sequences whose normalized
2-norm tends to zero along w.

Theorem 1.1. The group W defined above is countable and b # e. For every nonprincipal
ultrafilter w on N, every sequence d, > 1, and every homomorphism p: W — U(M), one has
p(b) =1.

There exist a finite symmetric I C W containing e and n > 0 such that for every d > 1 and
every ¢ : F'— U(d) with ¢(e) = Iy, at least one of the following holds:

(i) Some g, h, gh € F satisfy |[¢(gh) — ¢(g)d(h)||2,a = n-
(i) Some distinct g,h € F satisfy |||¢(g) — ¢(h)||2.q — V2| > .

In particular, W is not hyperlinear.

This is Theorem 8.3. The construction fixes the field, the matrix rank and the number of
variables, as well as the element that every matrix-ultraproduct homomorphism kills. The finite
set F' and tolerance n are obtained by a compactness argument; their existence is uniform over
all dimensions. Nontriviality of b is checked directly in the lamp group.

The first analytical ingredient realizes Kazhdan commutants in the original coordinate
dimensions. A group is Kazhdan if it has property (T), the uniform displacement property for
unitary representations off their invariant vectors. Discrete Kazhdan groups are finitely generated;
see [BHV08, Theorem 1.3.1] for this fact and general background. For unital %-subalgebras
A, € My, (C), write [A,], for the classes of uniformly operator-norm-bounded sequences with
entries in A,. A subalgebra of M of this form is called internal.

Theorem 1.2. Let H be a finitely generated discrete group with property (T), let w be a
nonprincipal ultrafilter on N, let d,, > 1, and let 71 : H — U(M) be a homomorphism. Then
there are unital x-subalgebras A,, C My, (C) such that

T(H) NM = [A,]..

This is Theorem 6.7. It applies to an arbitrary homomorphism and to the specified ultrafilter
and dimensions. It answers [AT26, Open Problem 6.2(a)] without the dimension change allowed
there; that this change is unnecessary for internality was observed in [Tho26, Remark 1.1 and
Lemma 2.3]. The conclusion concerns the commutant of the ultraproduct representation; it does
not assert that its coordinate lifts are exact group representations.

The second ingredient converts the one-sided inclusions furnished by subgroup compression
into normalization. We write Z (D) for the center of a von Neumann algebra D.
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Theorem 1.3. Let H be a countable group with property (T), let A < H, and suppose that
H = (Aty,...,t5) for finitely many t; satisfying t;iAt;* < A. Let 1 : H — U(M) be a
homomorphism into a tracial matriz ultraproduct with specified w and dimensions d,. Suppose
D =n(A) N M = [A,), is internal. Then w(H) normalizes D, and there are unital abelian
subalgebras By, C Z(A,) satisfying

Z(D) N w(HY = [Bulw.

This is Theorem 7.4. Only the subgroup commutant is assumed internal. In the wreath-product
application, the preceding theorem supplies this assumption for I'. Normalization then forces the
two lamps defining b to have the same image.

Relation to the work of Thom. On 20 September 2026, after the first version of this
paper had been posted on the author’s homepage, Andreas Thom informed the author of his
preprint [Tho26]. According to Thom, a first version of [Tho26] was circulated on 10 August
2026 and submitted to arXiv on 17 August 2026, where it has been on hold since. It has been
publicly available on his homepage since 25 August 2026. The paper [Tho26] shows that a
positive answer to the centralizer problem implies the normalization statement of Theorem 1.3
for a Kazhdan group G and an infranormal Kazhdan subgroup H [Tho26, Theorem 1.2], and
deduces, under the same assumption, that the group double G xp G is not hyperlinear when H
is moreover not normal [Tho26, Theorem 1.3]. Its proof also corrects a one-sided near inclusion
by a finite-dimensional dilation and then uses a bounded median transform. Thus Theorem 1.3
overlaps with [Tho26, Theorem 1.2], which has priority, and the credit for it belongs to Thom.
The author was not aware of [Tho26] when this paper was produced. The sources recorded
during the run of the Danus system do not contain [Tho26], but it was available online, and
we cannot guarantee that the Al models involved had not encountered it. The contribution
of the present paper is Theorem 1.2, which gives a positive answer to the centralizer problem.
Combined with [Tho26, Theorem 1.3], it shows unconditionally that these group doubles are not
hyperlinear either.

Relation to orthogonalization results. After the first version of this paper had been posted
on the author’s homepage, Mikael de la Salle pointed out to the author that it gave no credit
to earlier orthogonalization results. We record them here. Theorem 4.3 replaces a positive
operator-valued partition by a projection-valued partition. Results of this kind go back to the
orthogonalization lemma of Kempe and Vidick [KV11] and to Ji, Natarajan, Vidick, Wright
and Yuen [Ji*20, Theorem 5.2]. De la Salle [d1S22, Theorems 1 and 2] proved the optimal form:
if M is a von Neumann algebra with a normal state ¢ and (a;) is a positive operator-valued
partition in M with p(3°;a?) > 1 — ¢, then there is a projection-valued partition (p;) in the
von Neumann algebra generated by the a; such that ¢(3"; |a; — pi|?) < 9e. Since 3, a; = I, the
quantity >, trg(a; — a?) in Theorem 4.3 equals 1 — trg(3°; a?). Hence the distance estimate of
Theorem 4.3 is, with a worse constant, the case M = My(C) and ¢ = try of de la Salle’s theorem.
When the a; commute with the u;, the whole statement follows from [d1S22, Theorem 2] applied
in the commutant of the u;, and for a bounded number of outcomes an approximate version
follows from it by a limiting argument. The proof of Theorem 4.3 also follows the strategy of
[Jit20, d1S22]: a column operator with values in an auxiliary direct sum, its polar part, and the
transport of the coordinate projections back to the original algebra. What is new in Theorem 4.3
is that the total commutator energy is controlled at the same time, with § independent of the
number of outcomes and of the dimension; this uniformity is needed in Section 5, where the
number of blocks is unbounded. The sources recorded during the run of the Danus system
contain [d1S22], in particular its polar decomposition lemma [d1S22, Lemma 7]; the first version
of this paper omitted these references.

The main contribution is the passage from quotient spectral gap to finite matrix structure
with errors independent of the number and ranks of the blocks. We adapt Kun’s exceptional-set
and smoothing method to projections, select minimum-rank pieces with a positive leakage
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penalty, and use a monotone resolvent construction to control both their summed covariance and
leakage on their actual ranges. Equivariant rounding builds on the orthogonalization results of
[KV11, Jit20, dIS22] and uses finite-algebra projection comparison from Houdayer—Vaes [HV13,
Lemma 2.1] and the near-identity conjugacy estimate recorded by loana [Ioa25, Lemma 2.2(1)].
The resulting expanding blocks must then be matched across unequal ranks. Bounded polar
intertwiners allow property (T) to perform this matching, and uniform conditional-expectation
estimates assemble the entire commutant. Finally, normalization requires a separate argument,
of the same kind as in [Tho26, Sections 3 and 4]: an internal invariant center, a relative finite
dilation, and two bounded median transforms controlling both matrix sizes and representation
multiplicities. The two transforms turn integer branching inequalities into equality on a large
corner. The group pair and the lamp construction are those of Kun—Thom; the new analytical
statements make their obstruction apply to arbitrary normalized-Hilbert—Schmidt matrix models.

Section 2 fixes the trace and ultraproduct conventions. Sections 3 and 4 prove uniform
projection repair and equivariant rounding. Section 5 constructs the expanding blocks, and
Section 6 matches them and proves internality. Section 7 proves normalization under subgroup
compression. Section 8 applies these results to the explicit group and obtains the finite-local
obstruction.
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is fully responsible for the correctness of the paper. The author would like to thank Mikael de la
Salle and Andreas Thom for pointing out related work and for useful comments. The author
would like to thank Ruochuan Liu and Gang Tian for constant support and encouragement.

2. NOTATION AND CONVENTIONS

Set-up 2.1. Let w be a specified nonprincipal ultrafilter on N and let d,, > 1. Write try = Tr /d
and ||z|9.q = trg(z*z)'/2. The tracial matrix ultraproduct M = [[,,_,., (Mg, (C),trg,) is the
quotient of uniformly operator-norm-bounded sequences by those whose normalized 2-norm
tends to zero along w. Its trace is 7. An unmarked coordinate 2-norm uses the denominator d,,,
including for matrices supported on a corner. A norm with subscript 2, r uses that corner’s rank r
instead. Rectangular Hilbert—Schmidt norms have the explicitly indicated ambient denominator.
Limits along w are denoted by lim,; auxiliary tolerances are fixed before such limits unless
explicitly stated otherwise.

Definition 2.2. A unital von Neumann subalgebra A C M is internal if there are unital *-
subalgebras A,, C My (C) for which A = [A4,]., the classes of uniformly operator-norm-bounded
sequences with their nth entries in A,. No change of the dimensions d,, is part of this definition.

Set-up 2.3. For a fixed positive integer h and unitaries u;, € U(dy), write u; = [u;,] and
C={uy,...,up} N M. Put
T 1 & 1 &
To(z) = 5 + 1 Z(umxu;n + U, UG ), En() = i Z [ [wjn; 7] %,dn'
i=1 =1

The corresponding quotient map is 7. We say the tuple has quotient spectral gap a € (0,1) if
(I -T)&€) > algll (€ € L*(M) & L*(C)).

Here L?(M) is the trace Hilbert space, not the full Hilbert ultraproduct of the coordinate Hilbert—
Schmidt spaces. For a coordinate linear map L, write [|L|oo—2n = Sup|jg),,<1 [1L(2)[l2,d,.-
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Definition 2.4. A positive operator-valued partition is a finite list of positive matrices summing
to I; a projection-valued partition is such a list consisting of projections. Zero outcomes are
permitted. All energies and squared distances of lists are summed over outcomes. A unitary list
v1, ...,V on an r-dimensional space has scalar gap ¢ > 0 if

k
1
i > Mg, 2]l3, > cllzl3, (z € M(C), Trz =0).
=1

A group has property (T) if its unitary representations have a uniform displacement bound
off invariant vectors for one finite Kazhdan set. For a finitely generated such group we use a
nonempty finite symmetric generating list, with repetitions allowed.

Definition 2.5. Projections p, ¢ in a von Neumann algebra are equivalent, written p ~ g, if there
is a partial isometry v with v*v = p and vv* = q. A MASA is a maximal abelian self-adjoint von
Neumann subalgebra. In a finite tracial von Neumann algebra, £ 4 denotes the trace-preserving
conditional expectation onto a unital von Neumann subalgebra A.

Definition 2.6. A discrete group H is hyperlinear if for every finite symmetric F' C H containing
the identity e and every € > 0 there exist d > 1 and ¢ : F' — U(d) with ¢(e) = I; such that

|o(gh) — d(g)p(h)ll2a <e (g,h,gh € F),
and

l6(9) — ¢(h)ll2a — V2| <& (g, h € F, g#h).

3. UNIFORM REPAIR FROM QUOTIENT SPECTRAL GAP

We retain the notation of Section 2. We first lift the conditional expectation onto C by a
single sequence of averaging maps. We then obtain one large corner on which every low-energy
projection admits a repair. Throughout, the ultrafilter w is the specified one, and coordinate
norms use the ambient denominator d,,.

Proposition 3.1. Let w,dy, h,u;, be as in the standing setting and suppose that their quotient
spectral gap is a € (0,1). Then there are integers £, —, co such that ®, = T’ induces E¢ on
every operator-norm-bounded sequence. For every sequence of unital x-subalgebras A, C My, (C),

[An]w =C <+ ||q)n - EAn||oo~>2,n —w 0.

If the u; are the images of a homomorphism from a group with property (T), and x € (0,1] is a
Kazhdan displacement constant for the chosen generating list of length h, then the quotient gap
holds with a = x*/(4h).

The averaging lengths are chosen uniformly over the whole operator unit ball. Thus the
resulting lift applies to every bounded sequence, including sequences chosen after the lengths
have been fixed.

Proof. We identify the Hilbert-space fixed vectors, transfer estimates on the operator unit ball,
and choose the averaging lengths. We then prove the algebra criterion and the property (T)
assertion.

Step 1. In this step, we identify the fixed space of T' on L?(M) with L?(C) and the orthogonal
projection onto it with E¢, and we obtain the spectral bounds (3.2) from the quotient spectral
gap. Each T, is a convex combination of inner automorphisms. It is unital, completely positive,
trace preserving, and contractive in operator norm and in 2-norm. As a Hilbert-space operator it
is self-adjoint and satisfies 0 < T, < I: the operator 27,, — I is a self-adjoint average of unitary
operators. The same assertions hold for 7' on L?(M). Expansion of the commutators gives

h
(31) (= T),2) = 2 3 Nugms 2B, = Enle).
j=1
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The analogous identity holds for every vector in L2(M).

The spectral theorem gives strong convergence of 7™ to the orthogonal projection P onto
ker(I —T). If x € M, the sequence 1" (x) stays in the operator-norm ball of radius ||z||op. This
ball is closed in 2-norm: an ultraweakly convergent subnet of a bounded net has the same limit
as its 2-norm limit, as is seen by testing against y — 7(y* ) for y € M. Consequently P(x) € M.
The quotient version of (3.1) implies P(z) € C. Conversely, T fixes every element of C. Density
of M in its trace Hilbert space now gives

ker(I —T) = L*(C),  P|m = Ec.

For the second equality, the trace-preserving expectation is the orthogonal projection in 2-norm:
for c € C, 7(¢*(x — E¢(x))) = 0 by bimodularity and trace preservation.

Put » = 1 —a. On L2(C)* the spectrum of T lies in [0,7]. In the following bounds the
expectation also denotes its extension to L?(M). For integers 1 < j < k,

(3.2) IT9 — Eeloa <9, |IT* — T9]lasy < 9.
Indeed, the second difference vanishes on L2(C) and its absolute value on [0, 7] is #/(1 — =) < rJ.

Step 2. In this step, we prove the uniform transfer identity (3.3) on the operator unit ball,
choose the averaging lengths ¢, —,, oo, and show that &, = T,f" induces E¢ on every operator-
norm-bounded sequence. Suppose linear maps L,, : My, (C) — My, (C) have uniform bounds in
both operator-to-operator norm and 2-to-2 norm, and let L., be their induced map on M. Then

(33) sup || Lo (@) l2 = lim | Lo loos2.n-
reM w
[lzllop<1

Every contraction in M has contraction representatives: clip the singular values of any bounded
representative at 1. Functional calculus in the quotient shows that this leaves its class unchanged.
These representatives prove the upper bound in (3.3). For the reverse bound, choose in each
coordinate a contraction attaining the displayed coordinate norm, using compactness of the
matrix unit ball, and take its class in M.

Apply (3.3) to L, = T¥ — TJ, for fixed 1 < j < k. Both required bounds are at most 2, and
(3.2) gives

lim ITF — T3] omam < 7.

We may therefore choose decreasing sets €, € w, with Q,,, C {n: n > m}, such that

. . 1
(3.4) |]T5—Tg\|oo_>2,n<r3+a (n€Qm, 1<j<k<m).

Only finitely many estimates are imposed for each m, so finite intersections in the given ultrafilter
suffice. Set

b, =max({m:1<m<n, n€Qy,}U{l}).
For every fixed m, membership in €2, implies ¢,, > m; hence ¢, —, oco. For fixed j, on the
w-large set where n € Q; and ¢,, > j, (3.4) yields

. 1
T3 = T lloos2m < 77 + .
Ly

The maps ®,, = T’» are contractions in both norms and induce a map ® on M. By (3.3) and
(3.2), every contraction x € M satisfies

1®(2) = Ec(2)]|2 < | @(z) = T (x)|l2 + |77 (x) — Ee(w)||l2 < 27
Letting j tend to infinity gives ® = E¢. The supremum in (3.4) makes this identity valid on the

entire operator unit ball; scaling gives the assertion for every operator-norm-bounded sequence.

Step 3. In this step, we prove the finite-algebra criterion, namely that [A,], = C if and only
if ||®,, — Ea, |locs2,n —w 0, by comparing ® with the map on M induced by the coordinate
expectations Ey,. Let D = [A,],. The coordinate expectations are contractions in both norms,
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so they induce a map ) on M. Its range is exactly D: its outputs have bounded representatives
in A,, and it fixes every such sequence. Coordinate orthogonality also gives

7(c"(x — Q(x))) =0 (ceD, zeM).

If D = C, these identities characterize the orthogonal projection onto C, and hence (Q = E¢ = .
Equation (3.3), applied to ®,, — E4,,, gives the required convergence of norms. Conversely, that
convergence implies Q) = @, so their ranges coincide and D = C.

Step 4. In this step, we prove the property (T) case, in which the Kazhdan displacement
inequality for the conjugation representation on L?(M) gives the quotient gap a = x2/(4h),
and conclude the proof. Write u; = m(s;) for the given homomorphism and generating list.
Conjugation defines a unitary representation

p(9)é = m(g)ém(g)* on L*(M).
Its invariant space is L?(C) by the fixed-space identification above and generation by the sj. The
displacement inequality and the energy identity imply
h

/i2
(T-T)¢€) = ﬁ > llo(s)e — €113 > -li€ll3 - (€ L L2(C)).

j=1

This proves the stated quotient gap. Il

The next result makes the repair estimates relative to the trace of the input projection. The
corner and the error bound are chosen before that input, so they also cover projections of very
small rank.

Theorem 3.2. Let w,dy, h,uj, have quotient spectral gap a € (0,1), and put L = 36/a%. Then
there are projections e, € My, (C) and numbers n, > 0 with trqy, (1 —en) —w 0 and n, —4 0 such
that, for every n and every projection p < ey, with £,(p) < trq, (p)/(4L), there is a projection
f € My, (C) satisfying

I = pl3a, < LED) WB) (1) < e, (),

The same en,n, work for all eligible projections, with no lower bound on their relative ranks.

trdz(p) < trg, (f) <

The uniformity comes from removing the word neighborhoods of projections on which a relative
averaging estimate fails. Their complement supports all the inputs to the theorem.

Proof. We first transfer the quotient gap with a uniform additive error. For each fixed target
energy, we remove a small exceptional subspace to turn this into a relative estimate. Averaging
and a spectral cut then give the repair. A final diagonal choice makes the target energy tend to
zero along w.

Step 1. In this step, we transfer the quotient gap to the coordinate maps 7,, and obtain the
uniform additive estimate (3.5) for every coordinate projection, with errors dj ,, tending to zero
along w for each fixed k. Put r =1 —a and D,, = I —T;,. The spectral bounds (3.2) in the proof
of Proposition 3.1 imply

ITH(I = T)éll2 < r*I(T = T)Ellz (€ € LAM), k> 1),
because (I — T)¢ is perpendicular to L?(C). For each fixed integer k > 1, define

Okn =max ¢ 0, sup (||T,]fDn(p)|
pGMdn((C)
p=p*=p?

24, — 7| Dn(p)|2,4,)
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Then 6, —o 0. Otherwise, on an w-large set one could choose projections p, with a fixed
positive violation. Their class [p,] € M would violate the preceding Hilbert-space inequality,
since fixed powers of the coordinate maps and their 2-norms pass to the quotient. Thus

(3.5) I TY Do (p)|2.a, < r*|Dn(p)l2,a, + Okn for every coordinate projection p.

Step 2. In this step, we construct, for a fixed target energy 7, one corner e, , with trg, (1 —
en,n) —w 0 such that every nonzero projection p < ey, , satisfies the relative estimates (3.10), by
removing word neighborhoods of bad projections of maximum rank. Fix n € (0,1]. Choose an
integer K > 1 and ¢ > 0 such that

2

(3.6) o< T 0 < ¢ < min 1 7 .
~ 1152’ - K’ 1152

These choices are made before taking any ultrafilter limit. Fix a coordinate n and 1 < k < K.
Call a projection ¢ bad for these choices if

(3.7) 1T Dn(@)llza,, = (% + O Dn(@)ll2d,s  1Dn(@)ll2.a, > nlldll2.d,-

The zero projection is bad. Choose a bad projection g, , of maximum rank; such a rank exists in
the finite set {0,...,d,}. Combining (3.5) and (3.7) gives

Oiim
n*¢?

Let By, be the projection onto the span of w(ran g ), where w ranges over words of length
at most 2k + 2 in the symmetric list

nCHQk,n 2,dn S 6k,n7 trq, (Qk,n) <

* *
I, wim, U)o Unps Up gy

Padding words with I gives at most (2h + 1)2**2 words, and hence

52
(3.8) tra, (Br.n) < (2h + 1)2’“”5—’5;.
n
No nonzero projection p < 1 — By, can be bad. To prove this, put ¢ = g, and, for a projection
v, let H(v) be the span of the subspaces w(ranv) for words of length at most k£ + 1. The spaces
H(q) and H(p) are orthogonal: for such words wy,wse, £ € rangq, and v € ranp,

(1€, wov) = (wyw1&,v) =0,

since wiw; has length at most 2k + 2. The matrices D, (v) and T*D,,(v) have both their ranges
and adjoint ranges in H(v): each is a linear combination of conjugates of v by words of length at
most k + 1. It follows that

2

1Dn(a + D)3 a, = 1Dn(@)ll3 4, + 1Da(p) 3,
T8 Dala +0)3.a, = 15 D@34, + 115 Du(0)3.4,-

Also p L q. If p were bad, adding the squares of the inequalities in (3.7) would make g + p bad,
contradicting the maximal rank of gq.

Let e, , be the projection onto the orthogonal complement of the span of the ranges of
Bin,...,Bky. The rank bound (3.8) gives

K

52
(3.9) trg, (1= eny) < 3 (2h + 1)2’”2% —, 0.
k=1

Every nonzero projection p < e, , satisfies one of the following alternatives:

| Dn(P)ll2,d, <nllpll2,4,, or

3.10
(3.10) 1T Dn(p)ll2,a, < (" + OIDn(P)ll20, (1 <k < K).
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Indeed, if the first alternative fails, the second inequality in (3.7) holds for every k, so the first
inequality there must fail for each k. This establishes (3.10) simultaneously for every such p.

Step 3. In this step, we reduce to a nonzero projection p < e, in the second alternative of the
relative estimates, show that the average z = T\X(p) stays close to p as in (3.11), and bound its
energy as in (3.12). Let p < ey, satisfy the low-energy hypothesis of the theorem. For p = 0
choose f = 0. In the first alternative of (3.10), choose f = p; then

En(p) = (Dn(p),p) < |Dn(D)ll2,a, IPll2,a, < 1tra, (p),

and all the required bounds hold. It remains to treat a nonzero p in the second alternative. Set
z = TXK(p). Tt is a positive contraction and try, () = trg, (p). Since D, is a positive Hilbert-space
contraction,

IDn(@)l3.4, < (Dn(p);p) = Eap),  [Dn(p)ll2a, <
Telescoping and (3.10) give

K-
12 = pll2a, < Z 17 D (p) 2,4,

K
(Z ) 1Da(®)l2a,
21

2,dp

(3.11)

IN

<

Here K¢ <1 and a < 1. Put § = & + ¢, so that # < 1?/576 by (3.6). The estimate at k = K

gives
1D (2)ll2.,, = I T Du(p) 2.0, < 04/ tra, (p).

Since ||z[/2,4, < |Ipll2,4,,, We obtain

(3.12) En(z) = (Dp(z),z) < Otrg, (p).

Step 4. In this step, we choose a spectral cut f = 1} 1(2) of small relative energy by integrating
over t € [1/3,2/3], bound its distance to p, and deduce the three estimates of Theorem 3.2 for
the fixed target n in the corner e, ,. Choose an orthonormal eigenbasis &1, ..., &g, for z, with
eigenvalues \; € [0, 1], and put

1 h
dhd Z | u],ngﬁagz

Every row and column of these weights sums to 1/(4d,). The commutator formula reads
2) =Y wip(Xi — A)®
i

For t € [1/3,2/3], let fy = 1} 1)(2). The corresponding formula for &,(f;) replaces each eigenvalue
by its indicator of [t,1]. The integral of the squared difference of two such indicators is at
most |A; — A¢|, and it is zero unless at least one of the two eigenvalues is at least 1/3. Writing
Z={i: )\ >1/3}, we have

Wiy =

E w ﬂ < §t (Z)

. it S 5, =g Tan(2):
(N4

i€ZL or LeT

Weighted Cauchy—Schwarz therefore gives

2/3

Ea(f)dt < gtrdn(z)gn(z).
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The interval has length 1/3, so some ¢ € [1/3,2/3] satisfies

(3.13) £.(f) <3 gtrdn(z)gn(z) < 6y/trq. (2)En(2).

We also need a distance bound for this cut, without assuming that p commutes with z. Let
ﬁi = <p§l,€l> Then 0 S ,87, S 1 and

2= i, = 7 S OHL= B) + (1 - X)),

The contribution of i to d,||f; — p\\%dn is 3; when \; < t, and 1 — 3; when )\; > t. In the first
case (1 — X\;)2 > 1/9; in the second, A\? > 1/9. Thus every t € [1/3,2/3] satisfies

1 fe = pl3.a, <9z = pll3 4,
Choose t as in (3.13) and put f = f;. Equation (3.11) yields

36
1f = pll3a, < —5Eap) = LEn(p)-

The hypothesis on p gives ||f — p

2.dn < |IPll2,d,, /2. The triangle inequality and its reverse imply

1 3
_ < < — .
2||p”2,dn <[ fllza. < 2”pH27dn

Squaring proves the two trace bounds. Finally, (3.13) and (3.12) give

Enlf) < 6V tra, (p) < 7 tra, (p) < ntra, ().

We have proved all three repair estimates for the fixed target 7, in the single corner e, ;. The
distance bound controls the trace of f, while the spectral cut controls its energy. Every estimate
retains the factor try, (p); no positive lower bound on this trace has been used.

Step 5. In this step, we define e, and 7, by one diagonal choice among the corners e, 1/,
constructed for the targets n = 1/m, verify that trg (1 —e,) —, 0 and that the target 7, tends to
zero along w, and conclude the proof. For each integer m > 1, apply the fixed-target construction
with = 1/m, choosing its parameters once, and denote the resulting projections by e, 4 /m- BY
(3.9), trg, (1 — €p,1/m) —w 0 for every fixed m. Define decreasing sets in the specified ultrafilter
by

m 1
A, = ttrg, (L —en1i) < — -
Dl{n (1= Enfi) m}
For n € Ay, let
1
m(n) =max{m:1<m <n, n€ Ay}, €n = En,1/m(n); n = m(n)

For n ¢ Ai, put e, = 0 and 7, = 1. For every fixed J, the set AyN{n:n > J} belongs to w and
has m(n) > J. Hence n,, —, 0. On Ay, the definition of m(n) also gives

1
trg (1 —e,) < ——,
dn( n) — m(n)
so trg, (1 — e,) — 0. The fixed-target result supplies the three bounds for every eligible p < e,
at each n € Ay. At other indices the only input is p = 0, for which f = 0 works. Thus the same
choices e, n, work for all the projections asserted in the theorem, at every coordinate. Il
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4. EQUIVARIANT ROUNDING OF OPERATOR-VALUED PARTITIONS

We use the normalized traces and summed partition distances of Section 2. We round a
positive operator-valued partition while making its total commutator energy small. The number
of outcomes may grow with the dimension. The proof keeps all outcomes in a single finite
auxiliary algebra and returns the resulting projections to the original matrix algebra.

Rounding results of this kind go back to the orthogonalization lemma of Kempe and
Vidick [KV11] and to [Ji"20, Theorem 5.2]. The optimal linear estimate, in an arbitrary
von Neumann algebra with a normal state, is due to de la Salle [d1S22, Theorem 2]. Because
Soia; = I, the defect 3, trg(a; — a?) below equals 1 — trg(3; a?), so the distance estimate of
Theorem 4.3 is de la Salle’s estimate with a worse constant. Our proof follows the strategy of
[Jit20, dIS22]: a column operator with values in an auxiliary direct sum, its polar part, and
the transport of the coordinate projections back to My(C). The new point is that the total
commutator energy is controlled at the same time, with § independent of the number of outcomes
and of the dimension. See also the discussion in Section 1.

We use the following projection selection result [HV13, Lemma 2.1].

Lemma 4.1 (Houdayer—Vaes). Let N be a von Neumann algebra with a faithful normal semifinite
trace o, and let A C N be a MASA such that |4 is semifinite. Then every projection p € N
with o(p) < oo is equivalent in N to a projection in A.

In a finite algebra the restriction of the trace to a MASA is finite, so the semifiniteness
hypothesis on the restriction is automatic. The equivalence in this lemma takes place inside the
specified algebra. We also use the following finite-trace case of [loa25, Lemma 2.2(1)].

Lemma 4.2 (Ioana). Let (N, o) be a tracial von Neumann algebra and let p,q € N be equivalent
projections. Then there is a unitary v € N with vpv* = q and ||[v — 1|2, < 3||p — ¢l|2,0-

The estimate is unchanged if the trace is multiplied by a positive constant. We will apply it in
a finite corner, with that corner’s projection as its identity.

Theorem 4.3. For every integer h > 1 and € > 0 there is 6 > 0 such that the following
holds for all dym > 1. Let uy,...,up, € U(d), put E,(x) = (4h)™132; H[uj,x]H%,d, and let
ai,...,am € Mg(C) be a positive operator-valued partition. If 3, Eu(a;) < 0, then there is a
projection-valued partition qi, ..., qn in the same My(C) such that

S Culm) <e, Dl — aillsg <5000 tr(a; —af) +e.

The error in distance is controlled by the failure of the input effects to be projections. This
error need not tend to zero for the output energy to tend to zero. The theorem requires neither
spectral gap nor relations among the unitaries.

Proof. We first cut each effect to a projection with small total energy. We then use a finite
auxiliary space to move the range of their column operator into an algebra that respects every
outcome. Lifting this range and its partial isometry gives a partition in the original dimension.
Separate estimates control its total energy and distance.

Step 1. In this step, we choose spectral cutoff projections of the a; and prove the summed
bounds (4.1), (4.2), and (4.3) on their total energy, their distance to the a;, and the deviation of
their sum from Iy. For a positive contraction b € My(C), let bg = 19 11(b) for 6 € J = [1/3,2/3].
In an eigenbasis of b, with eigenvalues A, we have, for 1 < j < h,

1
[ s ballB.a 0 < 537 10 = Al I(0)esPLmania, a 219

)
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Cauchy-Schwarz bounds the right-hand side by ||[u;, b]||2,4(6 tra(b))'/2. Indeed, the square of the
second factor is at most

,Z (A + 2s)|(15)rs]? = 6trq(D).

Summing over j, applying Cauchnychwarz again, and dividing by |J| = 1/3, we obtain a
threshold 6 € J such that

Eulbe) < \[\/‘crd (b) < 4y/tra(b)Eu(b)
Choose such a threshold for each a;, and write f; for its spectral projection. Put
vd:Ztrd(ai—af), ,dezgu(ai)a Sd:Zfi-

Since ), trg(a;) = 1, the preceding estimate gives

(4.1) Zgu(fi) < 4+/By.

For A € [0,1] and 6 € J, the two cases A < § and X > 0 give
1pg,1(N) < 3, 119,11 (A) — Al < 3A(1 = N),
1.1 (A) = AP < 2A(1 = ).

Consequently,
(4.2) 0 < Sq <31, | trq(Sq) — 1] < 3vg, SO = aillsg < 204
%

We also need the total overlap of these projections. The order inequality >y ; fx < 3(Ia — a;)
implies

> tra(fifi) < 3Ztrd filla — ai)) < 9vg.

i£k
Here trgq(fifx) = tra(fifxfi) > 0, and the last inequality follows from f; < 3a; and the
commutation of f; with a;. Expanding the square now yields

(43) HSd - 27 = Ztrd(fifk) +1-— tI‘d(Sd) < 12v4.
itk

Step 2. In this step, we construct, for a sequence of data with total energy tending to zero along
w, auxiliary spaces K, of dimension at most 4d,, carrying unitaries @;, that commute with every
summand projection and satisfy (4.5). Fix h and a sequence of data (dy,, My, wjn,air) as in the
theorem. Write u, = (u1p,...,upy), and suppose that >, &, (ain) —w 0. Set

Mn
Up = Ztrdn(ai,n - ain)’ v = liur)n vy, € [0,1].

Apply the cutoffs above at every coordinate, obtaining f;,,, and put S, = >, fi n. Equation (4.1)

gives > Eu, (fin) —w 0.
Let H,, = C% and form the finite-dimensional space

Mn
=1

Write E,, for its first-summand projection, F; ,, for the projection onto the ith auxiliary summand,
and Fy, =, Fi . Thus E,, + F,, = Ig,. By (4.2),

(4.4) dn < dim K, = dy + Y rank(fi,) < 4dy,.
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On B(K,,) we use the finite trace 0, = Trg, /d, and the corresponding norm || - ||2,,,. For a
rectangular map X : H, — K, this notation means || X|3,, = Try, (X*X)/d,. In particular,
every norm on the physical corner still uses d,,.

Define W, : H,, — F,, K;, by W,& = (fin)i, and also regard it as an element of F,, B(K,)E,.
Then

WW,, = S,, [Wallop < V3, on(Fy) = trg (Sn).
For each 1, j,n, extend the polar part of f; ,u;nfin to a unitary wj;, on f; ,H,. The extension

exists because this compression is a square matrix. Zero summands are simply omitted. Put
Cjin = finWjnfin. Bach singular value s of this contraction satisfies (1 — 3)2 <1-352% s0

*

1
50n < T Try, 1, (fin = € inCiin)
n
= (I = fin)tjnfinll3.q,-

The other off-diagonal corner has the same squared norm, since Tr(c}; ,,¢jin) = Tr(¢jinc;; ,)-
The right supports f;,, and I — f;, are orthogonal. Decomposing along these supports therefore
gives

|wjin = Ciin

lwjimfin = Fintinllse, = lWjin = ciinl3 e, + [ fintin(I = fin)l3a,
< g, finlll3.a,-
Set
Ujm = Ujpn D @ Wjin € U(Ky).
7

These unitaries commute exactly with E,, and every F; ,, and

(4.5) 1,0 Wi = Wattjnll3,5,, < D jins finlll3.a, —w 0.

7

Their restriction to the physical summand is the original u; .

Step 3. In this step, we construct, by an equivalence of projections in the finite invariant corner
FDF of the commutant D of the u;, the partial isometry Z of (4.7), whose range projection
commutes with the abelian algebra £. Let N be the tracial ultraproduct of the B(K,) with their
normalized matrix traces. By (4.4), the formula

o za]) = i )

defines a faithful normal finite trace on N, a positive scalar multiple of its normalized trace. The
two traces define the same null ideal. Let

D:{ﬂl,...,ah}/ﬂN, ﬂ\j:[ﬂjm].

Write E = [E,], F = [F,], and W = [W,]. These elements belong to D, by (4.5); moreover,
o(E)=1and W = FWE.
We retain all labels by using the entire internal abelian algebra

Mn
L= {Z @iFipn i € C} . L=|[Ly. CFNF.
=1

Here [L,], includes every uniformly bounded sequence of such operators. The coordinate
conditional expectations onto L,, induce a 2-norm continuous projection onto £, so its unit ball
is 2-norm closed. Thus £ is a von Neumann algebra with unit F. Every element of £ commutes
with every #;, and hence £ C FDF.
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Take the polar decomposition W = V|W| inside D, and put e = V*V < F and f =VV* < F.
On E, the inequality (/s —1)2 < (s — 1)2 for s > 0, together with the contribution of the kernel
at s =0, gives
o(E —e) < 12v, IV — W3, < 12v,
o(F—f)=0(F)—o(e) <15v.

The first two estimates use (4.3). For the last one use |[0(F) — 1] < 3v and o(e) =1 —o(E —e).

Suppose first that F' # 0. Choose a MASA A of the finite algebra FDF containing L. Its
trace o|ppr is faithful, normal, and finite, as is its restriction to \A. Lemma 4.1 therefore gives a
projection py € A equivalent to F' — f inside FDF. Put f = F — pp. This equivalence preserves
the dimension on every central component. More precisely, for the normalized center-valued
trace © of FDF we have

(4.6)

Opo) = O(F — f),  O(f) =06(f).

These identities follow from ©(x*z) = O(xzz*) applied to a partial isometry implementing the

equivalence. In particular, o(F — f) = o(F — f) < 15v, and

If = Fl3.0 = I(F = f) = poll3. < o(F = f) + o (po) < 300.

Apply Lemma 4.2 to the equivalent projections pg and F — f in F'DF, normalizing its trace and
then rescaling the estimate. We obtain a unitary U with identity F' such that

UplU*=F—f,  UfU"=f  |U=F|ss <3300
This also explicitly implements the equivalence of the complements. Define Z = U*V. Then
ZeD, Z'Z=e ZZ'=f, |f L]=0,
1Z = Wlla < (V270 + VI2)V/5 < 20V

The distance bound follows by inserting V' and using (4.6). If F' =0, set f: U = Z = 0; then
V =W =e =0, and all the bounds and identities in (4.7) still hold.

(4.7)

Step 4. In this step, we construct projections g, lifting f, of rank at most d,, and commuting
with every label projection F;,, and partial isometries ¢,, lifting Z with range g, K, and define
the projection-valued partition (4.9) in My, (C). Choose positive contraction representatives
yn € F,B(K,)F, of ]‘N’ . They can be obtained by taking self-adjoint representatives, compressing
by F,, and clipping the spectrum to [0, 1]. Define the pinching map

Pu(y) = FinyFin-
[

For y € F,,B(K,)F,, averaging over independent scalar phases (; € T = {z € C: |z| = 1} gives

2
B = | \ [ych]
Tmn i

The identity follows by expanding the off-diagonal blocks: the average of |¢; — (i|? is 2 for
i # k. If ||lyn — Pn(yn)ll2,0,, did not tend to zero, at each coordinate of an w-large set we could
select phases witnessing a fixed positive lower bound in (4.8). Their sequence would represent

(4.8) 2|ly — Pu(y)

dc.

2,0n

an element of £ with nonzero commutator with f. This contradicts (4.7). Hence P, (y,) still

represents f
The spectral projections

frn = 1117211 (Pn(yn))
also represent f and commute with every F; . Indeed, P, (yy) is a positive contraction whose

idempotence defect tends to zero in 2-norm, and [1f/21)(s) — s| < 2[s — s?| on [0,1]. This
construction uses all coordinate label unitaries at once.
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Since o(f) = o(e) < 1, we have

(rank(fn) — dn)+
dn

—o 0.

Remove exactly this excess rank, when present, from fn within its individual label blocks. This
gives projections g, satisfying

gn Sﬁ% [gnvFi,n] =0 (1 Szgmn),

rank(gn) S dna ||gn - fn”2,an —rw 0.

Choose contraction representatives z, € F,B(Ky,)FE, of Z, and put 2/, = gnz,. These still
represent Z, so ||gn — 25,20 ||2.0, —w 0. Extend the polar part of 2/, to a partial isometry ¢,
from H,, onto all of g, K,,. There is enough room for the extension because rank(g,) < d,,. For
every left singular value s € [0, 1], including the zero singular values, the extension contributes
(1 —5)? <1 — s? to the squared error. Thus

[tn — z;“%an < onlgn — 22, ) —w 0.

The trace tends to zero by Cauchy—Schwarz and o, (g, ) < 4. Consequently [t,] = Z and
tnty = gn, e, =tit, < Ep, [el] = e.

Set gin = Fingn and Qipn = t)gintn € EnB(K,)E, = Mg, (C). The g;, are orthogonal
projections summing to gn; hence the @Q;, are orthogonal projections summing to e,. Since
m, > 1, we can complete this family by setting

(4'9) qi,n = Ql,n + B, — 6;” dijn = Qi,n (2 <i< mn)
This is a projection-valued partition in exactly My, (C).

Step 5. In this step, we deduce from Z € D, fe D, and the exact commutation of the ;, with
every label projection that the total energy of the g;, tends to zero along w. The membership
Z € D implies, for every 7,

pj’n = a])ntn - tnuj’n7 Hp‘%nHz:o’n —>w O'

Also [gn] = f € D, 50 ||[ljn, gn)ll2.0n —w 0. The exact commutation of 1, with every label
projection gives the summed identity

(4.10) > M, ginlll3 o, = Ijn, gull3.0,.-
%

Indeed, each commutator on the left is supported on its own F; , block.
*

Put p;, = U], tn — tyuj,. Then p;, = —uj, pjnuj,, so it has the same 2-norm as pj,.
Expanding the commutator gives
[uj,na Qz,n] = _(p;n)*gi,ntn + t;; [aj,na gi,n]tn + t;’;gi,npj,n-
For the first term, orthogonality and ||t,|/op < 1 give
— 2 — 2 2
im *gi,ntn”Q,on < Z H(pj,n)*giﬂ’bHZ,an < Hpjvn“Z,an'
> le5)
i i

The third term satisfies the same bound. For the middle term, (4.10) gives a bound by
(25,15 gn) H%Un . Therefore

> Msm, Qinlll3 g, < 32Nojnl3 4, + IEns n]l30,)-
7

The remainder has small commutator as well, since

‘270'71‘

[wjns €n] = =(05) tn + tapin,  Wtgn: Bn = €2, < 2llpsn
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Using (4.9) we conclude that
> i, Ginlll3 4, < 20050113 4, + 6ll[iEm, 9] 13 5, —e O
i
Summing over the fixed list of h unitaries proves >, &y, (¢in) —w 0. All these bounds sum over

the entire partition. The trace of the remainder may tend to a positive number; its commutator
tends to zero because its class is E —e € D.

Step 6. In this step, we compare ¢,, with W,, on every label block and deduce the bound (4.11),
in which the variance v controls the total distance from the ¢; , to the a;,. Let t; , = F} »t, and
Win = F; nW,, as maps from H,, to the ith auxiliary summand. Both are contractions, and

tiynti,n — Qz,ny Wi,an,n - fz,n‘

Expanding the difference of these two products gives

Z Han - fan%,dn < 42 Htim - Wi,n
7 7

‘g,on = 4th - Wn”%,an'

By (4.7), the ultralimit is at most 1600v. The remainder in (4.9) has squared norm tending
to o(E —e) < 12v, and (4.2) bounds the squared distance from (f; )i to (ain); by 2v,. The
triangle inequality in the Hilbert direct sum over all m,, outcomes now yields

(4.11) Hm > |gin — aimll3.q, < (40 + V12 + v/2)*0 < 50000.
w - s
1

This includes v = 0. Thus the variance pays for the distance and for the possibly positive trace
of the invariant remainder, while the total energy vanishes independently.

Step 7. In this step, we show by contradiction, applying the preceding construction to a sequence
of hypothetical counterexamples, that é can be chosen uniformly in the dimension d and the
number of outcomes m, and conclude the proof. If the theorem failed for some fixed h and € > 0,
then for each n we could choose data with arbitrary d,,, m, and >, &, (ain) < 1/n for which no
partition satisfies both conclusions. The construction above gives partitions with total energy
tending to zero and, by (4.11),

lim (Z @i — @inll3.a, — 500()1;n> <0.
1

Both required inequalities therefore hold on an w-large set, contradicting the choice of the data.
This proves the existence of § depending only on h and €. O

5. PHYSICAL SCALAR-EXPANDING DECOMPOSITIONS

We retain the matrix norms and energies of the standing setting. We show that, after a
perturbation tending to zero, the generators preserve scalar-expanding blocks covering arbitrarily
large trace. The number of blocks and their ranks may vary without restriction. Here physical
blocks are subspaces of the original coordinate space; the auxiliary spaces used in their construction
are removed before the conclusion.

Theorem 5.1. Let w,dy, h, u;, have quotient spectral gap a € (0,1). For every e > 0 there is a

number ¢ = c(a, h,e) > 0 and, for every n, a projection-valued partition Ry, Rin, ..., Rm, n of
I;  and unitaries z;:n, zin € U(dy) such that:

(i) Every zjin commutes with every R;n, and 3; | szin - “jm”%,dn — 0.

(ZZ) lim,, trq, (Ro,n) <e.

(1i1) On every nonzero R;,, with i > 1, the doubled list of restrictions of the zjin has scalar gap c
in the normalized trace of that block.

There is no restriction on m, or on the nonzero block ranks.
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Each original generator occurs twice in the perturbed list. Both copies have its original
ultraproduct image. We first prove the finite estimates that keep all errors independent of the
number of blocks.

Lemma 5.2. Let d,h > 1 and m > 0 be integers, let ui,...,up € U(d), and let fi,..., fm €
M4(C) be projections. Put

1
Eu@) = 5 D2 wpallie, Si=>_fr  So=0.
J

k<i
For p > 0 define
DY =(1+ps)t, B =DM - DM,

7

Then Bi(“) > 0, rank Bi(“) < rank f;, and the following estimates hold:

(5.1) E.D) < Y Eulfi) (0<1<m),
i<l
(5.2) DY) + D Eu(BY) < T2 Y Eulf).

For every fixed pn > 0 there is C}, < oo, independent of all dimensions and ranks, such that

(53) S s, DAl < Cu Y g, fll3a (15 <),

Consequently, for any sequence of these data, with u, = (uipn,...,unn), h fived,
sup, >; tra, (fin) < oo, and Y; &y, (fin) —w 0, every continuous ¢ : [0,00) — C having
a finite limit at infinity satisfies

(5:4) > Metjins (Sl finllza, —0 0 (1<5<h).

The last estimate controls a different density at each label. Its bound uses the total energy of
the projections, with no factor counting them.

Proof. We obtain the static estimate from a rectangular resolvent, factor the increments by a
block Cholesky decomposition, and then recover the localized estimate from the diagonal factors.
Every rectangular Hilbert—Schmidt norm in the proof has denominator d. Zero projections may

be omitted, and the assertions for an empty family follow from D(()“ )= T.

Step 1. In this step, we bound the inclusion defect d,, in (5.5), show that the static resolvent
map @, is \/p-Lipschitz, and deduce the static estimate (5.1) for every prefix. Write H = Ce,
K; = fiH, and K = @, K;. Let F; : H — K; be the row f;, and let F be the column with rows
F;. Thus F*F = S,,. For a unitary u choose a unitary v; on K; completing the polar partial
isometry of fyuf;, and put V = @, v;. The two source subspaces f; H and (I — f;)H, together
with (1 —8)2<1—s%for 0 <s <1, give

(5:5) 0y = |IVF = Full3 <> lI[u, filll3.4-

Indeed the error on the first subspace is at most try(f;) — || fiwfil|3 4, and the error on the second

is exactly that quantity. Their sum is ||[u, fi]||3 ;- The inclusion defects for v}, u* have the same
norms, since

vy F; — Fiu* = —v) (v, F; — Fyu)u®™.
The map Z — Qu(2) = (I +uz*2)~ 1 is V/#-Lipschitz in this norm. Along a differentiable
path,
Qu=—nQuZ"Z+7Z"2)Qy.
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Singular values give ||Qullop <1 and [|ZQpllop < (24/p)~*. Each of the two terms is therefore

bounded by /i[|Z|2/2. Integrating along a line proves the assertion. Since Q,(VFu*) =
u@,(F)u*, (5.5) proves (5.1), also for each prefix.

Step 2. In this step, we construct the block lower triangular factorization C, show that 7 is
3-Lipschitz and equivariant, prove (5.7) for Z = F, and deduce positivity and the rank bound for

B}“) together with (5.2). For an arbitrary Z : H — K, factor
I +pzz* =C(Z)C(Z)*

with C(Z) block lower triangular and all diagonal blocks positive definite. Successive positive
Schur complements give existence and uniqueness. They also give differentiability along
differentiable paths, since inverses and positive square roots of positive definite matrices are
differentiable. Set J(Z) = C(Z)~'Z. We claim that J is 3-Lipschitz, uniformly in p and the
block sizes.
Put
=E=C71C, Y=C'wzz*+27%)C*.

Differentiating the factorization gives = + Z* = T. The strictly lower blocks of = equal those
of T. On a diagonal block write C;; = G > 0 and Ci;i = J = J*. Then Z; = G~ 1J and
Y =G 'J+ JG~L In an eigenbasis of G, with eigenvalues g, > 0,

(Esi)rs = PR ifg (Yii)rs-
T S

Summing squared entries proves ||Z||2 < [|T]]2. Also ||[C7Y||op < 1, and
pJJ*=I—-C7tC™* <.
Hence || J|lop < p~/? and
1Tl = M€ 27" + T2°C~)a < 2/E1Z 2

The identity J = C~'Z —EZ7 now gives || 7 ||z < 3||Z||2. Integration proves the claim. Uniqueness
of the positive diagonal factors also gives the equivariance identities

C\VZu*) =VC(Z)V*, JNZu*) =VIT(Z)u*.
Apply this factorization to Z = F and put W = /uJ (F). Write H; = F}Dl(f)le* as an operator
on K. Block elimination gives
(5.6) W; = \//j(IKZ + qu‘)fl/zﬂDgﬁ)l? Ciyi = (IKZ- + /LHi)l/Q.

Here is the elimination explicitly. If F.; is the column of preceding rows, its contribution to the
diagonal Schur complement is removed using

I — pF (I + pFoiF%) "' Foy = DIV

The resulting complement is I, + pH;. In the ith row of CW = | /uF, subtracting the preceding

rows similarly leaves \/,EFZDE& )1. This proves (5.6). The inverse identity, verified by multiplication,

is
(5.7) B = uD{"\F} (I, + pHi) ' F:DY) = W, W,
It proves positivity and the rank bound. Telescoping gives W*W = I — Dﬁ,’f ) <I.

Lipschitz continuity and equivariance yield

(5.8) > lwiWi — Wiulls < 9pé;.

The same bound holds for v}, u*. Expanding

[u, WiW;] = (uW — Wivg) Wi + W (v; W — Wiu)
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and using ||Willop < 1 gives >, ||[u, B ]HQ < 36u62. The identical expansion for the entire

contraction W gives ||[u, DY ]II3 < 36ud2. Summing over the original generators proves (5.2).

Step 3. In this step, we bound the commutators of the unitaries v; with the diagonal factors Cj;
in terms of 62 and deduce the localized covariance estimate (5.3) with an explicit constant C,,.
Equation (5.6) implies

VT

VI+pz

[UZ', Wz-FZ ] (UZVVZ Wi u) + W (UF* .FZ*UZ)

and the inclusion estimates give

Z w5, g (H) 1 < 2(9p + 1)52.

WiF} = gu(Hi), gu(x) =

The expansion

On [0, 1] we have
oy = VOB i
(L px)32 =0 (14 )32
In an eigenbasis of H;, comparison of divided differences therefore bounds 3, ||[vi, H;]||3 by
2(9p + 1)€,20%. Since x — /T + px has Lipschitz constant at most /2, it follows that

12 (9p+1)
22

> 0.

ZH i, Ciilll3 < Mud2, M, =

Taking adjoints in (5.6) gives Dfﬁ )lFi* = " 2WrC;y;. Consequently
uDW Fr — DY Fro; = = V2 (Wi — Wio))Cii + Wi v, Cii)).

The sum of its squared norms is at most 2u~1(9u(1 + p) + M,)d2. Subtract DZ( )1(UF1* — Frv;)
to obtain (5.3), for example with

Cp=36(1+4p) +4M,/p+ 2.

Restriction to K; has the same Hilbert—Schmidt norm as right multiplication by f;, so this is the
asserted estimate.

Step 4. In this step, we show that finite linear combinations of 1 and the resolvents (z + s)~!
are uniformly dense in the continuous functions on [0, 00] and on [0, 1], deduce (5.4) from (5.3),
and conclude the proof. Finite linear combinations of 1 and (z + s)~!, s > 0, are uniformly dense
in the continuous functions on [0, oc]. To see this, set y = (1 +2)~1. A continuous function of
y on [0,1] is uniformly approximated by its Bernstein polynomials: if w(p) is its modulus of
continuity, the error is at most
[[#]lo

@(p) + 5 2
This follows by splitting the binomial average into |k/N — y| < p and its complement, whose
probability is at most 1/(4Np?). First choose p, then N. For each integer » > 1, the identity

o 1 L
I I G Ve R VI R
s=1

approximates " uniformly by finite differences of resolvents. Uniformity follows from the
bounded next derivative for x > 0 and s near 1. This proves the density assertion. The same
argument applies on a compact interval such as [0, 1], by extending the corresponding function
of y continuously to [0, 1].

Each resolvent is a scalar multiple of a density covered by (5.3). For an approximant with
uniform error at most p, the error in the direct sum of commutators, after right multiplication
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by fi, has squared norm at most 4p% >, trg, (fi). Fix the approximant first, take the ultrafilter
limit using the localized estimates, and then let p decrease to zero. This proves (5.4). u

Lemma 5.3. Letd > 1 and m > 0 be integers, and let I = Dy > D1 > --- > D, > 0 be matrices
in My(C). Put B; = D;—1 — D;. For every continuous g : [0,1] — C and every p > 0 there is a
finite K, ,, independent of d,m and the chain, such that every projection e € My(C) satisfies

(5.9) Ztrd((l —€)g(Di—1)Big(Di—1)*) < 2K, ,tra(I — e) + 2p°.

In particular, for any sequence of such chains and projections with trq, (I — e,) — 0, the sum
on the left tends to zero for every fixed g.

This estimate concerns the ranges of amplitudes with squared modulus B;. It remains valid
for positive matrices dominated by a fixed multiple of the matrices inside the sum.

Proof. Fix s > 0. Write A = D;_1+ sl, so that A— B; = D; 4+ sI > 0. The inverse identity gives
(A-B) ' —A' - A'B A = A7'Bi(A- B) " 'B,AT! > 0.
After summing and telescoping, we obtain
(5.10) > (Dicy+sI)'Bi(Di—y +sI)7H <57
i
For the constant function the corresponding sum is >, B; = I — Dy, < I. If r(z) = ¢o +
Zfﬁvzl cx(r + s;) 71, the triangle inequality in the direct sum of the vectors BZ-1 / QT(Di_l)*g gives
N 2
* —-1/2
> r(Dis1)Bir(Dic1)* < Ko I, K, = <|c0| + ) leklsy / )
i k=1
The approximation argument in Step 4 of the proof of Lemma 5.2 supplies such an r with
llg — 7lloc < p. Moreover,

ST Ng = )(Dic1) B P30 < 0 tra(Bi) <

(2

Multiply the amplitudes on the left by I —e and apply || X + Y||3 < 2|/ X |23 +2||Y||3. This proves
(5.9) with K, , = K. For the limiting assertion, keep r fixed while taking the ultrafilter limit,
and then let p decrease to zero. O

Lemma 5.4. Let d,h > 1 and m > 0 be integers, and let Py, ..., P, be a projection-valued
partition in Mg(C). Let wy,...,wy € U(d) commute with every P;, and put

1
gw(-r) = E Z ||[wjvx]H%,d'
J

Suppose 0 < ¥ <1, & >0 for 1 <i <m, and every projection ¢ < P; of rank at most rank(F;)/2
satisfies

(5.11) Ew(q) = Vtra(q) — &
Put £ =371 &. Then there are projections R; < P; for i > 1 and unitaries z;', z; € U(d) such
that, with Ry = I — Y11 R;, the following hold:

(i) Every zj-[ commutes with every R;, and

8 m
trd(RO) - trd(Pﬂ) < 57 Zgw(Rz) < %
i=1
(ii) The total change satisfies
16h¢

+
Z 25" — U’j”%,d < —
j7:|:
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(iii) On every nonzero R; with i > 1, the doubled list of restrictions of the zj-[ has scalar gap
¥? /64 in the normalized trace of that block.

The additive defects are charged once to each original block. No lower bound on the trace of
an individual block is required.

Proof. We remove low-energy subprojections, prove a Cheeger estimate for the remaining
compressed contractions, and realize those contractions as averages of two nearby unitaries.

Step 1. In this step, we construct each R; by pruning inside one block F;, either discarding
the block or successively removing subprojections that satisfy (5.12), and prove (5.14) together
with the trace and energy estimates for the R;. Fix P = P; # 0, and write pp = try(P). If
& > 9pp/8, take R; = 0. This loses less than 8¢; /9 trace and contributes zero energy. Otherwise
put k = 9/8 and start with @ = P. For x = Qz(, define the compressed energy

Ena®) = 3 Y l1QuyQ.
J

2
2,d-

Whenever a nonzero projection p < () satisfies
(5.12) tra(p) < tra(Q)/2,  Ewq(p) < Ktra(p),

remove it and replace Q by @@ — p. The rank strictly decreases, and no removal exhausts @, so
the process terminates with a nonzero projection R.

Let p1,...,p; be any initial segment of the removed projections, and let Q) be the remainder
just before removing py. Set A = 22:1 pr and pg = trg(A). The entries joining A to P — A split
orthogonally over the p,. For each k, those entries are among the entries joining pi to Qr — pg.
Since P reduces every wj, this gives

l

(5.13) Ew(A) = Eu(P = A) <Y Euu(pr) < Kita.
k=1

No initial segment has g > pp/4. Indeed, at the first such segment the previous removed trace
Hold is less than pp/4, and (5.12) implies

pp/4 < pa < pod + (PP — fola) /2 < 5pp/8.

The smaller-rank member ¢ of A, P— A then has trace between pp/4 and pp/2. By the hypothesis
on this block,
Ew(A) = Ew(q) = Vpp/4— & = Ipp/8.
But (5.13) bounds the same quantity by a number less than 59pp /64, a contradiction.
Apply (5.11) to the final removed projection A = P — R, whose trace is less than pp/4.
Together with (5.13), it gives

W R A <& EB) S (PR < o
At termination we also have
kR
(5.14) Euw.r(P) > Ktra(p) (p <R, rankp< ran ) .

Apply the procedure in every nonzero block, and put R; = 0 when P; = 0. The discarded blocks
and the pruned blocks together give the two estimates in (i).

Step 2. In this step, we prove the expansion estimate (5.15) for the quadratic form Q of the
compressed contractions a; = Rw;R on a retained block, first for positive matrices of small
support and then for every trace-zero x. Fix a retained nonzero R = R;, set r = rank R, and use
tr, = Tr /r on its range. The matrices a; = Rw;R on that range are contractions. Define

Q) = o 3 (lag, 2118, + 65, 13,
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For self-adjoint = the two commutators have equal norms. Dividing (5.14) by try(R) therefore
gives Q(p) > ktr,(p) whenever tr,(p) < 1/2.

Let y > 0 have support of normalized trace at most 1/2. In an eigenbasis of y, write its
eigenvalues as y,. The projections ps = l(s’oo)(yQ) satisfy the same support bound. The layer-cake
formula and Cauchy—-Schwarz give

cern (o) < |  Q(pa) ds

1
= g 2 1 — 9l (el < Q) *H ()2,
7,k

where
1
H(y) = — > (o + yk)?l(a;)uxl>.
4hr ok

Each row and column of a contraction has squared Euclidean norm at most one. Thus (s + )% <
2(s? + t2) gives H(y) < tr.(y?), and hence Q(y) > 2 tr,(32).

For a self-adjoint = choose a median b of its eigenvalues. Both y; = (x — bR)y and y_ =
(bR — x)+ have support trace at most 1/2. The scalar inequality

s =t > (s =b)s = (t=0) P+ |(b— )4 — (b— )+
applied entry by entry yields Q(z) > Q(y4+) + Q(y-). If tr,.(x) = 0, we obtain
(5.15) Q(x) > K2 tr, ((x — bR)Q) > /<;2HxH§7r.

For completeness, the operator of this quadratic form is

1 * * * * * *
L(z) = 3 Z((ajaj + ajai)x + x(ajaj + aja}) — 2ajva; — 2a5xaj).
J
It is self-adjoint for the Hilbert—Schmidt inner product and preserves adjoints. For self-adjoint
A, B the number tr,(AL(B)) is real. Therefore Q(A + iB) = Q(A) + Q(B). The real and
imaginary parts of a trace-zero matrix are trace zero, so (5.15) holds for every trace-zero x.

Step 3. In this step, we construct the doubled unitaries z]j-[ whose averages are the compressed
contractions, deduce the scalar gap from (5.15), bound their cost 3, | Hz;E — ij%d by 16h&/7,
and conclude the proof. On each nonzero member R of the final partition, complete the polar
partial isometry of a = Rw; R to a unitary v and set

2p = v(lal £i(R —[a])'/?).

These are unitaries and (z;rR + 2, )/2 = a. Their direct sums give z]j-E commuting with every R;.

Convexity applied both to a and to a* gives, for any x on a retained block,

1
@Z 1127 5 2]lI3, = Q(2).
==

Indeed ||[z*, z]||2,» = ||[2,]||2,r for a unitary z, by [2*, 2] = —2z*[z,2]z*. Combining the two
convexity inequalities gives the displayed bound, including for complex x. Equation (5.15) proves
(iii).

Put C; = Y p RwjR and L; = [w; — Cj\|§7d, where the sum is over the final partition.
Orthogonality of its matrix blocks gives

sz:t — Cjll34 =" tra(R — (Rw;R)*(Rw;R)) = Lj,
R

25" — wil3 4 = 2L;.
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Writing B = Y Eu(R), the same block expansion gives B = (2h)~! >°j Lj. The original P;
reduce wj, so the only final boundary inside P; joins R; to P; — R;. Consequently

Ew(Ro) =Y Ew(Ri), B=2) &u(R;) <2¢/7.

i>1 i>1
Summing the edit costs over both signs proves 37 | Hzf—wj H%’d = 8hB < 16h&/7, as required. [

Proof of Theorem 5.1. We select projections of minimum rank using a penalty for leakage out
of the repair corner. Their resolvent increments form an almost projection-valued partition.
Rounding and conditioning its amplitudes produce physical blocks with the original rank
certificates. The range estimate transfers those certificates with a total positive defect, which
Lemma 5.4 removes.

Step 1. In this step, we define, for a given ¢ with 0 < t < 1/256, the fixed parameters of the
construction, all independent of the coordinate ranks, together with the target trace bound F'(t),
the target scalar gap 3%/256, and the norm conventions. Fix 0 < t < 1/256. Every limit below is
taken with this ¢ fixed. Set

I — 2 _ v — =¢t1
36/a,  B=7  y=vh A=t
A 9 ~ 14+t
X s - 4=

ky 1+/\( \[t) ) g A1 —7) k¢
B 1 B 1 _2(t+o0)
h0_10g2—§a hl—IOg(4/3)_Zv by = k2

b b
“t:FZ’ 5‘*22”}%1’ G =vi+s,  F(t)=2((5002+4/7)q + 1)

These numbers are positive and independent of all coordinate ranks. We construct blocks with
discarded trace at most F(t) in the ultrafilter limit and scalar gap 32/256. Unless a block norm
is explicitly indicated, every norm in the proof, including a rectangular norm, uses the ambient
denominator d,. In calculations at a single coordinate, write d = d,, and H = C%, and omit n
from the projections and densities.

Step 2. In this step, we define the leakage ¢(p) of a projection p out of the repair corner e,
and show that every nonzero p satisfying the test (5.17) with leakage penalty has a repair f
satisfying (5.18) and (5.19). Theorem 3.2 supplies ep, n, with trg, (I —e,) — 0 and 7, —,, 0.
Fix a coordinate and write e = e,. For a projection p, put ¢(p) = trg(p( — €)). There is a
projection g < e such that

(5.16) Ip—ql5q < 20(p),  tra(p) —20(p) < tra(q) < tra(p).

Take q = 1[1/2,1)(epe). To verify the estimates, diagonalize pep on pC?. If a unit eigenvector has
eigenvalue v > 0, its image under e, divided by /v, is a unit vector in eC?. These images are
orthonormal. For v > 1/2 retain that image in g; its contribution to d||p — qH%d is 2(1 — v). For
v < 1/2, including v = 0, discard it; its contribution is 1 < 2(1 — v). The number discarded is at
most 2> (1 —v) = 2dl(p). This proves (5.16).

The energy is a squared norm and satisfies &,(z) < ||xH%7dn, by [[[jn, 2]ll2,4, < 2|xl2,4,-
Consequently

En(q) < 2En(p) + 4L(p).

Suppose p # 0 and
(5.17) En(p) + 3l(p) < Btra, (p)-
Then 4(p) < Btra,(p)/3, so trq,(q) > tra,(p)/2 > 0. Since § < 1/(16L),

tra, (p) _ tra,(q)
8L — 4L

Enlq) < 2Btrg,(p) <
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The individual repair theorem therefore gives a projection f with

If = pl3.a, < 2LE(Q) +2lla — pli5.4,
(5.18) < 4LE,(p) + (8L + 4)t(p) < 4L(En(p) + 3L(p)) < ttrg,(p),
En(f) < mntra, (f).

We used L > 1 in the last comparison. For projections, |trg(f) — trg(p)| < || f — pH%’d, because
0 < trg(fp) < min{try(f), trg(p)}. Thus this repair also satisfies

(5.19) (1 —t)rankp < rank f < (1 + ¢) rank p.

Step 3. In this step, we prove the coarea estimate (5.20), choose recursively in high-density
windows b; projections p; of minimum rank satisfying (5.17) with repairs f;, and obtain the total
bounds (5.21) and (5.22). We use the following coarea estimate for a positive contraction D:

(5.20) [ &tpo)do < 2 \fea (D).

In an eigenbasis of D, with eigenvalues dy, let wy, = (4hd,,) ™! > |(uj,n)bk|2. The weights sum to
1/4. The energy of D is >y, ; wpk(dy—dy)?, while the integral is Y=  wy|dy—dg|. Cauchy-Schwarz
proves (5.20).

At coordinate n, start with Sy = 0 and Dy = I. Given the preceding choices, put D; 1 =
(I + AS;—1)~! and choose

En(D;_
0; € [1—7v1—9/2],  bi=1p,y(Di-1),  &u(bi) < M

Such a threshold exists by (5.20), since the interval has length /2. If a nonzero p < b; satisfies
(5.17), choose one of minimum positive rank, denote it by p;, and repair it to f; as above. Set
S; = 8;_1+ fi and D; = (I +\S;)~L. If no such p exists, stop. The minimum is over a nonempty

set of integers in {1,...,d,}, so strictness of the test causes no existence problem.
Put B; = D;—1 — D;. The inverse identity (5.7) and f;D;_1f; < I can imply
A 2
tra, (Bi) > m”Di—lf’iHZdn
A
2 m(l -7 \/2)2 trq, (pi) = ki tra, (pi)-

For the second inequality, D;_; is bounded below by 1 —~ on b;,C% and ||D;_1(f; — pi)||2 <
Vttrg, (pi). This argument does not require p; to commute with D;_;. The positive increments
telescope to I — D; < I at every prefix. Since each p; has rank at least one, the recursion stops

after at most d,,/k; selections. Writing m = m,, for their number, we have

(5.21) Ztrdn(pi) <k Ay = Ztrdn(fi) < A, Ip = Zé’n(fl) < MpAs =, 0.

The static estimate (5.1) shows that every chosen window, including the final one b = by, 41,
has energy at most /A, A./v. Failure of the selection test for p = b, with the same inequality
valid if b = 0, gives
VAR Ay

Y

Define the right side divided by 3 to be (,. Then (, —, 0. The kernel of S,, is contained in b,
and rank S, < ), rank f;. Hence

(5.22) trg (b) < Cor  Ap>1— (o

Btra, (b) < En(b) + 3tra, (b(I —en)) < + 3trg, (I — en).
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Step 4. In this step, we define the second resolvent scale DZQ), bound A,, and s, by means
of ®1, deduce the variance bound (5.28), and obtain the energy bound (5.29) from Lemma 5.2.
From the actual threshold used in the selection,

_r

AL =)

Introduce Di(l) = (I +S;)~! without changing the recursion, and let HZ-(l) = fiDl@le— on f;H.
On the spectral window in (5.23), I — Dz@l <ol. By (5.18),

tra(fi(1 = DI2) = 11 = D2 fil3 4
< 20 trq(pi) + 2| fi —piH%d < 2(t + o) trg(p;).
The determinant identity det(/ + XY) = det(I + Y X) gives
det(I + S;
det(j(' ++Si_)1) = et
After taking logarithms and telescoping, use log(1 4+ z) > log2 — (1 — z) for 0 < z < 1 to obtain

(5.23) pi <1lpel(Si1), o=

I+ HY).

1
(5.24) @ :=trglog(I + Sp) = Z p Try,plog(Lf,m + HZ,U)) > A, log2 — by.

7

Scalar Jensen on the eigenvalues of S, gives &1 < log(1+A,,). The function v — v log2—log(1+v)
vanishes at 1 and has derivative at least hg for v > 1. It follows that

(5.25) A, <1+

For A,, < 1 this inequality holds as well.
Let X = (I + Spn)/2 and ¢(z) =z — 1 — logx. Equations (5.22) and (5.24) imply

A, —1
tra(¢(X)) = =5 — +log2 = &1 < —ho(An — 1) + by < by + hoGp-
On the spectral subspace S, < 1/2 we have ¢(X) > ¢(3/4) = hy. On its complement
Dy, = (I +\Sp,)~1 <2/X. Thus
(5.26) Sp = trg, (Dm) < 2/X+ (bt + hoCn) /b1, lim s, < s;.
The list (Dy,, B1,...,Bp) is a positive operator-valued partition. Since 0 < B; < I and
rank B; < rank f;,

k f;
(5.27) Zijtrdn (B; — B?) < Z (razn fi _ trdn(B,-)) = A, — 1+ s

For the scalar inequality used here, z — 22 < 1 — z on [0, 1]; apply it on the support of B; and
then enlarge the rank bound. Also

Ztrdn (Bz — Bf) = try, (Dm — D72n) + Ztrdn (BZBk) > trg, (Dm — D?n)

itk
Therefore the full variance and total energy satisfy
(5.28) Vo := tra,(Dm — Dp,) + ) trg, (Bi — Bf),  limV, < 2g;,
i

(5.29) En(Dm) + Y En(Bs) < 72X\ Jp —4, 0.

The last line is (5.2) at p = A.

Step 5. In this step, we obtain by rounding a projection-valued partition Qo,...,Qm
from D,,, Bi,..., B, construct polar parts V; with physical supports P; < @); and ranges
under the windows b;, bound lim, try, (Py) by F(t), and prove (5.37) and (5.38). Apply
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Theorem 4.3 to (Dyy,, By, ..., By). Equation (5.29) allows a choice of projection-valued partitions
(Qo, Q1,- .-, Qm) such that

m
(5.30) D &nl(Qi) 2w 0,  Hp:=|[Qo— Dmll54, +Y_ Qi — Bill3,4, <5000V, + o,(1).
i=0 i>1

To make the choice precise, first take the fixed tolerances 1/r in that theorem and their positive
input tolerances §,. At coordinate n use the largest r < n for which the input energy is at most
ming<, 0x; if none exists, use an arbitrary projection-valued partition with the same labels. The
chosen r tends to infinity along w, which proves (5.30). All applications of the rounding theorem
are thus at fixed tolerances.
The total label mismatch is
Vo + Hp ,
(5.31) by =1 —trg,(QoDp) — > trq, (QiB;) = ———  limf, <5001,
i>1

This identity follows by expanding the squared distances and using both partition sums. Each
mismatch term is nonnegative.

Let g : [0,1] — [0,1] be zero on [0,1 — 7/2], one on [1 — v/4,1], and affine between these
intervals. Then

big(Di-1) = g(Dj-1), 1—g(x)* <4(1—x)/7.
The first identity uses the original threshold #; chosen in the recursion. Since B; < D;_1,
tra, (B;(I — D;_1)) < trq, (B; — B?).
Consequently

(5.32) K, = Ztrdn (I —g(Di-1)*)By), lim K, < 4qt /7.

Here we used (5.27) and the bounds for A, and s,,.
Define contractions on the original physical space by

Yi=g(Di-1)BiQi;  (i>1).

Their right supports lie in the mutually orthogonal @);, their left supports lie in b;, and rank Y; <
rank f;. We claim that

(5.33) > E(Yi) — 0.

The commutator terms involving B; and @; are controlled by (5.29) and (5.30). For the
remaining term use the amplitudes in (5.6) with © = A. Writing X; = W}, we have B; = X; X
and || X;||op < 1. For each original generator u = u;p,

1w, g(Di-1)]Bill2 < ||, g(Di-1))Xill2 < VA|l[u, g(Di-1)] Di1 fillo-
Now
[u, 9(D)]D = [u, g(D)D] = g(D)lu, D].
Both ¢(D)D and D are fixed continuous functions of S;_; with limits at infinity. Equation (5.4),
using the total bounds (5.21), shows that the squared norms in the last display tend to zero after

summing over i. Expanding [u, Y;] and summing over j proves (5.33).
The total defect from an isometry, including the zero label, is

My, = trg, (Qo) + Y trg, (Qi — Y;*Y5).
i>1
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Insert B; and Bi2 between @); and Y;"Y;. The exact identity and its bound are
M, = £, + trgq, (QoDp) + Ztrdn :(B; — B?))

—I—Ztrdn QiBi(I —Q(Di—l)z)Bi)

< £n+3n+ztrdn(3i _Bzz) +Kn
i
For the last sum first use Q; < I, then B? < B; under the positive trace. Equations (5.26),
(5.27), (5.31), and (5.32) give

(5.34) lim M, < (5002 + 4/v)q: + st = F(t)/2.
w

Set G; = Y;*Y;, 50 0 < G; < Q; and >, trg, (G;) < 1. The product rule gives >, £,(G;) <
437 En(Yi) —w 0. There is a common «, € [1/3,1/2] such that the projections P; = 1, 1)(G:)
satisfy

(5.35) P < Qi X} ) w0, D g, (Qi — P) <2 trg, (Qi —

Here is the coarea estimate with the labels included. In eigenbases of the G;, only pairs with at
least one eigenvalue at least 1/3 contribute when integrating the projection energy over [1/3,1/2].
The indicator of such a pair is at most three times the sum of its two eigenvalues. Unitarity
of each generator shows that the total weight of these pairs, summed also over i, is at most

% >itra, (G;) < 3/2. Cauchy—Schwarz therefore bounds the integral by (% > En(Gi))1/2. Choose
a common threshold with energy at most six times that bound. For the trace estimate, each
eigenvalue discarded inside @; is below a;, < 1/2 and hence has 1 — z > 1/2. This proves all of
(5.35).

Take the polar part of Y; on this spectral subspace:

Vi=Yi(Gilpca) VPR, ViVi= B, = ViV < b

For P, = 0 set V; = 0. The rank bound is
(5.36) rank P; < rank f; < (14 t) rank p; < 2rank p;.

To estimate the energies, define one fixed Lipschitz function

() = 3V3z, 0<x<1/3,
MBI =12, 13<a <.

It has x(0) = 0, ||x|lco < v/3 and Lipschitz constant at most 3v/3, and V; = Y;x(G;)P;. Entrywise
comparison in an eigenbasis gives ||[u, x(Gi)]|l2 < 3v/3||[u, Gi]||2- The product rule, (5.33), and
(5.35) now imply

(5.37) > En(Vi) — 0.

Put Py =1 — 32,51 P;. Orthogonality and (5.34) give
tra, (Po) = trg, (Qo) + D trg, (Qi — Pi) <2M,,  limtrg, (Py) < F(2).
i
In the matrix blocks of this partition, every entry counted by &, (Fp) is also counted by ;-1 E,(F;).

Thus &,(FPo) < 51 En(F) —w 0.
The range projections, which need not be orthogonal, satisfy

II; < 3Y;Y;" <3¢(Di—1)Big(Dj-1).
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The first inequality uses G; > 1/3 on P;; the second uses @; < I and Bg < B;. Lemma 5.3
applied to the actual repair corners e, consequently yields

(5.38) > tra, (i1 = en)) —w 0.

This is the needed estimate on the range ends V;V;*. It follows from the monotone densities even
though these ranges are only known to lie in b;.

Step 6. In this step, we construct unitaries w;,, commuting with every P; and satisfying (5.39),
and transfer the minimum-rank selection test through V; to every small-rank projection g < P;,
with additive defects whose sum &, tends to zero along w. Pinch each u;,, to (P, P, ..., Pny)
and complete the polar partial isometry in each block. The resulting unitaries w;, commute
with this partition and satisfy

(5.39) > Mwjm = wjnll3 4, —e O-
j

For the estimate, put C; = >, Piu;P; and Lj = ||uj, — CJ-H% 4, The singular-value inequality
(1—15)2 <1—s? gives |Jwj, — Cj||%’dn < Lj. The diagonal and off-diagonal parts are orthogonal,
so |lwjn — Uj,n”g’dn < 2L;. Finally 3, &,(P;) = (2h) ! > Lj = 0, proving (5.39).

Write

1
Ewn(@) = > Mwin: 2ll3.4,,
J

and define
A;; = uj,n‘/i - V;wjm, A]_,z = u;,n‘/l - V;w;,n’
1 * — \k A — *
Zi= g 2 (AL AL + (850" A85),  Hi=ViI —en)Vi.
J

Both Z; and H; are positive and supported on F;. The total traces tend to zero:

(5.40) Yotra, (Zi) =0 0, Y tra, (Hi) = 0.

For the first assertion expand A;FZ = [ujn, Vil + Vi(ujn — wjy). Because the initial projections
V.*V; = P; are orthogonal,

D o WVilwjn —win)lls = tra, (wjm — win) “Pi(ujn — wjn)) < lujn —wjal3.
: :

7
Equations (5.37) and (5.39) prove the claim. The adjoint generators obey the same estimate,
since [|[u],,, Villl2 = [[[wjn, Villl2 and |u},, — w],ll2 = |lujn — wjnll2. The second assertion in
(5.40) is exactly (5.38) by cyclicity of trace.
Let ¢ < P; be any projection of rank at most rank(F;)/2. Then y = V;qV;* is a projection
under b; with the same rank as ¢, and (5.36) gives rank y < rank p;. The actual minimum-rank
selection rule therefore implies

(5.41) Btra,(q) < En(y) + 3tra, (y(I — en)).
For ¢ = 0 this also holds. To compare energies, use the exact identity
[wjm, ViaVi'] = Vilwjn, ]V + AJ3aVi" = Vig(A7,)".
The first term has norm ||{w; n, ¢l||2, since w;, reduces P;. The squared norms of the other two

terms, summed with weight (4h)~!, have sum try,(¢Z;). The triangle inequality in the direct
sum over j gives

VE) < \fEuwnla) +/2tra,(aZ0).
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Squaring yields &,(y) < 2&yn(q) + 4trq, (¢Z;). Also try, (y(I —e,)) = trg, (¢H;). Thus (5.41)
gives the simultaneous all-test inequalities

3
5w,n(‘]) > gtrdn (Q) - gi,n, éi,n = 2trdn(Zi) + 5 trdn(Hi)v gn = Zgz,n —w 0.

Step 7. In this step, we obtain the blocks R; and the doubled unitaries zjjE by pruning the
defect &, with Lemma 5.4, show that F(t) — 0 as ¢ decreases to zero, choose the tolerance ¢ with
F(t) < e, and conclude the proof. Apply Lemma 5.4 at each coordinate with ¢ = /2. It gives

R; < P, Ry =1 — 3 ;51 Ri, and doubled unitaries zj.c reducing this partition, with

trg, (Ro) — tra,(Po) < 16&./8, DNz, — winl34, < 16h&, /7.
JE
Every retained nonzero block has scalar gap 92/64 = 32/256 in its own normalized trace. The
displayed loss and (5.34) give lim,, try, (Ro) < F(t). Moreover

Y l2 — winli3a, < 32060/T+4Y llwjn — ujnll3 4, —w O-

JhE J
All partitions and unitaries have been constructed in the original My, (C), including at coordinates
outside any prescribed member of the ultrafilter.

Finally o = t3/2/(1 — \/t) = O(t*/?), and k; stays bounded away from zero as t decreases to
zero. Thus by, vy, 8¢, ¢ = O(t) and F(t) = O(y/t) — 0. Given the prescribed ¢, choose one fixed
t € (0,1/256] with F(t) < ¢, and take ¢ = 32/256 > 0. The range and covariance approximations
above are made at this fixed t before taking their ultrafilter limits. The trace estimate proves
(ii), the perturbation estimate and construction prove (i), and the pruning gap proves (iii). O

6. INTERNALITY OF KAZHDAN COMMUTANTS

We retain the matrix-ultraproduct conventions of Section 2. We first match scalar-expanding
blocks, including blocks of different dimensions. We then exhaust the relative commutant by
internal corners and compare their conditional expectations uniformly on the operator-norm unit
ball. The preceding decomposition has a small discarded trace at each fixed tolerance, and its
scalar gap may depend on that tolerance. We therefore apply matching in each retained corner
before passing to the exhaustion. The subscript 1 denotes the trace norm, with the same trace
normalization as the corresponding 2-norm.

Lemma 6.1 (Powers-Stgrmer). Let (N,o) be a tracial von Neumann algebra. For positive
v,y € N one has ||z —yl3, < 2> — y*[l1,0-

This is the Powers—Stgrmer inequality in [loa25, eq. (2.1)]. We use it to control the modulus
of an approximate intertwiner, with the same trace on both sides.

Definition 6.2. Let h,7,t > 1 be integers, let U = (Uy,...,U,) € U(r)", and let V =
(Vi,..., V) € UM Write | Z||}g = Tr(Z*Z) for the ordinary Hilbert-Schmidt norm of a
rectangular matrix. Define the mized Rayleigh minimum by

S 02 - 2Vl
0#£2:Ct—Cr 4h||Z| %

AU, V) =

Put Uy = I, and Vy = I;. With the infimum taken over isometries ¢ : C" — ¢?(N) and
7: C! — (2(N), define the stabilized orbit distance and its normalized version by

1/2
h
. . . d.(U,V)

=0
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The identity coordinate records the difference in ranks. Only finite-rank operators enter
the distance, and the two ranges span a space of dimension at most r 4+ ¢. Thus the infimum
can be taken in C"*! and is attained by compactness. The mixed minimum is attained on a
Hilbert—Schmidt unit sphere. Both quantities are symmetric in the two tuples; for A this follows
by taking adjoints.

Lemma 6.3. Let h,r,t,b > 1 be integers and let U € U(r)", V e U(t)", and Y € U(b)". Then

(6.1) |T t’ < AU, V)2,

(6.2) A(U,Y) ” AU, V) + H A(V,Y).
If A(U,V) < 1, then

(6.3) AU < — AUV

= oh(1 - A(U,V)2)

These estimates compare rank, proximity of tuples, and the existence of approximate
rectangular intertwiners.

Proof. For minimizing isometries ¢, 3, put P = . and @ = 35*. Then
1P = Qllfis =+t —2Te(PQ) > |r — 1],

which proves (6.1). To prove the triangle inequality for d., choose embeddings for the pairs
(U,V) and (V,Y) and use a unitary of £?(N) to make the two embeddings of the middle
space agree. The triangle inequality in the direct sum of h 4+ 1 Hilbert—Schmidt spaces gives
d.(U,Y) <d.(U,V)+d(V,Y). Division by v/r + b gives (6.2).

Finally, put Z = /*). We have

(1—AU,V)?)(r+1t)
5 .
Moreover, U;Z — ZVj is the compression by +* and 7 of «Uj;.* — jV;5*. Hence

1Z|lfs = Te(PQ) >

h
2 U Z = ZVjlliis < (r + AU, V)2
j=1

Their quotient gives (6.3). O

Lemma 6.4. Let H be a discrete group with property (T), let si,...,s, be a nonempty finite
symmetric generating list, and let ¢ € (0,1). There is A9 > 0, depending only on these data, with
the following property. Let w be a nonprincipal ultrafilter on N, let r,,,t, > 1 be integers, and
let U, € U(rp,)" and V,, € U(t,)" have scalar gap c. Let F}, be the free group on h generators.
Suppose that, for every word ¢ in the kernel of the map Fy, — H sending the free generators to
S1y--+,Sh,

Ht(Un) - I'f'nH27T7L —>UJ 07 Ht<vn) - Itn||27tn _>w 0
If MUy, Vi) < Xo for every n, then
n - tn
AUy, Vy) = 0, u —, 0.
T+ tn

A fixed small mixed Rayleigh minimum therefore forces asymptotic unitary matching after
a negligible rank correction. The coordinate tuples need only satisfy the group relations
asymptotically.
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Proof. We first turn a Hilbert—Schmidt intertwiner into a bounded isometry. Property (T) then
produces an exact intertwiner in a tracial ultraproduct, which we lift back to the two blocks.

Choose a Kazhdan displacement constant x € (0, 1] for the given list. Such a constant exists
because the elements of a finite Kazhdan set are words of bounded length in this list, and
displacements are bounded by the sum along each word. Put a. = x2/(4h) and choose \g > 0 so
small that

VA 1 1/4\? _ ax

6.4 — < = VAo +14/2/cA < —.
(6.4) L <0+ /CO) 16
Interchanging the tuples at each coordinate if necessary, we may assume 7, > t,.

Step 1. In this step, we construct a bounded approximate intertwiner at one coordinate, namely
an isometry J extending the polar part of a minimizing Z, and we prove the rank and modulus
control (6.5) and the intertwining bound (6.6). At one coordinate suppress n, put A = A(U, V),
and choose a minimizing Z with Tr(ZZ*) =r. Set b = (ZZ*)Y/? and e; = |U;Z — ZVj|us/ v/,
so that }; e? = 4h). Expanding the difference of the two products and using trace-norm
Cauchy—Schwarz gives

”UjZZ*U;< - ZZ*HLT S 26]‘.
Indeed, take A = U;Z, B = ZV; and write AA* — BB* = (A — B)A* 4+ B(A — B)*; both A and
B have Hilbert—-Schmidt norm +/r. Lemma 6.1 therefore gives

1 , 1
sz: 1U;,0]ll2, < %zj:ej < V.

With m = tr,.(b), the scalar gap applied to b — mI, yields

1—m2§@::5.
c

Since rank b < t, Cauchy—Schwarz gives m2 < t/r. Also 0 < m <1, and hence
t

(6.5) ->1-4, 16— I|j3, = 2(1 —m) < 20.
/’q b

Write the polar decomposition as Z = bJy. Extend Jy to an isometry J : Ct — C, using r > t.
Its range projection contains supp b, so

12~ s _ (b - JT))
T T

< |lb— L, [13,,.

Together with (6.5), the triangle inequality for the list of intertwining errors gives

1/2
1 Z—1J
(6.6) (W > IU;J — JV}-H%{S) <VA+ H\/;HHS < VA4 /[2/e NV
J

Step 2. In this step, we obtain an exact intertwiner in the quotient, namely a partial isometry
z in the commutant D inside the tracial ultraproduct N with 2*2 = ¢ and 2z* = p, and we
deduce t,,/ry, =, 1. Let N be the tracial ultraproduct of M, 4 (C), and denote its trace by o.
The diagonal tuples U, & V,, define a homomorphism p : H — U(N) by the relation hypotheses.
Let pyn, qn project onto the two summands and write p = [p,], ¢ = [¢n] and D = p(H)' NN
Regard J,, as an upper-right rectangular matrix and put v = [J,,]. This is an element of N/, since
| Jnllop = 1. Equations (6.4)—(6.6) imply

3 9 Qs
> = _ .
et DI [ CORY

2,0 E

2 .
Joll3,» = lim

By Proposition 3.1, the quotient action has gap a. off L*(D). Thus |[v — Ep(v)||2,» < 1/4, and
w = Ep(v) is nonzero. Since p,q € D, bimodularity gives w = pwgq.
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The diagonal corners pDp and gDq are scalar. For the first corner, take bounded representatives
Ty supported on p,. Their commutators tend to zero in the r,-normalized norm because
rn/(Tn + tn) > 1/2. The scalar gap makes z,, — tr,, (z5)I, tend to zero in that norm, and the
bounded scalars have an ultralimit. The argument for ¢ uses t,,/(r, + t,) > 3/8. Consequently
w*w = Bq and ww* = ap for positive scalars «, 5. The identity (ww*)w = w(w*w) gives a = B,
and equality of traces gives o(p) = o(q). In particular t,/r, —, 1, and z = w/\/« satisfies

22 =q, 22" =p, z €D.

Step 3. In this step, we transfer z back to the blocks by choosing rectangular contraction
representatives X,, and isometries W,, close to them, deduce A(U,,V,) —, 0 and the rank
conclusion, and conclude the proof. Choose rectangular contraction representatives X,, of z. One
obtains them by compressing a bounded representative and clipping its singular values at one.
Functional calculus shows that this leaves its quotient class unchanged. Then

1 X3 Xn — It |

Extend the polar part of X,, to an isometry W, : Ct» — C™. The scalar inequality (1 — s)? <
(1-— 52)2 for 0 < s <1 gives

| X0 — Wn||12{S < Tr((1y, — X;;Xn)2)

2,tn —w 0.

— 0.
Tn Tn

It follows that ||U; Wy, — Wy Vja||lus/v/Tn —+w 0 for each j. Embed the smaller block by W, into
the larger one. Splitting the domain at W, W gives
||U',n - WnVJ,nW;{HQHS = ||Uj,an - Wan,n

For the identity coordinate the squared difference is r, — t,. Summing these equalities proves
A(Up, Vi) = 0. The rank conclusion follows as well. O

|%IS +rn —tn.

Proposition 6.5. Let H be a discrete group with property (T), let s1,...,s, be a nonempty
finite symmetric generating list, and let m : H — U (M) be a homomorphism for the specified
w and dimensions dp. Let u;, be unitary lifts of w(s;). Suppose that ¢ € (0,1) and unitaries
vjn € U(dy,) satisfy

h
> ltjn = vjnll3 4, = 0.
j=1

Suppose that each v, preserves an orthogonal decomposition
dim K(]’n

— 0,
dn, @

Cdn — Kon @ @ Kan,
acly,
where I, is finite and all K, are nonzero. Assume that the restricted list on each Ko p, o € Iy,
has scalar gap c. Then w(H) N M is internal in the dimensions d,,.

Neither the number of blocks nor their ranks need be bounded. The proof produces coherent
multiplicity spaces and a uniform gap on every rectangular sector outside their commutant.

Proof. We remove blocks on which the group relations are inaccurate, cluster the remaining
blocks by their orbit distances, and align each cluster with one representative. We then sum
the estimates over all rectangular sectors. Write C = w(H)' N M as in the standing setting, put

Up = (uj,n);’:l and v, = (Ujm)?:lv and write vy, = (Vin|Ka s> VhinlKan) a0d 7o = dim K p.
Let \p be given by Lemma 6.4. Choose p € (0,1/4) such that
02
6.7 — < Ag.
(6.7) 2h(1 — p?) < Ao

Step 1. In this step, we choose the retained blocks by discarding blocks with inaccurate group
relations, whose total relative dimension tends to zero, and we prove the uniform estimate (6.8)
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for the relation errors on the retained blocks. The tuple v,, represents the same homomorphism
as u,. Indeed, telescoping a fixed word bounds the change in its normalized 2-norm by its length
times the largest generator change, with the same bound for inverse letters. Let F} be the free
group on h generators. Enumerate the kernel of Fy, — H as ty,to, ..., allowing repetitions. For
every k > 1, the set

k
Fi = {n > leelon) = Ia, 5.4, < k_4}
=1

belongs to w. Let k, be the largest k£ < n such that n € ﬂle Fi, using k, = 1 when this set is
empty. Then k, —, oo and n € Fj, on an w-large set.
Discard every block « for which

1

lee(vy) = Irgnll2ran >k, for some £ < k.

The sum of their relative ranks is at most

kn
ki D llee(vn) = Ia, |13 4, < k7.
=1

This follows by expanding the squared norms blockwise and bounding the indicator of a discarded
block by k2 times the sum of its squared relation errors. Together with Ky, the discarded space
has relative dimension tending to zero. If J,, indexes the retained blocks, then for every fixed ¢,

(68) sup Hté(v’?{) - I”’a,nH277’a,n _>w 0

acJdn

The set J, is nonempty on an w-large set, to which we restrict for the following construction.

Step 2. In this step, we show that the relation A(vS,v?) < p on the retained blocks is transitive,
so that these blocks split into clusters of A-diameter at most ¢,, where ¢, —, 0, and we prove
the separation (6.9) between distinct clusters. Let &, be the maximum of A(ve,v2) over retained

pairs with A(v®,v2) < Ag. Such pairs exist because a block can be paired with itself. Then
€n —w 0. Otherwise, on an w-large set one could choose pairs with distance bounded below
by a positive constant. Equation (6.8) would allow Lemma 6.4 to be applied to those pairs,
contradicting that lower bound. Off the chosen set, both tuples may be completed by the identical
one-dimensional trivial tuple. This argument controls the maximum over all pairs.

Declare o ~ 3 when A(v%,v?) < p. By (6.3) and (6.7), related blocks have distance at most
en. Restrict further to coordinates where e, < min{p/5,1/2}. If & ~ § and 8 ~ ¢, then (6.1)
puts the rank ratios of both pairs between 1/2 and 2. The two square-root coefficients in (6.2)

are then less than 2, so
A(wS,v8) < 4e, < p.

n»-n

Thus ~ is an equivalence relation. Each class has A-diameter at most ¢,. Blocks in distinct
classes satisfy

(6.9) A2, vP) > Ao,

n»-n

since otherwise their distance would be at most €, < p.

Step 3. In this step, we choose a representative of least dimension in each class, construct
inside every member a coherent copy of the representative tuple, and obtain a projection p,
and unitaries w;,, satisfying (6.12) and the multiplicity form (6.13). In each class choose a
representative of least dimension ¢, with tuple V', and consider a member of dimension r > ¢,
with tuple U. Put 6,, = €, + 1/n and choose isometries ¢, 7 in the distance definition with

h
(6.10) > Ui = gVig*lls < 465(r + ).
j=0
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Use the identity alignment for the representative itself. Set P = v*, @ = 37*, and Z = *). The
identity coordinate gives

(6.11) r—t <402(r +1), Te(l; — Z*Z) =t — Tr(PQ) < 202 (r + t).

Extend the polar part of Z to an isometry W : C! — C". Since Z is a contraction, (1—s)? < 1—s2
for its singular values yields

IW — Z|fis < 205 (r + ).
Compressing the generator differences in (6.10), and then replacing Z by W, gives

YW = WVliis <23 1U;Z — ZVjllas + 8hIIW — Z|[fg
J J
< (84 16h)0(r +t) < (16 + 32h)6>r.
Keep the subspace WC! and define on the full member space
Ui = WV,W* + (I, - WW7).
This is unitary. Splitting the domain at WW* gives

> NU; = Ui lfs < D IU;W = WVllfg + 4h(r —t)
J J
< (16 + 64h)62r.

Also (6.11) gives r — t < 80%r. Summing over all retained members and dividing by d,, bounds
the additional discarded trace by 802 and the summed squared generator change by (16 + 64h)62.
The sum of the member dimensions is at most d,,.

Let p, project onto the sum of the kept subspaces. Use the representative copies there, and
the identity tuple on its orthogonal complement, to obtain unitaries w; . Changing the tuple to
the identity on the previously discarded space costs at most four times its trace per generator.
Together with the original change from w, to v,, this proves

1/2
(6.12) xp =trg, (1 —pn) —w 0, Ny = (Z lwjn — wjm”%,%) —, 0, (W), pn] = 0.
J

For a class with representative dimension ¢ and chosen isometries W7y, ..., Wy, into its different
member spaces, the operators WiW]* are matrix units: their products are ¢;,W;W/ and their
adjoints are W;W;*. Index the classes by v, let m, , be the number of members in class v, and let
tyn be its representative dimension. Write z7,, for the jth unitary of its unchanged representative
tuple. In the resulting orthogonal coordinates,

pncdn — @(Cmu,n ® Ctu,n)’

v

(6.13)
wj,n|pn(cdn - @(Imy,n ® Z]y,n)'

v

Step 4. In this step, we bound from below the commutator energy on all rectangular sectors of
pnMa, (C)py, to prove the gap (6.14) off the commutant D,,, deduce (6.15) for A, = D, C(1—py,),
show [A,]., = C, and conclude the proof. Decompose p, M, (C)p, into the rectangular spaces
between individual copies in (6.13). Between distinct classes, (6.9) bounds the commutator
energy below by A times the squared Hilbert—Schmidt norm. Between two copies in the same
class, identify them by their chosen isometries. The resulting action is conjugation by the
representative tuple. Its fixed space is the scalars, and its gap on the trace-zero subspace is c.
These rectangular spaces are orthogonal, and both squared norms and commutator energies sum
over them. Therefore the exact commutant on the kept space is

Dn = @(Mml/,n ((C) ® CItu,n)?

v
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and its gap off that commutant is v = min{c, Ao} > 0. In the original normalization, for every
y € pnMy, (C)p, this says

_ (S s yl1Ba)
v 2y |
Indeed, changing the denominator from rank p,, to d,, multiplies both squared sides by the same
factor.
Put A4, = D, & C(1 — p,,), omitting a zero summand, and take a contraction z € My (C). For
Y = PpXTPn We have

(6.14) ly — Ep, (y)

Hx - y”2,dn S 2\/X777»7 [wj,n') y] = pn[wj,na x]pn
Also, with e, (z) = (3; [|[wjn: 2][13 4,)"/%,

1/2
(Z I[wj,n,w]llg,dn) < en(z) 4 2nn.

J

The contraction Ep, () belongs to A,. Since E4, is the orthogonal L? projection, (6.14) gives

en() + 21
2dn < 2¢/Xn + NG
Every contraction b € A,, commutes with every Wjp, SO en(b) < 2mp,.

Together with (6.12), these two estimates prove both inclusions. A bounded sequence from A,
asymptotically commutes with the generator lifts, so [A,],, C C. Conversely, for a bounded lift
x, of an element of C, rescale to contractions and apply (6.15); its right side tends to zero. The
bounded sequence E 4, (z,,) represents the same element, proving the reverse inclusion. Complete
the constructions arbitrarily on the w-small sets excluded above. Every algebra A,, is unital in
the original My, (C). O

(6.15) |z — Ea, ()

Proposition 6.6. Let H be a discrete group with property (T), let s1,...,s, be a nonempty
finite symmetric generating list, and let m : H — U (M) be a homomorphism for the specified w
and dimensions dy,. Let u;, be unitary lifts of w(s;), and let e, € [0, 1) tend to zero. Suppose that
for each k > 1 there are nonzero projections py, € Mg, (C) and unitaries vjy , in the corners

PienMa, (C)pg.n satisfying

h
11‘511 trdn(l - pk,n) < ¢, 221 ”uj,npk,n — Vjkn ‘%dn — 0.
]7

Assume that, for each fized k, the v preserve a finite orthogonal decomposition ofpk,n(Cd“ into
nonzero blocks, and the restricted list on every such block has scalar gap ¢, > 0. Then w(H)' N M
is internal in the dimensions d,,.

The constants ¢; may tend to zero. The retained-column errors must tend to zero for each
fixed k, before k is allowed to grow.

Proof. For each fixed tolerance we realize the commutant in the retained corner. We then
bound the error of the full conditional expectation by the discarded trace, transfer this bound to
coordinate unit balls, and diagonalize those uniform bounds.

Write C = 7(H)' N M. For a linear map on M, its co — 2 norm is the supremum of the
output 2-norm over the operator-norm unit ball. Fix once and for all the expectation lift

O =T,  [®ulza)] = Ec([n])

given by Proposition 3.1 for the original generator lifts. Property (T) supplies its quotient-gap
hypothesis. The displayed identity holds for every uniformly bounded sequence, and the choice
of ®,, is independent of k.
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Step 1. In this step, we show for fixed k that p; € C, identify the retained corner pyMpy as
a tracial matrix ultraproduct carrying the same action [v;x ] = pr7(s;)pi, and obtain corner
algebras Dy, , with [Dy, )., = prCps. Fix k and set py, = [pi»]. Since the corner unitaries vanish
on the orthogonal complement,

|(1 = prpn)jnpPinll2.d. < |WinPkn — Vjknll2,d, —w 0.

For a unitary u and a projection p, the two off-diagonal corners have equal squared Hilbert—
Schmidt norm: they equal Tr(p) — Tr((pup)*(pup)) and Tr(p) — Tr((pup)(pup)*), respectively.
Therefore ||[w)n, Pknlll2,d, —w 0, 50 pp € C, and

(V) e,n] = D (85)P-
These are the generator images of a homomorphism into U (ppMpy).

Put puy = 7(pr) > 1 — e > 0 and 7, = rank py, ,. The corner with trace 7/uy, is the tracial
ultraproduct of the M,  (C) with their normalized traces. Indeed, on corner-supported matrices,

zal3a,

tra, (Pkn)’
and the denominator tends to ux > 0. Thus the two null ideals agree on bounded corner
sequences, the traces agree in the limit, and compression of any bounded lift supplies every
element of prMpy.

Apply Proposition 6.5 in this corner ultraproduct, with the v; ,, themselves as both tuples
and with no exceptional block. We may replace ¢ by min{cy, 1/2}. The proposition gives corner
algebras Dy, ,,, unital with unit py, ., such that

(6.16) |znl13 0.,

[Dk,n]w = kapk .

The equality holds also with the ambient normalization by (6.16). To identify its right side,
observe that an element supported on p; commutes with every pypm(s;)pr exactly when it
commutes with every m(s;), since p; € C.

Step 2. In this step, we define By, by adjoining the scalars on the discarded corner, show
By C C as in (6.17), and estimate every sector meeting the discarded corner in terms of the
discarded trace, which proves (6.18). Set

Bk,n = Dk,n S (C(l - pk,n)a Bk = [Bk,n]w-

A bounded sequence of scalar coefficients has a scalar ultralimit. Consequently
(6.17) By = prCpi & C(1 —py) € C.
The scalar summand is omitted when it is zero. Centrality of pi in C is not needed for this
inclusion.

For a contraction b € C, the element ppbpg belongs to By, and

b — prbpr = (1 — pr)b + prb(1 — pi).

Both terms have 2-norm at most /7(1 — p;). Thus orthogonal projection onto L?(By) gives

b= Ep, (b)ll2 < (b — pebprllz < 24/7(1 — pk) < 2V/Ek.
The first term includes the lower-left and lower-right sectors; the second is the upper-right sector.
This estimates every sector meeting the discarded corner. For an arbitrary contraction z € M,
apply this bound to the contraction b = E¢(x). The inclusion in (6.17) gives Ep, Ec = Ep,. We
obtain

(6.18) |Ee — Epyllooa < 2v/Er.

Step 3. In this step, we show for fixed k that the maps Fp, , induce Ep, and that the coordinate
suprema || @, — Ep, , [lco—2,n for the same lift @, have ultralimit || Ec — Ep, ||co—2, and we deduce
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(6.19). For fixed k, the maps Ep, , induce Ep,. To see this directly, for any bounded z,, put
Yn = Ep,,,,(zn). Then [y,] € By, and for every bounded sequence b, € By,

tra, (b, (zn — yn)) = 0.
Passing to the limit identifies [y,] as the orthogonal projection of [z,] onto L?(By,).
Put Ly, = @, — Ep,, and Ly = E¢ — Ep,. These coordinate maps have uniformly bounded
operator and 2-norms and induce L. Choose a contraction x,, attaining || L p||co—2,n, Which is
possible in each finite-dimensional unit ball. Then

W [ Ly nlloom2.n = Lk ([zn])ll2 < [[Lklloos2-

Conversely, every contraction © € M has contraction lifts. If z, is a bounded lift, clip its singular
values at one; the squared distance to the clipped matrices has limit

lim trg, (20| — 1)2) = 7((j2] — 1)2) = 0.

Applying the coordinate norm bound to such lifts of every z proves the reverse inequality.
Together with (6.18), this gives

(6.19) m (| ®, — Ep, , [lcos2n = [[Ec — BBy [locs2 < 2V/Ek

The same upper bound controls the ultralimit of |[(I — Ep, ,)®nlloc—2,n, since
(I - Epg,,)®n=(~-FEp,,)(®n— Ep,,)

and the first factor is an orthogonal L? projection.

Step 4. In this step, we choose indices k(n) —, oo by diagonalizing the uniform estimates,
define A,, = By, on an w-large set, prove ||®, — E4, |lcs2,n —w 0, deduce [A4,], = C, and
conclude the proof. Put ay = 2,/ + 1/k and define

k
Sk ={n:{|®n — Ep, , lcos2.n < ar}, Q. ={n:n>k}nN ﬂ S;.
i=1
Equation (6.19) implies S, € w, so the Qj are decreasing w-large sets. Let k(n) be the largest
k < mn with n € Qy, using k(n) = 0 if there is none. For every fixed K, membership in 5 implies
k(n) > K, so k(n) —,, co. Define

On an w-large set,

H(I)n - EATLHOO—>2,7L < Ok(n) — 0.
Proposition 3.1 now gives [A,], = C. The diagonal uses the uniform bounds on all coordinate
contractions. The estimate for each fixed k£ depends on the discarded trace alone, and no uniform
lower bound on ¢ or nesting of the retained corners is required. O

Theorem 6.7. Let H be a finitely generated discrete group with property (T), let w be a
nonprincipal ultrafilter on N, let d,, > 1, and let 7 : H — U(M) be a homomorphism. Then
there are unital x-subalgebras A, C My, (C) such that

T(H) N M = [An]o.

The algebras realize the full relative commutant for the given ultrafilter and the original
sequence of matrix dimensions.

Proof. Choose a nonempty finite symmetric generating list sq, ..., s, for H, using the identity
alone if H is trivial, and choose unitary lifts u;, of m(s;). Such lifts exist by unitary polar
completion: if x,, is a bounded lift of a unitary and v, is its unitary polar completion, then

lzn — Un”%,dn = trg, ((|xn| - Idn)Q) < ||y zn — Idn”%,dn —w 0.
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By Proposition 3.1, these lifts have quotient gap a = x2/(4h) € (0,1) for a Kazhdan displacement
constant x € (0,1].

For k > 1 put €, = 27572, Apply Theorem 5.1 with this tolerance. Write its projections as
R; k. n, its unitaries as zj.’[k’n, and its scalar gap as ¢, > 0. Set

+
Pk = 1a, — Ro k., Vjtkn = PknZj g nPhn-

These are corner unitaries because the z;.ck ,, Teduce the partition. Their nonzero good blocks
decompose pk’n(Cd", and

limtrg, (1= prn) <er, D P = Vigknl3a, <D I = Z50ll3 4, = 0-

j,t J.E
For fixed k, the retained projection is nonzero on an w-large set, since its trace has limit at least
1 —&r > 0. On the remaining coordinates replace the data by a rank-one corner with the identity
tuple. This does not change any ultralimit; its scalar-gap condition is vacuous.

Use Proposition 6.6 with the fixed doubled generating list s1, s1, ..., Sp, sp. 1ts block-energy
normalization is 1/(4(2h)) = 1/(8h), precisely the normalization for the doubled list in
Theorem 5.1. Both copies of s; have the same quotient image 7(s;), so the commutant is
still m7(H)" N M. The lazy average of the doubled original lifts equals T,; hence its expectation
lift can be fixed once for all k. All the hypotheses of the proposition hold, and it supplies the
required unital algebras in My, (C). In particular, the final expectation error is at most 2,/gj at
fixed k, independently of the size of c. O

7. NORMALIZATION UNDER SUBGROUP COMPRESSIONS

We retain the ultraproduct and trace conventions of Section 2. We prove that an internal
subgroup commutant is normalized by a Kazhdan group generated by subgroup compressions.
The first part of the argument realizes the invariant center by finite partitions. The second
part compares the dimensions and multiplicities of matrix summands in a finite-dimensional
dilation. Throughout this section, asymptotic estimates are along w. Here a compressing element
satisfies the one-sided subgroup inclusion in Theorem 7.4; it acts on the subgroup commutant
by conjugation by the adjoint of its image. In that theorem’s proof, D denotes the subgroup
commutant and F denotes the ambient-group commutant.

Lemma 7.1. Let (N,o) be a finite von Neumann algebra with a faithful normal tracial state,
let ¢ > 1 be an integer, and let a1,...,aq : N — N be normal unital trace-preserving *-
endomorphisms. Put

F={zeN:ajx)=z forl<j<q}
Then Ep(Z(N)) C Z(N).

Thus taking the expectation onto the common fixed algebra preserves central elements even
when the endomorphisms are not onto.

Proof. We first treat one endomorphism «. It is an isometry on L?(N, o). Its fixed vectors agree
with those of a*: one implication follows from a*«a = I, and if a*¢ = £, then

o€ — €|I5 = 2[|€]|5 — 2Re(€, a*€) = 0.

The Cesaro averages of a are the identity on this fixed space and tend to zero on (I —a)L?(N, o)
by telescoping. The closure of that range is the orthogonal complement of the fixed space.
Since the averages are contractions, they converge strongly to the fixed-space projection. On
bounded elements they are uniformly bounded in operator norm, so their limits belong to N.
The fixed bounded elements form a von Neumann algebra F,,. The limit is trace preserving and
F,-bimodular, and hence is Ef, .
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For z € Z(N) and v = Ef,(2), set

1 m—1

Zm = — Z o (2).

m o

Each summand commutes with a™(x) for 2 € N, because z commutes with o™ *(z). Also
a™(v) = v. Trace preservation therefore gives

I[o, 2|20 = [l[v, ™ (@)]ll2.0 < 2[|2lopllv = 2mll2.0 — 0

This proves v € Z(N).
For the finite family, put F; = F,; and Q = g ! > Er; on L?(N,o). This is a positive
self-adjoint contraction, and

1
(I-Q) ¢ = p STNE - Bl
J

Its fixed space is the intersection of the individual fixed spaces. Spectral calculus shows that
Q™ converges strongly to the projection onto that intersection. On bounded elements the limit
is bounded, belongs to F', is trace preserving and F-bimodular, and is therefore Er. Each Q™
preserves Z(N) by the first part, so the limit does too. O

Lemma 7.2. Let w be a nonprincipal ultrafilter on N. For every n, let (2, un) be a finite
probability space whose points have positive mass, and let P, be a reversible Markov operator
whose spectrum on L?(Qy, pn) is contained in [0,1]. Let Z = [],,_,,(£°(), n) be their abelian
tracial ultraproduct, with traces given by integration, and let P be the induced operator on L*(Z).
Suppose that Zy C Z is a unital von Neumann subalgebra and that, for some a € (0,1),

ker(I — P) = L*(Z),  spec(P|r2(z)ar2(z)) € 0,1 —al.
Then there are partitions Py, of 0y, such that their algebras By, of functions constant on each part
satisfy [Bnlw = 2o.
The number of parts, the atom weights, and the ratios between those weights are unrestricted.

Proof. We first obtain a uniform estimate for characteristic functions outside a small exceptional
set. We then partition by sets with small boundary and use medians to approximate every
bounded fixed element. Write

cn(2,y) = pn(2) Pa(2, ), bn(S) = Z cn(2,y),
z€S, y¢S

alf) = 5 3 enle) () — Fw)P
T,y

The coefficients ¢, are symmetric and nonnegative, their row sums are p,(x), and e,(f) =
(f,(I = P,)f). All norms in this proof use the probability measure at hand.

Step 1. In this step, we transfer the spectral assumption to the uniform estimates (7.1), bound
the total mass of disjoint exceptional sets, and choose sets J,,, of mass less than r on an w-large
set, whose complements contain no exceptional set. For every fixed integer k > 1, the spectral
assumption gives

1P = PR)flla < (1= ) (P = 1) f]2.

Consequently there are dy,, —, 0 such that, for every real function f on €,

(7.1) 1Py = Po)fll2 < (1= ) (Pa = Dfll2 + Oknll fllco-

Indeed, otherwise real functions in the unit ball witnessing a fixed positive defect would give an
element of Z contradicting the preceding inequality. Homogeneity gives the asserted estimate for
every real f.
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We use the following packing observation. Suppose that linear maps Li, Ly on a finite
probability space (€2, u) satisfy

[L1fll2 < ellLafll2 + 6]l flloc  (f real),
where ¢,§ > 0. Fix n, 8 > 0, and call a nonempty set S exceptional if

L1152 > (c+n)||L21s]2, [ Lalsll2 > B/ u(S).

For disjoint exceptional sets S;, let f =Y, €;1g, with independent uniform signs ¢; € {—1,1}.
Then || flleo < 1. If v =3, || Lals,||3, averaging the squared inequality over the signs gives

(c+n)%0 <E|Lif||3 < o+ 2c5y/v + 6%

The mixed terms vanish, and Cauchy—Schwarz bounds E|| Ly f||2 by /v. Taking square roots
yields /v < 4, and hence

(7.2) Z w(S;) < i

B2
A maximal disjoint family exists because the space is finite. After deleting its union, no exceptional

set is contained in the remaining space.
Fix 0 < r < 1/4. Choose K > 1 and n > 0 so that

2 72

,
1—a)f < < Kn<1.
(1-a) U n <

= %7
Apply (7.2) for each 1 < k < K with L; = P — PF [y =P, —1,c= (1 —a)*, B =7, and
0p = maxy<k O0gpn. The union J, of the deleted sets has mass at most K 62 /(n?r?), and therefore
tn(Jpn) < r on an w-large set.
Step 2. In this step, we define v and prove that every nonempty S C Q,, \ J,, with boundary
less than + times its mass can be replaced by a set U of small boundary satisfying (7.3). Set

1

100(1/a +1)2°
We claim that every nonempty S C Q,, \ J,, with b,,(S) < yun(S) admits a set U C 2, such that

’Y:

(7.3) (U A ) < in(S), balU) < run(U).

Fix n and write P = P, p = pp, b =by, and e = ¢,,. If ||(P — I)1g|l2 < rv/pu(S), take U = S,

since
b(S) = (s, (I = P)1s) <ru(S).
Otherwise S is not exceptional for any 1 < k < K, so
I(P**! = PF)Lsl2 < (1 = a)* + ) (P = I)1s]2-
Put f = PX1g. Telescoping, including the term for k = 0, gives
If = 1sll2 < (1/a+ Kn)|[(P — I)1s]2.
Since 0 < P < I as a Hilbert-space operator, ||(I — P)1g||3 < b(S). Thus
9 1
12 < — ~u(9).
91F — 151 < 105 4(5) < 1(S)
Every U, = {f > t}, 1/3 <t < 2/3, differs from S on a set of mass at most 9||f — 15/3. Also
0< f<1, [fdu=pu(S),and ||f|l2 < /u(S). Writing Ry = (1 — a)®X +n < r?/48, we obtain

e(f) < [[fll2ll(f = P)fll2 < Rop(S).
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Here the estimate with & = K was used, together with ||(P—1)1g|l2 < \/u(S). Let L = {f > 1/3};
then (L) < 3u(S). The coarea identity and Cauchy—Schwarz give

[ s < \Juletsr) < V3TRouts)

/3
To see the first inequality, write the integral as one half of the sum of the oriented edge weights
times the length of [min(f(z), f(y)), max(f(x), f(y))]N(1/3,2/3). Every contributing edge meets
L, so the total half-weight is at most u(L). Some ¢ consequently satisfies b(Uy;) < 3v/3Rou(S5).
Since p(Uy) > 3u(S)/4, this is at most 4v/3Ropu(Uz) < ru(Uy), proving (7.3).

Step 3. In this step, we construct the partition P, from J,, and the sets U obtained from sets S
of smallest mass, and prove the expansion bound (7.4) for subsets of the other parts and the total
boundary bound (7.5). Make J,, the exceptional part. In the remaining set, choose a nonempty
set S of smallest mass among those satisfying b,,(S) < v, (S). Choose U from (7.3), remove the
part C'= U N (remaining set), and repeat. This part has mass between 3, (S)/4 and 5u,(S)/4.
For every Q C C with 0 < p,(Q) < pn(C)/2, its mass is at most 5, (S)/8 < pn(S). Minimality
therefore gives

(7.4) bn(Q) = Yn(Q)-

If no eligible S remains, take the remainder as the final part; it also satisfies (7.4). The process
terminates, since each chosen part is nonempty. We omit empty parts.

Every edge separated by the partition is first cut by J, or by one of the sets U. For a part C
obtained from S, p,(U) < 5un(S)/4 < 5u,(C)/3. Tt follows that

(7.5) > ba(C) < 2b,(Jn) +2) ba(U) < 61
cePn U

The final remainder requires no further charge: its boundary edges were cut at earlier stages.
Also pn(Jy) <.

Step 4. In this step, we prove the median approximation (7.6) of real functions and the energy
bound (7.7) for step functions on P, choose r, —, 0, deduce that [B,],, is the algebra Zj of
fixed elements, and conclude the proof. Let f be real with || f|c < M. On each nonexceptional
part C, choose a median m¢ of f, meaning that each of {f > mc} NC and {f < mc} N C has
mass at most p,(C)/2. Let g = mc on C and let g = 0 on J,,. Apply (7.4) to the superlevel
sets, inside C, of (f —m¢)4 and (me — f)+. Integrating and summing gives

(7.6) If = gllh < Mr+~7"(\Jen(f)/2+ 12M7).

Indeed, the interior edges contribute one half of their weighted absolute differences |f(z) — f(y)]|.
Their total is at most /¢, (f)/2 by Cauchy—Schwarz and >, , ¢ (z,y) = 1. Edges leaving C
contribute at most 2Mb,,(C), whose sum is bounded by 12Mr using (7.5). The exceptional part
contributes at most Mr. Moreover ||f — g||3 < 2M]||f — g|/1; when M = 0 there is nothing to
prove. Every step function v on the partition with ||v|l. < M satisfies

(7.7) en(v) <2M2% " by (C) < 12M7r.
cePn

Finally choose 1, —, 0 for which these finite constructions are available. Explicitly, for each
j > 5 take an w-large set of indices on which the construction works with » = 1/j, and replace
these sets by their successive finite intersections X;. At index n, use the largest j < n for
which n € Xj; if there is no such j, use any partition. The chosen j tends to infinity along w.
Equation (7.7) shows that [By]., C Zy. Conversely, a bounded real element of Zy has uniformly
bounded real lifts f, with ¢, (f,) —. 0. Equation (7.6) approximates them in 2-norm by step
functions with the same bound. Splitting into real and imaginary parts proves the reverse
inclusion. ]
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For finite-dimensional Hilbert spaces, we write || - |gs for the unnormalized Hilbert—Schmidt
norm, also for rectangular operators. A prime on a matrix algebra denotes its commutant in the
full algebra on its given Hilbert space.

Lemma 7.3. Let w be a nonprincipal ultrafilter on N, let d,, > 1, put H, = C%, and let
E,,F, C B(H,) be unital x-subalgebras. Suppose that

677/ = sSup Hx - EFn (a?)H2ydn _>w 07
LBGEn
l[#flop<1
and let L, C E, N F, be a unital *-subalgebra. Then, on an w-large set of indices, there are

finite-dimensional Hilbert spaces K, isometries V,, : H, — K, projections R, € B(K,), and
commuting unital x-representations

n: En — B(R,K,), pn : Fl = B(R,K,).
With P, =V, V¥ and D,, = rank R,,, they satisfy

(7.8) Ry — Pollus = 0(\/%)7 Dy /dp — 1.
There are partial isometries Wy, Z,, : H, — R, K, satisfying
[Wh, = Vallus + 1Zn — Vallus = 0(\/C7n)>
d, —rank W,, = o(d,,), d, —rank Z, = o(d,),
Whz = on(2)Wn (2 € Ep), Zny = pn(Y)Zn (y € Fy),
Znl=o0,()Z, (L€ Ly).

(7.9)

The dilation turns the approximate inclusion into the exact inclusion o, (E,) C p,(F),)". Both
representations retain all but o(d,) dimensions of their original modules.

Proof. We construct commuting representations by averaging over a unitary group, cut down
by a spectral projection, and take polar decompositions to obtain the two intertwiners. Fix
a coordinate and omit its subscript. On K = L?(U(E),v;H), with normalized Haar measure,

define
(V&) (u) = u'€,
A f)(w) = fcThu) (ce U(E)),
(rW ) =yf(u) (yeF).
The map V is an isometry, A\(¢)V = Ve, and A\(c) commutes with r(F"). The subspace
K =span{r(y)V&:y e F', £ € H}

is finite dimensional, contains VH, and is reducing for both actions. The action of A on K
extends to a #-representation of . Indeed, express x € E as a linear combination of unitaries.
The corresponding linear combination of the operators A(c¢) sends every spanning vector r(y)V¢
to r(y)Va&. A zero linear combination in E therefore acts as zero on K, and multiplication and
adjoints follow from the unitary action. We denote this extension by A.

\_/\_/

Step 1. In this step, we construct R as a spectral projection of the average ) of P = V V™ over
the unitary group of F”, prove (7.11), and define o and p by restriction to the nearly unchanged
finite corner RK. Conditional expectation onto F' is averaging over U(F’). For ¢ € U(E) and
y e U(F),

e, ylllz.a < 2lle = Ep(c)ll2,a < 26.

Consequently

(7.10) PV =Vl = [ o I =il () < 4%
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The projection P = VV* commutes with A\(E). Put
Q= r(y)Pr(y)* dv(y).
U(F")

This positive contraction has trace d and commutes with A(E) and r(F”). Since
1P = r(y)Pr(y)*lis = 21 (I — P)r(y)Pls,

equation (7.10) gives [|Q — Pllus < 2v/26vV/d. Let R = 1[1/2,1)(Q). In an eigenbasis of Q, the
squared distance from @ to a projection is linear in each diagonal entry of that projection, after
adding the constant Tr(Q?). Thresholding at 1/2 minimizes this distance. Hence

(7.11) IR — Pllus < 4v26Vd,  |rank R —d| < ||R — P|j4g < 3262d.

Set 0 = Mgk and p = r|rx. These representations commute and have identity R. We restrict
to the w-large set on which 3262 < 1/2, so R, K,, has positive dimension.

Step 2. In this step, we define the intertwiners W and Z as the polar partial isometries of RV
and of the averaged contraction Ay, bound their deficiencies by (7.12), and prove the assertions
of Lemma 7.3. The contraction RV intertwines E and is within 4v/26v/d of V. Its polar partial
isometry W also intertwines E. We use the following elementary estimates: if A: H — K is a
contraction, V : H — K is an isometry, and J is the polar partial isometry of A, then

(7.12) I|J — Allus < ||A— Vus, dimker A < ||A - V||fig.

For the first inequality, Re Tr(V*A) < Tr|A| bounds ||A — V||4g below by the sum of (1 — t)?
over all singular values ¢ of A. The expression ||J — A|/}g is the same sum over the nonzero
singular values. For the second inequality, restrict A — V to ker A. These estimates give the
assertions for W.

Define a second contraction

Ay = / p(y)RVy*dv(y) : H — RK.
U(F")

It intertwines F’, and
|40 — Vlus < ||RV — Vlus + 26Vd.

Indeed, R commutes with 7(F’), and (7.10) bounds the difference between each averaged term
and RV. Its polar partial isometry Z satisfies the asserted norm and rank estimates by (7.12).
If I € L, then | commutes with F', VI = A(1)V, and A\(I) commutes with r(F”’) and R. It follows
that Agl = o(l)Ap. Applying the same identity to [* shows that polar decomposition gives
Zl = o(l)Z. Together with (7.11), this proves (7.8) and (7.9). In particular, D,, — rank W,, and
D,, — rank Z,, are also o(d,,).

Step 3. In this step, we prove uniform comparisons of the represented algebras with the originals
transported by V,,, namely (7.13), its general form (7.14), and the closeness in K, of the unit
balls of Fﬁ and F,,. Extend operators on R, K, by zero on K,. The preceding estimates imply,
uniformly for x € E,, with ||z|o, <1,

(7.13) lon(x) — Vax V) |las = o(Vdy).

In fact, WypaW} = o, ()W, W}}; the omitted range has dimension D,, — rank W,, = o(d,,), and
replacing W,, by V,, costs at most 2||W,, — V,,||us. More generally, suppose x on H,, and Z on
R, K, are contractions, and J, is either W,, or Z,,, with

Jnx =Ty, Jnx =T J,.
The same argument gives the uniform estimate

(7.14) |Z — Vox V) |lus < v Dy, —rank J,, + 2|, — Vi llus = o(V/dy).
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Put Ff = p,(F") N B(R,K,). For every contraction a € F,, the contraction Z,aZ} belongs
to F? and is within 2|Z, — Vy|lus of Vh,aV,'. Conversely, if b € F% is a contraction, then
a=Z'bZ, € F, is a contraction, and

b — ZnaZllus = ||b— (ZnZ))0(Z0Z))||lus < 2v/ Dy, — rank Z,,.
Replacing Z,,aZ} by V,aV; adds 2||Z,, — V,,||lus. Thus the two unit balls are uniformly o(1/d,,)
apart in the common space K. O

Theorem 7.4. Let H be a countable group with property (T), let A < H, and suppose that
H = (A t1,...,ts) for finitely many t; satisfying t;At;* < A. Let 7 : H — U(M) be a
homomorphism into a tracial matriz ultraproduct with specified w and dimensions d,,. Suppose
D =x(A) N M = [A,), is internal. Then w(H) normalizes D, and there are unital abelian
subalgebras B, C Z(A,,) satisfying

Z(D) Nw(H) = [Bulw.

Only the subgroup commutant is assumed internal. In particular, the algebras B,, will be
constructed before normalization is known.

Proof. We first realize the invariant center by applying the weighted partition lemma. For each
compressor we then dilate the resulting near inclusion. Two bounded transforms of the matrix
sizes and their multiplicities force a matching of almost all summands, which gives the reverse
inclusion. Put

F=n(H)NM, Z =Z(D), Zy=ZNnF.

Step 1. In this step, we prove the center lift (7.15), show that the coordinate expectations onto
the centers of A,, induce Ez, prove the theorem when s = 0, and obtain the preservation (7.16)
of Z under Er. First,

(7.15) Z =[Z(An)lw-

One inclusion holds coordinatewise. For the other, let z € Z be a contraction and choose
contraction lifts z, € A,. Centrality implies
sup ||[zn, v]ll2,d, —w 0
veU(Ap
otherwise a sequence of unitary witnesses would contradict z € Z(D). Averaging z, over
U(Ay) gives Ez(a,)(2n) within this error of z, and proves (7.15). Furthermore, the coordinate
expectations onto Z(A,) induce Ez on all of M: their images lie in Z, and their differences
from their inputs are orthogonal to every bounded sequence from Z(A,). If s =0, then H = A,
normalization is pointwise, and B,, = Z(A,,) proves the theorem. We henceforth assume s > 1.
For each ¢, the compressor relation gives the endomorphism

ap:D— D, ag(x) = 7(te)*xm(ty).

Indeed, for A € A, the element # commutes with 7(¢,\t;'). The common fixed algebra of these
endomorphisms is F, by the generation hypothesis. Lemma 7.1 gives

(7.16) Er(Z)C Z, Er|z = Ez|z.
The second identity follows because the restriction is trace preserving and has range Zy.

Step 2. In this step, we construct the Markov operator Q on Z from Ty, show that it fixes
exactly Zp with spectral gap a, and obtain algebras B, realizing the invariant center (7.18) from
the weighted partition lemma. Choose a nonempty finite symmetric generating list S for H and
a Kazhdan displacement constant x € (0, 1]. Such a list exists for a countable discrete group
with property (T). For the conjugation representation on L%(M), put

1 1
Ty =51+ S| > Ad(w(g))-
geS
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This is a positive self-adjoint contraction. The property-(T) clause of Proposition 3.1, applied to
this symmetric list, gives

2

(7.17) (I —Tw)&,€) > all¢ — Exél2,  a= m

€ (0,1).
Compress to L%(Z) by setting Q = EzTyl|r2(z)- It is a positive self-adjoint Markov operator.
Equations (7.16) and (7.17) imply

(I - Q)z,2) 2 al|z — Bzz3.

Every element of L?(Z) is fixed by @Q; the displayed inequality identifies its fixed space and
bounds its remaining spectrum by 1 — a.

Choose unitary representatives u,, of 7(g) with ug-1, = uj , for paired elements. For an
involution, spectral rounding supplies a self-adjoint unitary representative. Define T4, by the
same lazy formula and put

Qn = Eza,)Thnlz4,)-
Identify Z(A,) with functions on its minimal central projections, giving an atom p the positive
weight trg, (p). Then @, is a Markov kernel reversible for these weights, and its Hilbert-space

spectrum is in [0, 1]. The preceding description of the coordinate expectations shows that its
induced operator is ). Lemma 7.2 therefore provides unital abelian algebras

(7.18) B, C Z(4,),  [Bulw = Zo.

Step 3. In this step, we construct compatible unitary lifts U, € Bj, of the compressors as in
(7.19), prove the uniform near inclusion (7.20) of E;,, in A,, and obtain a dilation for every
compressor from the dilation lemma. Since each 7(t;) commutes with [By,],, any unitary lifts
Vg p, satisfy
sup ||[vgn, blll2,4, —w O-
beU(Bn)

Failure would again give unitary witnesses contradicting commutation in the ultraproduct. Haar
averaging gives contractions ag,, = Ep (ven) With ||ag, — venll2,d, —w 0. Extend their polar
parts to unitaries on each matrix summand of B],. The resulting unitaries satisfy

(7.19) Usn € B, NU(dy), Uen)w = m(te).

For the estimate, the averaged contraction has trg, (I — aznag’n) —» 0, and the squared distance

from it to the polar unitary is bounded by this quantity, since (1 —¢)? <1 —t?for 0 <t < 1.
Set Fy, = UZ*,nAnU&n' The inclusion ay(D) C D implies

(7.20) sup ||z — Ea, (2)|2,d, —w 0.

z€E

llzllop<1
If this failed, contraction witnesses would represent an element of D at a positive distance
from [A,],. The conditional expectations supply contractions in the target algebra. Also
B, C Ey,N A, by (7.19). Apply Lemma 7.3 with E,, = E;,,, F,, = Ay, and L,, = B,,, separately
for every £. Since there are finitely many compressors, we may use one w-large set of indices for
all their dilations. Arbitrary choices on its complement will not affect any conclusion.

Step 4. In this step, we compare the matrix sizes and multiplicities of £ and A through the
dilation, proving (7.21) and the branching relations (7.22), and obtain the one-sided inequalities
(7.23) after deleting blocks of total dimension o(d,). Fix one compressor and suppress ¢,n
temporarily. Write the matrix algebra decompositions on H = C? as

A= @(Mbj((C) ® I,), E=U"AU = P (M,,(C) ® I,),

%
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and denote the respective minimal central projections by f; and e;. Define
hAZijfj, kA:Zijjv
J J
hE:Zaiei:U*hAU, kE:Z’I“lezzU*kAU
i i

Use the notation of the dilation lemma, and put A* = p(A") N B(RK). Let rf be the multiplicity

of the ith simple F-module in o, and let bg- be the multiplicity of the jth simple A’-module in p.
Some of these multiplicities may be zero. The two partial isometries give

(7.21) Za,yr ril =o(d), > slbt —b;| = o(d).
J
For example, if ¢; is the multiplicity retained by W, then ¢; < ry, rf, and
Zai]rg —ry| < Zai(n + Tf —2¢;)) =d+ D —2rank W = o(d).
i i

Using the intertwining of A’ by Z proves the second estimate.
The exact inclusion o(E) C A* has a matrix of nonnegative integer multiplicities m;; satisfying

(7.22) bg» = Z M50 7“? = Z MijSj-
i J

Indeed, on the jth A’-isotypic subspace, o(E) acts on the multiplicity space of dimension bg,
decompose that space into its simple E-modules. Thus o(e;) and p(f;) commute, and their
intersection has rank a;m;js;. On a nonzero intersection,

a; < bg., 55 < r? .
These projections also commute with o(B).
Choose 0 < &, < 1 tending to zero slowly enough that each error in (7.21), divided by &,d,,

tends to zero. Delete the j-blocks with \bg — bj| > epb; and the i-blocks with |rij —71i| > enry.
The deleted subspace in RK has dimension o(d,,). For the first family this follows from

b < by + [bf — bl < (14,165 — by,

after multiplying by s; and summing. Multiply the analogous estimate for the second family by
a;. On every remaining nonzero intersection we have

(7.23) a; < (T4+en)b;, 1> (1+e,)" sy

Step 5. In this step, we define the two bounded median transforms Fﬁn and an of the size
and multiplicity operators, prove their asymptotic invariance (7.26) under every compressor
by comparing them in the dilation, and deduce their concentration (7.28) at 1/2. For every
coordinate, make the following choices using only A, and B,,, independently of the compressor.
On each minimal projection z of B = B, choose a positive eigenvalue median m” of h4 on zH
and a positive eigenvalue median m” of k4 there, counting eigenvalues with their multiplicities.
Put

Mp =3 mlz,  My=3) miz,  Fi=ha(hatMp)™',  Fi=ka(ka+Mg)™"
z z
These are central positive contractions in A, and each has median 1/2 on every zH. Since U
commutes with B, define
Fl=hp(hg+Mp)L=UFhU,  FE=kplkp+ M5 = U FiU.

Only these bounded transforms, rather than the possibly unbounded size and multiplicity
operators, will pass to the ultraproduct.
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On RK, form the commuting operators

hp = Zaio’(ei), kg = Zria(ei),
ha = bip(f;), ka=Y"sip(f;),
J J

Mg = o(ME) (0= h,k).

Use them to define A . L .

Fg = hE(hE + Mg)717 Fg = kE(kE + Mllg’)ia

Fhi=ha(ha+Mp) ™, F§=ka(ka+ ME)™".
All inverses are taken on RK. The coefficients in these formulas are the original a;,r;,b;, s;, not
the dilation multiplicities. All four operators are commuting positive contractions. The source
transforms are intertwined with the originals by W. For the target transforms, ha, k4 € A" are
intertwined by Z with their images under p, while Mg € B is intertwined with its image under

o. These exact identities pass to the displayed rational functional calculi and their adjoints.
Equation (7.14) gives

(7.24) |FE: = VELV |lus + |F§ = VE4V|lus = o(Vd) (0 = h, k).

This uses the two intertwiners and the bounds by one on the transforms; it requires neither
bounds on the central labels nor equality of the kernels of the two joint representations.
For z,m >0and 0 < e < 1,

(I+ez = <e
“(l4+ex+m z+m —
x x/(1+¢)

“x4+m z/(l+e)+m —
Combining these inequalities with (7.23) by simultaneous diagonalization shows, on the
complement of the deleted subspace,
(7.25) Fp—Fh<e,R,  FE—Fk>—c,R.
The deleted subspace has dimension o(d) and commutes with all four transforms. Their differences
have operator norm at most one. Also

Tr(ﬁg' - ﬁz) = O(d)a

by (7.24) and Tr(Fg) = Tr(F%). To justify this use of trace, the comparison errors are supported
on VH + RK, of dimension at most d + D = O(d). Cauchy-Schwarz converts their o(v/d)
Hilbert-Schmidt norms into o(d) trace errors, irrespective of dim K.

Equation (7.25) bounds the trace of the positive part of the h-difference, and of the negative
part of the k-difference, by e, D + o(d) = o(d). The trace identities bound the other parts by
o(d) as well. Since the differences are contractions,

70 750 730 7560
IFE — Fallfis < Tr|Fg — F4| = o(d).
Transferring back and restoring the indices gives

(7.26) U FS Ui — FS 24, —w 0 (0 =hk, 1< < s).

The sequences F ;{n, F ﬁn depend only on A, B,, so the same sequences satisfy this conclusion
for all compressors. Their classes lie in Z, and now commute with each 7 (t;). They already
commute with 7(A), hence belong to Zy = [B,],. Orthogonal projection gives

(7.27) IFA, = BB, (F4,)ll2d, —w0  (6=h,k).

On each minimal B,-block, this expectation is the eigenvalue mean of the transform. A real
distribution with median 1/2, mean ¢, and variance v satisfies v > (¢ — 1/2)2?/2: at least half its
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mass lies on the side of 1/2 opposite c. Its mean squared distance from 1/2 is therefore at most
3v. Apply this in every block, with eigenvalues counted according to their actual multiplicities,
and sum with the block trace weights. Equation (7.27) yields

Step 6. In this step, we prove the two-sided inequalities (7.29) on almost all intersections, deduce
from the branching relations that the good pairs form a partial matching of the summands, and
obtain the projection S, satisfying (7.30). Fix a compressor again and use its dilation. Equations
(7.24), (7.28), and (7.8) show that all four hatted transforms are within o(v/d,,) of R, /2. Choose
0 < ¢n < 1/2 tending to zero slowly enough that the spectral projection in B(R,K,) of each
transform outside [1/2 — (,,1/2 + (,] has rank o(d,,). This follows by bounding each such rank
by its squared Hilbert-Schmidt error divided by (2. The four transforms commute with one
another and with every o(e;)p(f;), so their common good spectral subspace has codimension
o(dy) in R, K,.
Define

1+2<n>2
= 1.
Xn (1_2€n —>w

If an intersection o(e;)p(f;) has a nonzero vector in this common good subspace, simultaneous
diagonalization, including the median operators, gives

(7.29) Xo! Sai/bi<xn, X' S7i/5j < X
Indeed, if z/(x + m) lies in the indicated interval and m > 0, then
126, _ & _ 142,

1426, —m ~— 1-2¢,
Use the same median eigenvalue for the source and target size transforms, and then for the two
multiplicity transforms. The ratios in (7.29) are constant on the entire intersection. Thus the
sum of the intersections failing these inequalities has rank o(d,). Discard also those incident to
the blocks removed in proving (7.23). Call every remaining nonzero intersection good.
On a good intersection,

a; 1 1

.
L A
bg- T xn(l+en) " 2 ’r? Xn(1+en)

1 >1
2

on an w-large set. Equation (7.22) implies that a good pair has m;; = 1, that one target j has
at most one good source, and that one source i has at most one good target. For the first two
conclusions use b? = > _; myja;; for the third use 7“? = >_;mijsj. The good pairs therefore form a
partial matching. Let S, < R, be the sum of their intersection projections. Then

(7.30) D, —rank S, = o(dn),  Snon(Ern)Sn = SnALS,.

For the equality, within a matched target block j, the unique source ¢ occupies one copy of C%
f

inside the multiplicity space C%. Both compressed algebras are M, (C) ® I, there. Distinct good

pairs have distinct sources and distinct targets, so these matrices can be chosen independently

on both sides. Also S,, commutes with o,(Eyy). Every contraction in the common corner lifts

to a contraction in o, (Ey,): use the chosen M,, (C) matrix on the full multiplicity space of a
retained source and zero on all other source summands.

Step 7. In this step, we prove the reverse near inclusion (7.31) of A, in Ey, from the matched
corner, deduce that every compressor, and hence the image of H under m, normalizes D, and
conclude the proof. If x € AEL is a contraction, choose a contraction ¢! € on(Eyyn) with
SnxS, = SpctS,. For any contraction y on Ry, Kp,

Hy - SnySnHHS < 2\/m.
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Applying this to = and ¢! shows ||z — cf||gs = o(v/d,), uniformly over . Given a contraction
xg € Ay, take x = ZyxoZ); € AP The lift just described can be written ¢f = ,(co) with
co € Ey,, a contraction, by filling unused simple summands with zero. The uniform estimates in
the dilation lemma give

|VazoV,: — VoV, ||lus
< 2| Zy = Vallus + [lz — Hlus + llon(co) — VacoVi; [lus
= o(\/dy).
Since V,, is an isometry, this proves

(7.31) sup inf  [lzo — collza, —w 0.
2o€A, Co€E(n
HIOHOpﬁl ||CO||Op§1

Together with (7.20), this identifies the internal algebras in the original dimensions:
D= [An]w = [Eé,n]w = F(tz)*pﬂ'(tg).

Every compressor normalizes D, and m(A) fixes it pointwise. The generation hypothesis gives
normalization by 7(H ). Equation (7.18) already supplies the required invariant-center realization.
U

8. A NONHYPERLINEAR WREATH PRODUCT

We retain the normalized trace convention of Section 2. We apply internality and normalization
to a polynomial elementary subgroup of a Laurent semidirect product. The resulting obstruction
is a product of two lamps at distinct cosets. For v = (v1, ve,v3) € Z3 we write 2 = z{' 25?25,

and E;; denotes the usual matrix unit.

Definition 8.1. Put Ry = Fo[x1, 29, 23] and R = [y [xlﬂ,xjd,x?fl}. For a unital ring B, let
EL3(B) be the subgroup of GL3(B) generated by I3+ bE;; with b € B and i # j. For A € SL3(Z)
let aq(z?) = 247, extended to R and its matrix entries. Define

I =EL3(R.), G =EL3(R)x,SL3(Z), W= (@ 02) X G.
G/T

The subgroup I' lies in the first factor of G, the cosets are left cosets, and the lamp action is left
translation. For a coset x let a, be its nonidentity lamp. Put

t = (I3, 13 + E12), Yo = (I3 + z2 B2, 13), b = ayyrasr.

For A, B € SL3(Z), the maps a4 fix the coefficient field and satisfy aqap = aap. Their
inverses are awy-1. Thus, for u,v € EL3(R), the semidirect product has multiplication

(u, A)(v, B) = (uaa(v), AB).
We identify its first factor with its image in GG, and identify G with its image in W. The lamp

relations are

2

Ay

=, gy =aya;,  gazg ' =ag (v,y€G/T, g€q).
The group-theoretic input is the following result [KT26, Theorem E and Section 5.2].

Theorem 8.2 (Kun-Thom). Let q be a prime power and let r,d > 3. With the monomial
substitution action of SLq(Z), both

EL,(Fy[z1,...,24]) and EL.(F [z, ..., 25") x SLy(Z)

have property (T). The first group is a nonnormal subgroup of the second, and the elements g
satisfying gAg~! < A generate the second group, with A denoting the first.
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At ¢ =2 and r = d = 3, the action in this theorem is exactly the action in Definition 8.1. In
particular, I' and G have property (T). We will verify finite generation and the required finite
list of compressing elements directly. The matrix approximation obstruction then follows from
Theorems 6.7 and 7.4.

Theorem 8.3. The group W of Definition 8.1 is countable and b # e. For every
nonprincipal ultrafilter w on N, every sequence d, > 1, and every homomorphism p : W —
U (M, (C), trg, )), one has p(b) = I.

There exist a finite symmetric FF C W containing e and n > 0 such that for every d > 1 and
every ¢ : F — U(d) with ¢(e) = 14, at least one of the following holds:

(i) Some g,h, gh € F satisfy ||¢(gh) — ¢(g)d(h)]|2,a = n-
(ii) Some distinct g,h € F satisfy |||¢(g) — ¢(h)||2,a — V2| > 7.

In particular, W is not hyperlinear.

The same nonidentity element is killed by every homomorphism into a tracial matrix
ultraproduct. The finite set and tolerance in the second assertion are independent of the
matrix dimension.

Proof. We first distinguish the two lamp coordinates and verify the generation hypotheses. We
then use normalization to identify their images, and pass from this identity to finitely many local
approximation constraints.

Step 1. In this step, we prove that W is countable and that the two cosets yotI" and tI" are
distinct, and deduce that b # e. Both rings are countable: their elements are finite sums of
monomials over a finite field. Their matrix groups, the integer matrix group, and hence GG and
G /T are countable. There are countably many finite subsets of a countable set, and each finite
support permits only finitely many lamp configurations. The direct sum of the lamps, and
therefore W, is countable.

The shear defining t sends x1 to x1, 2 to x1x2, and x3 to 3. Consequently

Uyt Byp (R ) = Falzy, 2122, 23]

Every monomial in this subring has its x1 exponent at least its xo exponent. Linear independence
of Laurent monomials gives xy ¢ Fo[x1, 2172, 23]. Every matrix entry of an element of tT't~!
belongs to this subring, so the (1,2) entry of 7o shows that g ¢ tI't—'. Hence

Yotl' #£ tI.

The two lamps defining b are supported at these distinct coordinates. Their product is nonidentity
in the direct sum, which embeds in W. Thus b # e.

Step 2. In this step, we prove that the finite symmetric set .S of elementary matrices generates
I', that the six elements ¢;; satisfy tithi_jl < I', and that these compressing elements together
with ' generate GG. The group I is generated by the following 24 matrices:

S={Is+cE;j:i,j €{1,2,3}, i #j, ce{l,x1,22,23}}.
Each is an involution. For coefficients f1, fo € Ry,
(Is + fikij)(Is + f2Eiy) = Is + (f1 + f2) Eij.
For three distinct indices i, k, j, direct matrix multiplication gives
(I3 + fiEu) U3 + foErj) (I3 — f[iEw)(I3 — f2Exy) = I3 + f1foEij.

Induction on total degree now gives every monomial in every off-diagonal position. Indeed,
remove one variable from a monomial, use the induction hypothesis for the remaining monomial
in position (7,k), and use that variable in position (k,7). The first identity then gives every
polynomial coefficient. This proves the generating claim, including symmetry of S.
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For A € SL3(Z) put t4 = (I3, A), and put t;; = t;; g, for i # j. The entries of I3 + Ej; are
nonnegative integers, so its monomial substitution maps Ry into Ry. Thus

tiiTt;;t <T (i # j).

These six elements, together with I', generate G. To check the second factor, the powers of
I3 + E;; perform elementary row additions by arbitrary integers. On two coordinates, the product

(Is + Eij)(Is — Eji) (I3 + Eij)

is a signed row exchange; its square changes both signs. The Euclidean algorithm, followed by
elimination, therefore reduces every determinant-one integer matrix to the identity using these
row additions. It follows that the six positive elementary matrices generate SL3(Z) as a group.

To obtain the first factor, let v € Z3\ {0}. Write v = mu with m > 1 and u primitive. The
same integer row reduction sends u to the first standard basis vector e;. The inverse of that row
reduction is a matrix A € SL3(Z) with A(me;) = v. For every i # j we have, identifying the
first factor as above,

tA(I3 + wTEij)tzl = Ig + .TVEZ']‘.

The matrix inside the conjugation belongs to I'. Constant elementary matrices also belong to I'.
Adding coefficients in a fixed position now gives every Laurent polynomial coefficient, and these
elementary matrices generate EL3(R) by definition. We have proved

G = <F,thZ7éj>

Step 3. In this step, we show that p(G) normalizes the commutant D of p(I') in M, deduce
that the two lamps defining b have the same image under p, and conclude that the lamp product
collapses, namely p(b) = I. Fix w, the dimensions d, > 1, and p as in the statement, and write
M for its target algebra. Theorem 8.2 gives property (T) for both groups. Since S is finite,
Theorem 6.7 applied to p|r gives unital x-subalgebras A,, C M, (C) such that

D= p(T) N M = [A]..

We can apply Theorem 7.4 with H = G, A =T, and the six t;;. Countability, property (T), finite
generation by these compressing elements and I', and internality have all been established. It
follows that p(G) normalizes D.

The subgroup T fixes the coset T under left translation. Thus p(ar) € D. Normalization and
lamp covariance give

plar) = p(t)par)p(t)” € D.
This unitary commutes with p(+9) because vy € I'. Therefore

playgir) = p(y0)p(aa)p(r0)* = plasr).

Both lamp images square to the identity, so p(b) = I. This argument applies to every specified
ultrafilter and every sequence of positive dimensions.

Step 4. In this step, we prove by contradiction, using that b has trivial image in every tracial
matrix ultraproduct, that finitely many relators Rg C R and some ¢ > 0 suffice for the implication
(8.1) in every dimension d. We convert the identity just proved into a bound for finite words,
uniformly over all matrix dimensions. Use the countable presentation

S={sg: 9 W}, R ={se} U {sgshsghl cg,h e W}

This presents W: the map s, — g respects the relators, and the relations make the map sending
g to the class of s; a homomorphism into the presented group inverse to this map. Every relator
has a displayed spelling of length at most three. For a word v in these generators and their
inverses, write v for its group image and |v| for the length of its spelling. For an assignment
U:8— U(d), let v(U) be its evaluation, with negative letters evaluated by adjoints. Set w = s,
so |lw|=1and w=>5+#e.
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There are a finite Rg € R and § > 0 such that, for every d > 1 and every such assignment,
(8.1) (HT(U) — IdHQ’d < ¢ for all r € Ro) — ||w(U) — Id||2,d <1.

Suppose this were false. Choose increasing finite subsets R, exhausting R. For each n > 1,
the failure of the assertion gives a positive integer D,, and an assignment V(" : & — U (Dy)
satisfying

1
lr (V™) = Ip,ll2,p, < - (r€Ra), lw(V™) = Ip, 2.0, > 1.

Every fixed relator defect tends to zero. All assigned matrices have operator norm one, so their
classes define a homomorphism from the free group into U(]],,_,.,(Mp, (C),trp,)). It kills all
the relators and therefore factors to a homomorphism o from W. By the trace formula in the
ultraproduct,

lo(b) = I}z = lim lw(V™) = Ip, |2, = 1.

The universal collapse already proved gives o(b) = I, a contradiction. This establishes (8.1) with
no restriction on d.

Step 5. In this step, we define the finite symmetric subset F' of W and the tolerance 7, compare
word evaluation with ¢ along prefixes to obtain (8.2), deduce the second assertion of Theorem 8.3,
and conclude the proof. Let F' be the symmetric closure of the set consisting of e, the group
images of all generator symbols occurring in Ry or w and their inverses, and the images of all
prefixes of their displayed spellings. This is a finite symmetric subset of W and contains both e

and b. Put
1) 2—-1
n:min{f }>O.

127 6
Suppose that some d > 1 and some ¢ : F' — U(d) with ¢(e) = I have every multiplicative defect
and every separation deviation in the statement strictly less than 1. Assign Us = ¢(5) to each
generator symbol occurring in Ry or w, and assign Iy to every other symbol. For every occurring
symbol s, the triple 5,57 !, e lies in F, so
lo(5™") = Usllza < n-

We compare word evaluation with ¢ along prefixes. Let v = s{' - - - s}’ be one of the chosen
words, with ¢; € {1,—1}. Put g; = 8;~j, pj =g1---9j, and Pj = U§11U§]”, with pg = e and
Py = 1;. Each p;_1,gj,pj belongs to F. Unitary invariance of the normalized 2-norm and the
triangle inequality give

1P = &(p)ll2a < [I1Pj—1 — ¢(pj—1)ll2.a + [Us] — ¢(9))ll2.a
+ [l6(pj—1)0(g;) — d(p;)

The last two terms have sum less than 2. Induction yields
(8.2) [o(U) = ¢(0)ll2,a < 2[v]n.

For a relator r € Ry its image is e, and hence

2,d-

1)
|r(U) — Ig||2,a < 2|rin < 6n < 3 < 5.

Equation (8.1) now implies ||w(U) — Ig||2,¢ < 1. On the other hand, separation for the distinct
elements b, e gives ||¢(b) — Iill2.a > V2 — 1. Using (8.2) for w gives

V2+1

2
a contradiction. Thus every identity-preserving map on this F', in every positive matrix dimension,
has a multiplicative defect or a separation deviation at least 1. By Definition 2.6, W is not
hyperlinear. O

|w(U) = Iglla.q > V2 —3n > > 1,
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APPENDIX A. DETAILS OF THE USE OF GENERATIVE Al

The results of this paper were obtained using Danus [Liu*26], an automated mathematical
reasoning system built on Rethlas [Ju™26]. For transparency we describe how the system was
run (§A.1) and reproduce the original problem statement (§A.2) and instruction record (§A.3),
with only direct human quotations replaced by privacy notices.

A.1l. How the system was run. The project used the base model gpt-6-astra. The main
coordinator ran at reasoning effort ultra; the seven proof workers comprised four at max and
three at xhigh. The verifier ran at max. Separate helper sessions investigated literature, proof
architecture and independent audits. The project was created on 19 September 2026 at 15:18:31
UTC. Its complete target proof was accepted by the project’s verifier at 22:29:37 UTC on the
same day, after 7 hours, 11 minutes and 6 seconds.

Independent automated audits then reviewed the complete dependency arguments and their
primary sources. Six separate writer—verifier loops prepared the mathematical sections, after
which a whole-manuscript verifier checked their proofs and interfaces. The introduction and
disclosure appendix were completed after that check. These are automated textual mathematical
reviews; the records contain no formal proof-assistant certification or external human verification.
No comparison experiment or mathematical computation was used. No human author identity,
affiliation or funding information is recorded for this local working draft.

A.2. The problem as posed. The following is the problem statement supplied to the project,
with direct human quotations replaced by privacy notices. Line wrapping is for display only.

# Problem: construct a nonhyperlinear discrete group

## Verbatim operator authorization

> [28 bytes of discussion have been omitted because they contain private information.]
> [139 bytes of discussion have been omitted because they contain private information.]

The precise formulation below preserves the full problem selected in the preceding
— discussion.

Date: 2026-09-19. This is the binding mathematical target for this research pod. Read
— "RESEARCH_GUIDANCE.md"~ and complete its mandatory source-reading checkpoint before
— committing to a research strategy.

## Original goal

Construct, or rigorously specify by an unconditional existence construction, a discrete
group G and prove that G is not hyperlinear. One such group resolves the target.
Finite generation, a finite presentation, simplicity, torsion-freeness, or another
desirable extra property may be pursued when useful, but none is an additional
requirement. The construction and the nonhyperlinearity theorem must both be
unconditional.

U

e choice of group and proof method is open. The pod is not assigned to prove a
particular sufficient stability conjecture. It may change candidate groups or routes
while preserving this original goal.

D=

## Exact approximation convention
For d >= 1 and complex d-by-d matrices, use the **normalized Hilbert-Schmidt norm**

[1Al1_(2,d) = (Tr(Ax A) / d)~(1/2),
dist_(2,d)(U,V) = [IU - VII_(2,d).
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Here Tr is the ordinary, unnormalized matrix trace; U(d) is the complex unitary group.
— All occurrences of the target approximation norm mean this norm, with its
— dimension-dependent normalization included.

the finite-local definition, which applies without a cardinality assumption on G.
The group G is hyperlinear if, for every finite symmetric F subset G containing the
identity e and every epsilon > O, there are an integer d >= 1 and a map phi: F ->
U(d) such that:

£££§

1. phie) = I_d;
2. |lphi(gh) - phi(g) phi(h)||_(2,d) < epsilon whenever g, h, and gh belong to F;
3. | Ilphi(g) - phi(h)|I_(2,d) - sqrt(2) | < epsilon for all distinct g,h in F.

For a countable group, this is equivalent to the usual existence of a sequence of maps
pi_n: G -> U(d_n) with multiplicative defects tending to zero for every fixed pair
and pairwise distances tending to sqrt(2) for every fixed pair of distinct elements.
There is no upper bound on d or d_n. Do not use failure of a sequence formulation
for an uncountable group as a cardinality shortcut.

Pl

## Complete success criterion

A complete solution gives a rigorously specified group G and proves the negation of the
— finite-local property. Equivalently, it proves that there exist a finite symmetric F
— subset G containing e and an eta > O such that **for every integer d >= 1 and every
— map phi: F -> U(d) with phi(e) = I_d**, at least one of the following holds:

1. Some g,h,gh in F satisfy ||phi(gh) - phi(g) phi(h)||_(2,d) >= eta; or
2. Some distinct g,h in F satisfy | |Iphi(g) - phi(h)||_(2,d) - sqrt(2) | >= eta.

This finite obstruction must exclude all matrix dimensions, not just dimensions below an
— experimental cutoff. A rigorous existence proof for F and eta is acceptable; an

< explicit numerical eta or effective finite certificate is welcome but is not an

— extra completion requirement.

An equivalent proof through tracial matrix ultraproducts or the non-Connes-embeddability
— of the group von Neumann algebra with its canonical trace is acceptable, provided
the equivalence with this group target is stated and justified. If the proof uses a
distinguished group element or word, prove that it is nonidentity in the constructed
group; a presentation alone does not establish that fact.

!

e final theorem must have a closed proof chain. Check the hypotheses and normalization
of every imported theorem. Identify the genuinely new argument and all its
dependencies. The status of a conjectural, draft, or not-yet-checked dependency must
remain visible until resolved. Standard established theorems may be cited precisely;
a claim merely appearing in an AI repository or an internal verifier output is not
itself a mathematical justification.

ity

## Results that do not complete this goal

- Nonsoficity, failure of LEF or residual finiteness, or exclusion of permutation models
< alone.

- Non-MF results, operator-norm approximation obstructions, or obstructions in

— unnormalized Schatten norms without a proved implication to the target normalized

< norm.

- A non-co-hyperlinear invariant random subgroup, a nonembeddable equivalence-relation
— algebra, or a non-Connes-embeddable tracial algebra without the required bridge to a
— group and its canonical trace.

- A conditional nonhyperlinearity theorem whose stability, lifting, compatibility,

— completeness, or uniformity hypothesis remains unproved.
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- Success in fixed or bounded matrix dimension, dimension-dependent estimates with no
— adequate uniform conclusion, computational failures to find approximations, or

— finitely many checked cases.

- Disproof of one proposed sufficient route, clarification of existing literature, or a
«— collection of local lemmas without a complete nonhyperlinear group construction.

Such work may be useful internal research, but it must be labeled accordingly. Do not
— replace the original target by a nearby problem or redefine completion to match an
< intermediate achievement.

## Research behavior and completion record

Read primary sources first, then choose the strongest available route. The mandatory

< checkpoint in "RESEARCH_GUIDANCE.md"~ requires comprehension, not merely downloading
— files or recording their titles. Research may use any valid method and may abandon
< an unproductive route without changing the goal.

Keep theorem-level progress, conditional reductions, failed approaches, and remaining
gaps distinct. Before announcing completion, write a concise target check containing
the exact group construction, the all-dimensions normalized-HS obstruction or
equivalent theorem, the full dependency chain, and the resolution of every
previously open hypothesis on that chain. A full mathematical proof is required; a
promising strategy is not completion.

P eed

A.3. Guidance given during the run. The instruction record contains the following three
operator messages, all dated 19 September 2026. The first, recorded at launch, required complete
resolution:
[28 bytes of discussion have been omitted because they contain private
— information.]
It fixed complete resolution as the success criterion; conditional and partial results remained
research support.
The second launch instruction authorized three standard research pods:
[139 bytes of discussion have been omitted because they contain private
— information.]
This project concerned only the nonhyperlinear-group problem, with the seven-worker
configuration described above and no dimension bound.
The message starting the main session was:
You are the main agent for Danus project nonhyperlinear (this
< directory). Read AGENTS.md and begin.
It began the authorized research under the fixed problem statement. No mathematical route,
proof hint or preferred theorem was supplied in these instructions. The initial literature memo
was assistant-prepared context, rather than an additional operator instruction.
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